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311  Vol - II  (TOSS)

 - IVa, b   R, a < b 

(a, b) = {x   R | a < x < b}

[a, b] = {x   R | a < x < b}

Leibnitz
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16.1   

A, B Aa , Bb  (a, b)

a b

(a, b) = (c, d)    a = c  b = d

A = {1, 2}, B = {3, 4, 5} A B 

{(1, 3), (1, 4), (1, 5), (2, 3), (2, 4), (2, 5)} 

A B A, B 

i.e, A B = {(1, 3), (1, 4), (1, 5), (2, 3), (2, 4), (2, 5)}

B A = {(3, 1), (3, 2), (4, 1), (4, 2), (5, 1), (5, 2)}

A B   B A  

A B  = {(a, b) : a A  b   B}

B A = {(b, a) : b B  a   A}A}

A =  B= A, B= A B  = B A = 

A, B A B R A B 

R   A × B.

A = {1, 2, 3} B = {2, 3, 4}

A × B = {(1, 2), (1, 3), (1, 4), (2, 2), (2, 3), (2, 4), (3, 2), (3, 3), (3, 4)}.

f  = {(1, 2), (1, 3), (1, 4), (2, 3), (2, 4), (3, 4)}
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 - IVg = {(2, 2), (3, 3)} A B .

i R =   R 

ii R = A B R 

iii R A A 

iv R = {(a, a)   a A}  R 

R 

R 

R 

f  = {(1, a), (2, b), (3, c)}

 {1, 2, 3}

{a, b, c}

A = {2, 4, 5, 6, 7}, B = {2, 3}

R A B 

R = {(a, b) : a   A, b   B  a  b }

i

ii R 

iii R iv R 

i R = {(2, 2), (4, 2), (6, 2), (6, 3)} ii R = {2, 3}

(iii) R {2, 4, 6}
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(iv)

A = {1, 2, 3, 4, 5}, B = {1, 2, 6} A B R

i R 

ii R 

iii R 

i R = {(3, 1), (3, 2), (4, 1), (4, 2), (5, 1), (5, 2)}

ii  R {3, 4, 5}

  (iii) R  = {1, 2}.

f  :  {(a, 1), (b, 2), (c, 3), (d, 5)}

A 
B 

A  B A 
B 

f  A B 

B 
A 

i B 

ii {1, 2, 3, 5} 
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 - IVB 

: A Bf  A Bf


A B 

a {(1, 2), (3, 7), (4, 6), (8, 1)},  A = {1, 3, 4, 8},  B = {2, 7, 6, 1, 2}

b {(1, 0), (1, 1), (2, 3), (4, 10)},  A = {1, 2, 4},  B = {0, 1, 3, 10}

c {(a, b), (b, c), (c, b), (d, c)},  A = {a, b, c, d, e},  B = {b, c}

d {(2, 4), (3, 9), (4, 16), (5, 25), (6, 36)}
A = {2, 3, 4, 5, 6},  B = {4, 9, 16, 25, 36}

a
{1, 3, 4, 8}, {2, 7, 6, 1}

b

c A B 

{a, b, c, d}   AA {b, c}

d
{2, 3, 4, 5, 6} {4, 9, 16, 25, 36}
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a f A b B 

b f A c B 

c f 

d f 

 A  B 

(a) {(1, 2), (3, 7), (4, 6), (8, 11)},  A = {1, 3, 4, 8}, B = {2, 7, 6, 11}

(b) {(1, 0), (1, 1), (2, 3), (4, 10)},  A = {1, 2, 4}, B = {1, 0, 1, 3, 10}

(c) {(a, 2), (b, 3), (c, 2), (d, 3)},  A = {a, b, c, d}, B = {2, 3}

(d) {(1, 1), (1, 2), (2, 3), (3, 4)},  A = {1, 2, 3}, B = {1, 2, , 4}

(e) 
1 1 12, , 3, ,..... 10, ,
2 3 10

     
     
     

A = {1, 2, 3, 4}, B = 
1 1 1 1, , , ....,
2 3 4 11

 
 
 

(f)  {(1, 1), (1, 1), (2, 4), (2, 4)},  A = {0, 1, 1, 2, 2},  B = {1, 4}.
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 - IV
a b

c d

a       2, 2 , 5, 1 , 3, 5

b
1 1 13, , 2, , 1,
2 2 2

      
        
      

c {(1, 1), (0, 0), (2, 2), (1, 1)

d { }
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a
1y
x

 ii
1

2
y

x



iii

1
( 2)( 3)

y
x y


 

1y
x



1 1........ 2, , ( 1, 1), (1,1), 2, ...
2 2

    
       
    

x 

  R  {0} {

R  {0}
b x 

i.e., 1 1
2 2 0




  R  {2}.
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 - IVc x = 2  x = 3 y   R
 {2, 3}.

a 2y x   b (2 )(4 )y x x   

( 2)y x 

y (x  2) > 0 

i.e.,  x  > 2.

 x  > 2 

b (2 )(4 )y x x   

 y (2 x) (4 + x) > 0 

I (2 x) > 0  (4 + x) > 0

  x < 0  x  > 4

4  < x < 2 

II 2 x > 0 4 + x < 0

 2 < x  x  < 4

x 
4  < x < 2   

R.

f (x) = y = 2x + 1 

{3, 2, 1, 0, 1, 2, 3} 

x 

f (3) = 2(3) + 1 = 6 + 1 = 5

f (2) = 2(2) + 1 = 4 + 1 = 3

f (1) = 2(1) + 1 = 2 + 1 = 1
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f () = 2() + 1 =  + 1 = 

f () = 2() + 1 =  + 1 = 

f () = 2() + 1 =  + 1 = 

f () = 2() + 1 =  + 1 = 

{5, 3, 1, 0, 1, 3, 5, 7}

f (x) =  x2 , 3 < x < 3  f(x) 

3 < x < 3

0 < x2 < 9 0 <   f(x) < 9

 { f (x) : 0 < f(x) < 9}.

x   R 

a i y = 2x (ii)  y = 9x + 3          (iii)  y = x2 + 5

(b) (i) 
1

3 1
y

x



ii

1
(4 1)( 5)

y
x x


 

(iii) 
1

( 3)( 5)
y

x x


 
(iv

1
(3 )( 5)

y
x x


 

(c) (i) 6y x  (ii)  7y x 

(iii)  3 5y x 

(d) (i) (3 )( 5)y x x   (ii) ( 3)( 5)y x x  

(iii) 
1

(3 )(7 )
y

x x


 
(iv) 

1
( 3)(7 )

y
x x


 

(a) (i) f(x) = 3x + 10, x   {1, 5, 7,1, 2}
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 - IV(ii) f(x) = 2x2 + 1, x   {3, 2, 4,}

(iii) f(x) = x2  x + 2, x   {1, 2, 3, 4,}

(b) (i)   f(x) = x  2, 0 < x < 4 (ii)  f (x) = 3x + 4, 1 < x < 2

(c) (i) f(x) = x2, 5 < x < 5 (ii)   f (x) = 2x,   3 < x < 3

(iii) f(x) = x2+1,  2 < x < 2 (iv)   f (x) = x ,   0 < x < 25

(d) (i) f(x) = x + 5, x   R (ii) f(x) = 2x  3, x   R

(iii) f(x) = x3,  x   R (iv) f(x) = 1/x, {x : x < 0}

(v) 1( ) ,
2

f x
x




 {x : x < 1} (vi)  1( ) ,
3 2

f x
x




 {x : x < 0}

(vii)  2( ) ,f x
x

  {x : x > 0} (viii) ( ) ,
5

xf x
x




 {x : x   5}

 f  : A   B A  B 

 f  : A   B   a1 a2A a1   a2  f (a1)   f (a2)

  a1 a2A f (a1) = f (a2) a1 = a2

{A, B, C}
{1, 2, 3, 4}

{1, 2, 3}
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.   f  : A   B,  f(x) = 2x + 1.   f  

a1, a2   R   f(a1)  =  f(a2)

  2a1 + 1 = 2a2 + 1

  a1 = a2.

 f  : A   B   f    f 

f .

  f :A   B  b   B  aA

f  f (a) = b.

      A        B

f   

f  : A   B   f  A  

B .

A    B

f  

1

2

3

a

b

f

1

2

3

a

b

c

f
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 - IV :

A f  : A   A  x   AA

f(x) = x  f 

IA .

A = {1, 2, 3}  IA = {(1, 1), (2, 2), (3, 3)}

        IA

 :  f  : A   B x   A A f (x) = c, c   B 

f  

    A f     B

   f   

: R Rf  f (x) = 4 + 3x 

f (x1) = f(x2)   x1 = x2   x1, x2 


f (x1) = f(x2) 

1

2

3

1

2

3

A A

1

2

3

a

b
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4 + 3x1 = 4 + 3x2 x1 = x2

 f  

f : R R  f (x) = 4x3  5   f 

1 2 1 2( ) ( )f x f x x x  

3 2
1 24 5 4 5x x  

3 3 3 3 2 2
1 2 1 2 2 1 1 1 2 20 ( ) ( ) 0x x x x x x x x x x         

  x1 = x2  
2 2
1 1 2 2x x x x 

x1  x2 

 f  

y  =  (x)  y   x 

34 5y x 

1/ 35
4

yx  
  
 

y   y f (x) = y x 

f  

f  f 

: R Rf  f(x) = x3 + 3 f

f (x1) =  f (x1)  x1 x2


2 2 2 2
1 2 1 23 3x x x x    

2 2
1 2 1 20x x x x    (or) x1= x2

F 
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 - IVy  = f(x) y  x   

2 3 3y x x y      

  y  < 3 x 

 f 

y = x2  y = x2

    x     0 1 1 2 2 3 3 4       4

    y     0 1 1 4 4 9 9 16     16

x y 

x2 + y2 = 25 

x2 + y2 = 25

x 0 0 3 3 4 4 5 5 3 3 4 4

y 5 5 4 4 3 3 0 0 4 4 3 3
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x y 
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 - IVii

a

b : N Nf  f(x)  = x2 

N 

c : N Nf  f(x)  = x

: R Rf 

a f(x) = 115x + 49 b f(x) = | x |

a f : {20, 21, 22}   {40, 42, 44}  f(x) = 2x  

b f(x) = 10 f  : {7, 8, 9}   {10}

c f(x) = x3 : 1 Rf 

d f(x) = 2 + x4 : R Rf 

e f(x) = x4 + 2x : N Nf 
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x

f (x)  = f(x)  f  

i F(x) = x2  F(x) = (x)2 = x2 = F(x)

ii F(x) = cos x  F(x) = cos(x) = cos x = F(x)

iii F(x) = (x)  F(x) = |x| = |x| = F(x)
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 - IV
Y 

x f (x) = f (x) f 

i f (x) = x3 

f (x) =  (x)3 = x3 = f (x)

ii f (x) = sin x 

f (x) =  sin(x) = sin x = f (x)

y = x 

f (x) = [x] x f (x) 

y = [x],  x R 

[x] = 1,  1 < x < 2

[x] = 2,  2 < x < 3
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[x] = 3,  3 < x < 4

[x] = 0,  0 < x < 1

[x] = 1,  1 < x < 0

[x] = 2,  2 < x < 1

i f(x) = 3x2  4x  2

ii f(x) = x3  5x2  x + 5

iii f(x) = 3 

f(x) = k, k

( )( )
( )

g xf x
h x

 h(x)  0 g(x) h(x) 

f (x) 

2 4( ) ,
1

xf x
x





 x  1 

1 , 0y x
x
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 - IV
Leonhard Euler  swiss e 

1 1 1 11 ..... .....
1 2 3

e
n

      

i.e., 
e

2 3
1 ..... .....

1 2 3

nx x x x
n

     

ex 

2 3
1 ..... .....

1 2 3

n
x x x x xe

n
      

x = 1 

f (x) = ex x 

y = ex 

i x y x 
y 

ii ex  0 X- 

iii Y  e0 = 1 e  0.

iv ex  
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      x 3 2 1 0 1 2 3

  y = ex 0.04 0.13 0.36 1.00 2.71 7.38 20.08

e a 

i y = 2x

ii y = 3x
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 - IV

iii y = ex

y = 2x

y = 3x

y = ex 

x = loge y  y = loge x
y = ex 

e 

x = loge x x = log x 

y = ex y = log x

y = x 

y = x y = ex y = log x 



26

 - IV
311  Vol - II  (TOSS)

i

a > 0 m, n 

am . an = am+n 

am an = amn

a0 = 1.

ii

log ( ) log logm n
a a amn  

log log logm n
a a a

m
n

 
  

 

log ( ) logn m
a am n

loglog
log

m
m a
b b

a
 log log . logm m a

b a b log , 0 1, 1.a b a b  

I

i f (x) = 2x4 + 7x2 + 9x  

ii Y

iii f(x) = x1/2  x3 + x5 

iv
3( )

3
xf x

x





 xR

v
5( )

3
f x 

vi
1( )f x
x



vii
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 - IV

a y = 3x8  5x7 + 8x5 (b)
2

3
3

2 , 2 3 3
2 3

x xy x x
x x


   

 

c 2
3 , 0y x
x

  d
2 13 , 0xy x

x


  

e
11 , 0y x
x

   f
2 5 6 , 2

2
x xy x

x
 

 


g
1
9

y 

y = 2x + 1, x   {1, 2  3}

z = y + 1, y   {3, 5  7}

z x y z y 
y x 

           f(x)  = y = 2x + 1             g(y)  = z = y + 1

gof  f , g 

f : AB   g : BC gof : AAC 
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f(x) : 3x + 1 g(x) : x2 + 2 gof (x)  = g [ f(x)]

fog (x)  = f [g(x)]  =  f(x2 + 2) = 3[x2 + 2] + 1 = 3x2 + 7

(gof ) (x)  = g [ f(x)]  =  g(3x + 1) = (3x + 2)2 + 2 = 9x2 + 6x + 3

i ii fog = gof  fog   gof

( fof) (x) = f [ f(x)] = f (3x + 1) f,  f 

=  3(3x + 1) + 1 = 9x + 3 + 1 = 9x + 4

( gog) (x) = g [ g(x)] = g[x2 + 2] (g,  g 

=  (x2 + 2)2 + 2 = x4 + 4x2 + 4 + 2 = x4 + 4x2 + 6.

( ) 1f x x   g(x) = x2 + 2  (fog ) 
(gof )

 fog (x) = f [g(x)] = f (x2 + 2) = 2 22 1 3x x   

(gof ) (x) = g[ f (x)]

     =  1g x 

=  
2

1 2x  

     = x + 1 + 2 = x + 3
 ( fog)   (gof )

f (x) = x3,   f : RR  
1( ) ,g x
x

  g : R{0}R{0}

fog gof.

(fog) (x) =  f [ g (x)]

 
3

3
1 1 1f
x x x

   
     

   

(gof ) (x) = g [ f (x)] = g(x3) = 3
1
x

 gof  = fog
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 - IVgof  fog 

fog, gof,  fof gog 

a f (x) = x2  4,  g(x) = 2x + 5

b f (x) = x2,  g(x) = 3

c f (x) = 3x  7,  g(x) = 
2 , 0x
x



f (x) = x2 + 3,  g(x) = x  2

fog   gof 3 3
2 2

f f g f      
      

      

f (x) = x2,  g(x) = x   fog = gof 

A, B a A, b B

f :  A   B f 1: B   A A f  

A
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B
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 - IVC

B A 

B 

(D)
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B A 

i y = 4x  7 

ii f A B f

a f (x) = x + 3    x   R

b f (x) = 1  3x    x   R

c f (x) = x2    x   R

d f (x) = 1, 0,x x
x


   x   R



33

311  Vol - II  (TOSS)

 - IV

A R f : AAB real

variable function

B R f : AAB real valued

function

A R B R f : AAB real

function

ax (a > 0), sin x, log x 

n 

x n yn = x
y  y  x n 

1
nx n x

2 2( )  f x a x (a > 0) [ , ]a a

[ 2 2 R  a x    (a > 0)

2 2 2 20    a x x a

| |     x a a x a ]

f, g f, g A, B f, g 

A B

i (f + g) (x) = f(x) + g(x) = A B
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ii ( f g) (x) = f(x) g(x) = A B

iii ( )( )
( )

 
 

 

f f xx
g g x

 = { / A B, ( ) 0}  x x g x

iv f : AR ,  n N A  | f |, f n 

| | ( ) | ( ) | ( ) ( ( )) A   n nf x f x f x f x x

v ( ) ( )f x f x A  

A [ / ( ) 0] x f x

2
1( )

6 5


 
f x

x x

2
1 1( ) R

( 1)(5 )6 5
  

  
f x

x xx x

 (x  1) (x  5)   0

 x   1, 5

 f  R  {1, 5}.

( ) ( 2)( 3)  f x x x

( 2)( 3) R  x x

 (x  2) (x  3) > 0

  x  2  x > 3

 ( , 2] [3, )    x

=  R  (2, 3).

2
2

1( ) 1
3 2

  
 

f x x
x x

2
2

11 R
3 2

  
 

x
x x

  x2  1 > 0, x2  3x + 2 > 0
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 - IV  (x  1) (x  1) > 0,  (x  1)(x  2) > 0

  x   R  (1, 1)    R  (1, 2)

f R  (1, 2).

18 f = {(4, 5) (5, 6), (6, 4)},  g = {(4, 4), (6, 5), (8, 5)} 

( f g)

f g = {(4, 5 + 5), (6, 4 5)}

         = {(4, 9), (6, 9)}.

2f  + 4g  

2f  {4, 5, 6}  4g {4, 6, 8}

2f = {(4, 10) (5, 12)  (6, 8)}

4g = {(4, 16) (6, 20)  (8, 20)}

2f  + 4g  {4, 6}

2f + 4g = {(4, 10  16), (6, 8 + 20)}

             = {(4, 6), (6, )}.

fg  

fg  A B {4, 6}

fg {(4, (5)  (4)), (6, (4)(5)}

   = {(4, 20), (6, 20)}.

  
f
g

f
g   {4, 6}

 
5 44, , 6,

4 5
      

      
    

f
g
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  f 2

f 2 A =  {4, 5, 6}

f 2 =  {(4, 25), (5, 36), (6, 16)}.

2( )
2

xf x
x






2( ) R 2 0 2
2

xf x x x
x


      



R {2}x  

f   R  {2}

f (x) =  y  

2 2( 1)
2 1

x yy x
x y

 
   

 

y + 1 = 0   (y = 1) x 

f R  { 1}.

2( ) 9f x x 

2 29 R 9 0x x    

(3 ) (3 ) 0x x   

[ 3, 3]x  

f [3, 3]

y = f (x) 29 Rx y   

29 0 (3 )(3 ) 0y y y      

3 <  y  < 3,  f(x)  

 f   [0, 3].
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 - IV

y = g(x) g f (x, y) = 0

f (x, y) = 0 g 

x2 + xy + y2  2 = 0

22 5 7( )
( 1)( 2)( 3)

x xf x
x x x

 


  

2( ) 4f x x x 

2( ) 25f x x 

i)  
2

sin [ ]
1 [ ]

x
x




ii) 
2 4

2
x
x




f(x) = 2x  1, g(x) = x2 

i)  ( )
f

x
g

 
 
  

ii)  ( f + g + 2) (x)  

f  = {(1, 2) (2, 3), (3, 1)} 

i)  2f ii)  f 2 iii)  f
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A, B  A, B 

  A B 

i.e.,  A  B = {(a, b) :  aA,  bB}.

A  B A,B 

i.e., R   A   B {(a, b) : a A  bB a R b}

f : AB A  B A 

B

f A B 

f 

f 

y = f (x) 

x y 
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 - IV

Y

A B f f : AB 

i B A f 

C 

ii f 

iii A B f

iv A f 

X

f (x) = f(x)  f  

f (x) = f(x) f  x, x   D

A R, B R : A Bf 
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yn = x y x n
1
nx n x

f, g A, B  f, g A B

( ) ( ) ( )f g x f x g x   A B

( ) ( ) ( )f g x f x g x A B

( )
( )

f f xx
g g x

 
 

 
{x/x  A B g(x)   0}

f (x)  x f (x) = f (x) f (x) x 

f (x) = f (x) f (x)

f (x) = ax (a > 0)

f (x) = logax a  1,  x 

 http://www.wikipedia.org

 http://mathworld.wolfram.com

i {1, 2, 3}  =  {1, {2}, 3} ii {1, 2, 3} = {3, 1, 2}

iii {a, e, o} = {a, b, c}       (iv) {  }  =  { }

f1 : {(0, 1), (2, 3), (4, 5), (6, 7), ..... (100, 101)}
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 - IVf2 : {(2, 4), (4, 16), (6, 36), .....}

f3 : {(1, 1), (1/2, 1), (1/3, 1), (1/4,1) .....}

f4 : {.....(3, 0), (1, 2), (4, 1)}

f5 : {.....(3, 3), (2, 2), (1, 1), (0, 0), (1, 1), (2, 2), .....}

a f (x) = x3 b 2
1( )

1
f x

x




c ( ) 3 1f x x  d
1( )

( 1)( 3)
f x

x x


 

e
1( )

( 1)(2 5)
f x

x x


 

a b

c d
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e f

g h

a y = 3x + 5,  x R

b y = 1  2x2,  x R

c f : {(1, 2), (2, 2), (3, 2), (4, 2)}

d f : { 1, 2, 3} {4, 5, 6, 8}  f(1) = 4,  f(2) = 6, f(3) = 8.

a
2 3( ) , R { 2}

2
xf x x

x


   


b
1( ) , Rxf x x

x
 

c 2
2( ) , R { 2}

4 4
xf x x

x x


   
 

d y = x,  x   R
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 - IV
a 2( ) 3 2f x x x  

b f(x) = (x + 2)2

c f(x) = 3  x + 2x3  x4

d ( ) 5, 0.f x x x x   

e 2( ) 4, ( 2, 2)f x x x   

a 2( ) 9 , [ 3,3]f x x x   

b
2

2
1( )
1

xf x
x





c f (x) = |x|

(d) f (x) = x  x5

fog,  gof,  fof, gof 

a f(x) = x3  g(x)  = 4x  1

b 2
2

1( ) , 0 | | 2 3f x x g x x x
x

    

c ( ) 4, 4 ( ) 4f x x x g x x    

d f(x) = x2  1  g(x) = x2 + 1

a f(x) = |x|,  g(x) = 1/x,  x  0,  h(x) = x1/3 fogoh  

b f(x) = x2 + 3, g(x) = 2x2 + 1  fog (3) gof (3)
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(a), (c).  (f) (a), (b)

(a)  =  2, 3, 5 , = 
1
2

 
 
 

b { 3, 2, 1},   {2, 1,5} 

c {1,0, 2, 1},  {1, 0, 2, 1}

d  { }, {16, 28, 24}

a {1, 2, 3} {4, 5, 6}

b  {1, 2, 3} {4}

c {1, 2, 3} {1, 2, 3}

d } {8, 9, 5}

e {a, b, c, d} {2, 4}

a i ii

iii

b i
1R
3

 
  
 

ii
1R ,5
4

 
  
 

iii  R  {3, 5} iv R  {3, 5}

c i {x  R;  x < 6} ii {x  R;  x > 7}
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 - IViii {x : x  R;  x > 5/3}

d i {x : x  R  3 < x < 5}

ii {x : x  R,  x > 3, x < 5}

iii {x : x  R,  x > 3, x < 7}

iv {x : x   R,  x > 3, x < 7}

a i {13, 25, 31, 7, 4} ii {19, 9, 33, 1}

iii {2, 4, 8, 14, 22}

b i { f(x) : 2 < f(x) < 2}

ii { f(x) : 1 <  f(x) < 10}

c i { f(x) : 1 <  f(x) < 25} ii { f(x) : 6 <  f(x) < 6}

iii { f(x) : 1 <  f(x) < 5} iv { f(x) : 0 <  f(x) < 5}

d i R ii = R iii R

iv = { f (x) : f (x) < 0}

v = { f (x) : 1 <  f(x) < 0}

vi = { f (x) : 0.5 <  f(x) < 0} vii = { f (x) : f(x) > 0}

viii  x = 5 f (x) 

i ii a (b)

3. (a) 4.  (a), (c), (e)

(c), (d) (e)
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v, vi, vii  

(i), (ii), (iii), (iv)   

a b

c d

e f

g

a fog = 4x2 + 20x + 21,   gof = 2x2  3,   fof = x4  8x2 + 12

    gog = 4x + 15

(b)  fog = 9,   gof = 3,  fof = x4,  gog = 3.

(c) 
6 7 ,xfog

x



2 ,

3 7
gof

x



   fof = 9x  28,  gog = x.

ii B A

(a)  f 1 = x  3 (b) 1 1( )
3

xf x 


(c) (d) 1 1( )
1

f x
x

 


R  {1, 2, 3} 2. [0,  4] 3. R  (5, 5)

4. i) {0} ii)  R  {4}
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 - IV
5. i) 2

2 1x
x


ii) (x + 1)2

6. i)  {(1, 4),  (2, 6), (3, 2)} ii) {(1, 4) (2, 9), (3, 1)}

iii)  (1, 2)

i ii

iii iv

f1 {0, 2, 4, 6, ..... 100}

{1, 3, 5, 7, ..... 101}
f2 {2, 4,  6, ..... }

{4, 16, 3, 6, .....}

f3 {1, 1/2, 1/3, 1/4, .....} {1, 1}

f4 {3, 1, 4}, {0, 1, 2, 3, .....}

f5 {.....3, 2, 1, 0, 1, 2, 3, .....}

{0, 1, 2, 3, .....}

(a)  R (b)  = R  {1, 1}

(c)  = 
1 R
3

x x    (d) = x > 1, x < 6

e)   = x > 5/2, x < 1

(a), (c), (e), (f), (h) 

(a), (d) : (b), (c) 

(a), (c)

(a), (b), (c)
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(a), (b), (c)  

(d),  

(a)  fog = (4x  1)3,  ( gof ) = 4x3  1,  ( fof  )  = x9   (gog) = 16x  5

(b)  
4 2

2 2 4
1 3 2 1, ( )

( 2 3)
x xfog gof

x x x
 

 
 

    fof =  x  gog : x4  4x3 + 4x2

(c)  8, 4 4fog x gof x    

4 4, 8fof x gog x    

(d)  fog = x4 + 2x2,   gof  = x4  2x2 + 2

     fof = x4  2x2,   gog  = x4 + 2x2 + 2

1/ 3
1a

x


b (fog) (3) = 364;  (gof) (3) = 289
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 - IV

l = r  

l = r 

cos(A + B) =  cosA  cos B    sinA sin B

sin(A + B) =  sinA sin B + cosA  cos B and tan (A + B) = 
tan A tan B

1 tan A tan B




 cos 2A, sin 2A, tan 2A, cos 3A, sin 3A, tan

3A, sin 
A
2 , cos 

A
2 , tan

A
2
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trigonometry 

 

sin , cos , tanc a c
b b a

   

cosec , sec , cotb b a
c a c

   

sin2 + cos2 = 1,  1+ tan2 = sec2,  1 +
cot2 = cosec2

y = sin x, y = cos x, y = tan x, y = cot x, y = sec x,  y = cosec x, y = a sin x,

y = b cos x  x, y 

y = sin x, y = cos x, y = tan x, y = cot x, y = sec x, y = cosec x, y

= a sin x, y = b cos x 
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 - IV

r arc

2r = 1)
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  2 = 3600

  1800

  900

  450

0 0360 180
2

   
   

    

or  0 21
360


  180


a i 900 ii) 150.

0 21
360


  

0 290 90
360


    900 

ii 0 215 15
360


 
015

12




b

iii 6


iv 10


iii
0360

2
 
 

 

6


 0360 30
2 6


  



iv 10
 0360 18

2 10


  


i 600 (ii) 150 (iii) 750

(iv) 1050 (v) 2700.
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 - IV
i 4


(ii) 12


(iii) 20



(iv) 60


(v)
2
3


2, ,
6 3 3
  

6


1
2

1
2

1
2



r 1

2r 2

12
2

r 
 
 

12
2

r 4

l
r

  l = r 

r
        

l
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l
r

 

l r 

10
35

l
r

  

2
7

 

D  C 
D C

180



0360
2

 
 

 

0180 
 
 

  C 
0180C 

 
 

D 

180 D CD = C .
180

  
 

 l = r  

 45
180



4


l =  500 
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 - IV
 l = r   

lr 


500
/ 4

r m


500 
 



12000 0.32 0.32m  
    

r = 640 m.

5
6

60 15 1km km
60 60 4






1 km
4

l 
5 km
6

r 

1
4
5
6

l
r

  
3

10


a b (c) 1500

a 5


b 6


(c) 9
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l, r,  

l r 

a) 1.25m ...... 1350

b) 30 cm .....  

c) 0.5 cm 2.5m .....

d) ..... 6m 1200

e) .... 150 cm /15

f) 150 cm 40 m .....

g) ..... 12m /6

h) 1.5m 0.75m .....

i) 25m ..... 750.



x y x, y
P 
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 - IV

 = 0

2


  

x, y
x y

p 
x, y

sin  = y, cos  = x, tan  = y
x

(x   0 )

cot  = 
x
y

 (y   0 ),   sec  = 
1
x  (x   0), cosec  =

1
y  (y   0)

p  
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I  x y 

II  x y 

III  x y 

IV x   y 

I II III IV 

sin tan cos 

cosec cot sec 

All sin tan cos

I II III IV

p  x, y  

sin  = y  

cos  = x  p cos sin 

p x 

y p 

1 < x < 1 1 <  y  < 1



1 < cos  < 1 1 <  sin   < 1

sin  cos  
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 - IV:  30, , , , 2
2 2
 

   X  YY

 :

  0 <  < 2 

sin( ) sin(2 ) siny
r


      

cos( ) cos(2 ) cosx
r

     

3tan( ) tan , ,
2 2
  

       
 

(i) 7sin
18
 (ii)

4cos
9


(iii)
5tan
9


(i) 
7
18
 7sin

18


(ii)
4
9


 
4cos
9


(iii)
5
9


 
5tan
9


(i) sin
2


(ii) cos 0

(iii) tan
2


 

(i) A

sin
2


sin  = y.

Y

X
2

r

r
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ii B cos 0 = 1 cos  = x.

iii
sin 12tan

2 0cos
2



 



tan
2


cos  

 1 <  cos  < 1 

 cos   

i 2cos
3


ii
5tan
6


iii
2sec
3


iv
35sec
18


v
25tan
18 vi 3cot

4
 (vii) 8cosec

3
 (viii)

7cot
8


i cos
2


ii sin 0 iii
2cos
3


iv
3tan
4


(v) sec 0 (vi) tan
2


(vii) 3tan
2
 (viii) cos 2

  x = cos 

y = sin 

tan , ( 0)y x
x

   

sin ,
cos 2

n 
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 - IV
  cot , ( 0)x y

y
  

i.e.,  cos 1cot ( )
sin tan

n
     

 

1sec
cos 2

n 
    

  

 
1cosec

sin
n    



x2 + y2 = 1 
i.e., (cos )2 + (sin )2

cos2  + sin2  

(cos )2 cos2   (sin )2  sin2  

x2 + y2 = 1

2 211 , ( 0)y x
x x

   
     
   

1 + tan2 = sec2 

i.e.,  sec2 = 1 + tan2 

cosec2 = 1 + cot2 

sin4 + cos4 = 1  2 sin2 cos2  

LHS = sin4 + cos4

= sin4 + cos4 2sin2 cos2 2sin2 cos2

= (sin2 + cos2  2 sin2  cos2

= 1 2sin2 cos2  = RHS  (  sin2 cos2 = 1

1 sin sec tan
1 sin
 

  
 

LHS = 
1 sin (1 sin ) (1 sin )
1 sin (1 sin ) (1 sin )
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2 2

2 2
(1 sin ) (1 sin ) 1 sin

cos1 sin cos
     

  
  

1 sin sec tan R.H.S.
cos cos


     

 

21sin
29

 
1sec tan 2
2

    

21sec ,
29

   sin2 + cos2 = 1

2
2 2 441 400 20cos 1 sin 1

841 841 29
 

          
 

20cos
29

    ( cos  

21tan
29

  

29 21 50 5 1sec tan 2 R.H.S
20 20 20 2 2

         

sin4  cos4 = sin2  cos2  

1tan
2

 

cosec b
a

  

1 cos cosec cot
1 cos
 

  
 

cot   cosec  = 1.5 5cos
13
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 - IVtan   sec  = m   cos 

(tanA + 2) (2tan A + 1) = 5tanA + sec2 A 

sin6   cos6  = 1  3sin2 cos2 

cos sin cos sin
1 tan 1 cot

 
   

   

tan sin cot cosec .sec
1 cos 1 cos

 
    

   

0, , ,
6 4 3
  

2


6


4


3


2


sin 0
1
2

1
2

3
2

1

cos 1
3

2
1
2

1
2 0

tan
1
3 3

sin 

0 1 2 3 4, , , ,
4 4 4 4 4

 :  2
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,
6 3
 

  

5,
6 6
 

  

a sin .sin cos .cos
4 3 4 3
   



b 2 2 24 tan cosec cos
4 4 3
  
 

a sin .sin cos .cos
4 3 4 3
   



1 3 1 1
2 22 2

     
              

3 1 3 1
2 2 2 2 2 2


  

b 2 2 24 tan cosec cos
4 4 3
  
 

2
2 2 14(1) (2)

2
 

    
 

1 14 4 .
4 4

    

A
3


 B
6




cos(A + B) = cosA cos B - sinA sin B

  LHS = cos (A + B)

cos cos 0.
3 6 2
   

    
 

R.H.S. = cos cos sin . sin
3 6 3 6
   



1 3 3 1. .
2 2 2 2
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 - IV3 3 0
4 4

  

L.H.S. = 0 = R.H.S.

  cos (A + B) = cos A cos B  sinA sin B.

(i)  2 2 2sin tan tan
6 4 3
  
 

(ii) 2 2 2 2sin cosec sec cos
3 6 4 3
   
  

iii
2 2cos cos sin sin
3 3 4 3
   



iv 2 2 2 24cot cosec sec . tan
3 4 3 4
   
 

v
1sin sin cos cos

6 4 3 4 4
     
    

  

2 21 tan .tan tan tan sec . sec
6 3 6 3 6 3
        

      
   

A , B
3 6
 

 

i
tan A tan Btan(A+B)

1 tan A tan B





ii cos(A + B) = cos A cos B  sin A sinB 

4


 

i sin 2 = 2 sin  cos 

ii cos2 = cos2  sin2

= 2 cos2  1

= 1  2 sin2 
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A
6




i cos2A = 2cos2 A  1 (ii)   2
2 tan Atan 2A

1 tan A




(iii) sin 2A = 2 sin A cos A

i ii
iii iv

Sin 

X'OX  Y'OY 'O'  
OP = 1 OP OX X-

 i.e., XOP   . X'OX

PM sin = MP  OP = 1 OP
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 - IV
2


PM 

  sin   

,
2
 

 
 

 P 
  PM = y 

  sin 
sin 

3,
2
 

 
 

 P

PM = y 
  sin 

sin 



68

 - IV
311  Vol - II  (TOSS)

3 , 2
2
 

 
 



P PM = y  
                  PM = y 

sin 

sin   

X'OX  Y'OY  X  sin
 Y 

2 2  1.41, 
1 30.707, 0.87

22
 

  0 6


3


2
 2

3
 5

6



7
6
 4

3
 3

2
 5

3
 11

6




sin 
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 - IV
i sin 

ii sin 

iii

iv 2
 3

2


 2



3
2


 2 , 4  y = sin 

 2 , 4  y = sin  

sin = sin 
   sin   sin


 y = sin 2

 0 6


4


3


2
 2

3
 3

4
 5

6




2 3


2
 2

3



4
3
 3

2
 5

3




sin2 0 0.87 1 0.87 0 -0.87 -1 -0.87 0
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y = sin 

sin  a sin sin2

sin  [4 , 6 ], [ 2 ,0], [ 4 , 2 ]       

sin = sin ,  sin (sin 
 

[0, 2 ] sin  

2. [0, 2 ] sin  

[0, 2 ] y = 2 sin  

[ , 2 ]   sin 

(a) 
1
2

 (b) 
3

2
   

[ , ]   y = sin x
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 - IVcos  

sin  cos 

30, , , , ,
2 2 2
       

      
     

3 , 2
2
 

 
 



0,
2
 

 
 

P  OM

= x   x 
cos 

cos 

,
2
 

 
 

P

M X- 
OM = x 

 



cos 
cos 
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3,
2
 

 
 

P 
OM = x X

 OM = x

 /2 
cos   

cos 

3 , 2
2
 

 
 

P

M                 X

OM = x

 3/2 

OM = x 

cos 

 cosine

 0 6


3


2
 2

3
 5

6



7
6
 4

3
 3

2
 5

3
 11

6




cos  1 0.87 0.5 0 0.5 -0.87 -1 -0.87 -.5 0 0.5 0.87 1
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 - IV

X'OX  Y'OY  X

cos  Y

i cos 

ii cos 

iii

iv cos (+ 2= cos  cos ( 2= cos   

      cos 

v [2, 4][4, 6], [2, 0] cos  (, 

cos 

   cos 

cos +0.5 

  
5
6



2
3



2



3



6


6


3


2
 2

3
 5

6




cos 1.0 0.87 0.5 0 0.50 0.87 1.0 0.87 0.5 0 0.5 0.87 1
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0  cos 

 0 6


4


3


2
 2

3
 3

4
 5

6




2 3


2
 2

3



4
3
 3

2
 5

3




cos2 1 0.5 0 -0.5 -1 -0.5 0 0.5 1
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 - IV

I a 4



4


y = cos 

b  y = 3cos 

c   y = cos 

cos  y cos  

d
3,

2 2
  
 
 

y = cos  X- X 

e [2, 4]  y = cos 

2 Tan  

sintan
cos


 



tan  sin 
1

cos sin 

cos 
1

cos



tan  > 0    tan  

tan 

sintan
cos


 



sin 

cos 

tan  
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sintan
cos


 



sin 

cos 

tan  

sintan
cos


 



sin 

cos 

tan  tan  

tan 

   0 6


3


2


2
 2

3
 5

6



7
6
 4

3
 3 0

2



3 0
2



5
6
 11

6



tan   0   0.581.73   

i tan (180 + ) = tan   tan 



77

311  Vol - II  (TOSS)

 - IVii tan   tan  tan 
tan 

iii y = tan 

iv tan 

v tan 
3,

2 2
 

 

vi  tan   

2 cot 

cot  cos   
1

sin 
coscot
sin


 



1cot cos
sin

  


cos 

sin 

cot  

cot > 0.

1cot cos
sin

  


cos 

sin 

cot  < 0  cot 

1cot cos
sin

  


cos 
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sin 

cot  

1cot cos
sin

  


cos 

sin 

cot   cot  

cot 

 0 6


3


2
 2

3
 5

6


 
7
6
 4

3
 3

2
 5

3


 

cot   1.73 0.58 0 -0.58-1.73 -  

i cos(cot  cot   

 

ii cot 
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 - IViii cot  

iv 0,    cot    

a tan 

b
3,

2 2
 

tan 

c     y = tan  tan 


a cot 

b cot  

 sec 

X'OX Y'OY 

'O'  

P 
OP

PM   X'OX  PM 

OP 1sec
OM OM

  

  OM 

OM sec 
sec   

sec
2

  



80

 - IV
311  Vol - II  (TOSS)

  sec 



OM sec 

sec   =   

sec  = 

   sec 

 

 

         sec   

OM sec 
sec 

3sec
2

  

3
2


 

3
2


sec 



OM

sec  
3
2


 sec 
sec

 sec  


3
2
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 - IV
 

3
2


sec  



 sec 

a sec 

b sec  2
 3

2


c  2
 3

2


sec   

 

 cos  cosec 

X'OX  Y'OY 'O' 

P OP 

X'OY PM 
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OP 1cosec
MP MP

  

cosec   MP 

MP  cosec  cosec 

 MP cosec 

  cosec  

PM cosec  cosec  cosec
 

   cosec  
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 - IVPM 
cosec  

 cosec


3cosec 1
2

 

 
3
2


cosec  

 

cosec  



PM 
cosec    


3
2




cosec  

cosec 

 0 6


3


2
 2

3
 5

6


 
7
6
 4

3
 3

2


cosec   2 1.15 1 1.15 2 + 


5
3
 11

6




cosec  
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a cosec 

b cosec   

c  cosec   

  

   sec 
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I a 2 2  sec  

(b) 2 2  cosec 

  f(x)
 f(x) 

 f(x + p) =  f(x) x 

R E f : ER E
x (i) x + pE (ii) f (x + p) = f(x) 'p' 

'f ' f 'p' 

'p' f (x) 
1
( )f x 'p'

(i) sin x = sin(x + 2n);  n = 0, +1, +2, .....

(ii) cos x = cos(x + 2n);  n = 0, +1, +2, .....
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sin(x + 2) = sin x cos(x + 2) = cos x f(x) = sin x
2

f(x) = cos x 2

iii f(x) = tan x 

iv
1cosec

sin
x

x
 cosec x 2

v
1sec

cos
x

x
 sec x 2

vi
1cot

tan
x

x
 cot x 

a y = 3 sin 2x

(b) y = cos 2
x

(c) y = tan 4
x

a
2
2




b y = cos 1
2

x, 
2 4

1/ 2


 

c y = tan 4
x

 = 4
1/ 4


 

a y = 2 sin 3x

(b) y = 3 cos 2x

(c) y = tan 3x

(d) y = sin2 2x
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A, B 

12
 5

12


12


4 6
 


5
12


4 6
 


7
12


'A' 'B' 

cos(A + B) = cos A cos B  sin A sin B

SOP A

POQ B

SOR B 

P, Q, R, S  

P, Q, R, S : (cos A, sin A),  [cos (A + B), sin (A + B)],

[cos (B), sin (B)] (1, 0)
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OP OQ 

POR QOS

B QOR

OR OS 

POR QOS   SAS 

  PR = QS

2 2PR = (cos(A+B) 1) (sin(A B) 0)   

   PR2 = QS2

  cos2A + cos2B  2cos A cos B + sin2A + sin2B + 2 sinA sin B

=  cos2(A + B) + 1  2cos (A + B) + sin2(A +  B)

  1 + 1  2(cos A cos B  sin A sin B) = 1 + 1  2cos (A + B)

  cos A cos B  sin A sin B  =  cos (A + B) ...(I)

'A' 'B' 

cos (A  B) = cos A cos B + sin A sin B

'B' 'B' (I) 

cos (A  B) = cos A cos B + sin A sin B

[  cos ( B) = cos B sin ( B) =  sin B].

'A' 'B' 

sin(A  B) = sin A cos B + cos A sin B

cos A sin A
2
 
  

 
 sin A cos A

2
 
  

 

  sin (A + B) cos (A+B)
2
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cos A B
2

   
    

  

cos A cos B +sin A sin B
2 2
    

     
   

 sin (A +  B) = sin A cos B + cos A sin B ...(II)

A B

sin(A B) = sin A cos B  cos A sin B.

'B' 'B'  (II)  

sin(A B)) = sin A cos (B)  cos A sin (B)

sin(A B) = sin A cos B  cos A sin B.

 ,R   1 sin 1.     R  sin  

 1  1.  sin  

 cos   1, 1.

, ,a b cR ,  a2 + b2 + 0 a sin x + b cos x + c 

  

 

 

 

 

q

 

°=

 

° R

2 2C a b     2 2C a b 

f (x) = a sin x + b cos x + c,  xR

cos , sina r b r      2 2r a b 

f (x)  =  cos sin sin cosr x r x c   

    =  [cos sin sin cos ]r x x c   

    =  sin( )r x c 

1 sin( ) 1,x      so that

sin( )r r x r   

{ sin( )}c r c r x c r     
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   R   f 2 2c a b  , 2 2c a b  .

 17.19: 7cos x  24 sin x  + 5 

 a = 7,  b = 24,  c = 5

     2 2 2 27 ( 24)a b   

         49 576 

         625

         = 25.

  = 2 2c a b   = 5 + 25 = 30

  =  2 2c a b   = 5  25 = 20.

a

i
5sin
12


ii cos
12


iii
7cos
12


b 1 1sin A= , sin B=
10 5

A B =
4




a i 5sin
12
 sin sin .cos cos .sin .

4 6 4 6 4 6
      
   

 

1 3 1 1 3 1. . .
2 22 2 2 2


  

5 3 1sin
12 2 2
 

 

ii cos cos
12 4 6
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cos . cos sin .sin
4 6 4 6
   

 

1 3 1 1 3 1. .
2 22 2 2 2


  

3 1cos
12 2 2
 



5sin cos
12 12
 



iii
7cos cos
12 3 4
     

    
   

cos . cos sin . sin
3 4 3 4
   

 

1 1 3 1 1 3. .
2 22 2 2 2


  

7 1 3cos
12 2 2
  

  
 

b sin (A + B) = sin A cos B + cos A sin B

cos A = 
1 31

10 10
    1 2cos B 1

5 5
  

II

1 2 3 1 5 5sin(A B) . .
10 5 10 5 10 5 ( 5 2) 5

    

5 1 sin .
45 2 2


  

A+ B
4
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a

i sin
12


(ii) 2 2sin . cos cos sin
9 9 9 9
   



b

i
1sin A (cos A 3 sin A)

6 2
 
   

 

(ii)
1sin A (cos A sin A)

4 2
 
    

c 8sin A
17


5sin B

13


sin(A  B) 

(a) 5cos
12
   

(b)  

i cos sin 2 cos
4
 

     
 

(ii) 3 sin cos 2sin
6
 

     
 

(iii) cos(n + 1) A cos (n 1)A + sin(n + 1)A sin(n  1)A = cos 2A

(iv) cos A cos B sin A sin B cos(A B)
4 4 4 4
          
             

       

tan A tan Btan(A + B)
1 tan A tan B






sin(A B)tan(A + B)
cos(A B)






sin A cos B cos Asin B
cos A cos B sin Asin B
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cos A, cos B 

sin A cos B cos Asin B
cos A cos B cos A cos Btan(A+ B) cos A cos B sin Asin B 
cos A cos B cos A cos B







tan A tan Btan(A+ B)
1 tan A tan B





III

tan A tan Btan(A B)
1 tan A tan B


 



'B' 'B' III

cot A cot B 1cot(A B)
cot B + cot A


 

cos(A B) cos A cos B sin A sinBcot(A B)
sin(A B) sin A cos B+cos A sin B

 
  



sin A sin B 

cot A cot B 1cot(A B)
cot B cot A


 



1 tan Atan A
4 1 tan A
  
  

 

tan tan A
4tan A

4 1 tan .tan A
4




 
     

1 tan A ,
1 tan A





tan 1,
4



1 tan Atan A
4 1 tan A
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tan
12


tan tan
4 6tan tan

12 4 6 1 tan . tan
4 6

 


   
       

11
3 13

1 3 11 1.
3




 


( 3 1) ( 3 1) 4 2 3
2( 3 1) ( 3 1)

  
 

 

2 3 

tan 2 3.
12


  

a

7 7cos sin 436 36 tan .7 9cos sin
36 36

 





 


b) tan 7A  tan 4A  tan 3A =  tan7A tan 4A . tan 3A

(c) 7 5tan tan 2 tan
18 9 18
  
 

(a) 7cos
36


7 7 7cos sin 1 tan
36 36 36LHS 7 7 7cos sin 1 tan
36 36 36
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7tan tan 74 36 tan7 4 361 tan .tan
4 36

 


  
      

16 4tan tan R.H.S.
36 9
 

  

 (b) tan 7A = tan (4A + 3A) = 
tan 4A tan 3A

1 tan 4A tan 3A




tan 7A  tan7Atan 4A tan3A = tan4A + tan 3A

tan 7A  tan4A  tan3A  =  tan 7A tan 4A tan 3A.

 (c)

5 2tan tan7 5 2 18 18tan tan 5 218 18 18 1 tan .tan
18 18

 


   
       

7 7 5 2 5 2tan tan tan tan tan tan
18 18 18 18 18 18
     
   ...(1)

7 2tan tan cot cot .
18 2 9 9 18
       

      
   

7 2 5 2 5tan cot tan tan tan tan
18 18 18 18 18 9
     
  

7 5tan tan 2 tan .
18 9 18
  

  

i sin A sin A ...........
4 4
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ii cos cos ...........
3 4 3 4
      
     

   

a

i tan tan 1
4 4
    
       

   

ii
cot A cot B 1cot(A B)
cot B cot A


 



(iii) tan tan tan . tan 1.
12 6 12 6
   
  

b tan A , tan B=a c
b d



tan (A+B) ad bc
bd ac






b

i
3tan A tan A 1

4 4
    
         

ii
cos sin tan
cos sin 4

   
   

    

iii cos sin tan
cos sin 4

   
  

   

sin(A + B) = sinA cos B + cos A sin B
sin (A - B) = sinA cos B  cos A sin B
cos (A + B) = cos A cos B  sin A sin B

cos (A  B) = cos A cos B + sin A sin B 

2 sin A cos B = sin (A + B) + sin(A  B) ...(1)
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 2cosA sin B  = sin(A + B)  sin (A  B) ...(2)

 2 cos A cos B = cos (A + B) + cos(A  B) ...(3)

 2cosA sin B  = cos(A  B)  cos (A  B) ...(4)

2 sin A cos B = sin + sin 

2 cos A sin B = sin sin

2 cos A cos B = cos + cos 

2 sin A sin B = cos cos 

A + B = C

A  B = D

C DA
2



C DB

2




C D C Dsin C sin D 2sin cos
2 2
 

 

C D C Dsin C sin D 2cos sin
2 2
 

 

C D C Dcos C cos D 2cos cos
2 2
 

 

C D C Dcos D cos C 2sin sin
2 2
 

 

i sin(A + B) sin(A  B) = sin2A  sin2B.

ii cos(A + B) cos (A  B) = cos2A  sin2B (or) cos2B  sin2A 
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i sin(A + B) sin (A  B)

=  (sin A cos B + cos A sin B) (sinA cos B  cos A sin B)

=  sin2A cos2B  cos2A sin2B

= sin2A(1  sin2B)  (1  sin2A) sin2B

= sin2A  sin2B.

ii cos(A + B) cos (A  B)

=  (cos A cos B  sin A sin B) (cos A cos B  sin A sin B)

=  cos2A cos2B  sin2A sin2B

= cos2A(1  sin2B)  (1  cos2A) sin2B

= cos2A  sin2B.

= (1  sin2A)  (1  cos2B)

= cos2A    sin2B.

i 2 sin 3 cos 2 (ii) cos 6 cos  (iii)  
5sin sin
12 12
 

i 2 sin 3 cos 2 = sin (3 + 2) + sin(3 2)

        = sin 5 + sin

(ii) 1cos 6 cos (2cos 6 cos )
2

    

1 [cos(6 ) cos(6 )]
2

    

1 [cos 7 cos5 ]
2

  

(iii)  
5 1 5sin sin 2sin sin
12 12 2 12 12
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1 5 5cos cos
2 12 12
         

     
    

1 cos cos
2 3 2

  
  

 

i 5 7cos cos
9 9
 
 ii

5 7sin cos
36 36
 


i
5 7 5 7 5 7cos cos 2cos cos
9 9 9 2 9 2
     
 

 

22cos cos
3 9
 



cos cos
9 9

   
  

  


2cos cos
3 9
  

  
 

2cos cos
3 9
 



cos
9




1cos
3 2
 
 

 


ii
5 7sin cos
36 36
 


13 7sin cos
2 36 36
   

   
 

13 7cos cos
36 36
 

 

13 7 13 72cos cos
36 2 36 2
   


 

52cos cos
18 12
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cos 7A cos9A tan 8A
sin 9A sin 7A






7A 9A 9A 7A2sin sin
2 2L.H.S. 9A 7A 9A 7A2cos sin
2 2

 


 

sin8A sin A sin8A tan8A RHS
cos8A sin A cos8A

   

i 2 2cos A sin B sin(A B)cos(A B)
2 4
    
        

   

ii 2 2A A 1sin sin sin A.
8 2 8 2 2
    
      

   

i cos2A  sin2B = cos(A + B) cos (A  B) 

LHS cos A B cos A B
4 4 4 4
      

         
   

 cos (A B) cos (A B)
2
 

     
 

sin(A B) cos(A B) RHS   

ii sin2A sin2B = cos (A + B) cos (A B)  

A ALHS sin sin
8 2 8 2 8 2 8 2
        

         
   

sin sin A
4




1 sin A RHS.
2
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2 4 1cos cos cos cos
9 9 3 9 16
   



2 4LHS cos cos cos cos
3 9 9 9
    

  
 

1 1 2 4. 2cos cos cos
2 2 9 9 9

   
  

 

1cos
3 2
 
 

 


1 4cos cos cos
4 3 9 9

   
  

 

1 4 1 4cos 2cos cos
8 9 8 9 9

   
   

 

1 4 1 5cos cos cos
8 9 8 9 3

   
   

 

1 4 1 5 1cos cos
8 9 8 9 16

 
  

5 4 4cos cos cos
9 9 9
     
      

   

1LHS RHS
16

 

a 2cos3sin2 b 2sin4sin

c 2cos cos
4 12
 

d 2sin cos
3 6
 

a sin 6 + sin4 b sin 7 sin3
c cos 2 cos4 d cos 7 + cos5
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a
5 4sin cos cos
18 9 9
  
  b

7cos cos
9 18 17sin sin
18 9

 



 


c
5 7sin sin sin 0
18 18 18
  
   d

5 7cos cos cos 0
9 9 9
  
  

a sin2(n+1)  sin2n = sin(2n+1). sin .
(b) cos cos(2) = cos2  sin2(  )

(c) 2 2 3cos sin .
4 12 4
 
 

2 2cos sin
4 4
    
      

   

(a) sin sin 3 sin 5 sin 7 tan 4
cos cos3 cos5 cos 7

   
 

   

(b)
5 5 7 1sin sin sin sin

18 6 18 18 16
   



(c) 2 2(cos cos ) (sin sin ) 4cos .
2

        

(a) sin 2A sinA, cos A tan A 

sin (A + B) = sin A cosB + cosA sin B 

B = A 

    sin2A  = sinA cos A + cosA sin A
= 2sinA cos A.
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 sin 2A  

2 2
2sin A cos Asin 2A

cos A sin A



  1 = cos2A + sin2A)

cos2A 

2

2 2 2

2

sin A cos A2
2 tan Acos Asin 2A

cos A sin A 1 tan A
cos A cos A

 
 
  




b cos 2A  sinA, cos A, tanA 

cos (A + B) = cosA cos B  sinA sin B 

B = A 

cos 2A = cos A cos A  sin A sin A

(or) cos 2A = cos2A  sin2A.

cos 2A = cos2A  (1  cos2A)

= cos2A  1 + cos2A

i.e., cos 2A = 2cos2A  1   cos2A = 
1 cos 2A

2


   cos2A = cos2A   sin2A

    = 1    sin2A   sin2A

i.e., cos 2A = 1  2sin2A    sin2A = 
1 cos 2A

2


2 2

2 2
cos A sin Acos 2A
cos A sin A


 



RHS  cos2A 

2

2
1 tan Acos 2A
1 tan A
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c tan2A  tan A 

tan A tan Atan 2A tan(A A)
1 tan A tan A


  



2
2 tan A .

1 tan A






2
2 tan Asin 2A 2sin A cos A

1 tan A
 



2 2 2cos 2A cos A sin A 2cos A 1   

2
2

2
1 tan A1 2sin A
1 tan A


  


2
2 tan Atan 2A

1 tan A




2 1 cos 2Acos A ,
A


 2 1 cos 2Asin A .

2




A
6




i 2
2 tan Asin 2A 2sin A cos A

1 tan A
 



ii cos2A = cos2A  sin2A = 2cos2A  1 = 1  2 sin2A
2

2
1 tan A
1 tan A





iii) 2
2 tan Atan 2A

1 tan A




i sin2A = 
3sin

3 2

 .

2 sin A cos A =  
1 3 32sin cos 2

6 6 2 2 2
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2 2

122 tan2 tan A 2 3 336 .1 4 21 tan A 31 tan 1
6 3

   
     

  

2
2 tan Asin 2A 2sin A cos A

1 tan A
  



ii
1cos 2A cos

3 2


 

2 2
2 2 2 2 3 1 3 1 1cos A sin A cos sin

6 6 2 2 4 4 2
    

              

2
2 2 32cos A 1 2cos 1 2 1

6 2
 

      
 

3 12 1 .
4 2

   

2
2 1 1 11 2sin A 1 2sin 1 2 1 2 .

6 2 4 2
  

         
 

2
2

2

2 22

1 111 tan 11 tan A 2 3 136 3 .1 3 4 21 tan A 11 tan 116 33

           
     

 

 cos 2A = cos2A  sin2A = 2cos2A  1 = 1  2sin2A = 
2

2
1 tan A
1 tan A




iii tan 2A tan 3
3


 

2 2

122 tan2 tan A 2 336 31 21 tan A 31 tan 1
6 3




    
  

2
2 tan Atan 2A

1 tan A
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sin 2A tan A
1 cos 2A




2
sin 2A 2sin A cos A

1 cos 2A 2cos A




sin A tan A.
cos A

 

cos A  tan A = 2 cot 2A

1cot A tan A tan A
tan A

  

21 tan A
tan A




22(1 tan A)
2 tan A




2

2 2
2 tan A tan 2A

1 tan A

 
 
 
 

= 2 cot 2A

2 2 3cos cos
8 8
 


2 2

31 cos 1 cos3 4 4cos cos
8 8 2 2

 
 

 
  

1 11 1
2 2

2 2

 

 

( 2 1) ( 2 1) 1.
2 2

  
 

cos A Atan
1 sin A 4 2

 
  

  

Atan tanA 4 2RHS tan A4 2 1 tan tan
4 2
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sin A / 21 cos A / 2 sin A / 2cos A / 2
sin A / 2 cos A / 2 sin A / 21
cos A / 2




 




2

A A A Acos sin cos sin
2 2 2 2

A Acos sin
2 2

   
    

   
 

 
 

A Acos sin
2 2

 
 

 

2 2

2 2

A Acos sin
2 2

A A A Acos sin 2cos sin
2 2 2 2





 

cos A LHS
1 sin A

 


2 2 2(cos cos ) (sin sin ) 4sin .
2

 
       

2 2(cos cos ) (sin sin )      

= cos2 + cos2  2cos cos + sin2 + sin2  2sin sin

=  2  2(cos  cos  + sin  sin )

= 2{1 cos(  )}

=  2 22 2sin 4sin
2 2

   
  .

A
3




a 2
2 tan Asin 2A 2sin A cos A

1 tan A
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b cos2A = cos2A  sin2A = 2cos2A  1 = 1  2sin2A

2

2
1 tan A
1 tan A





sin 2A 

[ 0 < A < /2  ]

a
3cos A
5

 b
12sin A
13

 c 16tan A .
63



cos 2A 

a
15cosA
17

 b
4sin A
5

 c 5tan A .
12



tan 2A 

a 3tan A
4

 b tan A a
b



2 2 3sin sin
8 8
 
  

a 21 sin 2A tan A
1 sin 2A 4
  

  
  

b
2

2
cot A 1 sec 2A
cos A 1






a sin 2A cos A
1 cos 2A




b tanA + cot A = 2cosec 2A 

(a)  
cos A Atan

1 sin A 4 2
 

  
  

 

(b) 2 2 2(cos cos ) (sin sin ) 4cos
2
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3A A 

(a) sin3A sinA 

sin(A + B) = sinA cos B + cosA + sin B  B '2A'  

  sin(A + 2A)  = sinA cos 2A + cos A sin 2A

= sinA (1  2sin2A) + (cosA 2sinA cosA)

= sinA  2 sin3A + 2 sinA (1  sin2A)

= sinA  2sin3A + 2sinA  2 sin3A.

        sin 3A = 3sinA  4sin3A.

(b) cos 3A cos A 

cos(A + B) = cosA cos B  sinA + sin B  B '2A'  

 cos(A + 2A) = cosA cos 2A - sin A sin 2A

= cosA (2cos2A  1) + (sinA) 2sinA cosA

= 2cos3A   cosA  2 cosA (1  cos2A)

= 2cos3A  cosA  2cosA  2 cos3A.

        cos 3A = 4 cos3A  3 cos A.

(c) tan 3A tan A 

tan A tan Btan(A B)
1 tan A tan B


 


 B = 2A  

tan A tan 2Atan(A 2A)
1 tan A tan 2A


 



2

2

2 tan Atan A
1 tan A

2 tan A1 tan A
1 tan A
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3

2

2 2

2

tan A tan A 2 tan A
1 tan A

1 tan A 2 tan A
1 tan A

 


 



3

2
3tan A tan A

1 3tan A





sin3A   cos3 A :

sin3A  = 3 sin A   4sin3A

4sin3A = 3sinA   sin 3A

3 3sin A sin 3Asin A
4


 

cos 3A = 4 cos3 A  3cosA

3 cosA + cos 3A = 4 cos3A.

3 3cos A cos3Acos A
4


 

 sin3A = 3 sinA  4 sin3A

cos 3A = 4cos3A  3 cos A

3

2
3tan A tan Atan 3A

1 3tan A





3 33sin A sin 3A 3cos A cos3Asin A , cos A .
4 4
 

 

A
4




i sin 3A = 3 sinA  4sin3A

ii cos3A = 4cos3A  3 cos A

(iii)
3

2
3tan A tan Atan 3A

1 3tan A
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a
3 1sin 3A sin .
4 2


 

3 33sin A 4sin A 3sin 4sin
4 4
 

  

31 1 3 4 13 4 .
2 2 2 2 2 2

 
       

 

 sin 3A = 3 sinA  4sin3A

ii
3 1cos3A cos
4 2


  

3
3 1 14cos A 3cos A 4 3

2 2
 

     
 

4 3 1
2 2 2 2

   

 cos 3A = 4 cos3A  3 cos A.

(iii) 3tan 3A tan 1.
4


  

3 3

2 2
3tan A tan A 3 1 1 2 1.

21 3tan A 1 3 1
  

   
  

3

2
3tan A tan Atan 3A

1 3tan A


 


1 1cos
2

a
a

 
   

 

3
3

1 1cos3
2

a
a

 
   

 

  cos3   = 4 cos3  3 cos 

31 1 1 14 3
2 2

a a
a a

      
         

      

3 2
2 3

1 1 1 1 3 34 3 . 3 .
8 2 2

aa a a
a aa a
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3
3

3 3
1 1 1 .

2 22
a a

a a
 

    
 

1sin sin sin sin 3
3 3 4
    

       
   

  1 2sin sin sin sin cos 2 cos
3 3 2 3
       

           
     

2 21 sin 1 2sin 1 2sin
2 3

   
       

  

2 212 sin sin sin
2 3

 
    

 

3
23 3sin 4sin 1sin sin sin 3

4 4 4
   

       
 

cos3A sin3A + sin3A cos 3A = 
3 sin 4A
4

  cos3A sin3A + sin3A cos3A

= cos3A (3sinA  4sin3A) + sin3A(4cos3A  3 cosA)

=  3 sinA cos3A  4sin3A cos3A + 4sin3Acos3A  3sin3AcosA

= 3sinA cos3A  3sin3AcosA

= 3sinAcosA (cos2A  sin2A) = (3sinAcosA) cos2A

3sin 2A cos A
2

 

3 sin 4A 3 sin 4A.
2 2 4

 

33 3cos sin cos sin
9 18 4 9 18
    
   

 

     1 1LHS 3cos cos 3sin sin
4 9 3 4 18 6

      
      

   



311  Vol - II  (TOSS)

 - IV

113

3 1 1 1cos sin
4 9 18 4 2 2

    
     

   

3 cos sin RHS
4 9 18

 
  

A = 
3


 

(a) sin 3A = 3sinA  4sin3A

b cos3A = 4cos3A  3cosA

c
3

2
3tan A tan Atan 3A

1 3tan A





(a) 2sin A
3

 (b) sin A p
q



cos 3A  

a cos A = 
1
3

 (b) cosA = 
c
d

1cos cos cos cos3
3 3 4
    

       
   

a 3 32 3 2sin sin sin sin
9 9 4 9 9
    
   

 

b  
sin 3A cos3A
sin A cos A



a
3

2
cot A 3cot Acot 3A

3cot A 1





b cos 10A + cos 8A + 3cos 4A + 3 cos2A = 8 cosA cos33A 
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A A A, ,
2 3 4

A  

2 2 21 cos 2A 1 cos 2A 1 cos 2Asin A , cos A , tan A
2 2 1 cos 2A

  
  



A A/2 A/2 

A 1 cos A A 1 cos Asin , cos
2 2 2 2

 
   

A 1 cos Atan
2 1 cos A


 



A/2 

cos
12
 cos

24


A 1 cos Acos
2 2


  cos

12


cos
24


311 cos / 6 2cos
12 2 2


  

   

2 3 4 2 3
2 2 8
 

 


2
2( 3 1) 4 2 3 1 3 2 3 (1 3) .

8
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3 1
2 2




cos
24



1 cos /12

2
 



3 11
2 2 2 2 3 1
2 4 2

 
 

   

4 6 2
8

 


sin
8
 

 
 

cos
8
 

 
 

A 1 cos Asin
2 2


  sin

8
 

 
 

1 cos( / 4)sin
6 2
   

   
 

1 1/ 2
2


 

2 1 2 2
22 2

 
   

1 cos
4cos

8 2

 
        

 

11
2 12

2 2 2




 

2 2 2 2
4 2
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7cos A
25


3 A 2
2

  

i
Asin
2 ii

Acos
2 iii

Atan
2

3 A 2
2

   A  

A3
4 2


   

A A Asin 0, cos 0, tan 0
2 2 2

   

A 1 cos A 1 7 / 25 18sin
2 2 2 50

 
   

9 3 .
25 5

 

71A 1 cos A 32 16 425cos .
2 2 2 50 25 5


 

         

71A 1 cos A 25tan 72 1 cos A 1
25




   




18 9 3 .
32 16 4

     

A
3




a A 1 cos Asin
2 2


 b

A 1 cos Acos
2 2
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c
A 1 cos Atan
2 1 cos A






2. sin
2
 sin

24


a sin
8


b cos
8


c tan
8


a
5 1sin

10 4
 


10 2 5cos

10 4
 



b
5 1cos

5 4
 


10 2 5sin
5 4
 


a A
10




5A .
2


 

2A 3A
2


  

sin 2A sin 3A cos3A
2
 

    
 

32sin A cos A 4cos A 3cos A  

cosA [2 sinA  4 cos2A + 3] = 0

     cosA   0  1  sin2A = cos2A

2 sinA   4(1  sin 2A) + 3 = 0

4 sin2A + 2 sin A  1 = 0

2 4 16 1 5sin A
8 4
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5 1sin A
4




5 1sin
10 4
 

 

2
2 5 1cos 1 sin 1

10 10 4
   

     
 

10 2 5
4




b A
10


 2A ,
5




cos2A = 1 2 sin2A.

2
5 1 6 2 5 2 2 5cos 1 2 1 2

5 4 16 8
      

           
   

           
5 1
4


 .

2 10 2 5sin 1 cos
5 5 4
  

    .

tan  + 2 tan 2 + 4 tan 4 + 8 cot 8 = cot   

tan  cot  + 2 tan 2 + 4 tan 4 + 8 cot 8 = 0  

sin cos 2 tan 2 4 tan 4 8cot 8 0
cos sin

  
         

  

2cos 2 2 tan 2 4 tan 4 8cot 8 0
2sin cos


        

 

cos 22 2 tan 2 4 tan 4 8cot 8 0
sin 2
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  2cot 2 + 2 tan 2 + 4 tan 4 + 8 cot 8 = 0 ...(1)

       2cot 2 + 2tan 2   

  4cot 4 + 4 tan 4 + 8 cot 8 = 0 ...(2)

       4cot 4 + 4tan 4   

LHS = 8cot 8+ 8 cot 8 = 0 = RHS

i x  3 = 0 x 

ii x2  9 = 0 x 

x  y
sin   1 = 0 sin   1 = 0 

5 9, , , .....
2 2 2
  

 

sin 

sin  = 

sin 0, sin sin sin n

nn N.

sin sin  = 0
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sin sinsinsin n

nn I.

n sin 
n 

cos 

cos 

cos 0
2

 

2




cos( ) cos    cos cos 0
2 2
  

     
 

3cos 0
2


 

5 7 9cos , cos , cos , .... cos(2n 1)
2 2 2 2
   



(2 1) , N
2


   n n

cos (cos 

3 5cos cos cos ... cos (2 1)
2 2 2 2
          

               
       

n

(2 1) , N
2


    n n

 cos  (2 1)
2


  n
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tan 

tan 

sin 0
cos


 


sin= 0.

i.e.,  , I   n n





sin sin 

sin sin 

  sin sin  = 0

2 cos sin 0.
2 2

    
   

   

cos 0
2

 
  

 
sin 0

2
 

 
 

(2 1)
2 2

 
  p , , I

2


  q p q

 (2 1)    p 2   p

( 1) , I     nn n sin sin 

cos cos 

cos cos 

  cos cos  = 0

   2 sin sin 0
2 2

  
 

sin 0
2


  sin 0

2
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2
 

  p , , I
2


  q p q

 2  p 2  p

2 , I     n n cos cos 

tan tan   tan tan 

tan tan 
sin sin 0
cos cos

 
  

 

   sin cos sin cos 

    sin (0
   n In
   n In

cosec = cosec 

      nn

sec = sec 

      2n

cot = cot 

      n

 sin2 = sin2 

1 cos 2 1 cos 2
2 2

   


 cos 2= cos 2

      2=  2n+ 2 n   I.

         =  n+ 
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 cos2= cos2

  =  n+  n   I.

   tan2= tan2

2 2

2 2
1 tan 1 tan
1 tan 1 tan
   


   

  cos 2= cos 2

        2=  2n+ 2

          =  n+ n   I 

a i 1sin
2

  ii
3sin

2


 

b i
3cos

2
  ii

1cos
2

  

c i cot 3  d 24sin 1. 

a i 1sin sin
2 6


  

( 1) , I
6


     nn n

ii
3 4sin sin sin sin .

2 3 3 3
    

       
 

4( 1) , I
3


      nn n

b i
3cos cos

2 6


  

2 , I
6


     n n
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ii
1 2cos cos cos cos
2 3 3 3

   
       

 
=

22n , I
3


     n

c cot 3  

1 5tan tan tan tan .
6 6 63
   

        
 

5 , I
6


     n n

d
2

2 2 21 14sin 1 sin sin
4 2 6

 
       

 

sin sin
6
 

    
 

, I
6


     n n

a 2cos2 + 3sin = 0 b cos 4x = cos 2x

c i cos 3x = sin 2x d  sin2x + sin 4x + sin 6x = 0

a 2cos2 + 3sin  = 0

        2(1  sin2) + 3 sin  = 0

        2 sin23 sin  2 = 0

        (2sin + 1) (sin  2) = 0

        sin  = 1
2

      sin  = 2

   sin  = 2 

    sin  =  
7sin sin sin .

6 6 6
   

    
 

  n 7( 1) . , I.
6


      n n
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b cos 4x = cos 2x

i.e., cos 4x  cos 2x = 0

    2sin 3x  sin x  = 0

   sin 3x = 0  sin x = 0

        3x = n   x = n

        
3



nx   x = n In

c cos3x = cos 2x.

  cos3 cos 2
2
 

  
 

x x

  3 2 2 , I
2
 

     
 

x n x n

3 2 2
2


    x n x

5 2
2


   x n

2 .
5 10
 

  
nx

3 2 2 2 , I
2 2
 

       x n x x = n n

d sin2x + sin 4x + sin 6x = 0

sin6x + sin 2x sin 4x = 0

2sin4x  cos 2x sin 4x = 0

sin 4x [2 cos 2x 1] = 0
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  sin 4x  cos 2x = 
1 2cos .
2 3


 

   4x = n  
22 2 , I
3


   x n n

X
4



n

X , I
3


   n n

1 

i
3sin

2
  ii cosec 2 

iii
3sin

2
  iv

1sin
2

  

2 

i
1cos
2

   ii
2sec
3

  

iii
3cos

2
  iv sec 2  

3 

i tan 1  ii tan 3  iii cot 1  

4 

i
1sin 2
2

  ii
1cos 2
2

  iii 1tan 3
3

 

iv
3cos3

2
  v 2 3sin

4
  (vi 2 1sin 2

4
 

(vii)  4 cos2 = 1 (viii) 2 3cos 2 .
4

 



i 22sin 3 cos 1 0   (ii)  24cos 4sin 1.  

(iii) cot tan 2 cosec .   
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 l l = r 

p (x, y)

sin = y, cos  = x, 1tan , cot , secy x
x y x

  

cosec 
1
y



P(x, y) P(cos ,  sin )

0, , , ,
6 4 3 2
   

 sin  cos 

sin cos 

sin cos 

sin cos 
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tan cot   

tan  2
 3

2


 

cot   

sec 

/2 /2 

cosec  



sin (A + B)  = sin A cos B + cos A sin B.

cos (A + B)  = cos A cos B   sin A sin B.

tan A tan B tan A tan Btan(A B) , tan(A B)
1 tan A tan B 1 tan A tan B

 
   

 

cot A cot B 1 cot A cot B 1cot(A B) , cot(A B)
cot B cot A cot B cot A

 
   

 

2 sin A cos B = sin(A + B) + sin (A  B)

2 cos A sin B = sin(A + B)  sin (A  B)

2 cos A cos B = cos(A + B)  cos (A  B)

2 sin A sin B = cos(A  B)  cos (A  B)

sin C + sin D = 2 sin 
C D C Dcos

2 2
 

sin C  sin D = 2 cos 
C D C Dsin

2 2
 

cos C + cos D = 2 cos 
C D C Dcos

2 2
 

cos C  cos D = 2 sin 
C D D Csin

2 2
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sin (A+B) sin (A  B) = sin2A  sin2B

cos (A+B) cos (A  B) = cos2A  sin2B.

sin 2A = 2 sin A cos A  = 2
2 tan A

1 tan A

cos 2A =  cos2A  sin2A  =  2 cos2A  1 = 1  2sin2A
2

2
1 tan A
1 tan A





2
2 tan Atan 2A

1 tan A




2 1 cos 2Asin A ,
2


  2 1 cos 2Acos A ,

2


 2 1 cos 2Atan A
1 cos 2A





sin 3A = 3 sinA  4 sin3A, cos 3A = 4 cos3A  3cos A

3

2
3tan A tan Atan 3A

1 3tan A





3 33sin A sin 3A 3cos A cos3Asin A , cos A
4 4
 

 

A 1 cos A A 1 cos Asin , cos
2 2 2 2

 
   

A 1 cos Atan
2 1 cos A


 



5 1 5 1sin , cos
10 4 5 4
   

 

sin  = 0   = n, nI.

cos  = 0  (2 1)
2


 n , nI.

tan  = 0   = n, nI.

sin  = sin    = n + (1)n , nI.
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cos  = cos    = 2n + , nI.

tan  = tan    = n +  , nI.

sin2  = sin2    = n +  , nI.

cos2  = cos2    = n + , nI.

tan2  = tan2    = n +  , nI.

http : //www.wikipedia.org

http:// math world . wolfram.com

a
1 sin sec tan
1 sin
 

  
 

b
1 sec tan

sec tan
  

 

c 2 2
tan cot 2sin cos

1 tan 1 cot
 

   
   

d 21 sin (tan sec )
1 sin
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e 8 8 2 2 2 2sin cos (sin cos )(1 2sin cos )      

f 2 2sec cosec tan cot    

4


  3sin 3 3sin 4sin  

a
25sin

6


b
21sin
4


c 3tan
4
 

 
 

d
17sin
4
 e

19cos
3


2
x 


3
2

x 
 cos x 

x tan x 

2 2

2 2
cos B cos Atan(A B) tan(A B)
cos B sin A


   


 

cos 3 sin 2cos
3
 

     
 

A B
4


  (1+tanA) (1+tanB) = 2 (cot A   1) (cot B  1)

i
sin(A B) sin(B C) sin(C A) 0
cos A cos B cos Bcos C cos Ccos A

  
  

ii
2 2cos A cos A cos A cos A cos 2A.

10 10 5 5
          
            

       

iii
2 4 9 1cos cos cos .
9 9 9 8
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iv
13 17 43cos cos cos 0.
45 45 45
  
  

v
1tan A cot A

6 6 sin 2A sin
3

    
           

vi
sin sin 2 tan

1 cos cos 2
 

 
  

viii cos sin tan 2 sec 2
cos sin

 
  

 

ix 2 2 3cos A cos A A cos A .
3 3 2
    

        
   

x
sec8A 1 tan8A
sec 4A 1 tan 2A






xi 7 11 13 11cos cos cos cos
30 30 30 30 16
   



(xii) 13 1sin sin .
10 10 2
 
  

13 

a
1sin
2

  b
3sin

2
 

c
1sin
2

   d cosec 2 

14 

a
1cos
2

  b
2sec
3

 

c
3cos

2
  d sec 2  

15 

a tan 1  b tan 1  c
1cot
3
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16 

a 2 1sin
2

  b  4 cos2 = 1 c  2 cot2 = cosec2

a cos p  = cosq  (b)  sin 9  = sin  (c) tan 5  = cot 



a sin m  = sinn= 0 (b)  tan m + cot n= 0

(c) cos  + cot 2 + cot 3 = 0

(d) sin  + sin 2 + sin 3 + sin 4= 0

(i)  3


(ii)  12


(iii)
5
12


(iv)  
7
12


(v)  
3
2


(i)  450 (ii)  150 (iii) 90 (iv)  30 (v)  1200

13 14, ,
4 36 36
  

4. 
5
6


6. 3


(a)  6


(b)  3


(c) 
5
6


2. (a)  360 (b)  300 (c)  200

1
6  9.550 4.  

1
5 5.  95.54m

(a) 0.53m (b) 38.22 cm (c) 0.002 (d) 12.56m
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(e) 31.4 cm

(f) 3.75 (g) 6.28m (h) 2 (i) 19.11 m

(i)  (ii) (iii) 
(iv)  

(v)  (vi) (vii) 
(viii)  

(i) 0 (ii) 0 (iii) 
1
2



(iv) -1 +
(v) 1  (vi)

(vii) (viii)  1.

1 2 5sin , cos , cot 2, cosec 5, sec
25 5

       

3.
2 2 2 2

2 2 2 2
sin , cos , sec , tan , cota b a b a b a

b a ab a b a

 
       

 

6. 2
2

1
m
m

(i)  
14
4 (ii) 

16
2 (iii)  1 (iv)  

22
3

(v)  0
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1, 1 (3) y = 2 sin  (0, )

4. (a) 
7 11,
6 6
 

(b) 
4 5,
3 3
 

  y = 2 sin x

(a)   y = 2 sin 
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(b)  y = 3 cos 

(c)   y = cos 

cos 

 ,
6 6
 



cos 


5 5,
6 6
 



(d)  
3,

2 2
  

 
 

y = cos  X- 

(e)  y = cos   
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(a)  

(b)  
3,

2 2
 

(c)   y = tan 
3


   tan 

2. (a)  (b) cot   
3
4


(a)  y = sec 

[0, 2 ] ,
4
 3

4


sec 2

(b)  2 cosec (cosec 2
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(a)  
2
3


(b)  =  (c) y 3


(d) 2 1 cos 4 1 1sin 2 cos :
2 2 2

xy x x
    y 

2
4 2
 


(e) 13cot ,
3

xy  
  

 
y 31

3


 

(a)  (i)  3 1
2 2
 (ii)  

3
2

(c)  
21

221

(a)  3 1
2 2


(i)  
2 2cos A sin A

2


(ii)  
1
4



2. (c)  
 3 1

2 2




(a)  sin 5  sin  (b)  cos 2  cos 6

(c) cos cos
3 6
 
 d)  sin sin

2 6
 


(a) 2 sin 5cos  (ii) 2 cos 5sin 

(c) 2 sin 3sin  (d) 2 cos 6cos 
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(a)  
24
25 (b)  

120
169 (c)  

2016
4225

3. (a)  
161
289 (b)  

7
25

 (c)  
119
169

4. (a) 
24
7 (b)  2 2

2ab
b a

5.  1

(a)  
22
27 (b ) 

2 3

3
(3 4 )pq p

q

3. (a)  
23
27 (b)  

3 2

3
4 3c cd

d

(a)   
 4 2 63 1,

2 2 2 2

 

3. (a)  2 2
2
 (b)  2 2

2
 (c) 2 1

(i)  ( 1) , I
3


    nn n (ii)  ( 1) , I
4


    nn n

(iii) 
4( 1) , I
3


    nn n (iv)  5( 1) , I
4


    nn n
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2. (i) 22 , I
3

n n
    (ii)  52 , I

6


   n n

(iii) 2 , I
6


   n n (iv)  32 , I
4


    n n

3. (i) 3 , I
4


   n n (ii)  , I
3


   n n

(iii) , I
4


   n n

4. (i) , ( 1) , I
2 12
 

   nn n (ii)  , I
6


   n n

(iii) , I
3 18
 

   
n n (iv)  2 5 , I

3 18
 

   
n n

(v) , I
3


    n n (vi)  , I
2 12
 

   
n n

(vii) , I
3


   n n (viii)  , I
2 12
 

   
n n

5. (i) 52 , I
6


   n n (ii)  ( 1) , I
6


    nn n

(iii) 2 , I
3


   n n

1
2 cm.

(a)  
1
2 (b)  

1
2 (c) 1 (d)  

1
2 (e)  

1
2
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7.

8.

(a) ( 1) , I
4


    nn n (b)  ( 1) , I
3


    nn n

(c)  5( 1) , I
4


    nn n (d)  ( 1) , I
4


    nn n

(a)  2 , I
3


   n n (b)  2 , I
6


   n n

(c) 52 , I
6


   n n (d)  22 , I
3


   n n



 - IV
311  Vol - II  (TOSS)

142

7. (a)  , I
4


    n n (b)  , I
3


   n n

(c) 2 , I
3


 n n .

8. (a)  , I
4


   n n (b)  , I
3


    n n

(c) , I
4


   n n

9. (a)  2 , I
  


n n

p q
(b)  

4


 
n (2 1) , I

10


 n n

(c) (2 1) , I
12


   n n

10. (a)  (2 1) 
 



k
m n

 2 , I




k k
m n

(b)  (2 1) , I
2( )


  



k k
m n

(c) (2 1)
4


  n   22 , I
3


  n n

(d) 
2

5


 
n

 , I
2


    n n  (2 1) , I    n n .
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 f  A

 B  y  B   f1(y) 

  f : A   B  y  B 

f(x) = y x  A  

y  B  f1(y)  A f1(y) 

  f1  B  A .

 f1 'f ' .

 f : A   B  f1: B  A A 

 f  

 : f A  B

.

f1(b) = {1, 2},   f1

   f 

:  f : R   R 

 f(x) = 2x + 3  

f(x) = 2x + 3  

   f 

 f1 

1

2

3

a

b

c

A B

f

. 18.1
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x1, y x2, y
y, x1 y, x2

1 3sin , 1 , sin , , sin ,
2 4 3 22

     
           

1 31, sin , , sin , , sin
2 4 2 32

     
           

f :  

1f 

1f 

f :R R f (x) = x3 + 4 1f 

f    f

y = x3 + 4 

3 34 4y x x y     

f  i.e.,  1f  (y) = 3 4y  .
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y = sin x 
i.e.,  1 < y < 1 x 

y 

*  

y =  sin x = 1/2

5 13sin sin sin sin ....
6 6 6

x   
    

x 
5 13, , ,....

6 6 6
  

x 

y = sin x 

1 5 1, , , ,....
6 2 6 2
    

   
   

1 1 5, , , ,....
2 6 2 6

    
   
   

y = sin x Rx [ 1, 1]y 

1 < y < 1

y = sin x 

i , [ 1, 1]
2 2

x y 
   

ii
3 5 , [ 1, 1]
2 2

x y 
   

iii
5 3 , [ 1, 1]
2 2

x y 
      etc.,
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 - IVy = sin1 x 

i , [ 1, 1]
2 2

y x 
   

ii
3 5 , [ 1, 1]
2 2

y x 
   

iii
5 3 , [ 1, 1]
2 2

y x 
      etc.,

x sine x 

sin1x 

2 2
y 

   y = sin1x 

[1, 1] i.e.,  [ 1, 1]x  2 2
y 

  

y = sin1 x [1, 1] ,
2 2
  

 
 

    2. y = cos1 x [1, 1]  0, 

y = tan1 x R ,
2 2
  

 
 

y = cot1 x R  0, 

y = sec1 x x > 1  x < 1 0, ,
2 2
    

   
   

y = cosec1 x x > 1  x < 1 ,0 0,
2 2
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i 1 1sin
2

  
 
 

ii 1 1cos
2

  
 
 

iii 1 1tan
3
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i 1 1sin

2
  
 
 



1sin
2

    sin sin
4 4
  

     
 

ii 1 1cos
2

  
 
 



1 2cos cos cos
2 3 3

    
        

   

2
3


 

iii 1 1tan
3

  
 
 



1 tan
3


  tan tan
6
 

   
 

6


  

a i 1 1cos
2

  
 
 

ii tan1(1)

b

1 3sec cos .
2


 
 
 

a i 1 1cos
2

  
 
 



1 cos
2

   cos cos
4 4
 

    

ii tan1(1) 

1 tan  tan =  tan 4
 

 
 


4
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b 1 3cos
2

  


3 cos

2
  cos =  cos .

6 6
  

   
 

1 3 2sec cos sec sec .
2 6 3


  

     
 

1 3 2sec cos .
2 3


 

  
 

i cos [sin1 x] ii cot [cosec1 x]

i [sin1 x] =  

 x = sin .

   cos [sin1 x] = cos  2 21 sin 1 x     ( sin  = x)

ii cosec1 x =  x = cosec 

1cot(cosec )x  = 2cot cosec 1 

2 1x  (cosec  = x)

a 1 3cos
2

 b 1cosec ( 2) 

c 1 3sin
2


 
  
 

d 1tan ( 3) e cot1(1)
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 - IV

a 1 1cos cos
3

 
 
 

b 1cosec cosec
4

  
 
 

c 1 2cos cosec
3

 
 
 

d 1tan(sec 2) e 1cosec cot ( 3) 
 

a sec(tan1x) b tan(cosec1x/2) c cot (cosec1x2)

d cos(cot1x2) e  1 2tan sin 1 x 

1sin (sin ) ,
2 2

  
      

sin  = x

  =  sin1x = sin 1 (sin ) = 

  sin(sin1x x

i cos1(cos ) = ,    0 <  < .

ii tan1(tan ) = ,    2 2
 

   

i cosec1x = sin1(1/x) ii cot1x = tan1(1/x)

iii sec1x = cos1(1/x)

i cosec1x = 

    x =  cosec 

 1/x =  sin 
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sin1(1/x)

1 1 1cosec sinx
x

   
   

 

ii cot1x = 
x =  cot 

  1/x =  tan 

 tan1 (1/x)

  cot1 x =  tan1 (1/x).

iii sec1x = 

x =  sec 

  1/x =  cos 
cos1 (1/x)

  sec1 x =  cos1 (1/x).

i sin1(x) = sin1x   ii tan1(x) = tan1 x

iii cos1(x) =  cos1x.

(i) sin1(x) =  

 x =  sin  x  = sin  = sin 

= sin1 x = sin1 x.

sin1 (x) = sin1 x.

(ii)   tan1(x) =  

 x =  tan  x = tan  = tan 

 = tan1 x = tan1 x.

tan1 (x) = tan1 x.

(iii)   cos1(x) =  

 x =  cos  x = cos  = cos 

 cos1 x = 

cos1 (x) =  cos1 x.
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 - IV(i)   sin1x +  cos1x  = /2 (ii)   tan1x +  cot1x  = /2

(iii)   cosec1x +  sec1x  = /2 

(i)  sin1x +  cos1x  = /2.

    sin1x =        x = sin  = cos (/2 

 cos1x = /2 

 cos1 x =  sin1x +  cos1x  = /2.

(ii)  cot1x =      x = cot  = tan (/2 

 tan1(x)  = /2    + tan1x  = /2

 cot1x + tan1x = /2.

(iii)  cosec1x =  

 x = cosec  = sec (/2 

 sec1(x)  = /2 

 + sec1x  = /2

 cosec1x + sec1x = /2.

i 1 1 1tan tan tan .
1
x yx y

xy
    

   
 

(ii)
1 1 1tan tan tan .

1
x yx y

xy
    

   
 

i tan1x = ,  tan1y =   

x = tan ,  y = tan  .

1 1 1tan tan tan
1
x yx y

xy
    

   
 

LHS  RHS 



154

 - IV
311  Vol - II  (TOSS)

LHS  =  , RHS = 1 tan tantan
1 tan .tan

    
 
   

 1tan tan( )       = LHS.

(ii)

i
2

1 1 1
2 2

2 12 tan sin cos
1 1

x xx
x x

  
  

        
= 1

2
2tan

1
x
x

  
  

   (i) (ii)          (iii)          (iv)

x =  tan 

(i), (ii), (iii), (iv)

1 12 tan 2 tan (tan ) 2x     (i)

1 1
2 2

2 2 tansin sin
1 1 tan

x
x

     
   

     

1
2

2 tansin
sec

  
  

 

 1sin 2sin cos  

 1sin sin 2 2    (ii)

    
2 2

1 1
2 2

1 1 tancos cos
1 1 tan

x
x

 
     

           

 
2 2

1
2 2

cos sincos
cos sin


   

      

1 2 2cos (cos sin )  
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 - IV1cos (cos 2 ) 

 =  2 ...(iii)

1 1
2 2

2 2 tantan tan
1 1 tan

x
x

     
   

     

1tan (tan 2 ) 

 =  2 ...(iv)

  (i), (ii), (iii), (iv)

2
1 1 1 1

2 2 2
2 1 22 tan sin cos tan .

1 1 1
x x xx
x x x

   
    

             

i)  1 1 2 1
2

sin cos 1 tan
1

  
 

    
  

xx x
x

1
2

1sec
1 x


 

  
  

2
1 11 1cot cosecx

x x
 
   
    

   

ii  
2

1 1 2 1 1cos sin 1 tan xx x
x

  
 
   
  

1
2

1cosec
1 x


 

  
  

1
2

cot
1

x

x

 

  
  

1 1sec
x
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sin1x =   sin  = x

i 2
2 2

1cos 1 , tan , sec ,
1 1

xx
x x

      
 

21cot x
x


 
1cosec
x

 

1 1 2 1
2

sin cos ( 1 ) tan
1

xx x
x

  
 

       
 

1
2

1sec
1 x


 

   
 

2
1 1cot x

x

 
 
 
 

1 1cosec
x

  
  

 

ii cos1x =   x = cos  

2
2

2

1 1sin 1 , tan , sec , cot
1

x xx
x x x


         



 
2

1cosec
1 x

 


 1 1 2cos sin 1x x  

2
1 1tan x

x

 
 
 
 

1
2

1cosec
1 x


 

   
 

1 1sec
x
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 - IV

i 1 1 1 2 2sin sin sin 1 1x y x y y x        
  

(ii) 1 1 1 2 2cos cos cos 1 1x y xy x y        
  

(iii) 1 1 1 2 2sin sin sin 1 1x y x y y x        
  

(iv) 1 1 1 2 2cos cos cos 1 1x y xy x y        
  

i x = sin ,  y = sin  

LHS =  + ,

RHS = sin1[sin  cos   + cos  sin ]

= sin1[sin( + )] =  + .

  LHS  = RHS.

(ii) x = cos ,  y = cos 

LHS =  + 

RHS = cos1[cos  cos   sin  sin ]

= cos1[cos( + )] =  + .

  LHS  = RHS.

(iii) x = sin ,  y = sin 

LHS =  

RHS 1 2 2sin 1 1x y y x     
  

1 2 2sin sin 1 sin sin 1 sin         
  

 1sin sin cos cos sin    

 1sin sin( ) .   

  LHS  = RHS.
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(iv) x = cos ,  y = cos 

  LHS =  

RHS  1cos cos cos sin sin    

 1cos cos( )   

  LHS  = RHS.

1 13 5cos sin sin
5 13

  
 

 

1 3sin
5

  
  

 

1 5sin
13

  
 

 

3sin
5

 
5sin .

13
 

4cos
5

  
12cos .
13

 

cos [ ] cos cos sin sin        

  ( cos (A + B) = cos A cos B  sin A sin B)

4 12 3 5 33. . .
5 13 5 13 65

  

1 1 11 1 2tan tan tan
7 13 9

       
      

     

1 1 1tan ( ) tan ( ) tan
1
x yx y

xy
    

   
 

1 1 1

1 1
1 1 7 13tan tan tan 1 17 13 1

7 13

  

 
    

      
      

 

1 120 2tan tan
90 9

    
    

   

53

4
 (

135

12
 (
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 - IV1 1 14 12 33cos cos cos
5 13 65

       
      

     

 1 1 1 2 2cos cos cos 1 1x y xy x y      

1 1 14 12 4 12 16 144cos cos cos 1 1
5 13 5 13 25 169

  
    

                

1 33cos .
65

  
  

 

1 11 1tan cos
2 1

xx
x

   
  

 

tanx  

LHS = 1tan x 1tan (tan )   

RHS = 
2

1 1
2

1 1 tan 1cos cos (cos 2 )
2 21 tan

 
  

     

1 2 .
2

    

  LHS  = RHS.

1 11 1tan tan , 0
1 2

x x x
x

  
  

 

tanx  

1 11 tan 1tan tan (tan )
1 tan 2

   
  

  

1 1tan tan .
4 2

    
     

  

Tan A Tan Btan(A B)
1 Tan A Tan B

 
  

 


1
4 2


   
1 3 .

4 2 2
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2

4 3 6
 

   

1tan tan
6 3

x x  
      

 

2 2
1 1 2

2 2

11 1tan cos ( )
4 21 1

x x x
x x

 
    
   
    

(LHS) (RHS)

x2 = cos 2 

2 = cos1 (x2)

1 21 cos
2

x  

x2 = cos 2 LHS

LHS =
2 2

1 1
2 2

1 1 1 cos 2 1 cos 2tan tan
1 cos 2 1 cos 21 1

x x

x x
 
          
                

1 2 cos 2 sintan
2 cos 2 sin


   

      

1 cos sintan
cos sin

   
  

   

cos 

1 1 tantan
1 tan

   
  

  

1tan tan
4

    
    

  

4


  

1 21 cos ( )
4 2

x
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 - IV

a 1 1sin sin
3 2

  
   

  
b 1 1cot (tan cot )   

c
2

1 1
2 2

1 2 1tan sin cos
2 1 1

x y
x y

 
 

    

d
1 1tan 2 tan

5
 

 
 

e 1 1tan 2 tan .
5 4

  
 

 

1 1cos cosx y   

x2  2xy cos  + y2 = sin2  

cosx + cosy + cosz =  

x2 + y2 + z2 + 2xyz = 1 

a 1 11 2sin sin ,
25 5

     
       

b) 1 1 14 5 16sin sin sin .
5 13 65 2

        
            

(c) 1 1 14 3 27cos tan tan
5 5 11

   
  

 

(d) 1 1 11 1 1tan tan tan
2 5 8 4

   
  

2 1 2 1sec (tan 2) cosec (cot 2) 10  
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i sin1x = y siny = x ;  1 < x < 1,  .
2 2

y 
  

ii cos1x = y cosy = x ;  1 < x < 1,  0 < y < ,

iii tan1x = y tany = x ; R, .
2 2

x y  
    

 

iv cot1x = y coty = x ; R,x  [0 < y < ]

v sec1x = y secy = x ;  x > 1, 0
2

y 
   x < 1,  .

2
y

  

vi cosec1x = y cosecy = x ;  x > 1, 0
2

y 
   x < 1,

0.
2

y
  

y = sin x 

(i) sin1(sin ) = ,  tan1(tan ) = ,  tan (tan1) =  and sin (sin1 ) = .

(ii) 1 1 1 1 1 11 1 1cosec sin , cot tan , sec cos .x x x
x x x

          
       

     

(iii) 1 1 1 1 1 1sin ( ) sin , tan ( ) tan , cos ( ) cos .x x x x x x             

(iv) sin1(x) + cos1x = /2,  tan1x  + cot1x = /2,  cosec1x + sec1x =


(v) tan1x + tan1y = 1 1 1 1tan , tan tan tan
1 1
x y x yx y

xy xy
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 - IV
(vi)

2
1 1 1 1

2 2 2
2 1 22 tan sin cos tan

1 1 1
x x xx
x x x

   
    

             

(vii) 1 1 2 1
2

sin cos ( 1 ) tan .
1

xx x
x

  
 

     
 

        
2

1 1 1
2

1 1 1sec cot cosec .
1

x
x xx

  
     
              

(viii) 1 1 1 2 2sin sin sin 1 1 .x y x y y x        
  

(ix) 1 1 1 2 2cos cos cos 1 1x y xy x x y       
  



http : //www.wikipedia.org

http:// math world . wolfram.com

a 1 1 13 8 77sin sin sin
5 17 85

       
      

     

b 1 1 11 1 1 3tan tan cos
4 9 2 5

       
      

     

c 1 1 14 3 27cos tan tan
5 5 11

       
      

     

a 1 1 11 1 232 tan tan tan .
2 5 11

       
      

     



164

 - IV
311  Vol - II  (TOSS)

b 1 1 11 1tan 2 tan tan 2.
2 3

     
    

   

c 1 1 11 1 1tan tan tan
8 5 3

       
      

     

a  1 1 22 sin sin 2 1x x x  

b 1 1 22 cos cos (2 1)x x  

c 1 1 11 1cos 2sin 2cos
2 2

x xx  
    

       
   

a 1 costan .
1 sin 4 2

x x
x

  
  

 

b 1 cos sintan .
cos sin 4

x x x
x x

   
  

 

c 1 1 11 1 1cot cot cotab bc ca
a b b c c a

         
      

       

a 1 1tan 2 tan 3 / 4x x   

b 1 12 tan (cos ) tan (2cosec )x x 

c 1 1 1cos sin
2 6

x x   
  

 

d 1 1cot cot ( 2) , 0
12

x x x  
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 - IV

(a)  6


(b)  4




(c) 3


 (d)  3




(e)  4


(a)  
1
3 (b)  4



(c)  
1
2 (d)  1

(e)  2

(a)  21 x

(b)  2

2

4x 

(c)  4 1x 

(d)  
2

4 1

x

x 

(e)  
1 x

x
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(a)  1 (b) 0

(c) 1
x y

xy



(d)  

5
12

(e)  
7

17


(a)  
1
6 (b)  4



(c) +1 (d)  3
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sine (cosine) 
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ABC A, B, C 

A B, C

a, b, c 

SINE 

ABC  2R
sin A sin B sin C

a b c
   ,

(R 

Case (i) :  A ( . 19.2 ).

    S  CD 

     CS = SD = R  CD = 2R.

      B, D 

DBC
2


  DBC 

  BAC BDC , (  )

  sin A = sin BAC=sin BDC

BC=
CD 2R

a
 .

      2R.
sin A

a
 

a

bc

B

A

C
)

. 19.1

. 19.2

A

R c
D

B Ca

S

R

b
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 - IVCase (ii) : A  ( . 19.3 ).

  BC = a = 2R = 2R .1 = 2R sin 900

      2R sin A.a       2R.
sin A

a


Case (iii) : A  

( . 19.4 ).

     DBC

(  )

 BACD ,

       0 0BDC 180 BAC 180 A   

ΔBDC    0sin A = sin 180 A

      
BCsin BDC = .
CD 2R

a
 

  2R
sin A

a
 .

 2R, 2R
sin B sin C

b c
   

                2R
sin A sin B sin C

   
a b c

.

a = 2R sinA,  b = 2R sin B,  c = 2R sin C

( ) sin A , sin B , sin C
2R 2R 2R
a b c

  

sine 
B C Acos ( ) sin

2 2
a b c

 

R.H.S. : (b + c) Asin
2

. 19.4

A

B
c ba C

R

S

R

D

A

B C
a

R RS

c b

. 19.3
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sin A sin B sin C
a b c k  

 a = k sinA, b = k sin B,  c = k sin C

  RHS : k(sin B + sin C) Asin
2

 
B+C B C A.2sin .cos sin

2 2 2
k 

 

B+C A90
2 2

   (  A + B + C = 

B+C Asin cos
2 2

  0A B C 90
2 2 2 2


    )

A B C ARHS 2 cos cos sin
2 2 2

k 
  

B C.sin A.cos
2

k 


B Ccos L.H.S
2

a 
 

sine 

2 A(cos C cos B) 2( ) cos
2

a b c  

 
sin A sin B sin C

a b c k  

 a = k sin A,   b = k sin B,   c = k sin C

2 ARHS: 2 (sin B sin C) .cos
2

k 

2B+C B C A= 2 2cos .sin .cos
2 2 2

k  
 
 

2A B C A= 4 sin .sin .cos
2 2 2

k 
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 - IVB C A= 2 sin .cos
2 2
a

B+C B C= 2 sin . sin
2 2

a 

 =  a (cos C  cos B)

 =   L.H.S.

ABC 

cos A cos B Csin (A B)a b  

sin A sin B sin C
a b c k  

L.H.S  : k sin A . sin A  k sin B . sin B

     = k (sin2A  sin2 B)

     =  k . sin (A + B) . sin (A  B)

     A + B   =   C   sin (A + B) = sin C

L.H.S : k sin C . sin (A  B)

     =  c sin (A  B) = R.H.S

A BC a(b cos C  cos B) = b2  c2 

 
sin A sin B sin C

a b c k  

L.H.S  : k sin A [k sin B sin C  k sin C . sin B]

     = k2 sin A . [sin (B  C)]

     = k2 sin (B+C) . sin (B  C) [  sin A = sin (B + C)]

     = k2 (sin2 B  sin2 C)

     = k2 sin2 B  k2 sin2 C

      =  b2  c2 = R.H.S
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sine 

(i)

A Btan
2

A Btan
2

a b
a b





 

(ii) b cos B + c cos C = a cos (B  C)

(iii)
B C Asin ( ) cos

2 2
a b c

 

(iv)
B C B Ctan cot

2 2
b c
b c
  

 


(v) a cos A + b cos B + c cos C = 2a sin B sin C

cos A cos B
a b



COSINE 

ABC   a, b, c  A

B, C cosine cosine 

 Δ ABC  2 2 2 2 cos Bb c a ca  

         
2 2 2 2 cos Cc a b ab  

        2 2 2 2 cos Aa b c bc  

     a2 =  (2R sinA)2

=  4R2 [sin (B + C)]2 (  sin A = sin (B + C))

=  4R2(sin B cos C + cos B sin C)2

=  4R2{sin2 B(1  sin2 C) + sin2 C (1  sin2 B)  + 2sin B sin C
cos B cos C}
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 - IV=  4R2{sin2 B + sin2 C + 2 sin B sin C (cos B cos C  sin B sin C)}

=  4R2{sin2 B + sin2 C + 2sin B sin C cos (B + C)}

=  b2 + c2  2bc cos A.

(i) Cosine Cosine 

(ii) Cosine 
2 2 2

cos A ,
2

 


b c a
bc

   
2 2 2

cos B
2

 


c a b
ca

2 2 2

cos C
2

a b c
ab

 
  

19.3  

Δ ABC  cos C + cos B.a b c

:  Cosine 

  
2 2 2 2 2 2

cos B = , cos C =
2 2

c a b a b c
ca ab

   

 
2 2 2 2 2 2

cos C cos B =
2 2

a b c c a bb c b c
ab ca

      
     

   

= 
2 2 2 2 2 2 22

2 2
a b c c a b a a.

a a
    

 

 b = c cos A + a cos C  and  c = a cos B + b cos A 

: 

2 2 2cos A cos B cos C =
2

a b c
a b c abc
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2 2 2 2 2 2 2 2 2
cos A , cos B , cos C =

2 2 2
b c a c a b a b c

bc ca ab
     

 

L.H.S
2 2 2 2 2 2 2 2 2

+
2 2 2

b c a c a b a b c
abc abc abc

     


2 2 2 2 2 2 2 2 21 [ ]
2

b c a c a b a b c
abc

        

2 2 2

2
a b c

abc
 



= R.H.S

ABC 0A 60 (a + b + c) (b + c  a) = 3bc

2 2 2
cos A

2
b c a

bc
 

  0 1A 60 cos A cos 60
2

   

2 2 21
2 2

b c a
bc

 
 

 b2 + c2  a2 = bc

b2 + c2 + 2bc  a2 = 3bc

(b + c)2  a2 = 3bc

(b + c + a) (b + c  a) = 3bc

a = 3 cm, b = 5 cm, c = 7 cm

  C

2 2 2
cos C

2
a b c

ab
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 - IV9 25 49 15 1
30 30 2

 
    


1 2cos C C
2 3


   

2
3


 1200.

ABC  0A 60 = 1b c
c a a b


 

2 2 2
cos A

2
b c a

bc
 



2 2 2
0 1cos 60

2 2
b c a

bc
 

 

b2 + c2  a2 = bc b2 + c2 = a2 + bc i

R.H.S : 
2 2

=
( )( )

b c ab b c ac
c a a b c a a b

  


   

2
= (i)

( )( )
ab ac a bc

c a a b
  

 

( ) ( )=
( )( )

a a b c a b
c a a b
  

 

( ) ( )= 1
( )( )
a b a c
c a a b
  


 

(i)
2 2 2 2 2 2

2 2 2sin 2A sin 2B+ sin 2C 0b c c a a b
a b c
  

 

(ii) (a2  b2 + c2) tan B = (b2  c2 + a2) tan C = (c2  a2 + b2) tan A
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(iii)
2 2 2

[sin 2A sin 2B+sin 2C
2 2
k a b c

abc
 

 

sin A sin B sin C
a b c k  

(iv) (b2  c2) cot A = (c2  a2) cot B = (a2  b2) cot C = 0

A BC a = 9 cm, b = 8 cm, c = 4 cm 6 cos C = 4 + 3 cos

B 

ABC 

(b + c) cos A + (c + a) cos B + (a + b) cos C = a + b + c 

L.H.S : b cos A + c cos A + c cos B + a cos B + a cos C + b cos C

=  (b cos A + a cos B) + (c cos A + a cos C) + (c cos B + b cos C)

      =  c + b + a

      =  a + b + c = R.H.S

ABC 2 2 2 2
cos 2A cos 2B 1 1=

a b a b
 

2 2

2 2
1 2sin A 1 2sin BL.H.S :

a b
 



2 2

2 2 2 2
1 2sin A 1 2sin B
a a b b

   

2 2
2 2 2 2

1 1 1 1 sin A sin B2 2k k k
a ba b a b

 
        

 


 =  R.H.S

ABC a cos A = b cos B, a  b  ABC 

a cos A = b cos B
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 - IV2 2 2 2 2 2

2 2
b c a c a ba b

bc ca
      

   
   

a2[b2 + c2  a2] = b2 [a2 + c2  b2]

a2b2 + a2c2  a4 = a2b2 + b2c2  b4

c2(a2  b2) = (a2 b2)  (a2  b2)

 c2  =  a2 + b2

ABC 

a = 2,  b = 3,  c = 4 cos A,  cos B cos C 

2 2 2 9 16 4 21 7cos A =
2 2 3 4 24 8

b c a
bc

   
  

 

2 2 2 16 4 9 11cos B =
2 2 4 2 16

c a b
ca

   
 

 

2 2 2 4 9 16 3 1cos C = =
2 2 2 3 12 4
   

   
 

a b c
ab

a = 3,  b = 4  c = 5 cos A, cos B cos C 

7 cm, 4 3 cm 13 cm

a : b : c =  7 : 8 : 9 cos A : cos B : cos C = 14 : 11 : 6 

x2 + x + 1, 2x + 1 x2  1 

1200 
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ABC b cos A = a cos B 

sine 

19.4  

'b' 

'h' 

1
2

bh 

3 

a, b, c 

( )( )( )s s a s b s c    

S 2
a b c 



ABC ,

(i)
A ( )( )sin
2

s b s c
bc

 


 
B ( )( )sin
2

s a s c
ac

 
   

C ( )( )sin
2

s a s b
ab

 


(ii)
A ( )cos
2

s s a
bc




  
B ( )cos
2

s s b
ac


   
C ( )cos
2

s s c
ab




(iii) A ( )( )tan
2 ( )

s b s c
s s a
 




   
B ( )( )tan
2 ( )

s a s c
s s b
 




  
C ( )( )tan
2 ( )

s a s b
s s c
 




A

B

C

h

b 
Fig. 19.5
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 19.13 :  13, 14, 15 

 :a = 13, b = 14,  c = 15 

  ( )( )( )s s a s b s c    

  S
2

a b c 
  

13 14 15 42 21
2 2

 
  

      21(21 13)(21 14)(21 15)    

           21 8 7 6   

           = 84 

 19.14 :  ABC   (a + b + c)  (b + c  a) = 3bc,   A

:  a + b + c = 25   b + c = 2s  a.

(a + b + c)  (b + c  a) = 3bc

 2s(2s  a  a) = 3bc

 2s(2s  2a) = 3bc

 4s(s  a) = 3bc


( ) 3

4
s s a

bc




2 A 3cos
2 4

 
A ( )cos
2

s s a
bc

 
 

 


0A 3cos cos30 .
2 2

  

0 0A 30 A 60
2
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 19.4

1. a = 4,  b = 5, c = 7  
Bcos
2

2. tan A 5
2 6
   tan C 2

2 5
   a, b, c 

3. Acot ,
2

b c
a


 B .

sine (i)  
sin A sin B sin C

a b c
 

cosine 

(ii) 
2 2 2 2 2 2 2 2 2

cos A , cos B , cos C =
2 2 2

b c a c a b a b c
bc ca ab

     
 

a = b cos C + c cos B

a = c cos A + a cos C

a = a cos B + b cos A

 :

A ( )( )sin
2

s b s c
bc

 


A ( )cos
2

s s a
bc




A ( )( )tan
2 ( )

s b s c
s s a
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 - IV :

( )( )( )s s a s b s c    

  S
2

a b c 


http : //www.wikipedia.org

http:// math world . wolfram.com

ABC 

a sin (B  C) + b sin (C  A) + c sin (A  B) = 0

a cos A + b cos B + c cos C = 2a sin B sin C
2 2 2 2 2 2

2 2 2.sin 2A . sin 2B . cos 2C = 0b c c a a b
a b c
  

 

2 2

2 2
1 cos Bcos (C A)
1 cos A cos (B C)

c a
b c
  


 

cos A cos B
cos A cos C

c b
b c





cos C sin C
cos A sin A

a b
c b





A B C( ) tan tan 2 cot
2 2 2

a b c c 
    

 

A B Csin cos
2 2

a b
c

  
 

 

 (i)  b cos B + c cos C =  a cos (B  C)
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(ii)  a cos A + b cos B  =  c cos (A  B)

2 2 2 2 2B B( ) cos ( ) sin
2 2

b c a c a   

b = 5,  c = 6 A 1tan
2 2
  41a 

ABC cos A cos C
cos B cos C

b a
a b





13.
A B Ccot : cot : cot
2 2 2

= 3 : 5 : 7, a : b : c = 6 : 5 : 4 .

14. cot A + cot B + cot C = 
2 2 2

4
a b c 


 

15. 2 2C Asin sin
2 2

a c   s, a, b, c .

4cos A
5


3cos B
5

 cos C =

1.
6
7

2. a, b, c (AP)

3. 900
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 - V

Isaac Newton
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1642 - 1727),  (Gottfried Leibnitz 1646 - 1716) 

Archemedes 287 - 212 B.C.)

Angustin - Louis Cauchy 1789 - 1857) 

'Coursed Analyse' 

Karl Weierstrass 1815 - 1897)

a, b   R, a   b . 

(i)  :x a x b  R [a, b] 

(ii)  :x a x b  R   (a, b) 

(iii) (a, b] =  :x a x b  R  

(iv) [a, b) =  :x a x b  R  
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 - V (b  a) .

(Neighbourhoods)

a   R  > 0 (a , a +  a 

   x a x a      R : (a ,

a +  

  N

(a) 

N

(a) = (a   , a + ) =  ,x a x a    R \

N

(a)  {a} a   

 (a  , a)  a

(a, a + ) a

 x (a  , a) 

x a
x a  .

x, (a, a + ) , x a

x a .

 | |x a  

| |x a x a        

  | . N ( )a x a x a      

 'a' x |x  a| <  

         a            a     a + 

a a 

a 

(a  , a)   (a, a  )   (a  , a  ) \ {a}
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 : 1) (c, d) a  (c, d) 

   2
c da 

 ,   0
2

d c
    

(a  , a   = ,
2 2 2 2

c d d c c d d c    
  

 

 (c, d) a  (c, d).

20.1   LIMITS

1. :f R R  f (x) = x2

+ 1,  x  R  

x  O 

 f(x) 1

O  x

1  f (x)

0
Lt ( ) 1
x

f x




O  x  f (x)  1.

2. : ( \{1})f R R  
2 1( ) , 1

1
xf x x
x


 


 

x = 1 f (x)

x 0.9 0.99 0.999 0.9999 1.0001 1.001 1.01 1.1

f (x) 1.9 1.99 1.999 1.9999 2.0001 2.001 2.01 2.1

 
2 1 ( 1)( 1)( ) 1,

1 1
x x xf x x
x x
  

   
 

 

1 0x    (x  1)

0.5
1.0

1.5

2.0

2.5

3.0

3.5

0.5
0.51.01.5 0.5 1.0 1.5
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 - Vx f (x)   x

f (x) 

3. f  : (R \ {2})  R 
2 3 10( )

2
x xf x

x
 




 

f (x)

.

x 1.9 1.99 1.999 1.9999 2.0001 2.001 2.01 2.1

f (x) 6.9 6.99 6.999 6.9999 7.0001 7.001 7.01 7.1

2 f x  f (x) 

4.
2 9( )

3
xf x
x





, 3
Lt ( )
x

f x


 

   1:  x, a 
2 9( )

3
xf x
x





 

x = a + h, h x = 3 + h 

x   3, h   0

 x   a, h   0

  :2 f (x) =  f (a + h)  f (x) =   f (3 + h) 

     = 
2(3 ) 9

3 3
h
h

 

 

     = 
2 6h h

h


      = h + 6

   3 : h = 0 3 0
Lt ( ) Lt (6 )
x h

f x h
 

 

x   0 , h   0

3
Lt ( ) 6 0 6
x

f x


  

h = 0 .
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 :   f  3  x 

f (x) 

1 :  1
Lt ( ),
x

f x


 

3

2

1, 1( ) 1
1, 1

x xf x x
x

 


 
 

      1x 
3

2

1( )
1

xf x
x





                            
2( 1)( 1)

( 1)( 1)
x x x

x x
  


 

    1: g(x), h(x) .  
3

2

1( )
1

xf x
x





2( 1)( 1)
( 1)( 1)

x x x
x x
  


 

( 1x  , x 1 0 

)

   2 : f (x)
2 1( )

1
x xf x

x
 




   3:  x 
3

21

1 1 1 1 3Lt
1 1 1 2x

x
x

  
  

 

 f (1) = 1 ( )

 
1

Lt ( ) (1)
x

f x f
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 - V20.1.1

E   R,   f : ER  a R,  r > 0 ((a  r, a + r)

\ {a})  E l

 l  a f 

   > 0 

 xE 0 < |x  a | <   ( )f x l     > 0

a  x  f (x) 

 'l' 

Lt ( )
x a

f x l


 x a ( )f x l l

Lt ( )
x a

f x


20.1.2 

x = a f  a x f(x)

x 'a' 'a'

'a'

f  x

=a x 'a' 'a' 

f(x) 'a' f  Lt ( )
x a

f x


 . 

  'a' f  Lt ( )
x a

f x


 .

x a   x = a  h, 0 0h h  

 x a  x = a  h, 0h  .

E R ,  f : E   R .

(i) a  R  r > 0  E  (a, a + r) 

l  R l f  a 
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Lt ( )
x a

f x l


  > 0

x E, 0 < x a <   | f (x)  l | < 

 > 0 

(ii) a  R r > 0 E  (a  r, a) 

 m  R 

m   f  a 

Lt ( )
x a

f x m


  

   > 0  x   E,  0 < a  x <  

| f (x)  m | <    >

:

I lim ( )
lim ( )

 lim ( )
x a

x a
x a

f x
f x

f x










 

  
 








1

2

II lim ( )
lim ( )

lim ( )
x a

x a
x a

f x
f x

f x










 

 
 





  

III lim ( )
x a

f x


lim ( )
x a

f x


lim ( )
x a

f x




20.2  

e lim . lim
x a x a

e x e x
 

 f(x) = 5x

lim 5
x z

x


 2 2
lim 5 5 lim
 


x x

x x

= 5   2 = 10.
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 - Vg(x), h(x), p(x)...

lim [ ( ) ( ) ( ) ....]
x a

g x h x p x


  

lim ( ) lim ( ) lim ( ) ....
x a x a x a

g x h x p x
  

   

lim [ ( ) . ( )] lim ( ) . lim ( )
x a x a x a

f x g x f x g x
  



f(x) = 5x2 + 2x + 3  g(x) = x + 2 

 
2

0 0
lim ( ) lim (5 2 3)
x x

f x x x
 

  

2

0 0
5 lim 2 lim 3 3

x x
x x

 
   

0 0 0
lim ( ) lim ( 2) lim 2 2
x x x

g x x x
  

    


2

0 0
lim (5 2 3) lim ( 2) 6
x x

x x x
 

     ...(i)

,
2

0 0
lim [ ( ) ( )] lim [(5 2 3) ( 2)]
x x

f x g x x x x
 

    

      
3 2

0
lim (5 12 7 6)
x

x x x


   

       
3 2

0 0 0
5 lim 12 lim 7 lim 6

x x x
x x x

  
   

         = 6 (ii)

(i), (ii)  

2 2

0 0 0
lim [(5 2 3) ( 2)] lim (5 2 3) lim ( 2)
x x x

x x x x x x
  

      

4.
lim ( )( )lim

( ) lim ( )
x a

x a
x a

f xf x
g x g x







 
 

 
lim ( ) 0
x a

g x




  f(x) = 
2 5 6

2
x x

x
 


  

  
2 2

1
lim ( 5 6) ( 1) 5( 1) 6
x

x x
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= 1  5 + 6
= 2

 1
lim ( 2) 1 2
x

x


  

= 1
2

1

1

lim ( 5 6) 2 2
lim ( 2) 1

x

x

x x

x




 
 

 ...(i)

   
2

1 1

( 5 6) ( 3) ( 2)lim lim
2 2x x

x x x x
x x 

   


 

1
lim ( 3)
x

x


       

2

2

5 6

3 2 6
( 3) 2( 3)

( 3) ( 2)

x x

x x x
x x x
x x

  
 
    
    
 
    



       = 1 + 3 = 2 ...(ii)

(i), (ii)   

22
1

1
1

lim ( 5 6)5 6lim
2 lim ( 2)

x
x

x

x xx x
x x







  


  .

x a

lim ( )
x a

f x l


 lim ( )
x a

g x m




i lim ( ) . lim ( ) ,
x a x a

k f x k f x kl
 

  k

ii lim [ ( ) ( )] lim ( ) lim ( )
x a x a x a

f x g x f x g x l m
  

    

iii lim [ ( ) . ( )] lim ( ) . lim ( ) .
x a x a x a

f x g x f x g x l m
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 - V
iv

lim ( )( )lim
( ) lim ( )

x a
x a

x a

f xf x l
g x g x m







  [ lim ( ) 0
x a

g x


 ]

 20.1 : 
1 if 1

( ) ; 1
1 if 1

x x
f x a

x x
 

 
 

 :  = 
1

Lt ( ) Lt ( )
x a x

f x f x
  



   1
Lt (1 ) 0
x

x


  

     
1

Lt ( ) Lt ( )
x a x

f x f x
  

 

           
1

Lt (1 ) 1 2 2
x

x


    

   

 
1

Lt ( )
x

f x


  

 20.2 : 2

2 if 1 3
( ) ; 3

if 3 5
x x

f x a
x x
   

 
 

 

      =  33
Lt ( ) Lt 2 3 2 5

xx
f x x

 

    

      =  2 2

33
Lt ( ) Lt 3 9

xx
f x x

 

  

       
3

Lt ( )
x

f x


   

 20.3 : 

(i)
3

| 3 |Lt
3x

x
x





 03

| 3 | | (3 ) 3 |Lt Lt
3 (3 ) 3hx

x h
x h 

  


  

=  
0

| |Lt
h

h
h

0
Lt
h

h
h

   (as h > 0  so |h| = h)

= 1
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(ii)  03

| 3 | | (3 ) 3 |Lt Lt
3 (3 ) 3hx

x h
x h 

  


    
0

| |Lt
h

h
h




    
0

Lt 1
h

h
h

  


 (i), (ii)   
3 3

| 3 | | 3 |Lt Lt
3 3x x

x x
x x  

 


 

 20.4 : f (x) 

1, 0
2

1( ) 0,
2

11, 1
2

x x

f x x

x x


 




 



  


1
2

Lt ( )
x

f x


 :  

1, 0 ...(i)
2

1( ) 0,
2

11, 1 ...(ii)
2

x x

f x x

x x


 




 



  


01
2

1Lt ( ) Lt
2h

x

f x f h
  

 
 

 
  

 

     = 0

1Lt
2x

h


 
 

 

1 1 and from (i)
2 2
1 1
2 2

h

f h h

 
  

 
        



     
1 10
2 2

   ...(iii)

01
2

1Lt ( ) Lt
2h

x

f x f h
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 - V

   0

1Lt 1
2h

h


  
    

  

th1 1 and from(ii),
2 2
1 1 1
2 2

f h h

 
  
 
    

       
    

  
1 1( 1)
2 2

     ...(iv)  (iii), (iv)

      

20.2.1 

(i)

(ii)

(iii)

20.2.2

'a'  f (x)  Lt ( )
x a

f x


 

: 
3 5

1 0 2

1 1 1 32Lt , Lt , Lt
1 2x x x

x x x x
x x x  

    

 
 

i)

ii)

iii)

iv)

v)  x   

(i)

 20.5 : 2 2

1
Lt (3 4 5) 3(1) 4(1) 5 12
x

x x


     

 20.6 : 
0

cos cos 0 1Lt 1
1 sin 1 sin 0 1 0x

x
x
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 20.7 : 2

0
Lt ( 3 7)
x

x x


    

 : 2

0
Lt ( 3 7)
x

x x


 

= (0 + 0 + 7)

= 7.

 20.8 : 2

1
Lt ( 1) 2
x

x


   
 

 :  2

1
Lt ( 1) 2
x

x


   

= [(1 + 1)2 + 2]  =  [22 + 2]

= 4 + 2 = 6

 20.9 : 3

0
Lt (2 1) 5
x

x


     

 : 3

0
Lt (2 1) 5
x

x


   

= [(2   0 + 1)3  5]

=  [1  5]

=  4

 20.10 : 20

1Lt
3 2x x x  

  

 : 20

1Lt
3 2x x x  

2

1 1 1
0 3.0 2 0 0 2 2

  
   

 20.11 : 
2

2 3Lt
1x x x

 
  

 

 : 
2

2 3Lt
1x x x
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 - V2 3
2 1 2
 

   

2 3
3 2
 

  
 

4 9
6
 

  
 

5
6


 .

 20.12 : 
1

3 1Lt
10x

x
x




 

 : 
1

3 1Lt
10x

x
x





3( 1) 5 3 5 2
1 10 11 11
   

  
   

2 .
11

 

 20.13 : 
0

Lt
x

px q
ax b




 

 : 
0

Lt
x

px q
ax b





(0)
(0)

p q
a b






.q
b



 20.14 : 
0

( 1)Lt
x

x

e x
x

  
 
 

 

 : 
0 0

1 1Lt Lt
x x

x x

e x e x
x x x 
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     0 0

1Lt Lt (1)
x

x x

e
x 

 
  

 

=  1 + 1
0

1Lt 1
x

x

e
x

 
 

 


= 2.

 20.15 : 
0

(1 ) 1Lt
x

x

x e
x

   

 : 
0 0

(1 ) 1 1Lt Lt
x x x

x x

x e e xe
x x 

   


0

1Lt
x x

x

e xe
x x

 
  

 

0 0

1Lt Lt
x x

x x

e xe
x x 

   
    

   

0
1 Lt ( ) 1 1 2.x

x
e


    

 20.16 : 
0

2 | |Lt 1 3
x

x x
x

 
   

 
 

 : 
0

2 | |Lt 1
x

x x
x

 
  

 

    
0

2Lt 1
x

x x
x

  |x| = x  x > 0

     00
Lt (2 1) Lt (2 0 1) 3

xx
x

 

     

   
0

2 | |Lt 1 3.
x

x x
x

 
    

 

 20.17 : 
2

Lt ([ ] )
x

x x


   
2

Lt ([ ] )
x

x x


  

 : 
2

Lt [ ]
x

x x


  x  2 + h;  h 0

0 0
Lt [2 ] 2 Lt 2 2 4
h h

h h h h
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 - V
2

Lt [ ]
x

x x


  x  2  h  h 0

0
Lt [2 ] 2 2 2 4.
h

h h


      

 20.18 : 
3/2

0

(1 ) 1Lt
x

x
x

  
 
 

 

 : 
3/2 3/2 3/2

0 0

(1 ) 1 (1 ) 1Lt Lt
(1 ) 1x x

x x
x x 

      
   

    

    
3/2 3/2

1 1

(1 ) 1 3 3Lt (1)
(1 ) 1 2 2x

x
x 

 
 

 

 20.19 : 
0

sinLt
cosx

ax
x x

 

 : 
0 0

sin sinLt Lt
cos cosx x

ax ax a
x x ax x 

 

        1 .
1
a a  

 20.20 : 
2

20

1 cosLt
sinx

mx
nx


 

 : 
2

2 20 0

1 cos 2 2sinLt Lt
sin sinx x

mx mx
nx nx 




2 2 2

2 20

sinLt 2. .
sinx

mx nx m x
nx nx n x

   
    

   

2 2

2 2

22. m m
n n

 

 20.21 : 8 | | 3Lt
3 | | 2x

x x
x x




 

 :  0x x     |x|  = x

8 | | 3 8 | | 3Lt Lt
3 | | 2 3 | | 2x x

x x x x
x x x x 

 
 

 

11Lt 11
x

x
x
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 20.22 :  

1 1
8 8

0

(1 ) (1 )Lt
x

x x
x

 
   

 
  

 

 :  

1 1
8 8

0

(1 ) 1 (1 ) 1Lt
x

x x
x x

 
    

 
  

1 1
8 8

0 0

(1 ) 1 (1 ) 1Lt Lt
(1 ) 1 (1 ) 1x x

x x
x x 

   
 

   

   
1 11 1
8 8

1 11 1
8 8

 
 

1 1 2 1 .
8 8 8 4

   

 20.23 : 
0

sin sinLt
x

x a a x
x a





 :  
0

sin sinLt
x

x a a x
x a





sin sin sin sinLt
x a

x a a a a a a x
x a

  




sin ( ) (sin sin )Lt
x a

a x a a x a a
x a

  




= 
2cos sin

sin ( ) 2 2Lt Lt
( )x a x a

x a x aa
a x a
x a x a 

    
       

 

sin
2sin lt cos . lt

2
2

x a x a

x a
x aa a

x a 

 
   

      
  

2sin .cos . 1
2
aa a  

    

=  sin a  a cos a.
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 20.24 : 

tan tanLt
( )x a

x a
x a

 
 

 
 

tan tantan( )
1 tan tan

x ax a
x a


 


 :  

sin sin
tan tan cos cosLt Lt

( ) ( )x a x a

x a
x a x a
x a x a 


 

 
  

sin cos cos sinLt
( ) cos cosx a

x a x a
x a x a






sin( ) 1Lt Lt
( ) cos cosx a x a

x a
x a x a 


 



2
2

1 11. sec
cos .cos cos

a
a a a

  

 20.25 : 
20

cos cosLt
x

ax bx
x

  

 : 
2 20 0

2sin sin
cos cos 2 2Lt Lt

x x

ax bx bx ax
ax bx

x x 

    
         

 

0 0

sin( ) ( )
2 22. Lt . Lt sin

x x

x xa b b a

x x 

 
  

  
 
 

0 0

sin( ) sin( )
2 22. Lt Lt

2 2( ) ( )
2 2

x x

x xb a b a b a b a
x xb a b a 

 
    

      
    

2 1 1
2 2

b a b a    
       

   

2 2( )2
4

b a
 

2 2

2
b a

 .

 20.26 : 
20

1 cos 2Lt
3tanx

x
x

  

 :  
2

220 0

2

1 cos 2 2sinLt Lt
sin3tan 3.
cos

x x

x x
xx
x
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2

0

2 Lt cos
3 x

x




2

0

2 Lt (cos )
3 x

x




2 1
3

 

2
3



20

1 cos 2 2Lt .
3 tan 3x

x
x


 

 20.27 : 
1

cos
2Lt

1x

x

x




 

 :  1 1 0x x   

Let 1 1x h x h    

1 0

cos cos (1 )
2 2Lt Lt

1x h

x h

x h 

 





    
0

cos
2 2Lt

h

h

h

  
 

  cos (90 ) = sin 

0

sin
2Lt

2
2

h

h

h




 


0
2

sin
2Lt 0 0

2 2
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( )Lt ,
( )x a

f x
g x

 x = a  ( )
( )

f x
g x

.

0 ,
0




 (x  a)  f(x)

g(x)  (x  a) 

 20.29 : 
3 2

22

6 11 6Lt
6 8x

x x x
x x

  

 
  x = 2

0
0

=  
2

( 1)( 2)( 3) 1Lt
( 2) ( 4) 2x

x x x
x x
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4 33

7 15 9Lt
5 27 27x
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x x x

  

  
x = 3

0
0  

2

3 23

( 3) ( 4 3)Lt
( 3)( 2 6 9)x

x x x
x x x x

  
 

   
 0

0
 
  

2

3 23

4 3Lt
2 6 9x

x x
x x x

 


  

0
0
 
  

23

( 3) ( 1)Lt
( 3)( 3)x

x x
x x x

 


  
 0

0
 
  

23

( 1) 3 1 2Lt
3 9 3 3 9x

x
x x

 
  

   
.
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3

2

8Lt
2x

x
x
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3 2

2 2

8 ( 2)( 2 4)Lt Lt
2 2x x

x x x x
x x 
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2

2
Lt ( 2 4)
x

x x


  

 = 22 + 2   2 + 4 = 4 + 4 + 4

 = 12.

 20.32 : 
2 2

Lt
x a

x a
x a




 

 : 
( )( )Lt ( ) 2

( )x a

x a x a a a a
x a

 
  



 20.33 : 
2

1
3

9 1Lt
3 1x

x
x





 :  
2

1
3

9 1Lt
3 1x

x
x





1
3

(3 1)(3 1)Lt
(3 1)x

x x
x

 




13 1
3

 
   
 

= (1 + 1)

= 2

 20.34 : 
2 2

tan( )Lt
x a

x a
x a





 : 
tan( ) 1Lt

( )x a

x a
x a x a




 

tan( ) 1Lt Lt
x a x a

x a
x a x a 


 

 

1 11
2a a a
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 20.35 : 2

1 4Lt
2 ( 2) 2x x x x

 
 

   
 

 :  2

1 4Lt
2 ( 2)( 2)x x x x

 
 

   

2

1 4Lt 1
( 2) 2x x x

  
   

   

2

1 2 4 1 2Lt
( 2) 2 ( 2) 2x

x x
x x x x

     
          

= 2

1 1Lt
2 2 4x

 
  

1
4



 20.36 : 
2

0

1Lt
x

x

e
x



 : 
2

2 0

1 2Lt
2

x

x

e
x

 
  

 
2

2 0

1Lt 2
2

x

x

e
x

 
   0

1Lt 1
x

x

e
x

 
  
 

= 1  2 = 2

 20.37 : 
0

sinLt
sinx

ax
bx

 

 : 
0 0

sin
sinLt Lt sinsinx x

ax axax ax
bxbx bx

bx
 







1 .
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a a
b b
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 20.38 : 2 3Lt
3 2x a

a x x
a x x

 

 
 

x = 0  0
0

 

2 3Lt
3 2x a

a x x
a x x

 

 

= 
 
 

2 3 2 3 3 2Lt
3 2 2 33 2x a

a x x a x x a x x
a x x a x xa x x

        
    

       

 
   

( ) 3 2 3 2Lt Lt
3( ) 2 3 3 2 3x a x a

a x a x x a x x
a x a x x a x x 

     
  
      

4 2
2(3 3 ) 3 3

a
a

 

 20.39 : 
0

Lt
1 1x

x
x  

 

 :  
0

Lt
1 1x

x
x  

0

1 1Lt
1 1 1 1x

x x
x x

   
         

 
0 0

1 11 1Lt Lt
(1 1)x x

x xx x
x x 

  
 

 

 
0

Lt 1 1 1 0 1 1 1 2
x

x


        

 20.40 : 
0

1 1Lt
x

x x
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 : x
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1 1 [ 1 1 ]

x x x x x x
x x x x x x

        
  

     

     
2 2

1 1 1 1
x

x x x x x
 

     

0

2 2Lt
1 1 1 0 1 0x

x
x x x


     

     
2 2 1.

1 1 2
  



 20.41 : 
3

12Lt
6 3x

x x
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 3

12 12 6 312Lt
6 3 6 3 6 3 12x

x x x x xx x
x x x x x
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3 3

12 6 3Lt . Lt
6 9 12x x

x x x
x x x 

   


   

3 3

( 4)( 3) 6 3Lt . Lt 3
( 3) 12x x

x x x x
x x x 

    


  

6(3 4) 7.
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 20.42 : 
0

3 1Lt
1 1
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x x
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0 0

3 1 3 1 1 1Lt Lt
1 1 1 1 1 1

x x

x x
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x x x 
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3 1Lt 1 1
|1 1|
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0 0

3 1Lt . Lt 1 1
x

x x
x

x 


  

 log 3 1 0 1e  

log 3 (1 1) 2 log 3e e  

2log 3 log 9e e 

 20.43 :  2Lt
x

x x x


   

 :  2Lt
x

x x x


 

  2 2

2
Lt

x

x x x x x x

x x x

   


 

2 2

2
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x

x x x
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Lt
11 1

x

x
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i n 1lim
n n

n

x a

x a n a
x a










0

( )lim lim
n n n n

x a h

x a a h a
x a a h a 

  


  

1 2 2

0

( 1) ...
2!lim

n n n n n

h

n na n a h a h h a

h

 



 
     

 

1 2 1

0

( 1) ...
2!lim

n n n

h

n nh n a a h h

h

  



 
   

 

1 2 1

0

( 1)lim ...
2!

n n n

h

n nn a a h h  



 
    

 

1 0 0 .... 0nn a     

= n an1

1lim .
n n

n

x a

x a n a
x a






 



'n'

ii (a)
0

lim sin 0
x

x


 (b) 
0

lim cos 1
x

x




B

C

ABC = x

sin x = AC
cos x = BC. x 

A, C
ie., x 0 AC

x 0
AC0 20.1
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BCAB ie., BC1   x0 sin x0
cos x0


0

lim sin 0
x

x



0

lim cos 1
x

x




iii
0

sinlim 1
x

x
x



'0'
'1'

B(1, 0)
A

AC  OX

AOX x 0
2

x  
  

 

B  OA  D  BD  OX

AOC < OBA < OBD

21 1 1OC AC (1) OB.BD
2 2 2

x    

 1
2

 ; 21 .
2

r 

1 1 1cos sin 1 tan
2 2 2

x x x x       

OC AC BDcos , sin ; tan ; OA =1=OB
OA OA OB

x x x 
    

 


i.e.,  cos x < 
tan

sin sin
x x

x x
 (

1
2   sin x   )

20.2
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sin cos

xx
x x

 

1 sin cos
cos

x x
x x
 

(i.e,)  sin 1cos
cos

xx
x x

 

0
lim
x  ,

0 0 0

sin 1lim cos lim lim
cosx x x

xx
x x  

 

( )   
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sin1 lim 1
x

x
x

 

0 0

1 1lim cos 1; lim 1
cos 1x x

x
x 
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sinlim 1.
x

x
x



: 'x'

(iv) :
1

0
lim (1 ) .x
x

x e


 

:   | x | < 1 

 
1

2 3

1 1 1 1 11 1 2
11 1 . ....

2! 3!
x

x x x x xx x x x
x
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(1 ) (1 ) (1 2 )1 1 .......
2! 3!

x x x   
      
 

 
1

0 0

1 (1 ) (1 2 )lim 1 lim 1 1 ......
2! 3!

x
x x

x x xx
 

   
        

 

1 11 1 .......
2! 3!

 
      
 

= e 

 
1

0
lim 1 x
x

x e


  

(v) :

  1/

0 0 0

log 1 1lim lim log (1 ) lim log (1 ) x

x x x

x
x x

x x  


   

= log e1

0
lim (1 ) x
x

x e


 

= 1

(vi)
0

1lim 1
x

x

e
x




2 3
1 .........

2! 3!
x x xe x

 
     
 

2 3
1 1 ......... 1

2! 3!
x x xe x

 
        

 

2 3
.........

2! 3!
x xx

 
    
 

2 3
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x xx

e
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1 .........

2! 3!
x xx

x

 
   

 

2

0 0

1lim lim 1 .........
2! 3!

x

x x

e x x
x 

 
     

 

         = 1 + 0 + 0 + ...... = 1

0

1lim 1
x

x

e
x


  .

1. If  n  Q then 1Lt
n n

n

x a

x a na
x a










2. Lt
m m

m n
n nx a

x a m a
x a n










3.
2 3 4

1

( .... ) ( 1)Lt
1 2

n

x

x x x x x n n n
x

      




4.
9 9

Lt 9
9x a

x a
x





  find 'a'

9 9( )Lt 9
( )x a

x a
x a

 
 

 

9 1 8 89( ) 9 9 9 1a a a      

1a 

iv) If   a > 0,  n   R.  Then  Lt n n

x a
x a
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i)
0

Lt cos 1
x

x


 iii)   
0

tanLt 1
x

x
x



ii)
0

sinLt 1
x

x
x

 iv)  
1

0

tanLt 1
x

x
x






v)
1

0

sinLt 1
x

x
x




 vii)   

sin( )Lt 1
x a

x a
x a






vi)
tan( )Lt 1

x a

x a
x a






i)
0

1Lt log
x

ex

a a
x


 ii) 

0

log(1 )Lt 1
x

x
x




iii)
0

1Lt 1
x

x

e
x




i)
1

0
Lt (1 ) x
x

x e


  ii)  
1Lt 1

x

x
e

x

 
  

 

iii)  
1

0
Lt 1 x
x

x e


  iv)  Lt 1

x

x
e
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2 2

2

2

Lt Lt
x x

b caax bx c x x
e fdx ex f d
x x
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x , f (x)  g(x) 

i) Lt ( ) Lt ( ) 0
x a x a

f x g x
 

 

ii) x = a .

iii) x = a 

iv) x = a ( )f x , ( )g x  

( ) ( )Lt Lt ,
( ) ( )x a x a

f x f x
g x g x 





 g(a)   0 

Lt ( )
x a

f x


   Lt ( )
x a

g x


   

 20.44 : 0Lt
0

a x

x ax a

x a
x a






1 logLt
(1 log ) 0

a x

xx a

ax a a
x x








 
[L' ]

log 1 log .
(1 log ) 1 log

a a

a

a a a a
a a a
 

 
 

a) 2 3( 1) ( 1)( 2)(1 ) 1 .....
2! 3!

n n n n n nx nx x x  
     

b)
2 3

1 ......
2! 3!

x x xe x    

c)  
2

21 (log ) log ......
2!

x
e e

xa x a a    

d)
2 3 4

log(1 ) ......
2 3 4
x x xx x     

e)
2 3 4

log(1 ) ......
2 3 4
x x xx x      
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f)
3 5

sin ......
3! 5!
x xx x   

g)
2 4

cos 1 ......
2 4!
x xx    

h)
3

52tan ......
3 15
xx x x   

i)
3 5 7

1 1 1 3 1 3 5sin . . . . ......
2 3 2 4 4 2 4 6 7

x x xx x     

j) 1 3 51 1tan ......
3 5

x x x x    

h)
2 4

sec 1 5 ......
2! 4!
x xx    

 20.1
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2
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x

x
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1
Lt ( 3) 16
x

x

   

c)
1

Lt (3 1)( 1)
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x x
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1

2Lt
1x
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x
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2

1
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9 1Lt
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1 2Lt
1 1x x x
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1
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e)
0

Lt
x

px q
ax b
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a)
2

Lt
x a

x a
x a




b)

3

1Lt
1x x 

c) 2

2 3Lt
1x x x

 
  

d) 5/2

0
Lt 0
x

x x x


  
 

e)
2

Lt 2 2
x

x x
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2

Lt 2
x

x


 ?

f) 21

2 1Lt
3 4 5x

x
x x

 
   

g)
3/2

0

(1 ) 1Lt
x

x
x

  
 
 

4.

a)  
0

1 1Lt
x

x
x

  
 
 

b) 0

1Lt
1 1

x

x

e
x

 
 

  
c)

3

0

1Lt 0
x

x

e x
x




d) 2 20

tan( )Lt
x

x a
x a




e)

0

1 cosLt 0
1 cosx

mx n
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5.

a)
2

23

3 2Lt
6 9x

x x
x x

 

 
b)

8 | | 3Lt
3 | | 2x

x x
x x





20.2

1.

a)
2

2 if 1 3
( ) ; 3

if 3 5
x x

f x a
x x
   


 

b)

2 if 1
( ) if 1 2; 2

3 if 2

x x
f x x x a

x x
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2.

a)
0

sin( ) sin( )Lt
x

a bx a bx
x

  

b)
20

cos cosLt
x

ax bx
x



c)
20

1 cos 2Lt
sinx

mx
nx



d) sin sinLt
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x a a x
x a
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3 1Lt
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b)

21

1 2Lt
1 1x x x
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2 2Lt
x

x
x

 

4.
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1, 2

ax x
f x

x x
 

 
 

 
2

Lt ( )
x

f x
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5.
0

Lt
x x

x

e e
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  .

6.
0

1 cos 4Lt
1 cos 6

 

 
 

7.
0

sinLt
tanx

ax
bx

 

8. 20

1 cos 2Lt
3 tanx

x
x

  

9.
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Lt (sec tan )
x

x x




  

10.
0

(1 ) 1Lt
x
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x e
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2

x = 1O

Y

X

f(x)

2

x = 1O

Y

X

f(x)

20.4  

x = a  f (x)

(a, f (a))  (a, f (a)) 

.

Lt ( ) 2
x a

f x


     f(1)  = 2

1
Lt ( ) (1)
x

f x f


     f(x)  

20.4.1 

      x = a f (x) a  f (x)

Lt ( )
x a

f x


 = Lt ( )
x a

f x


 =  f (a)

x = a    Lt ( ) ( ).
x a

f x f a




x = a  f (x) 

(i) x = a Lt ( )
x a

f x


  Lt ( )
x a

f x
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X

Y

1

1
O

(ii) Lt ( )
x a

f x


Lt ( )
x e

f x


   f (a) 

.

(iii) f (a) 

(iv)

20.4.2  

(i) Lt ( )
x a

f x


  Lt ( )
x a

f x


 Lt ( )
x a

f x


= l1,

      Lt ( )
x a

f x


= l2

Lt ( )
x a

f x


  Lt ( )
x a

f x


x = a  f (x) 

f (a) 

 20.45 : x = 0 | |( ) xf x
x

  

0 1
0 1

x
x
 

  0 0
Lt ( ) Lt ( )

x x
f x f x

  

 

(i)

0 1, 0
| |( )

0, 1, 0

x x x
x xf x

xx x x
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0(0)
0
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Lt ( )
x

f x
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f(x)

x = a X
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x a

f x


 Lt ( )
x a

f x


 

f (a) 

Lt ( )
x a

f x


 =  Lt ( )
x a

f x


 = l

f (a)  f (a)   L

 x = a  f (x) 

 x = a .

20.4.3

x = a  f(x) g(x) 

(i) x = a  C f(x) C

(ii) x = a  f(x) + g(x) 

(iii) x = a  f(x) . g(x) 

(iv) x = a  f(x)/g(x), g(a)  0

(vi) f(x)    f : [a, b]   [a, b]

  f(x)  = x   x  [a, b]

20.5  

i f(x) = px + q, x  R, 

'a'

lim ( ) lim ( ) [
x a x a

f x px q pa q x a
 

      px + q ]

 x = a px + q

X

Y

L

f(a)

a
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f(x) = 5x2 + 2x + 3

a0, a1, a2, ... an n

f(x) = a0 + a1 x + a2x2 + ... + an1 xn1 + an xn.

'c' x = c a0, a1x, a2x2, ... an xn

(ii) x = c

 'c' f(x)



(ii) ( 1) ( 3)( )
5

x xf x
x

 



x  5 = 0 x = 5

f(x)  (x + 1), (x + 3) (x + 1)

(x + 3) [ (iii)]

f(x) (x  5)

 (iv) x = 5

( 1) ( 3)
5

x x
x

 



p(x), g(x) g(x)   0

f(x) = 
( )
( )

p x
g x

 20.46 :  f(x) = sin x is 

 : Lt   f(x) = sin x

sin x  'R'

'a' 

0
Lt ( ) Lt ( )
x a h

f x f a h
 

 

0
Lt sin( )
h

a h


 

 
0

Lt sin .cos cos sin
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a h a h
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sin Lt cos cos Lt sin
h h

a h a h
 

 

=  sin a 1 + cos a  . 0

=  sin a ...(i)

   f(a) = sin a ...(ii)

(i), (ii)  Lt ( ) ( )
x a

f x f a


  x = a  sin x 

 x = a sin x 'a' 

  f(x) = sin x 

 20.47 :    f 

2

1 if 1
( ) 2 if 1 2

1 if 2

x x
f x x x

x x
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1 1

Lt ( ) Lt 2 2 (1)
x x

f x x f
  

  

1 1
Lt ( ) Lt ( 1) 2

x x
f x x

  

  

  
1

Lt ( ) (1)
x

f x f




 f  

 2

2 2
Lt ( ) Lt (1 ) 5 (2)

x x
f x x f

  

   

  
2 2

Lt ( ) Lt 2 4
x x

f x x
  

 

2
Lt ( )

x
f x



  
2

Lt ( )
x

f x


 

  f  

 20.48 : x 0
2

x 
  tan x  

: tan x  f (x) = tan x;

(2 1) , I
2

x n
  R
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Let  (2 1) ,
2

a x 
  R  

0 0
Lt ( ) Lt ( ) Lt tan( )
x a h h

f x f a h a h
  

   

0

sin( )Lt
cos( )h

a h
a h






0

sin cos cos sinLt
cos cos sin sinh

h a h
a h a h






0 0

0 0

sin Lt cos cos Lt sin

cos Lt cos sin Lt sin
h h

h h

a h a h

a h a h
 

 






sin .1 cos 0
cos 1 sin 0

a a
a a

 


  

sin tan
cos

a a
a

     ...(i)

 [  a tan x  cos a 0]

  f(a)  = tan a     ...(ii)

(i), (ii)   Lt ( ) ( )
h a

f x f a




 x = a  f(x)  'a' 

0
2
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   x Tan x 

 20.49 : x = 2 
2 4( )

2
xf x
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 .

 :  x = 2  (x2 + 4)  

x  2 x  2) 

2

2 2

4 ( 2)( 2)Lt Lt
2 2x x

x x x
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Lt ( 2)
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x
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2
Lt ( ) (2)
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f x f


  f (x) x = 2 .

x = 2   (x2  4) x + 2
2 4

2
x
x



  

 20.50 : 
sin 2 , 0

( )
2, 0

x x
f x x

x




 
 

 .   f (x)   x = 0   

 : 
sin 2 , 0

( )
2, 0

x x
f x x

x
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0

sin 2Lt
x

x
x

       
0 0

sin 2(0 ) sin 2Lt Lt
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h h
h h 

 
 

 

       0

sin 2 2Lt 1 2 2
2 1h

h
h

 
     

 
...(i)
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sin 2Lt
x
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0
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h
h
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 f (0) = 2
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Lt ( ) 2 (0)
x

f x f


 

 x = 0  f (x)
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 20.51 :  
2 1( )

1
xf x
x





  for   x  1 and f (x) = 2 when x = 1 

f (x) 

 :  

2 1, 1( ) 1
2 1

x xf x x
x

 


 
 

  
01

Lt ( ) Lt ( )
hx

f x f x h
 

 

           
2 2

0 0

(1 ) 1 1 2 1Lt Lt
(1 ) 1h h

h h h
h h 

    
 

  

           
0

( 2)Lt
h

h h
h






          0
Lt ( 2)
h

h


  

   = 2 ...(i)

01
Lt ( ) Lt (1 )

hx
f x f h

 

 

2 2

0 0

(1 ) 1 1 2 1Lt Lt
(1 ) 1h h

h h h
h h 

    
 

  

0

( 2)Lt
h

h h
h




= 2 ...(ii)

f (1) = 2  ...(iii)

(i)  & (iii) 

1
Lt ( ) (1)
x

f x f




x = 1 f(x) 
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 - V 20.52 : 2 .

2

3

1 ( 4) if 0 2
2

( ) 0 if 2
2 8 if 2

x x

f x x
x x


  


 
  



 x = 2 f(x)

 
2 2

Lt ( ) Lt ( ) 2
x x

f x f x
  

 

 :   
2

Lt ( )
x

f x


 2

2

1Lt ( 4)
2x

x


 

x   2  h;  h   0

2

0 0

1 1Lt (2 ) 4) Lt (4 4) 0
2 2h h

h
 

       

2
Lt ( )

x
f x



3

2
Lt (2 8 )

x
x







 

x    2 + h;   h0

    3 3

0
Lt 2 8(2 ) 2 8( 2)
h

h  


     

    3

0
Lt 2 8(2 ) 2
h

h 


   

f (2) = 0

   

   x = 2 .

 20.53 : a  b 

2 2

cos cos if 0
( ) 1 ( ) if 0

2

ax bx x
f x

b a x
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 : 20

cos cosLt
x

ax bx
x



    
20

2sin sin
2 2Lt

x

ax bx bx ax

x

    
   
   

    
0 0

sin ( ) sin ( )
2 22 . Lt Lt

x x

x xa b b a

x x 

 



    0 0

sin( ) sin ( )( ) ( )2 2Lt 2. Lt
2 2( ) ( )

2 2
x x

x xb a b ab a b a
x xb a b a 

 
 

   

 

       0

sin( )
2Lt 2.

2 2( )
2

x

xb a b a b a
xb a


   

   
  

2 . .
2 2

b a b a    
    

   

2 21
2

b a   

Also   2 21(0)
2

f b a 

x = 0 f(x) 

 20.54 : f (x) = 

2

2

4 if 0
5 if 0 1

4 9 if 1 2
3 4 if 2

x x
x x

x x
x x

  


  


  
  

0, 1  2 f(x)

 :  2

0
Lt (4 )

x
x





  2

0 0
Lt 4 (0 ) Lt 4 4
h h

h
 

    

  
0

Lt 5
x

x


  x 0 
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 - V        0
Lt 0 5 5
h

h


   

x = 0    

 x = 0 

    
1

Lt 5
x

x


   x  1  h 

          0
Lt (1 ) 5 4
h

h


   

     2

1
Lt 4 9

x
x





2

0
Lt 4(1 ) 9 5
h

h


    

x = 1      f(x)

 = 
2

Lt 3 5
x

x




     0
Lt 3(2 ) 4
h

h


  

      = 3(2 + 0) + 4

      = 10

 = 2

2
Lt (4 9)

h
x





      2

0
Lt 4(2 ) 9 7
h

h


   

     

  x = 2  f(x) 

 20.55 : a, b   f R 

a, b 

f (x) = 
2

sin if 0
if 0 1

3 if 0 3
3 if 3

x x
x a x
bx x

x




  


  
  

 : x = 0  f (x) 
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0 0
Lt ( ) Lt ( ) 0

x x
f x f x

  

 

2

0 0
Lt sin Lt (0)

x x
x x a f

  

  

0 = a = f (0)

0a 

x = 3 f (x) 

3 3
Lt ( 3) Lt 3 (3)

x x
bx f

  

   

0
Lt (3 ) 3 3
h

b h


   

3 3 3 3 6b b     

2b  

 20.56 : 
| |( ) ( 0)x xf x x
x


   R  {0}

 : 
| |( ) x xf x
x




0 0

| |Lt ( ) Lt
x h

x xf x
x  




  
0

| |Lt 1
x

x
x

 

  
0

Lt 1 1 0
x 

  

0 0

| |Lt ( ) Lt
x x

x xf x
x  




 
00

( )Lt Lt
xx

x x x x
x x 

  
 

 
0

2Lt 2
2x

x


 

 
0 0

Lt ( ) Lt ( )
x x

f x f x
  



 x = 0 f (x) .
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 20.57 : 

2 9 5 if 1
( ) if 1

( 3)(2 ) if 1

ax x x
f x b x

x x a x

   


 
   

R 

a, b 

 : 2

1 1
Lt ( ) Lt 9 5

x x
f x ax x

  

  

= a(1)2 + 9(1)  5

= a + 4

11
Lt ( ) Lt ( 3)(2 )

xx
f x x x a

 

  

   = (1 + 3) (2  a) = 8  4a

 f (x) 

 = 

a + 4 = 8  4a

5a = 4   a = 4
5

R f(x) 

1
Lt (1) (1)
x

f f b


 

a(1)2 + 9(1)  5 = b

a + 4 = b

4 4
5 1

b 

24
5

b  .
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20.3

1. x = 2 
4 3 2

( )
3 5 2

x x
f x

x x
 

 
 

 x 

2. x = 1  f (x) 
2 12

( )
5 1

x x
f x

x x
 

 
 

3.
1 1, 0

2
1( ) ,
2 2
3 1 1, 1 at
2 2 2

x x
x

f x x

x x x


  




 



   


4. x = 4 K 
2 16 if 4( ) 4
K if 4

x xf x x
x

 


 
 

5.  f R a 

2

3 if 3
( )

3 2 if 3
ax x

f x
x x x
 

 
  

6. f 
2

2

( )
( ) ( 2 3)

1.5

x a
f x x x

 


  



http : //www.wikipedia.org

http:// math world . wolfram.com

0 5x  3x 

x = 3, 3
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1.
0

1 1Lt
x

x x
x

  
  

2.
4 4

0

( )Lt
( 2 )x

x k x
k k x

 



 

3.

if  
2 3 if 1

( ) as 1
3 5 if 1

x x
f x x

x x
  

 
 

.

4.
0

sin 7Lt
2x

x
x

  

5.
0

sin 2 3Lt
2 sin 3x

x x
x x





 

6. k x = 4 

2 16 4( ) 4
4

x xf x x
k x

 


 
 

7.
sin

( ) cos 0
2

x
f x xx




  



  x = 0 

8.

cos ,  
2 2( )

5,
2

a x x
xf x

x


  

 
 



 f(x) 

'a'

 20.1

1. a) 17 b) 0 c) 8

2. a)
3
2 b) 2 c)

1
2 d) 4 e)

q
b
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3. a) 2a b)
1
4 c)

5
6


d) 0

e) 0 f)
3
4 g)

3
2

4. a)
1
2 b) 2 c) 3 d)

1
2a e)

2m
n

 
 
 

5. a)  b) 11

 20.2

1. a)
3 3

Lt ( ) 9, Lt ( ) 5;
x x

f x f x
  

   
3

Lt
x

 f (x) 

b)  
2 2

Lt ( ) 2, Lt ( ) 1
x x

f x f x
  

      f (x) 

2. a) 2b cos a b) 2 21 ( )
2

b a c)
2

2

2m
n

d) sin a  a cos a

3. a)
1
2 b)

1
2 c)

1
2 2 4. a = 2

5. 2 6.
4
9 7.

a
b 8.

2
3

9. 0 10. 2

 20.3

1. 2. 3.

4. K = 8 5. a = 5 6. x = 3 .

1. 1 2. x2 3. 1, 2 4.
7
2

5. 1 6. k = 8 8. 10
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21

 f f '

.

y = xn    1n nd x nx
dx
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[a, b]   f (x) 

c   [a, b],  x = C   f (x) ( )f c  

[a, b] 

 [a, b]

 x   [a, b] 

f  ie  ( )f x  or D f (x).

  f (x) x 

 ( )f x   D f (x)   ( )d f x
dx

 

 
0

( ) ( )( ) Lt
h

d f x h f xf x
dx h

 
 ...(i)

OR  
0

( ) ( )( ) Lt
h

d f x h f xf x
dx h

 



...(ii)

 f (x)  f (x) 

0

( ) ( )Lt
h

dy f x h f x
dx h
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 - V
0

( ) ( )Lt
x

dy f x x f x
dx x 

  




y = f (x)  
dy
dx   y1  y  .

21.1   

O OP 'P'

s t 

  OP = s =  f(t) 

P Q PQ.  

 t   s  

OQ = OP + PQ = s + S  =  f(t +  t)  ..... (ii)

 t =

=  ( )
( )
s s s
t t t
  

  
[(i), (ii) ]

=  
( ) ( )f t t f t

t
  



 t 

P  t 

 t   0 t P 

  t  =
0

( ) ( )lim .
t

f t t f t
t 

  



ds
dt
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t  f (t) t

= t0 P 

x y 
dy
dx

t s s = 3t2

t = 4 

f (t) =  s = 3t2

2( ) 3( )f t t s s t t       

    t 
0

( ) ( )lim
t

f t t f t
t 

  




2

0

3( ) 3lim
t

t t t
t 

  




2 2 2

0

3( 2 ) 3lim
t

t t t t t
t 

    




0
lim (6 3 )
t

t t
 

  

 = 6t

         t  =  4 

 =  (6   4) m/sec

 =  24 m/sec

 21.2 : t 

.

s = 2 + 3t2;   t = 
1
3

 : s = 2 + 3t2

f (t) = s = 2 + 3t2

f (t + t) = s = s + s = 2 + 3(t + t)
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 - Vt  

0

( ) ( )Lt
t

f t t f tt
t 

  



2 2

0

2 3( ) (2 3 )Lt
t

t t t
t 

    



t = 3

2 2 2

0

2 3 2 . [2 3 ]
Lt
t

t t t t t
t 

        


  
2 2 2

0

2 3 6 . 3 2 3Lt
t

t t t t t
t 

      




  
2

0

6 3Lt
t

t t t
t t 

 
 

 
   = 6t.

 1
3

t   sec  
16
3

 
 

 
 = 2 m/s.

 21.3 : S = 8t  7;   t = 4

 :  f (t)  = S = 8t  7 ;  f (t  t)  = 8(t + t)  7

0

( ) ( )Lt
t

f t t f tt
t 

  




t

0

( ) ( )Lt
t

f t t f tt
t 

  




 
0

8( ) 7 ( 7)Lt
t

t t tt
t 

     




  
0

8 8 7 7Lt
8t

t t tt
t 

     


 
0

8Lt
t

tt
t 






  = 8

dy
dx

y = f(x) P(x, y) APQB 
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y = f(x) P(x, y) 

P Q(x +  x, y +  y ) PM,

QN X- QN R PR X-

QP s 

X- QPS  P

PT X- 

QPS QPR  

QR QN RN QN PM ( )tan
PR MN ON OM ( )

y y y y
x x x x

     
     

    

Q P 

  Q    P   x   0;  y   0 d    (tan    tan ) 

QPS PT 

(i) tan y
x


 


0 0
0
0

lim tan lim
x x
y

y
x   

 




 



 



y + y

x

Q(x + x, y +
y)

(x + x, y + y) y =
f (x)

P(x, y)

x
x+x

R
A

B

M N

x
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 - Vtan dy
dx

 

P(x, y) y = f (x) dy
dx

P 

dy
dx

dy
dx

  y =

f (x) dy
dx

dy
dx

P X-  = 0o

180o otan 0dy
dx

 tan 180o 0dy
dx



P y = f (x) X-

P  = 90o 

otan 90dy
dx

   P  y = f (x) Y-

 21.4 : 

i)  x10 ii)  x50 iii)  x91

 :

i) 10 10 1 9( ) 10 10d x x x
dx

 

ii) 50 50 1 49( ) 50 50d x x x
dx

 

iii) 91 91 1 90( ) 91 91d x x x
dx
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 21.5 :  y x

 : 1/2y x

1 11
2 21 1( ) 1 ( )

2 2
dy x x
dx

 

   

   1
2

1 1 1 1 1
2 2 2x xx

     .

 21.6 : 
1
x  .

 : 11y y x
x

  

1 1 2
2

11( ) 1 1( )dy x x
dx x

   
     

2

1dy
dx x




 21.7 :  
1

3 2 2 35 7 5 7y x x x x        y' .

 :  y'  
1 12 31 5 7 2 5 0

3
x x x



      

    
1 12 3(2 5) 5 7

3
xy x x


     

    
2
3

22 5 5 7
3

xy x x



     

 21.8 : y = (x2 + 1)2, 
dy
dx .

y = (x2 + 1)(x2 + 1)

y = f (x) . g(x)

( ) ( ) ( ) ( )y f x g x g x f x   
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 - V2 2( 1)(2 ) ( 1)2dy x x x x
dx

   

    = (x2 + 1) (2x + 2x)

24 ( 1)dy x x
dx

 

 21.9 : ( ) 3f x x    ( )f x

 : ( ) 3y f x x 

3y y x x    

3 3y y y x x x      

 3y x x x    

 3 x x x
y x x x

x x x

  
     

  

3( )x x xy
x x x
  

 
  

 
3 3x yy

x x x xx x x
 

   
     

 0 0

3Lt Lt
x x

y
x x x x   




   

3 3
0 2

dy
dx x x x

 
 

3( )
2

f x
x

 

3(2)
2 2

f  
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y = c

y =c.xo xo = 1 ..... (i)

x   x

y  y 

y +  y = c(x + x)o  ..... (ii)

y +  y = c(x + x)o

(ii) - (i) y +  y)  y = c(x + x)o  cxo

 y = c  c  y = 0

 x 
0y

x x



 

0y
x





0
lim
x  0

lim 0
x

y
x 





0dy

dx


0dc
dx

 [(i) y = c]

 21.10 : y = xn   dy
dx

 .

: Let  y = xn

     y + y  = (x + x)n
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 - V(y + y)  y = (x + x)n  xn

           y =  1
n

n nxx x
x
 

  
 

     1 1
n

n xx
x

  
    

   
.

1
nx

x
 

 
 

 

0
Lt 0 0 ....n

x

y dy nx
x dx x 

  
       

     1
n

ndy nx nx
dx x

 

1( )n nd x nx
dx

  ny x   

y = f (x) .... (i)

x   x y  y 

y +  y  =  f(x +  x) ... (ii)

(ii) - (i),  y =  f(x +  x)   f(x)

 x ( ) ( )y f x x f x
x x
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0
lim
x  0 0

( ) ( )lim lim
x x

y f x x f x
x x   

    
    

y = xn ... (i)

x  x y  y 

y +  y  =  (x +  x)n ... (ii)

(y +  y)  y =  f(x +  x)n   xn

1
n

n nxy x x
x
 

     

1 1
n

n xx
x

  
       

x  x 1x
x




1
nx

x
 

  

1
nx

x
 

   

2 3( 1) ( 1)( 2)1 .... 1
2! 3!

n x n n x n n n xy x n
x x x

           
                   

2

2 3
( 1) ( 1)( 2) ( )( ) ....

2! 3!
n n n n x n n n xx x

x x x
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 - V x 

2

2 3
( 1) ( 1)( 2) ( ) ....

2! 3!
ny n n n x n n n xx

x x x x
      

    
  

 x   0 ( x)2  x 

2

2 30 0

( 1) ( 1)( 2) ( )lim lim ....
2! 3!

n

x x

y n n n x n n n xx
x x x x   

      
     

  

0
lt 0 0 ....n

x

y dy nx
x dx x 

  
       

1n ndy nx nx
dx x

  

1n ndy nx nx
dx x

   (y = xn )

n = 1, 2, 3, ... x, x2,  x3 

1 1 1 01 1 1.1 1d dx x x x
dx dx

    

2 2 12 2d x x x
dx

 

 2 3 1 23 3d x x x
dx

 

 21.11 : 
1F( )x x
x

    ( )f x   
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 : 
1y x
x

     say  1( )y y x x
x x

     
 

            
1 1y y y x x x

x x x
 

         
   

1 1( )x x x
x x x

     
 

( ) 1 1
1
x

x x x


  
 

( ) ( )
( )

x x x x x x x
x x x

      


 

( )
( )

x x x x x x x
x x x

     


 

            
 ( ) 1

( )
x x x x

y
x x x

   
 

 

 
2( 1]

( )
y x x x x
x x x x x
    

 
   

    
2 1
( )

y x x x
x x x x
   


  

2 2

2 20 0

1 1 1Lt Lt 1
( )x x

y x x x x
x x x x x x   

    
   

  
      2

11dy
dx x

  

21.5
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f (x),  g(x)  h(x) =  f (x) + g(x)  

( )h x

h(x)  = f (x) + g(x)

x  x y  y 

h(x +  x) =  f(x +  x) + g(x +  x)

0

[ ( ) ( )][ ( ) ( )]( ) lim
x

f x x g x x f x g xh x
x 

     




0

[ ( ) ( )] [ ( ) ( )]lim
x

f x x f x g x x g x
x 

      




0

( ) ( ) ( ) ( )lim
x

f x x f x g x x g x
x x 

      
    

0 0

( ) ( ) ( ) ( )lim lim
x x

f x x f x g x x g x
x x   

     
 

 

( ) ( ) ( )h x f x g x   

 y =  x2 + x3

2 3( ) ( )d dy x x
dx dx

 

   =  2x + 3x2

22 3y x x 
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( ) ( ) ( )h x f x g x 

( ) ( ) [ ( )]h x f x g x 

( ) ( ) [ ( )]h x f x g x    

( ) ( )f x g x  

[ ( ) ( )] [ ( )] [ ( )]d d df x g x f x g x
dx dx dx

  

[ ( ) ( )] [ ( )] [ ( )]d d df x g x f x g x
dx dx dx

  

h(x)  =  f (x)  + g(x)

    h(x + x)  =  f(x + x) + g(x + x)

   
0

( ) ( ) ( ) ( )
( ) Lt

x

f x x g x x f x g x
h x

x 

      
 



( ) ( ) ( )h x f x g x   

( ) ( ) ( )h x f x g x      

 21.12 :  y = x2 + x3   
dy
dx .

: 2 3( ) ( )d dy x x
dx dx

  

22 3y x x  

 21.13 : 2 310 20y t t   
dy
dt  .

 : 2 310( ) 20( )dy t t
dt

  

     = 10(2t) + 20(3t2)



251

311  Vol - II  (TOSS)

 - V220 60dy t t
dt

 

 21.14 : 3
2

1 1y x
x x

       
dy
dx  .

 : 3 2 1( )y x x x   

2 3 23 ( 2) ( 1)dy x x x
dx

     

2 3 23 2dy x x x
dx

   

2
3 2

2 13dy x
dx x x

  

 21.15 : y = x3 + 3x2 + 4x + 5,   x = 1  
dy
dx .

 : 3 2 23 4 5 3 6 4dy d x x x x x
dx dx

        

2

1

3(1) 6(1) 4 13
x

dy
dx 


   


.

 21.16 : 
8 6 4

( ) 2
8 6 4
x x xf x      ( )f x  

: 
8 6 4

( ) 2
8 6 4
x x xf x    

1n nd x nx
dx



8 6 41 1 1( ) ( ) ( ) 2
8 6 4

d d df x x x x
dx dx dx

 
     

 

8 1 6 1 4 11 1 1( ) 8. 6 .4 (2)
8 6 4

df x x x x
dx

       

7 5 3( )f x x x x   
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21.7  

 21.17 :  y = (x2 + 1)2 

y = (x2 + 1) (x2 + 1)  

:  x  x y  y  

2[( ) 1][( ) 1]y y x x x x        

2 2 2[( ) 1][( ) 1] ( 1)( 1)y x x x x x x          

2 2 2 2 2 2[( ) 1][( ) ] ( 1)[( ) 1] ( 1)( 1)x x x x x x x x x x              

2 2 2 2 2[( ) 1][( ) ] ( 1)[( ) 1 ( 1)]x x x x x x x x x             

2 2 2 2 2[( ) 1][( ) ] ( 1)[( ) ]x x x x x x x x x           

2 2 2 2
2( ) ( )[( ) 1] ( 1)y x x x x x xx x x

x x x
        

        
     

2 2
22 ( ) 2 ( )[( ) 1] ( 1)x x x x x xx x x

x x
         

        
    

2[( ) 1][(2 ) ( 1)(2 )x x x x x x x         

2 2

0 0 0
lim lim [( ) 1].[2 ] lim ( 1)(2 )
x x x

y x x x x x x x
x     


          



2 2( 1)(2 ) ( 1).(2 )dy x x x x
dx

   

24 ( 1)x x 
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 - V2 2( 1) (2 ) ( 1) (2 )dy x x x x
dx

   

       x2 + 1      x2 + 1 

y = x3 . x2 

3 2 2(2 ) (3 )dy x x x x
dx

   

x3 (2x) + x2 (3x2)

= 2x4 + 3x4

=  5x4

        y =  x3. x2

=  x5

45dy x
dx



[ ( ) ( )] ( ) ( ) ( ) ( )dy f x g x f x g x g x f x
dx

   

[ ] [d/dx ] [ ] [d/dx
]

 : 

f(x), g(x), h(x) 

[ ( ) ( ) ( )] ( ) ( ) ( ) ( ) ( ) ( )d d df x g x h x f x g x h x g x h x f x
dx dx dx

  

( ) ( ) ( )dh x f x g x
dx
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 21.18 : If  
2

( ) 2
2

x af x a
a


 


.   ( )f x  .

 : 
2 2

( ) ( )
2 2

x a d x af x f x
a dx a

  
    

  

21 ( )
2

d x a
a dx

 


1 2(2 )
2 2

xx
a a

 
 

2( )
2

xf x
a

 


 21.19 : y = (5x  3)7 y

 : y  = 7(5x  3)71 [510]  = 7[5x  3]6 5

y  = 35(5x  3)6.

 21.20 : 6 25 (7 4 )y x x x    
dy
dx .

 : 

y = 5x6 (7x2 + 4x)

y = f (x) g(x)  ( ) ( ) ( ) ( )y f x g x g x f x    

6 2 2 65 . (7 4 ) (7 4 ) (5 )dy d dx x x x x x
dx dx dx

   

6 2 55 (14 4) (7 4 ) (5 6 )dy x x x x x
dx

    

7 6 7 670 20 210 120dy x x x x
dx

   

7 6280 140dy x x
dx
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 - V 21.21 : f (x)  = (x + 1) (3x  7)   ( )f x .

 : 

( ) ( ) ( ) ( ) ( )f x f x g x g x f x     

( ) ( 1) ( 3 7) ( 3 7) ( 1)d df x x x x x
dx dx

        

( ) ( 1)( 3 0) 3 7(1 0)f x x x       

( )f x  =  3x  3  3x   7

( )f x  =  6x  10 =  2(3x  5)

 21.22 : f (x)  = (x  1) (x  2) (x  3) ( )f x .

 : 

y = f (x) g(x) h(x)

( ) ( ) ( ) ( ) ( ) ( ( ))d dy f x g x hx f x h x g x
dx dx

   ( ) ( ) ( ( ))dg x h x f x
dx



( ) ( 1)( 2) ( 3) ( 1)( 3) ( 2)d df x x x x x x x
dx dx

        

( 2)( 3) ( 1)dx x x
dx

   

( ) ( 1)( 2)(1) ( 1)( 3)(1) ( 2)( 3)(1)f x x x x x x x         

2 2 2( ) 2 2 3 3 3 2 6f x x x x x x x x x x            

2( ) 3 12 11.f x x x   

 21.23 : 2( ) ( 3)( )f x x x x x    ( )f x .

 : 

( )f x  = ( ) ( ) ( )df x g x hx
dx

( ) ( ) ( )df x h x gx
dx

 ( ) ( ) ( )df x g x f x
dx
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f (x)  = x(x  3) (x2 + x)

2 2 2( ) ( 3) ( ) ( ) ( 3) ( 3)( )d d df x x x x x x x x x x x x x
dx dx dx

         

2 3 2 3 2 2( ) ( 3 )(2 1) ( )(1) ( 3 3 )1f x x x x x x x x x x         

3 2 2 3 2 2( ) 2 6 3 2 3 2 3f x x x x x x x x x        

3 2( ) 4 6 6 .f x x x x   

21.8   

1( ) , [ ( ) 0]
( )

g x r x
r x

 

g(x)

1( )
( )

g x
r x



0

1 1
( ) ( )( ) lim

x

r x x r xg x
x 

 
  

  
 

  

0

( ) ( )lim
( ) ( ) ( )x

r x r x x
x r x r x x 

   
  

   

0 0

( ) ( ) 1lim lim
( ) ( )x x

r x r x x
x r x r x x   

   
      

2 2
1 ( )( )

[ ( )] [ ( )]
r xr x

r x r x
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 - V( )( ) , ( ) 0
( )

f xx g x
g x

   f(x),  g(x)

1( ) ( )
( )

x f x
g x

  

1 1( ) ( ) ( )
( ) ( )

dx f x f x
g x dx g x

 
     

 

2
( ) ( )( )
( ) [ ( )]

f x g xf x
g x g x

 
   

 

2
( ) ( ) ( ) ( )

[ ( )]
g x f x f x g x

g x
 



2
( ) ( ) ( ) ( ) ( )
( ) [ ( )]

d f x f x g x f x g x
dx g x g x

     
  

 

2

d u vu uv
dx v v

  
 

 

 21.24 : 
4 3 1( ) ,
2 1 2
xf x x
x


 


( )f x

 :  
u
v

2( ) . ( ) vu uvf x u v f x
v
 

  

4 3( )
2 1
x uf x
x v


 


2

(2 1)(4 3) (4 3)(2 1)( )
(2 1)

x x x xf x
x
     

 


2

10( )
(2 1)

f x
x
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 21.25 : 
4 3 1( ) ,

(2 1) 2
xf x x
x


 


 ( )f x  .

 :  

2

( ) ( ) ( ) ( ) ( )
( ) [ ( )]

f x dy g x f x f x g xy
g x dx g x

 
  

4 3
2 1
xy
x





2

(2 1) (4 3) (4 3) (2 1)

(2 1)

d dx x x xdy dx dx
dx x

    




2

(2 1)(4) (4 3)(2)
(2 1)

dy x x
dx x

  




2 2

8 4 8 6 10
(2 1) (2 1)

dy x x
dx x x

   
 

 
.

 21.26 : 3( )
4

xf x
x




 ( )f x

 : 

2

( ) ( ) ( ) ( ) ( )
( ) ( )

f x g x f x f x g xy y
g x gx

 
  

3 4
xy

x




2 3

3 2

( 4) ( ) ( ) ( 4)

( 4)

d dx x x xdy dx dx
dx x

  




2 2

3 2

14 ( ) (3 )
2
( 4)

x x x
dy x
dx x

  




3 2

3 2

4 3 ( )
12

( 4)

x x x
dy x
dx x
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 - V3 2 3 3

3 2 3 2

4 6 ( ) 6 4
2 ( 4) 2 ( 4)

dy x x x x x
dx x x x x

   
 

 

3

3 2

4 5
2 ( 4)

dy x
dx x x






21.9   

 4 28 1x x  .

4 28 1t x x  
4 28 1y x x   y t

y t t x 

t  t y  y  x   0 

 y   0

0
lim
x

dy y
dt t 


 



 x   0  y   0

0
lim
x

dt t
dx x 


 



 x   0  y   0

(i), (ii) 

0 0 0
lim lim lim
x x x

dy y y t
dx x t x     

     
          

dy dt
dt dx

 

dy dy dt
dx dt dx
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 21.27 : 4 28 1y x x     
dy
dx .

or y t  where t = x4 + 8x2 + 1
dy dy dt
dx dt dx

    

4 28 1y x x   ;   y t    t = x4 + 8x2 + 1

1
2

dy
dt t

   34 16dt x x
dx

    31 ( 4 16 )
2

dy x x
dx t

  

3 3

4 2 4 2

4 16 2 8
2 8 1 8 1

dy x x x x
dx x x x x

  
  

    
.

 21.28 : 4 28 1y x x    
dy
dx .

 : y t t = x4 + 8x2 + 1

1 ,
2

dyy t
dx t

  

4 28 1t x x  

3 34 16 0 4 16dt x x x x
dx

    

dy dy dt
dx dt dx

 

31 (4 16 )
2

x x
t

  

        
3

4 2

4 16
2 8 1

dy x x
dx x x




 

 21.29 : y  = at2,   
2
xt
a

    dy
dx

.

 :y  = at2     
dy
dx

 = 2at ...(i)

1
2 2
x dtt
a dx a

   ...(ii)
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 - V(i), (ii) 

12
2

dy dy dt at t
dx dt dx a

    

2
dy xt
dx a

  

2
dy x
dx a

 

 21.30 :
1
1

xy
x





   y  

 :  
1 1
1 1

x dy d xy
x dx dx x

  
       

1
112

1

d x
dx xx

x

 
   

  



2

(1 ) (1 ) (1 ) (1 )1 1
2 1 (1 )

d dx x x xx dx dx
x x

 
     

   
  

 

2 2

1 1 1 1 1 1 2
2 1 (1 ) 2 1 (1 )

x x x x
x x x x

      
        

      3/2

1
( 1 ) (1 )

dy
dx x x


 

21.10

y = f (x) 
dy
dx

dy
dx y = f (x) x 
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2

2
d y
dx

2
2D , , , ....f y y 

0

( ) ( )( ) lim
x

f x h f xf x
h 

   
  

 
x f 

x 

2

2
d dy d y
dx dx dx

 
  

(i)  x2 (ii)  x3 + 1 (iii)  
1
1

xy
x





(i)   y = x2, 2dy x
dx



2

2
( )(2 ) 2d y d d xx

dx dxdx
  

= 2.1 = 2

2

2 2d y
dx

 

(ii) y =  x3 + 1 

23dy x
dx



2
2

2 (3 ) 3.2 6d y d x x x
dxdx

  

2

2 6d y x
dx
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iii)

1
1

xy
x





   y .

2

( 1)( 1) ( 1)( 1)
( 1)

x x x xy
x
     

 


2 2

( 1)(1) ( 1)1 1 1
( 1) ( 1)

x x x xy
x x

     
  

 

2

2
( 1)

y
x


 


2 12
2 2

2 2 ( 1)
( 1)

d y dy x
dx dx x

 
          

               = (2) [2] (x1)21    (1)
2

3
2 3

44( 1)
( 1)

d y x
dx x

  


.

 21.32 : 2( 1)( 1)y x x      y

Sol.
2 21 ( 1) ( 1) ( 1)dy d dx x x x

dx dx dx
 

      
 

2( 1)(1) ( 1)(2 )dy x x x
dx

   

23 2 1dy x x
dx

  

and  
2

2
2 (3 2 1)d y d dy d x x

dx dx dx dx
 

    
 

2

2 6 2d y x
dx

 

 21.33 : 
2 1

1
xy
x





  
2

2

d y
dx

.

2 1
1

xy
x





  
( )
( )

f x
g x  
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2

( ) ( ) ( ) ( ) ( )
( ) [ ( )]

f x f x f x f x g xy
g x g x

 
  

2 2

2

( 1) ( 1) ( 1) ( 1)

( 1)

d dx x x x
dx dxy

x

    
 



2

2

2 ( 1) ( 1)
( 1)

x x xy
x
  

 


2 2

2

2 2 1
( 1)

x x xy
x

  
 



2 2

2 2

2 1 2 1
( 1) ( 1)

x x dy x xy
x dx x
   

   
 

2 2

2 2

2 1
( 1)

d y d x x
dx dx x

  
   

 

2 2 2 2
2

22 2

( 1) . ( 2 1) ( 2 1) ( 1)

( 1)

d dx x x x x xd y dx dx
dx x

      


  

2 2 2

22 2

( 1) (2 2) ( 2 1)2( 1).1

( 1)

d y x x x x x
dx x

     


  

2 22

2 4

2( 1) 1 2 2 1
( 1)

x x x x xd y
dx x

       


2

2 3

4
( 1)

d y
dx x




.

1.
( ) ( )( ) Lt 0

x

f x x f xf x x
x 

  
   



2.   0dc
dx
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1( )n nd x nx
dx



4.  C. ( ) C. ( )d f x f x
dx



5.      ( ) ( ) ( ) ( )d d df x g x f x g x
dx dx dx

  

6.  ( ). ( ) ( ) ( ) ( ) ( )d d df x g x f x g x g x f x
dx dx dx

 

7.
 

2
( ) ( ) ( ) ( ) ( )
( ) ( )

d f x g x f x f x g x
dx g x g x

   
 

 

8.    ( ) ( ) ( ). ( )d df g x f x g x g x
dx dx

  

9.
2

2 .d dy d y
dx dx dx

 
 

 

 21.34 : 2

1
3 1

y
x x


 

y .

: 2 1
2

1 ( 3 1)
3 1

y x x
x x

   
 

2 1( 3 1)y x x   

2 1 11( 3 1) [2 3 0]y x x x       

2 2
2 2

(2 3)1( 3 1) (2 3)
( 3 1)

xy x x x
x x

  
      

 

2 2

(2 3)
( 3 1)

xy
x x
 

 
 

.
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 21.1

1. y x   dy
dx

2. y = 12  t  dy
dx

3. y = 2x3  3x2   dy
dx

4. 3
2

1 1 , 0y x x
x x

       dy
dx

5.
1y x
x

    dy
dx

6. y = 16x + 2 (0), (3), (8)y y y  

7. ,ax b dy x
cx d c

 
 


   dy

dx

8. 1 , 0y x x
x

     dy
dx

9. y = x2 + x3   dy
dx

10. y = 10t2 + 20t3  dy
dx

11. S = 4.9t2 + 2.4  t = 1, t = 5   
ds
dt  

12. y = x3 + 3x2 + 4x + 5 the  x = 1 dy
dx

13.
4

2/3 5
2

2 3( )
5

f x x x
x



      ( )f x  .

14. y = (x  1) (x  2)  dy
dx
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15. 2

3 2
1

xy
x x




 
 dy

dx

16. 2

1
7 3

y
x




  dy
dx

17. y = x3 + 1   
2

2

d y
dx

18. 2 1y x    
2

2

d y
dx

 

 21.2

1.    x2  

2.    
1
x

  

3. y = (2x  3) (5x2  7x + 1) dy
dx

.

4. y = (x  1) (x  2) (x  3)  dy
dx

.

5. 4 3( )
2
xf x

x





( )f x  .

6. 2( )
1

xf x
x x


 

( )f x  .

7. 3 2 5 7y x x      dy
dx

.

8. 2 8y x x     dy
dx

.

9. y = x3 +  1  
2

2

d y
dx

 .

10. 2 1y x    
2

2

d y
dx

 .
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http : //www.wikipedia.org

http:// math world . wolfram.com

1.  't' s 

s = t2 

(a) t

(b) t = 3 

2.

(a) 2x2 + 5 (b)  x3 + 3x2 + 5 (c) (x  1)2

3.

(a)  f(x) = x3  3x2 + 5x  8

(b)
1( )f x x
x

 

(c)
2

( ) , 2
2

x af x a
a


 


(d) 2 3
3 10( )

( 1)
f x

x x
 



(e) 4
1( )

(1 )
f x

x




(f)
( 1)( 2)( ) x xf x

x
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(g)

23 4 5( ) x xf x
x

 


(h)
3

2
( 1)( 1)( ) x xf x

x
 



4.

(a)
21x

x
 

 
 

(b)  
1
1

x
x





5.

(a) 1x  (b)  1x x 

 21.1

1.
1

2 x

2. 0

3. 6x2  6x

4. 2
3 2

2 13x
x x

 

5.
1 1

2 2x x x


6. 16, 16, 16

7.
2( )

ab bc
cx d
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8.
2

11
x



9. 2x + 3x2

10. 20t + 60t2

11. 9.8 ; 49

12. 3x2 + 6x + 4;  13

13.
1 9

33 54 4 6
15 5

x x x




 

14. 2x  3

15.
2

2 2

3 4 1
( 1)

x x
x x

  

 

16. 3x(7  3x2)3/2

17. 6x

18. 2 1
x

x 

  21.2

1. 2x

2. 2

1
x


3. 30x2 + 2x  19

4. 30x2  12x  11
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5. 2

2
(2 1)x





6.
2

2 2

1
( 1)

x
x x



 

7.
2/321 5 7 (2 5)

3
x x x



    

8. 2
1

8
x

x




9. 6x

10.
 

3
2 2

1

1 x

1. (a) 2t

(b)  6 seconds

2. (a) 4x

(b)  3x2 + 6x

(c) 2(x  1)

3. (a)  3x2  6x + 5

(b)  2
11
x



(c)
2

2
x

a 
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(d)
3 4

6 30
( 1)x x





(e)
3

4 2
4

(1 )
x
x





(f) 3/2
3 1 1
2 2

x
xx

 

(g)
2

53
x



(h) 2
2 3

1 43 2x
x x

  

4. (a) 
2

11
x



(b) 3/2
1

1 (1 )x x 

5. (a)  3/2
1

4( 1)x




(b)  
2

1/2
2
4( 1)

x x
x
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22

i) 0
Lt sin 0
x

x


 ii)  
0

sinLt 1
x

x
x



iii)  0
Lt cos 1
x

x


 iv)   
0

tanLt 1
x

x
x
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22.1  

22.1 : y = sin x x  x y 

 y 

y +  y = sin ( x + x)

      y = sin (x +  x)  sin x

            
C D C D2cos sin sin C sin D 2cos sin

2 2 2 2
x xx       
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sin
22cos

2

x
y xx
x x


  

    

  0 0 0

sin
2lim lim cos lim cos .1

2
2

x x x

x
y xx xxx     


  

             0

sin
2lim

2
x

x

x 

 
 
 
 
 



cosdy x
dx



(sin ) cosd x x
dx



22.2 :y = cos x x  x y 

 y 

y +  y = cos(x +  x)

     y = cos (x +  x)  cos x

            2sin sin
2 2
x xx   

   
 

     
sin

22sin
2

x
y xx
x x


  

   
  

           0 0 0

sin
2lim lim sin lim

2
2

x x x

x
y xx xx     


  

      

=   sin x.1

sindy x
dx

 

(cos ) sind x x
dx
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22.3 : y = tan x x  x y 

 y 

y +  y = tan (x + x)

      y = tan (x +  x)  tan x

           
sin ( ) sin
cos ( ) cos

x x x
x x x
 

 
 

           
sin ( ).cos sin .cos ( )

cos ( ) cos
x x x x x x

x x x
   


 

            
sin[ ( ) ]
cos ( ) cos

x x x
x x x
  


 

            
sin

cos ( ).cos
x

x x x



 

       
sin 1

cos ( )cos
y x
x x x x x
 

 
   

           0 0 0

sin 1lim lim lim
cos( )cosx x x

y x
x x x x x     

 
 

   

2
11.

cos x


0

sinlim 1
x

x
x 

 
  



=  sec2 x

2secdy x
dx



2(tan ) secd x x
dx



 1. 
2(cot ) cosecd x x

dx
 

  2. (sec ) sec tand x x x
dx



  3. (cosec ) cosec cotd x x x
dx
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 - V22.4 : y = cot x   dy
dx

.

 :  y + y = cot(x + x) = y = cot (x + x)  cot x.

cos( ) cos cos( )sin cos sin( )
sin( ) sin sin ( )

x x x x x x x x xy
x x x x x x
      

   
   

1sin( )
sin sin( )

y x x x
x x x

     
 

 0 0

sin 1Lt Lt
sin sin( )x x

y x
x x x x x   

  
 

   

2
2

1 cosec
sin

x
x

   

22.5 : y =  tan 2x  dy
dx

.

 : y = tan 2x    y + y = tan 2(x + x)

y = tan 2(x + x)  tan 2x

sin 2( ) sin 2
cos 2( ) cos 2

x x xy
x x x
 

  
 

0 0

sin 2( )cos 2 sin 2 cos 2( )Lt Lt
.cos 2 cos 2( )x x

y x x x x x x
x x x x x   

     


   

0 0

sin 1Lt 2 . Lt
cos 2 cos 2( )x x

x
x x x x   


 

  

0 0

sin 1Lt 2 . Lt
cos 2 cos 2( )x x

x
x x x x   


 

  
     0

sinLt 1







     2
2

12. 2 sec 2
cos 2

dy x
dx x
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 22.6 : y = sec 3x  
dy
dx .

 :  sec3( )y y x x    

sec3( ) sec3y x x x    

1 1
cos3( ) cos3

y
x x x

  
 

0 0

cos3 cos3( )Lt Lt
.cos3 cos3( )x x

y x x x
x x x x x   

   


   

             0 0

cos3 cos3( ) 1Lt . Lt
cos3 cos3( )x x

x x x
x x x x   

  


  

C D C Dcos C cos D 2sin sin
2 2
 

  

0 0

3 32sin 3 sin
12 2Lt Lt

3 2 cos3 cos3( )
2 3

x x

x xx

x x x x   

    
    

    
   

 
 

0 0

3 32sin 3 sin
12 2Lt Lt

3 2 cos3 cos3( )
2 3

x x

x xx

x x x x   

    
     

    
   

 
 

3 3 00 0
2 2

3sin3 3 12Lt 2sin 3 Lt Lt32 2 cos3 cos3( )
2

x x x

x
xx x x x x   

 


 

         

2

3 12sin 3 1
2 cos (3 )

x
x

   

2

3.sin 3
cos 3

x
x



2
2

3.sin 3 3tan 3 sec 3
cos 3

dy x dy x x
dx x dx
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 - V 22.7 :   sec2x 

 :  y = sec2x

  y + y = sec2(x + x)

        y = sec2(x + x)  sec2x

       2 2

1 1
cos ( ) cos

y
x x x

  
 

       
2 2

2 2

cos cos ( )
cos cos ( )

x x xy
x x x
  

 
 

           2 2

sin( ) sin( )
cos cos ( )

x x x x x x
x x x

     


 

        2 2

sin(2 ) sin
cos cos ( )

x x xy
x x x
  

 
 

      2 2

sin(2 ) sin
cos cos ( )

y x x x
x x x x x
   


   

   2 20 0

sin(2 ) sinLt Lt
cos cos ( )x x

y x x x
x x x x x   

   


   

           2 20 0

sin(2 ) sinLt Lt
cos cos ( )x x

x x x
x x x x   

  


  

         2 2

sin 2 1
cos .cos

x
x x

 

       2
2 2 2 2

sin 2 2sin cos 2 tan sec
cos cos cos cos

y x x x x x
x x x x x


  


2 2(sec ) 2 tan secdy x x x
dx
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1. i)   (sin ) cosd x x
dx

 ii) (cos ) sind x x
dx

 

iii) 2(tan ) secd x x
dx

 iv) (sec ) sec tand x x x
dx



v) (cosec ) cosec cotd x x x
dx

  v)  2(cot ) cosecd x x
dx

 

2. Differentiate with respect to the 'x'

i)  (sin ) cosd dyu
dx dx

 ii)  (cos ) sind dux u
dx dx

 

iii) 2(tan ) secd duu u
dx dx

 iv)  2(cot ) cosecd duu u
dx dx

 

v)  (sec ) sec tand duu u u
dx dx



vi) (cosec ) cosec cotd duu u u
dx dx

 

3. i)  
1

2

1(sin )
1

d x
dx x

 


ii) 
1

2

1(cos )
1

d x
dx x

 




iii) 1
2

1(tan )
1

d x
dx x

 


iv)  1
2

1(cot )
1

d x
dx x

 




v)  
1

2

1(sec )
| | 1

d x
dx x x

 




vi)  
1

2

1(cosec )
| | 1

d x
dx x x

 


4. i) 2 sin A cos B = sin(A + B) + sin (A  B)

ii) 2 cois A sin B = sin (A + B)  sin (A  B)

iii) 2 sinA sin B = cos(A  B)  cos (A + B)
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iv) sin C + sin D = 

C D C D2sin cos
2 2
 

v) sinC  sin D = 
C D C D2cos sin

2 2
 

vi) cosC + cosD =  
C D C D2cos cos

2 2
 

vii) cosC  cos D = 
C D D C2sin sin

2 2
 

viii) sin(A + B) sin (A  B) = sin2A  sin2B

ix) cos (A + B) cos(A  B) = cos2A  sin2B.

22.2  

 22.8 : tany x   
dy
dx .

 : tany x    
dy
dx  =  2sec . dx x

dx

2 21 1sec sec
2 2

dy x x
dx x x

  

 22.9 : y =  cot 3x   
dy
dx .

:  y =  cot 3x

dy
dx  = cot 3 cosec3 (3 )dx x x

dx


dy
dx  = 3 cot 3 cosec3x x 
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 22.10 : y  = x4 sin 2x  
dy
dx .

4 4 4sin 2 (sin 2 ) sin 2 ( )dy d dy x x x x x x
dx dx dx

   

4 3(2cos 2 ) 4 sin 2dy x x x x
dx

 

32 ( cos 2 2sin 2 )dy x x x x
dx

 

 22.11 : 
sin

1 cos
xy

x



 

dy
dx

 
sin

1 cos
xy

x



 

2

2sin cos
2 2

2cos
2

x x

x

tan
2
xy 

2 21sec . sec
2 2 2 2

dy x d x x
dx dx

 
  

 

 22.12 : 
sin xy

x
  

dy
dx

 
sin xy

x


2

(sin ) sin ( )d dx x x xdy dx dx
dx x





2

cos sindy x x x
dx x




 22.13 : 3siny x    
dy
dx  

 3 3 1/2sin (sin )y x x 
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 - V1 13 321 (sin ) (sin )
2

dy dx x
dx dx

  
  

 

    
1
23 21 (sin ) 3sin .cos

2
x x x





    
2

3

1 1 3sin .cos
2 sin

x x
x

 

 
3 sin cos
2

dy x x
dx

 .

 22.14 : 
1 sin
1 sin

xy
x





 

dy
dx

 
1 sin
1 sin

xy
x






  
1 sin 1 sin
1 sin 1 sin

x xy
x x

 
 

 

   2

1 sin 1 sin
cos1 sin

x xy
xx

 
 



y = sec x  tan x

'x' 

2
2

1 sin 1sec tan sec .
cos cos cos

dy xx x x
dx x x x

   

      2 2 2 2

sin 1 sin 1 sin 1
cos cos cos 1 sin

x x x
x x x x

 
   


    

1
1 sin

dy
dx x






 22.15 : 3cos ;x a   3siny a 

2

1 dy
dx

 
  
 

 3cos ;x a   3siny a 

23 cos . sin ;dx a
d

   


   23 sin . cosdy a
d
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dy dy d
dx d dx


 


 ( )

2
2

13 sin cos
3 cos sin

dy a
dx a


  

 

tandy
dx

  

 22.16 : 
cos

sin cos
xy

x x



  

dy
dx .

 2

cos ( ) ( ) ( ) ( ) ( )
sin cos ( ) [ ( )]

x f x g x f x f x g xy
x x g x g x

 
  



2

(sin cos )( sin ) cos (cos sin )
(sin cos )

dy x x x x x x
dx x x

   




2 2

2 2

(sin cos ) 1
(sin cos ) (sin cos )

dy x x
dx x x x x

  
 

 

2 2

1 1
sin cos 2sin cos 1 sin 2

dy
dx x x x x x

 
 

  

1
1 sin 2

dy
dx x


 



 22.17 : sin cosm ny x x  
dy
dx .

 sin cosm ny x x   

(sin )(cos ) (cos )(sin )m n n my x x x x   

1 1(sin ) cos ( sin ) cos [ sin .cos ]m n n my x n x x x m x x      

1 1 1 1sin cos cos sinm n n my n x x m x x      

1 1 1 1cos sin sin cosn m m ny m x x n x x      
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 22.18 : 2cos cos 2 1;x t t      2sin sin 2y t t 

dy
dx

2cos cos 2 1 dxx t t
dt

     = 2(sin t + sin 2t)

2sin sin 2y t t  
dy
dt

 = 2cos t + 2 cos 2t

/ 2(cos cos 2 )
/ 2(sin sin 2 )

dy dy dt t t
dx dx dt t t

 
  

  

(cos cos 2 )
sin sin 2

dy t t
dx t t


 



 22.19 : 2 ; 4t tx e y e    
dy
dx

  
( / ) 2 2 .
( / )

t tdy dy dt dxx e e
dx dx dt dt

      

2/ 44 4 2 .
/ 2

t t t
t

dy dy dy dt ty e e e
dx dx dx dt e

       


22 tdy e
dx

  

 22.20 : sin y = x sin (a + y)   
dy
dx

  sin y = x sin (a + y)  ...(i)'x'

cos sin( ).1 cos( )dy dyy a y x a y
dx dx

   

 cos cos( ) sin( )dyy x a y a y
dx

   

 
sin( )

cos cos( )
dy a y
dx y x a y




 

(i)    sin
sin( )

yx
a y
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sin( )
sincos . cos( )

sin( )

dy a y
ydx y x y

x y




 


2sin ( )
cos sin( ) sin cos( )

dy a y
dx y a y y a y




  

  sin AcosB  cos A sin B = sin(A  B)

2 2sin ( ) sin ( )
sin( ) sin

dy a y a y
dx a y y a

 
 

 

2sin ( )
sin

dy a y
dx a


 

 22.21 : ....y x x x       (2 1) 1dyy
dx

 

 2y x y y x y    

'x' 

2 . 1dy dyy
dx dx

 

2 1dy dyy
dx dx

  (2 1) 1dyy
dx

  

 22.22 : x = 3 cot t  2 cot3t;  y = 3 sin t  2sin3t  
dy
dx

 y = 3 sin t  2 sin3t

23cos 2 3sin .cosdy t t t
dt

  

23cos 6sin cosdy t t t
dt

 

23cos (1 2sin )dy t t
dt

  ...(1)
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 - Vx = 3 cos t  2 cos3 t

23sin 6cos ( sin )dx t t t
dt

   

23sin (1 2cos )dx t t
dt

   ...(2)

2

2

3cos (1 2sin )
3sin (1 2cos )

dy dy dt t t
dx dt dx t t


  

 

2

2

cot (1 2sin )
1 2(1 sin )

dy t t
dx t

 


 

2

2

cot (1 2sin )
(1 2sin )

dy t t
dx t

 


 

cotdy t
dx



 22.23 : 
2

2 2

1 2,
1 1

t btx a y
t t

 
  

  
   

dy
dx .

 
2

2 2 2

2 2 (1 ) (2 )[2 ]
1 (1 )

bt dy b t t bty
t dt t

 
  

 

2 2

2 2

2 [1 2 ]
(1 )

dy b t t
dt t

 




2

2 2

2 [1 ]
(1 )

dy b t
dt t






2

2

1
1

tx a
t

 
   

 

2 2

2 2

(1 )( 2 ) (2 )(1 )
(1 )

dx t t t ta
dt t
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2 2

2( 2 )
(1 )

dx a t
dt t

 
  

 

2 2

4
(1 )

dx at
dt t






2 2 2

2 2

2 (1 ) (1 )
(1 ) 4

dy dy dt b t t
dx dt dx t at

 
    

 

2(1 )
2

dy b t
dx at

 


 22.24 : 2 21 1 ( )x y a x y      
2

2

1

1

ydy
dx x






 2 21 1 ( )x y a x y    

Put  x = sin ,  y = sin 

2 21 sin 1 sin (sin sin )a       

 cos  + cos  = a(sin  sin )

C D C Dcos C cos D 2cos cos
2 2
 

  

  
C D C Dsin C sin D 2cos sin

2 2
 

 

2cos cos 2cos sin
2 2 2 2

a    
  

 

   cos sin
2 2

a 


1 tan
2a




1 1tan
2 a

  
   

 



289

311  Vol - II  (TOSS)

 - V
      

1 12 tan
a

  
    

 

    
1 12 tan

a
  

   
 

  
1 1 1 1sin sin 2 tany x

a
    

   
 

'x' 

2

2 2 2

11 1
1 1 1

ydy dy
dx dxy x x


  

  

2

2

1

1

ydy
dx x


 



22.3   

sin1x, cos1x,

tan1x 

 22.25 : x sin1 x 

1
2

1(sin )
1

d x
dx x

 


y = sin1 x x = sin y x +  x = sin (y +  y)

 x   0  y   0

 x = sin (y +  y)  sin y

sin( ) sin1 y y y
x

  



 x 
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sin( ) sin1 y y y y
x x

   
 

 

0 0

sin( ) sin1 lim lim
y x

y y y y
y x   

   
 

 
 x   0  y   0

0

1 12cos sin
2 2lim

y

y y y
dy

y dx 

    
      

      
 

  

(cos ) dyy
dx



2 2

1 1 1
cos (1 sin ) (1 )

dy
dx y y x

  
 

1
2

1(sin )
1

d x
dx x

 


 22.26 :  1

2

1cos
1

d x
dx x

 



 .

1cos cos cos( )y x y x x x y y       

As    x   0,  y   0

      x + x = cos(y + y)   x = cos(y + y)  x

       x = cos(y + y)   cos y

cos( ) cos1 y y y
x

  



  divide by both x.

cos( ) cos1 .y y y y
y x

   


 

   0 0

cos( ) cos1 Lt Lt
x x

y y y y
y x   

   


 
   [y   0 when x   0]

C D D Ccos C cos D 2sin sin
2 2
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0

( )2sin sin
2 21 Lt .

x

y y y y y y
dy

y dx 

          
    
    

 
  

0

12sin sin
2 21 Lt .

x

yy y
dy

y dx 

   
   

   
 

  

11 (cos )
cos

dy dyy
dx dx y


  

2 2

1 1
1 sin 1

dy
dx y x

 
 

 

1

2

1(cos )
1

dy x
dx x

 




 22.27 : 1
2

1(Tan )
1

d x
dx x

 


.

  1tany x    x = tan y   x + x = tan(y + y)

As    x   0,  y   0

      x = tan(y + y)  tan y

x 

tan( ) tan1 y y y y
x y

   
 

 

0 0

tan( ) tan1 Lt Lt
y x

y y y y
y x   

   


 
   [y   0 when x   0]

0

sin( ) sin
cos( ) cos1 Lt .

y

y y y
dyy y y

y dx 

  
  

  
 

  

0

sin( ) cos cos( )sin1 . Lt
. cos( ) cosy

dy y y y y y y
dx y y y y 
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0

sin( )1 . Lt
. cos( ) cosy

dy y y y
dx y y y y 

  


  

0

sin 11 . Lt .
cos( ) cosy

dy y
dx y y y y 

 
  

   

2
2

11 . sec
cos

dy dy y
dx y dx

 

2 2 2

1 1 1
sec 1 tan 1

dy
dx y y x

  
 

1
2

1(tan )
1

d x
dx x

 


  1
2

1(cot )
1

d x
dx x

 


1

2

1(sec )
1

d x
dx x x

 


1

2

1(cosec )
1

d x
dx x x

 


22.4  

 22.28 : sin1 x 

 y = sin1 y

 x = sin y

y cosdx y
dy



21 sindx y
dy
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2

1 1

1 sindx y
dy




2 2

1 1

1 sin 1

dx
dy y x

 
 

1dy
dxdx
dy

 
 

 
 
  



1
2

1[sin ]
1

d x
dx x

 


1
2

1[cos ]
1

d x
dx x

 




 22.29 : y = tan1x    dy
dx

 

 y = tan1x    x = tan y

'x' 

2
2

1sec
sec

dx dyy
dy dx y

  

2 2

1 1
1 tan 1

dx
dy y x

 
 

1
2

1(tan )
1

d x
dy x

 


  1
2

1(cot )
1

d x
dy x

 



.

 22.30 :  y = sec1x  dy
dx

  x = sec y  'x'   dx
dy

  = sec y tan y
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2

1 1
sec tan sec sec 1

dy
dx y y y y

 
  
 

2 2 2

1 1 1
sec sec 1 | | sec 1 | | 1

dy
dx y y x y x x

  
   

 1

2

1(cosec )
| | 1

d x
dx x x

 



.

 22.31 : y = cos1x  
2

2

d y
dx

 y = cos1x  'x' 

1
2 2

12
2 2

1 1 (1 )
1 (1 )

dy x
dx x x

 
    

 
 

1
2 2(1 )dy x

dx


  

'x' 

 
12 12 2

2

1(1 ) 0 2
2

d y x x
dx

  
    

 

32
2 2

2

1(1 ) ( 2 )
2

d y x x
dx

 
    

 

2

32
2 2(1 )

d y x
dx x

 



 22.32 : y = sin1x,  (1  x2)y2  xy1 = 0 

 y2, y1  y 

'x'

 1

2

1sin
1

dyy x
dx x
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2 2

12

1 (1 ) 0
1

dy x y
dx x

 
    

 
...(1)

'x' 

2 2
1 1 1(1 ), 2 ( ) ( 2 ) 0dx y y x y

dx
   

(1  x2) 2y1y2  2x 2
1y  = 0

 2y1[(1  x2)  y2  xy1]  = 0

     (1  x2) y2  xy1 = 0.

 22.33 : 1 3cos (4 3 )y x x   
dy
dx  

 1 3cos (4 3 )y x x 

Let  cosx    say  1cos x 

1 3 1cos [4cos 3cos ] cos [cos3 ]y      

1

2

33 3cos
1

dyy x
dx x

 
    



 22.34 : 
1 3 1sin

4
xy   

  
 

  
dy
dx

 
1 3 1sin

4
xy   

  
 

   2

1 3.1 0
43 11

4

dy
dx x

 
  

  
  
 

2

1 3
416 (3 1)

16

dy
dx x

 
 

     2

4 3
416 9 1 6x x


  

2

3
15 6 9

dy
dx x x
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 22.35 : 1 1sin h
1

xy
x

  
  

 
  

dy
dx .

 1
1

xu
x






2

(1 )( 1) (1 ) (1)
(1 )

du x x
dx x

   




2

2
(1 )

du
dx x





...(1)

1

2

1sinh ( )
1 4

dyy u
du

 


  
2 2 2

2 2

1 1
1 (1 ) (1 ) (1 )
1 (1 ) (1 )

dy
du x x x

x x

 
   


 

2 2

1 1
2 (1 ) 2 ( 1 )

dy x x
du x x

 
 

  

22

1 2
(1 )2( 1 )

dy dy du x
dx du dx xx

 
   



2

2
(1 ) 1

dy
dx x x




 
.

 22.36 : 
2 3

1
2 2

3tan
( 3 )
a x xy

a a x
  

  
 

 
dy
dx .

1tan tan xx a
a

  
     

 

2 3 3
1

2 2

3 ( tan ) tantan
( 3 tan )

a a ay
a a a
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 - V3 3
1

3 2

[3tan tan ]tan
(1 tan )

ay
a

   
  

  

3

2

3tan tantan 3
1 tan

  
  

  


1tan [tan 3 ]y  

  
13 3.tan xy

a
  

    
 

  
2

1 13 .
1

dy
dx ax

a

 
 

  
 

  2 2

3dy a
dx a x




 22.37 : 
1

2

2sin
1

xy
x

  
  

 
  

dy
dx .

 1tan tan xx
a

    

1
2

2 tansin
1 tan

y   
    

1sin (sin 2 ) 2y    

12 2.tan xy
a

  
    

 

2 2

1 22.
1 1

dy
dx x x

  
 

 22.38 : 
2

1 1 1tan xy
x


  

  
  

  
dy
dx

 1tan tan xx
a

  
      

 

2
1 11 tan 1 sec 1tan tan

tan tan
y  
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1 1 costan
sin

y    
   

2
1 2sin / 2tan

2sin / 2 cos / 2
y   
  

  

1tan tan
2 2

y    
  

 

11 1[ ] tan
2 2

xy
a

 
    

 

2 2

1 1 1.
2 1 2(1 )

dy
dx x x

 
 

2

1
2(1 )

dy
dx x

 


 22.39 : 
1 1 costan

1 cos
xy
x


 

    
 

dy
dx .

21 cos 2sin
2
xx  

    21 cos 2cos
2
xx 

  
2

1 1

2

2sin
2tan tan tan

22cos
2

x
xy x

 

 
   
    

  
 
 

1 [ ]
2 2
xy x 

diff w.r.t  'x'

1
2

dy
dx
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 22.40 : 1

2

1( ) sec
2 1

f x
x

  
  

 
;    2( ) 1g x x    g'(x)

.

 Let  1
2

1sec
2 1

y
x

  
  

 
  and  u 21 x 

Put  1 1
2

1 1cos sec sec
2cos 1 cos 2

x y     
       

     

   1sec (sec 2 ) 2y    

   2 2.1 2 23dy dyy
du d

     


...(1)

  2 21 1 cos sinu x      

   cosdu
d

 


...(2)

1,  2  

12.
cos

dy dy d
du d du


  

 

2 2 cos
cos

dy x
du x

    


12 .dy
dx x

 

 22.41 : 1 1
2 2

2 2( ) tan ; ( ) sin
1 1

x xf x g x
x x

    
        

g(x) 

 Let  y = 1
2

2tan
1

x
x

  
  

  x = tan 

 1 1
2

2 tantan tan tan 2 2
1 tan

y   
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2 2dyy
d

   


...(i)

 1 1
2

2 tanZ sin sin sin 2
1 tan

  
     

Z 2 2. 2dz
d

     


...(ii)

From (i), (ii)

1. 2 1
2

dy d
d dz


  



 22.42: 1( ) 2 1 sin 4 1f x x x x      ( )f x

1( ) 2 1 sin 4 1f x x x x   

  1 1 4( 1)( ) 2 1 sin 2 1 (sin )
2 1

d df x x x x x
dx dx x

  
      



      
1

2

2 2 1 2sin
2 1 11

xx
x xx

 
  

 

      
1sin 2 2

1 1 1
x
x x x



  
  

1sin( )
1
xf x

x



 


 22.43 :  1 cos 1tan
1 sin 2

x
x

  
  

 

 

2 2

1 1
2

cos sincos 2 2tan tan
1 sin

cos sin
2 2

x x
xy y

x x x
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1

2

cos sin cos sin
2 2 2 2tan

cos sin
2 2

x x x x

y
x x



  
   

  
 

 
 

1 1
2

cos sin 1 tan2 2 2tan tan
1 tancos sin 22 2

x x x

y y xx x
 

            
       

1tan tan
2 2

xy     
   

  

2 2
xy 

     on diff w.r.t 'x'  we get

1
2

dy
dx

    Thus  1 cos 1tan
1 sin 2

d x
dx x

   
    

 22.44 : x = 
1
3

   1 3x  1
2

1sec
2 1x

  
 

 

1
2

1sec
2 1

y
x

  
  

 

1cos cosx x   

1 1
2

1 1sec sec
2cos 1 cos 2

y y    
      

     

     y = sec1(sec 2)

     y = 2    y = 2 cos1x

'x' 

2

2
1

dy
dx x
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1 3z x   

'x' 

1 1
21 (1 3 ) (3)

2
dz x
dx



 

   12
2

2 1.
11 (1 3 ) (3)
2

dy dy dx
dz dx dz x x




  

   
 

2

4 1 3
3 1

dy x
dz x

 




At  1
3

x 


1 1 1
14 1
9

dy
dz

 




0dy
dz



 22.45 : 1 sinsin
sin

b a x
a b x

  
  

   
2 2

( sin )
dy a b
dx a b x






 y = 1 sinsin
sin

b a x
a b x

  
  

        
2

1

sin1
sin

dyy
dx b a x

a b x

   

 
  

 

2

( sin )( cos ) ( cos )( sin )
( sin )

a b x a x b x b a x
a b x

  



      
1

2

1sin 1
1

dyy x
dx x
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2 2

sin
( sin ) ( sin )

a b xy
a b x b a x


 

  

    2

( cos )( sin ) (cos )( sin )
( sin )

a x a b x b x b a x
a b x

   
 

 

2 2

sin
( sin ) ( sin )

a b xy
a b x b a x


 

  

2

( cos )( sin ) (cos )( sin )
( sin )

a x a b x b x b a x
a b x

   
 

 

2 2 2 2 2 2

1
( 2 sin sin ) ( sin 2 sin )

y
a ab x b x b a x ab x

 
    

( cos )( sin ) ( cos )( sin )
( sin )

a x a b x b x b a x
a b x

  




2 2

2 2 2 2 2

1 1 cos[ ]
( sin ) ( ) ( )sin

y a b
a b x a b a b x

  
   

2 2

2 2 2 2 2

( ) cos
( sin ) ( ) ( )sin

a b xy
a b x a b a b x


 

   

2 2

2 2 2

( ) cos
( sin ) ( )[1 sin ]

a b xy
a b x a b x


 

  

2 2

2 2

( ) cos 1
( sin ) ( ( ) cos
a b xy
a b x a b x


  
 

2 2( )
( sin )

a b
y

a b x


 


2 2

sin
dy a b
dx a b x
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 22.46 : 
2 2

1

2 2

1 1tan
1 1

x xy
x x


   

  
    

, 0 < |x| < 1,   dy
dx

.

 x2 = cos 2 

1 1 cos 2 1 cos 2tan
1 cos 2 1 cos 2

y 
     

  
     

2 2
1

2 2

2cos 2sintan
2cos 1 cos

y 
   

  
     

1 2 cos 2 sintan
2 cos 2 sin

y 
   

  
  

1 1cos sin 1 tantan tan
cos sin 1 tan

y y       
            

1tan tan
4

y     
    

  

4
y 
  

  1 21 cos ( )
4 2

y x
 

  
4

1 ( 1) . 2
2 1

dy x
dx x






41
dy x
dx x
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 22.47 :  

2
1 11 1( ) tan , ( ) tanxf x g x x

x
 
  

  
  

  f (x) 

g(x) 

 
2

1 1 1tan xy
x


  

  
  

 

     z = tan1x     tan z = x

2
1 1 tan 1tan

tan
zy

z

  

  
  

  1 + tan2 = sec2.

1 1

1 1
sec 1 cos 1tan tan sintan

cos

z zy zz
z

 

 
  

    
   

 

1 1

1 cos
1 coscostan tansin sin

cos

z
zzy yz z

z

 

 
   

     
  

 

2

1
2sin

2tan
2sin cos

2 2

z

y z z


 
 

  
 
 

2cos 2sin
2

sin 2sin cos
2 2

 
   
 

   
  

1tan tan
2 2
z zy   

  
 

2
zy 

1
2

dy
dz
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 22.48 :

3 3
1 1 1

2 2 2 4

2 3 4 4tan tan tan
1 1 3 1 6

x x x x xy
x x x x

       
       

        

2

1
1

dy
dx x




 

 x = tan 

3
1 1

2 2

2 tan 3tan tantan tan
1 tan 1 3tan

y       
    

      

3
1

2 4

4 tan 4 tantan
1 6 tan tan

   
  

   

1 1 1tan (tan 2 ) tan (tan 3 ) tan (tan 4 )y        

   y = 2 + 3 4

y = 

y = tan1x

   1tandy d x
dx dx



 2

1
1

dy
dx x




22.5  
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 - V 22.49 : (i)  sin  x 

y = sin x, x cos
dy x
dx

x 

2

2 (cos ) sin  
d y d x x

dxdx

2

2 sin  
d y x
dx

 22.50 : y = x cos x

x 

( sin ) cos 1   
dy x x x
dx

sin cos  
dy x x x
dx

x 

2

2 ( sin cos )  
d y d x x x

dxdx

           (x. cos x + sin x)  sin x

            x. cos x  2sin x
2

2 ( cos 2sin )   
d y x x x
dx

 22.51 : 1 2cosy x    
dy
dx  

 1 2 2

2 2

1cos ( )
1 ( )

dy dy x x
dx dxx

 
   



4

1 2
1

y x
x


 



1

2

1(cos )
1

d x
dx x


 

 
 

4

2
1

dy x
dx x
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 22.52 : 1tan (cosec  cot )y x x     
dy
dx

1tan (cosec  cot )y x x  ,   say
1

2

1tan
1

d x
dx x

 
   

2

1 (cosec cot )
1 (cosec cot )

dy d x x
dx x x dx

  
 

2
2 2

1 ( cosec cot cosec )
1 cosec cot 2cosec cot

dy x x x
dx x x x x

   
  

2

2 cosec (cosec cot )
2cosec 2cosec cot

dy x x x
dx x x x

  


1 1 2cosec (cosec cot )
2 2cosec (cosec cot )

dy x x x
dx x x x

 
   

 

2 21 tan secx x 

    2 21 cot cosecx x 

1 .
2

dy
dx



 22.53 : y  =  cos3 x   
2

2

dy
dx

 y =  cos3x

 3 3 1cos3 4cos 3cos cos cos3 3cos
4

x x x x x x     

1 (cos3 3cos )
4

y x x 

1 ( sin 3 .3 3( sin ))
4

dy x x
dx

   

1 [ 3sin 3 3sin ]
4

dy x x
dx
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 - V1 [ 3(cos3 ) . 3 3cos ]
4

dy x x
dx

   

    
2

2

1 [9 cos3 3cos ]
4

d y x x
dx


 

 22.54 : 4siny x     
2

2

d y
dx

  
2

4 2 2 1 cos 2sin (sin )
2

xy x x  
    

 

21 cos 2 2cos 2
4
x xy  



1 1 cos 4 1 2cos 2
4 2 1 1

x xy  
   

 

1 3 1 cos 4 2cos 2
4 2 2

y x x 
   

 

4 40 sin 4 sin 2
8 4

dy x x
dx


  

4 4sin 4 sin 2
8 4

dy x x
dx


 

2

2

16 8cos 4 cos 2
8 4

d y x x
dx


 

 22.55 : ax2 + 2hxy + by2 = 1   
2 2

2 2( )
d y h ab
dx hx by






 ax2 + 2hxy + by2 = 1

 'x'

2 2 . .1 2 1dy dyax h x y by
dx dx

 
    

 

( )
( )

dy ax hy
dx hx by
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2

2 2

( ) ( )

( )

dy dyhx by a h ax hy h b
d y dx dx
dx hx hy

    
        

     
 

  

...(i)

(i) 
dy
dx  

2 2

2 2( )
d y h ab
dx hx by






 22.56 : 1n ny ax b x    x2y2 = n(n + 1)y 

 1n ny ax b x  

1 1 1.( 1) .1n n ndy a n x b x
dx

      

1( 1) n ndy n a x nb x
dx

   

2
1 ( ( 1) 1

2 ( 1) ( ) ( ( 1) .1n nd y n a n x nb n x
dx

         

2
1 2

2 ( 1) ( 1)n nd y n n a x n n bx
dx

     

2
1 2

2 ( 1) n nd y n n a x bx
dx

      

x2 

2 2
1 2 2 2

2 ( 1) n nx d y n n a x x bx x
dx

        

2 2
1

2 ( 1) n nx d y n n a x bx
dx

     

2
2 ( 1)x y n n y  
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 - V 22.57 : nx nxy ae be   2y n y   

 nx nxy ae be 

nx nxdy nae bne
dx

 

2
2

2 . nx nxd y n a n b n e
dx

   

2
2 2

2
nx nxd y n ae n be

dx
 

2
2 2

2
nx nxd y n ae be n y

dx
     .

 22.58 : cos , sin 5 ,x y   

2
2

2(1 ) 25 .d y dyx x y
dx dx

   

 sin ; cos5 .5dx dy
d d

    
 

5cos5
sin

dy
dy d

dxdx
d

 
 



...(i)

'x'

2

2 .d y d dy d dy d
dx dx dx d dx dx

   
    

   

       
5cos5 1

sin sin
d
d

    
    

      
2

u vu uv
v v

 


2

2 2

sin sin 5 .25 5cos5 cos 1.
sin sin

d y
dx

        
        

2

2 2 3

25sin 5 5cos5 cos
sin sin

d y
dx
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Now  
2

2 2
2 2 3

25sin 5 5cos5 cos(1 ) (1 cos )
sin sin

d y dyx x
dx dx

    
        

      3

5cos5cos
sin

  
    

2
2 3

25sin 5 5cos5 cos 5cos cos5sin
sin sin sin

      
       

   
5cos5 cos 5cos cos525sin 5

sin sin
   

   
 

 25sin5  

2
2(1 ) 25d y xdyx y

dx dx
    (y = cos 5)

 22.59 : y =  x2tan1x  

: y =  x2tan1x

'x' 

2 1 1 2. (tan ) tan . ( )dy d dx x x x
dx dx dx

  

2 1
2

1. tan . (2 )
1

dy x x x
dx x

 


2
1

2 2 tan
1

dy x x x
dx x

 


 'x'

2 2 2
1

2 2 2 2

(1 )(2 ) (2 ) 12 . tan .1
(1 ) 1

d y x x x x x x
dx x x

   
     

2
1

2 2 2 2

2 2 tan
(1 ) 1

d y x x x
dx x x
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1

2 2 2 2

2 2 2tan
(1 ) 1

d y x x x
dx x x

  
 

2 2
1

2 2

2 2 (1 ) 2 tan
(1 )

d y x x x x
dx x

 
 



2 3
1

2 2 2

4 2 2 tan
(1 )

d y x x x
dx x


 



2 2
1

2 2 2

2 (2 ) 2 tan
(1 )

d y x x x
dx x


 



 22.60 : 
1 2(sin )

2
xy



   (1  x2) y2  xy1 = 1

 : 
1 2

1 2 1

2

(sin ) 1 1.2(sin )
2 2 1

x dyy x
dx x


    



1 1

2

1(sin )
1

dy x
dx x

  


1

2

sin
1

dy x
dx x






1

1 2

sin
1

xy
x






2 1
1( 1 ) sinx y x 

2 2 1 2
1(1 ) (sin )x y x 

1 22 (sin )y x 

2 2
1(1 ) 2x y y  
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diff  w.r.t  x on both sides

2 2
1 2 1 1(1 )2 ( 2 ) 2x y y y x y   

2 2
1 2 1 1(1 )2 2 2x y y xy y  

2
2 1(1 ) 1x y xy  

 22.61 : cos(cos )y x   
2

2
2 cot sin 0d y dyx y x

dx dx
  

 :  y = cos (cos x)

sin(cos )( sin )dy x x
dx

  

sin(cos ).sindy x x
dx



'x' 

2

2 sin sin(cos ) sin(cos ) (sin )d y x x x x
dx

  

2

2 sin cos(cos )( sin ) sin(cos ).cosd y x x x x x
dx

  

2
2

2 sin . sin(cos ).cosd y x y x x
dx

  

But sin(cos ).sindy x x
dx



    
1sin(cos )

sin
dyx
dx x

 

2
2

2

1sin . cos
sin

d y dyx y x
dx dx x

    



315

311  Vol - II  (TOSS)

 - V2
2

2 sin cotd y dyy x x
dx dx

  

2
2

2 sin cotd y dyy x x
dx dx

  

2
2

2 cot sin 0d y dyx y x
dx dx

   

 22.1

1. 22siny x  
dy
dx  

2. 2tany x
dy
dx

3. tany x    
dy
dx  

4. 2cosy x    dy
dx

 

5. ( sin ); (1 cos )x a t t y a t      dy
dx

 

6. If sin sin ....to infinityy x x      dy
dx

 

7. y = 3 sin 4x dy
dx

 

8. cot 3y x    dy
dx

9. tan tan tan .......y x x x         dy
dx

 

10.
1cos xy

x



  dy
dx
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 22.2

1.  tan x 

2.   cot2 x 

3.
sin

1 cos
xy

x



  dy

dx

4.
1 sin
1 sin

xy
x





  dy

dx
 

5. sin (sin )y x a y    
2sin ( )
sin

dy a y
dx a
 

 
 

6. y = 
(sec tan )
sec tan

x x
x x



  dy

dx
 

7. 1siny x   dy
dx

 

8. 1 costan
1 sin

xy
x

  
  

 
 dy

dx
 

9. y = x cos x   
2

2

d y
dx

 

10. y = x + tan x cos2x 
2

2

d y
dx

 2y + 2x = 0 

 22.3

1. y = cos2x dy
dx

  

2. y = x3  dy
dx

  

3. 1 0
1

x xy x
x x


 


 dy

dx
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1 3 1sin

4
xy   

  
 

 dy
dx

 

5. 1 coscos
cos

b a xy
a b x

  
   

  dy
dx

 

6.  
1 cos 2
1 cos 2

xy
x





  dy

dx

7.
1( ) sin xf x  


 

   
1( ) tan xg x  


 

  ( ) ( )f x g x 

8.
1

2 2 12 cos( ) ( ) cos
cos

a x bf x a b
a b x


  

   
 

1( ) ( cos )f x a b x   

9. y =  sin 2x sin 3x sin 4x 
2

2

d y
dx

 

10. 2( 1) ( 2)
xy

x x


 
  

2

2

d y
dx

 

11. If  ay4 = (x + b)5   5y  2( )y y  ,

   2
25 ( )y y y  

http : //www.wikipedia.org

http:// math world . wolfram.com

1. y = 3 2tan
2
xx . 

dy
dx  

2.
2

23

5 cos (2 1)
(1 )

xy x
x

  


   
dy
dx  
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3. 1 11 1sec sin
1 1

x xy
x x

  
 

 
.

dy
dx  = 0 .

4.  x = a cos3 , 
2

1 dy
dx

 
  
 

5. ....y x x x    . 
dy
dx  

6. x = a cos(cos x), 
2

2
2 cot sin 0d y dyx y x

dxdx
     

7. y = tan1x.  (1 + x)2 y2 + 2xy1 = 0 

8. y = (cos1x)2,   (1  x2) y2  xy1  2 = 0 

9.
1

2

2tan
1

x
x

  
  

 
1

2

2sin
1

x
x

  
  

 1 .

10.  y = tan1x.   (1 + x)2 y2 + 2xy1 = 0 

  22.1

1. 2 sin 2x

2. 2 tan x sec2x

3.
2sec

2
x

x

4.  sin 2x

5. tan
2
t
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6.

cos
2 1

x
y 

7. 12 cos 4x

8. 23 cosec 3x 

9.  
2sec

2 1
x

y 

10.
1

22

1 cos
1

x
xx x






  22.2

1. sec x tan x

2. 2x cosec x2

3. 21 sec
2 2

x

4.
1

1 x

6. sec x (sec x + tan x)

7.
1

2 1x x

8.
1
2



9. (x cos x + 2 sin x)
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 22.3

1. sin 2x

2.  3x2

3.
 

2
3

1

x

x x





4. 2

3
15 6 9x x 

5.
2 2

( cos )
a b

a b x




6. 2 tan x sec2x

9.  
1 81sin 9 25sin 5 9sin 3 sin
4

x x x x  

10. 3 4 3

4 6 4
( 1) ( 1) ( 2)x x x


 
  

1. 3 2 2 2tan sec 3 tan
2 2 2
x x xx x

2.
5/3

5(3 ) 2sin (4 2)
3(1 )

x x
x


 


4. sec 

5. 1
2 1y 

10.
4

2
1

x
x
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23
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1Lt 1
n

n
e

n

 
  

 
     OR  1Lt 1

x

n
e

x

 
  

 



1

Lt (1 )h
n

n e


    OR  
1

Lt (1 ) x
n

x e


 


1Lt 1

x

x

e
x





1Lt log

x

ex

a a
x






1Lt 1
h

h

e
h

 
 

 

23.1  

 23.1 : Let y = ex  ... (i)

..... y + y = e(x + x)  ( ) ... (ii)
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x x   0

0 0 0

. ( 1)lim lim lim
x x x x x

x x x

y e e e e e
x x x

 

     

  
 

  

0

1lim 1
x

x x x

x

ee e e
x



 


    




xdy e

dx


( )x xd e e
dx

 

( ) ( )x xd de e x
dx dx



    = ex . 1 = ex

 23.2 : y = eax+b     
dy
dx

 y = eax+b   y + y = ea(x + x) + b

x x y y

y + y = ea(x+b)+b

  y    ea(x+b)+b   eax+b

1ax b a xy e e     

1.
a x

ax by ea e
x a x


   

  
  

'a'

0
Lt
x 

0 0

1Lt . . Lt
a x

ax b

x x

y ea e
x a x




   

  
  

   0

1Lt 1
n

h

e
x
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. .1ax bdy a e
dx



. ax bdy a e
dx



 ax b ax bdy e ae
dx

  

 23.3 : y = e5x  
dy
dx .

 y = e5x, 5x =  t  

y = et      5 . ( ) 5d dt dtx
dx dx dx

  

tdy e
dt



 5. 5 5t xdy dy dt e e
dx dt dx

   

5 55.x xdyy e e
dx

    

55 xdy e
dx



 23.4 : 
3
2

x

y e


    dy
dx

 .

3
2 3

2
xdy de x

dx dx


 

  
 

    
3

23
2

xdy e
dx






 23.5 : cosx xy e   dy
dx

.

 y = ex cos x cos ( cos )x xdy de x x
dx dx

 



325

311  Vol - II  (TOSS)

 - Vcos cos cosx xdy d de x x x x
dx dx dx

 
  

 

 cos ( sin ) cosx xdy e x x x
dx

  

 23.6 : 
1 xy e
x

    dy
dx

 

1 xy e
x


1 1. ( )x xdy d de e

dx dx x x dx
  

    
  

2 2

1 1 1 1x x xdy e e e
dx x x x x

   
      

   

 2 2

1 1
x

xdy x ee x
dx x x

 
   

 

 2 1
xdy e x

dx x
   .

 23.7 :  g(x) f(x) 

( ) , ( )xf x e g x x

 y = ex  u = x

xdy e
dx

      
1

2
dy
dx x



.2xdy dy xdx e x
dx dx dt

  

 23.8 : x = 2 et  y = 4et    
dy
dx  .

 y = 4et 
dy dy
dx dt

  = 4et

2 2t tdxx e e
dt

    

4 4t tdyx e e
dt
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2/ 4 2
/ 2

t
t

t

dy dy dt e e
dx dx dt e




   



22 tdy e
dx

  

 23.9 : 
7

2
x

y e


     
dy
dx  .

7 7 7
2 2 2 7

2
x x xd dy e e e x

dx dx

     
      

  

7 7
2 27 71

2 2
x x

e e
 

 
     

 

     
7

27
2

xdy e
dx





 23.10 : 
2 2x xy e      

dy
dx  .

 
dy
dx

2 2 2

(2 ) 2 2 2 2x x xd de x e x e
d dx

      

2

2( 1)xdy xe
dx

 

 23.11 : y  =  5sin x  2 ex    
dy
dx  .

dy
dx  = 5 (sin ) 2 ( )xd dx e

dx dx


 =  5 cos x  2 ex.
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 23.12 : 

1 5
3

xy e e 

 
1 ( ) 5 ( )
3

xdy dy de e
dx dx dx

 

    
1 0
3 3

x
xdy dy ee

dx dx
   

 23.13 : 1xy e     
dy
dx  .

1 1( ) ( 1)x xdy d de e x
dx dx dx

   

1
1 1

2 1 2 1

x
x ee

x x


  

 

1

2 1

xdy e
dx x






 23.14 : y  =  ex log x     
dy
dx  .

1 1log ( ) (log ) (log ) .1x x x xdy x e e x e x e
dx

   

   
1. logx xe x e
x

 

1 logxdy e x
dx x
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 23.15 : If  
1sina xy e


   
21

dy ay
dx x




1sina xy e




1sin

2

1 .
1

a xdy e a
dx x



  


1sin

2

.
1

a xdy a e
dx x



 


2

.
1

dy a y
dx x




1sin( )a xy e




 23.16 : If  ex + y  = xy     
dy
dx  .

 log ex + y  =  log xy     (x + y) log e = logx + log y

x + y = log x + log y

'x'   

1 1 1 1 11 . 1 1dy dy dy
y dx x y dx dx y x

   
         

  

(1 ) (1 )
( 1) ( 1)

dy y x y x
dx x y x y

 
 

 

 23.17 : 
2sinx xy e    

dy
dx  .

2sinx xy e

   
2 2sin sin 2( sin )x x x xdy d de e x x

dx dx dx
 

    =  
2sin 2 2. (sin ) sin ( )x x d de x x x x

dx dx
 

 
 

    =  
2sin 2.2sin cos sin ( )x x de x x x x x

dx
 

 
 

 
2sin 2. sin 2sin cos sin .1x xdy e x x x x

dx
    .
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 23.18 : 

2

2 1

xey
x




    
dy
dx  .

2

2 1

xe uy
vx

 


2

vu uv
v
 



 
 

 

2 2 2 2

2
2

1 . ( ) 1

1

x xd dx e e xdy dx dx
dx x

 
   

  
 
 

 

2 2
2

2

2

2 1 1 1. . 2
1 2 1

1

x
xe x e x

xdy
dx x

 
 

  


 

2 2 2

2 2

2 ( 1)

( 1) 1

x xdy e x xe
dx x x

 


 

2 2 2

2 3/2

2 ( 1)
( 1)

x xdy e x xe
dx x

 




2 2

2 3/2

(2 2 )
( 1)

xdy e x x
dx x

 




 23.19 : y = 2 ( cos sin )
k x

e a nx b nx


   

2
2 0

4
ky ky n y

 
    
 

 

 y = 2 ( cos sin )
k x

e a nx b nx




2 .1 ( cos sin )
2

kxdy k e a nx b nx
dx




  2 ( cos . . sin )
kx

e a nx n b n nx
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2
1 ( sin . cos )

2

kxky y e a nx n b n nx



   

2
2 1 [ sin cos )

2

kxky y e an nx b n nx



   

2 22 ( cos sin )
kx

e an nx b n nx
 

  
 

2
2

2 1 0
4
ky ky n y

 
    

 

 23.20 : 
xx ey x e     

dy
dx

 
xx ey x e 

u = xx x 
xey e

log logxu x u x x  

1 1log .1 .du x x
u dx x

 

  [log 1] [1 log ]xdu u x x x
dx

   

  [1 log ]xdu x x
dx

  

v = 
xee

log log log .1x x
ev e e v e  

1 . xdv e
v dx



( )
xx e xdv v e e e

dx
 

y = u + v
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dx dx dx

 

 1 log ( )
xx e xdy x x e e

dx
  

 23.21 : ex log y = sin1x + sin1 y  
dy
dx  

 ex log y  = sin1x + sin1 y

'x' 

2 2

1 1 1log .
1 1

x xdy dye e y
y dx dxx y

 
   

  

2 2

1 1 log
1 1

x
xe dy e y

y dxy x

 
   
   

2
2

2 2

1 1 log1
1 1

x

x

dy e x yy y
dx e y y x

 
   

       

2 2

2 2

1 1 1 log

1 1

x

x

y y e x ydy
dx e y y x

   
  

   
 

23.2   

 23.22 : logy x  dy
dx

...(i)

log log( )y x y y x x       ...(ii)
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 y +  y   =  log (x + x)

     y=   log (x + x)  y

     y=   log (x + x)  log x     log m  log n = log 
m
n

    log x xy
x
 

 

      
1 log 1y x

x x x
  

     

    
1 . log 1y x x

x x x x
  

     
'n'

          
1 . log 1

x
xx

x x
 

  
 

 x   0 

0 0

1Lt Lt log 1
x
x

x x

y x
x x x



   

  
    

0

1 . log Lt 1
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x

x

dy x
dx x x



 

 
    

  
 

1 . logdy e
dx x


0

Lt 1
x
x

x

x e
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1(log )d x
dx x



 23.23 : y = log(ax + b)  
dy
dx

 y = log(ax + b)

y + y = log (a(x + x) + b)
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    y = log [a(x + x) + b]  y

    y = log [a(x + x) + b]  log (ax + b)

      y = 
( )log
log( )

a x x b
ax b

   
 

 

log log log mm n
n

 

  log 1 a xy
ax b
 

    

  
1 log 1y a x

x x ax b
  

     

  
1. log 1y a ax b a x

x ax b a x ax b
   

       

         log 1
ax b
a xa a x

ax b ax b



 
    

0 0
Lt Lt log 1

ax b
a x

x x

y a a x
x ax b ax b





   

  
     

. log
( )

dy a e
dx ax b
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dx ax b

 


1log( ) . ( )d dax b ax b
dx ax b dx

  


 
1 . aa

ax b ax b
 

 

log( ) .d aax b
dx ax b
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 23.24 : y = log x5   
dy
dx  

 y = log x5 log lognm n m 

15log 5 .dyy x
dx x

   

 23.25 : logy x   
dy
dx .

 
1
2 1log log

2
y x y x  

'x' 

1 1 1.
2 2

dy
dx x x

 

 23.26 : y = (log x)5  
dy
dx .

 y = (log x)5 5 4 15(log ) .dy x
dx x

 

45 (log )dy x
dx x



 23.27 : 3 logy x x ,  
dy
dx .

 
dy
dx  = 

2 3 1log (3 )x x x
x

 
  

 

dy
dx  = 3x2 log x + x2    x2(3log x + 1)

2 (3log 1)dy x x
dx
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2
2

1 cos 1 1sec
tan sin cos sin cos

dy xx
dx x x x x x

    

cosec .secdy x x
dx

 

 23.29 : y = log cos x 
dy
dx

 
1 sin tan

cos
dy x x
dx x

   

tandy x
dx

  

 23.30 : y = log (log x)    
dy
dx

 y = log (log x) 1 1 1
log log

dy
dx x x x x

   

1
log

dy
dx x x



 23.31 : y = log [sin log x]     
dy
dx

 y = log [sin log x]  
1 1cos(log )

sin(log )
dy x
dx x x

   

1 cos(log ) cot(log )
sin(log )

dy x x
dx x x x

 

cot(log )dy x
dx x
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 23.32 : y  =  xx     
dy
dx

 y  =  xx     log y  =  log xx   

'x'      log y =  x log x

1 . log . ( ) (log )dy d dx x x
y dx dx dx

 

1 . log .dy dx x
y dx dx

 

[log 1] [log 1]xdy y x x x
dx

   

[log 1]xdy x x
dx

 

 23.33 : y = log (sec x + tan x)    
dy
dx

 y = log (sec x + tan x)

2[sec tan sec ]
sec tan

dy x x x
dx x x


 



sec (sec tan )
sec tan

dy x x x
dx x x


 



secdy x
dx



 23.34 :  y = (tan x)x    
dy
dx

 y = (tan x)x

log y  =  log (tan x)x = x log (tan x)

'x' 
( )uv uv vu

uv vu
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21 1. sec log tan 1
tan

dy x x x
y dx x

   

log tan
sin cos

dy xy x
dx x x

 
  

 

(tan ) log tan
sin cos

xdy xx x
dx x x

 
  

 

 23.35 : x xx  .

 
3
2x x xy x x 

3
2

3
2log log logxy x x x  

3
2log logy x x  ( )uv uv vu   

'x' 

3 1
2 21 1 3. log .

2
dy x x x

y dx x
 

  
 

1 1 1
2 2 21 3 3. log 1 log

2 2
dy x x x x x

y dx
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 23.36 : 1 1log
1 1

x

x

ey
e

  
  

   

   
dy
dx

 'x' 

1 1
1 1

x

x

dy e
dx e

  
  

   
2

u vu uv
v v
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1 1
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d de e e edy dx dx
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dx e e e
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 23.37:  2 1 2log 1 1x xy x e e        

dy
dx

    ( ) 2 1 2log 1 1x xdy d d dx e e
dx dx dx dx

     

   
1 1 11 2 2

2 1 1 1 2 1
x x

x x x
e e

e e e

     
       

        

  
11 2

2 1 1 1 1

x
x

x x x

dy ee
dx e e e

 
   

    

 
1
1 1 1 1 1

x x
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dy e e
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1
1

1 1 1 1

x x x x

x x

e e e e

e e

  
 

   

1 11
1 1 1

x x

x x

e e
e e

  
   

    

 1 1
1

1 1

x x

x

e e
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1 1 1 xe   

1 xdy e
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 23.38 :  xlog y  =  log x 2

1 log log
(log )

dy x y y
dx x x

 
  
 

 

 xlog y  =  log x loglog( ) log(log )yx x 

log log log (log )y x x 
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1 1 1 1. log . log .
log

dyx y
y dx x x x

  

log 1 1. log
log

x dy y
y dx x x

 
  

 

1 1 log log
log log

x dy x y
y dx x x

 
  

 

2

1 log log
(log )

dy y x y
dx x x

 
  

 

 23.39 : y x bx y a    
dy
dx  = 

1

1

log
log

y x

y x

yx y y
x x xy





 
  

 

 y1 = xy    y2 = yx

that  y1 + y2 = ab

y1 = xy y2 = yx

log y1 = y log x ;   log y2 =  x log y

1

1

1 1. . log .dy dyy x
y dx x dx

 

1
1 log logxdy y dy y dyy x x x

dx x dx x dx
   

      
   

...(i)

Let  y2 = yx   log  y2 =  x log y

2 1
2

1 1. . . logdy dyx y
y dx y dx

 

2
2 . logdy x dyy y

dx y dx
 

  
 

logx x dyy y
y dx

 
  

 
...(2)

1 2
1 2 0b dy dyy y a

dx dx
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log log 0y xy dy x dyx x y y

x dx y dx
  

      
   

1 1. log . . log 0y y x xdy dyy x x x x y y y
dx dx

    

   1 1log . . logy x y xdy x x x y y x y y
dx

    

1

1

( . log )
( log . )

y x

y x

dy y x y y
dx x x x y





 
   

 

 23.40 : 
xxy x   

dy
dx .

 
xxy x 

 log log
xxy x

logy = xx (log(x))

log(log ) log logxy x x    logmn = log m + log n

   log(log y)  = log xx + log(log x)

1 1. . log log(log )
log( )

dy x x x
y y dx

 

1 1 1 1 1. . 1.log . .
log log

dy x x
y y dx x x x

  

 
1 1 1. . log 1

log (log )
dy x

y y dx x x
 

1log 1 log
log

dy y y x
dx x x

 
   

 

1. log log log
log

x xx xdy x x e x
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1. log log l
log

xx xdy x x x e x
dx x x

 
  

 

   
log loglog l

log
xx x x x e xx x x

x x
 

  
 

1 log log l
log

xx xdy x x e xx
dx x x

   
  

 

 23.41 : sin(sin )x xy x x   
dy
dx .

 sin(sin)x xy x 

u = (sin x)x   v = xsin x

log u = x log (sin x)

1 1. . . cos log(sin ).1
sin

du x x x
u dx x

 

1 . cot log sindu x x x
u dx

 

[ cot log sin ]du u x x x
dx

 

(sin )[ cot log sin ]xdu x x x x
dx

 

sin xv x

log v = sin x . log x

1 1. sin . log .cosdv x x x
v dx x

 

sin log .cosdv xv x x
dx x
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y = u + v

dy du dv
dx dx dx

 

  sin sin(sin ) cot log(sin ) (log )cosx xdy xx x x x x x x
dx x

 
    

 
.

 23.42 : (cot )x xy x x    
dy
dx  

(cot )x xy x x 

u = xx and v = (cot x)x

u = xx   

'x' 

1 11 . log .du x x
u dx x

 

[log 1] [log 1]xdu u x x x
dx

   

v = (cot x)x

21 1.log(cot ) . ( cosec )
cot

dv x x x x
v dx x

  

       2

sin 1log(cot ) .
cos sin

xx x
x x

  

1 2log(cot )
2sin cos

dv xx
v dx x x

 

2log(cot )
sin 2

dv xv x
dx x
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2(cot ) log(cot )
sin 2

xdv xx x
dx x

 
  

 

y = u + v

dy du dv
dx dx dx

 

 
21 log (cot ) log(cot )

sin 2
x xdy xx x x x

dx x
 

    
 

.

 23.43 : 
2

sin( log )axy e x x
dy
dx  

 Let  
2

sin( log )axy e x x

'x' 

   
2 2

sin ( log ) sin( log ) .ax axdy e x x x x x e
dx

   

 
2 2

cos ( log ) . ( log ) sin( log ) ( 2 )ax axdy e x x x x x x e ax
dx

   

 
2 21cos ( log ) log . sin(log . ) (2 )ax axdy e x x x x x x e ax

dx x
  

   
 

   
2 2

cos ( log ) 1 log 2 sin( log )ax axdy e x x x ax x x e
dx

   

         
2

cos ( log ). log log 2 sin logaxe x x e x ax x x    

  
2

cos ( log ) log 2 sin logaxdy e x x ex ax x x
dx

   

 23.44 : log tan20 xy   
dy
dx  

 diff w.r.t 'x'    
dy
dx  log tan 2120 . log 20 . sec

tan
x

e x
x

 
  

 

log tan
2

cos 120 . log 20 .
sin cos

x
e

dy x
dx x x
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log tan 120 . log 20
sin cos

x
e x x

 
  

 

     
log(tan ) 220 . log 20

2sin cos
x

e x x
 

  
 

         
log(tan ) 12.20 log 20

sin
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e
dy
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log(tan )2.20 log 20(cosec 2 )x
e

dy x
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 23.45 : If   

1
4 11 1log tan

1 2
xy x
x



 
  

   
   

 
dy
dx  

 

1
4 11 1log tan

1 2
xy x
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1
4 11 1log tanh
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1 11 1tanh tan
2 2
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2 2

1 1 1 1
2 1 2 1

dy
dx x x
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1 1 1
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dy x x
dx x

   
  

 

2 2

4 4

1 2
2 1 1
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 23.46 : If  y = (sin x)log x + xsin x 
dy
dx  

 y = (sin x)log x + xsin x

 u  =  (sin x)log x 

log u = log(sin x)log x

log u = log x . [log(sin x)] uv  =  uv' + vu'

'x' 

1 1 1. (log ) . (cos ) log(sin )
sin

du x x x
u dx x x

 

log(sin )(log )cosdu xu x x
dx x

 
  

 

v = x sinx   

log v = log (x sin x)

log sin logv x x 

'x' 

1 1. (cos ) log sindv x x x
v dx x

 

sin(cos ) logdv xv x x
dx x

 
  

 

sin sin(cos ) logxdv xx x x
dx x

 
  

 

Now  y = u + v

dy du dv
dx dx dx
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So  log log(sin )(sin ) (log )cotxdy xx x x

dx x
 

  
 

sin sin (log )cosx xx x x
x

 
  

 

 23.47 :   g(x) f (x) 

1sin 1( ) ; ( ) sinxf x x g x x
  

 y  = 
1sin xx


,  u = sin1x

log  y  =  log
1sin xx


=  sin1x . log x

log  y  =  sin1x . log x

'x' 

1

2

1 1 1. . log sin .
1

dy x x
y dx xx

 


1

2

1 log sin
1

dy x x
y dx xx

 
  

 

1

2

log sin
1

d x xy
dx xx

 
  

 

1
1

sin

2

log sin
1

xdy x xx
dx xx


 

  
 

1
1

sin

2

log sin
1

xdy x xx
dx xx
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1

2

1U sin
1

dux
dx x

  


dy dy dx
dx dx du
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1
1

sin 2

2

log sin 1
1

xdy x xx x
dx xx


 

    
 

1
2 1

sin 1 sinlogxdy x xx x
du x


 

   
  

 23.48 : 1 sin(log ) (sin )x xy x x 

 y = (log x)x + (sin1)sin x

y = u + v

(log )xu x  and  1 sin(sin ) xv x

dy du dv
dx dx dx

 

u = (log x)x

'x' 

log u = log (log x)x

log  u = x log (log x)

1 1 1. 1.log(log ) . .
log

du x x
u dx x x

 

1log(log )
log

du u x
dx x

 
  

 

1(log ) log(log )
log

xdy x x
dx x

 
  

 
...(1)

1 sin(sin ) xv x

log v = sinx log (sin1x)

'x' 

1(log ) sin log(sin )d dv x x
dx dx
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1 2

1 1 1. sin . . cos .log(sin )
sin 1

dv x x x
v dx x x




 



1

1

sin cos .log(sin )
sin 1 r

dv xv x x
dx x n





 
  

 

1 sin 1

1

sin(sin ) cos .log(sin )
sin 1

x

r

xx x x
x n

 



 
  

 
...(ii)

dy du dv
dx dx dx

 

1(log ) log(log )
log

xdy x x
dx x

 
  

 

1 sin 1

1

sin(sin ) cos log(sin )
sin 1

x

r

xx x x
x x

 



 
  

 

 23.49 :  y = 
(cos )....(cos )(cos )

xxx
 dy

dx  

 

 y = 
(cos )....(cos )(cos )

xxx


y = (cos x)y

log y = y log (cos x)

'x' 

1 1. . ( sin ) log(cos ).
cos

dy dyy x x
y dx x dx

  

1 log(cos ) tandy dyx y x
y dx dx

  

  21 log(cos ) tandyy x y x
dx

  

2 tan
[1 log(cos )

dy y x
dx y x
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 23.50 : cot(tan ) (cot )x xy x x   
dy
dx  

 cot(tan ) (cot )x xy x x 

cot
1 2(tan ) , (cot )x xy x y x    say

1 2
1 2

dy dydyy y y
dx dx dx

     ...(i)

cot
1 1(tan ) log cot log(tan )xy x y x x  

2 21

1

1 1. cot . . sec log(tan )( cosec )
tan

dy x x x x
y dx x

  

2 21

1

1 . cosec cosec log(tan )dy x x x
y dx

 

21
1[cosec (1 log(tan )]dy y x x

dx
 

cot 21 (tan ) cosec (1 log(tan ))xdy x x x
dx

   ...(ii)

   2 2(cot ) log log(cot )xy x y x x  

22

2

1 1. . ( cosec ) log(cot ).1
cot

dy x x x
y dx x

  

2
2

2
cosec log(cot )
cot

dy x xy x
dx x

 
  

 

       (cot ) log(cot )
sin cos

x xx x
x x

 
   

 

     2(cot ) cosec tan log(cot )xx x x x x     ...(ii)

(i), (ii), (iii) 

1 2dy dydy
dx dx dx

 

cot 2(tan ) cosec (1 log tan )xdy x x x
dx

 

2(cot ) cosec tan log tanxx x x x x    
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 23.51 : y = xtan x + (sin x)cos x.  

dy
dx  

tan cos
1 2; (sin )x xy x y x    

1 2y y y  

tan
1

xy x   taking log both sides

log y1 = log x tanx    log y1 = tan x log x

'x' 

21

1

1 1. tan . log secdy x x x
y dx x

 

21
1

tan sec logdy xy x x
dx x

 
  

 
...(ii)

cos
2 (sin ) xy x

log y2 = log (sin x)cos x  'x' 

2

2

1 1. cos . .cos logsin ( sin )
sin

dy x x x x
y dx x

  

2
2

2
cos sin logsin
sin

dy xy x x
dx x

 
  

 

 cos2 (sin ) cos cot sin logsinxdy x x x x x
dx

  ...(ii)

i, ii, iii 

1 2dy dydy
dx dx dx

 

 tan 2 costan sec log (sin ) cos cot sin log sinx xdy xx x x x x x x x
dx x
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23.3  

x xn   n xn1 n

[f(x)]g(x)

ax, xx etc

:  f(x)

ax x

  y = ax a > 0

log y = log ax log lognm n m

log y = x log a

'x' 

1 . log . ( )dy da x
y dx dx



1 logdy a
y dx



logdy y a
dx

 

logxdy a a
dx

 

( ) log 0x xdy a a a a
dx

  

23.4  
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ex 

  y  =  ex 

( ) ( )xd dy e
dx dx

 

      xdy e
dx

 

( )xd dy d e
dx dx dx

 
 

 

        
2

2
xd y e

dx


 23.53: cos sin , sin cosx y           
2

2

d y
dx

.

 y = sin   cos ;   x = cos  + sin 

'' 

sin sin .1 .cosdx
d

      


.cosdx
d

  


cos 1cos sindy
d

    


sindy
d

  


1sin tan
cos

dy dy d
dx d dx


      

  

tandy
dx
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2

2 (tan ) (tan ) .d y d d d
dx dx d dx


   



2
2

2

1sec
cos

d y
dx

 
 

2 2

2

secd y
dx


 



 23.54 : 
3

( 1)( 2)
xy

x x


 
 

2
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d y
dx

.

 
3

( 1)( 2)
xy

x x


 

3

2 3 2
xy

x x
 

 

 
3

2

7 6( 3)
3 2 ( 1)( 2)
x xy x

x x x x


   
   

 7 6 1 8 1 8
( 1)( 2) 1 1( 2) 1 2

x
x x x x x x

  
    

      

( )
3 1 83

( 1)( 2) ( 1) ( 2)
xy x

x x x x
    

   

1 8( 3)
( 1) ( 2)

y x
x x

   
 

'x'  

2 2

1( 1) 8( 1)1 (1)
( 1) ( 2)

dy
dx x x

 
  

 

2 2

1 81
( 1) ( 2)

dy
dx x x

  
 

...(i)

  'x'  
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3 3

2 160
( 1) ( 2)

d dy
dx dx x x

 
   

  

2

3 3

16 2
( 2) ( 1)

d y
dx x x
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 23.55  : y = 2( 1) ( 2)
x

x x 
 

2

2

d y
dx

.

 2( 1) ( 2)
x

x x 
 = 2

A B C
( 1) ( 1) ( 1)x x x

 
  

2

2 2

A( 1)( 2) B( 2) C( 1)
( 1) ( 2) ( 1) ( 2)

x x x x x
x x x x

     


   

x = A(x  1) (x  2) + B(x  2) + C(x  1)2

x = 1,    B = 1 

x = 2,    C = 2  

x = 0,  2A  2B + C = 0  

2A  2(1) + 2 = 0

2A = 4   A 2 

2 2

2 1 2
( 1) ( 2) ( 1) ( 2) ( 2)

xy
x x x x x

 
   

    

 'x'  

2 3 2

( 2)( 1) ( 1)( 2) 2( 1)
( 1) ( 1) ( 2)

dy
dx x x x

    
  

  

2 3 2

2 2 2
( 1) ( 1) ( 1)

dy
dx x x x
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 'x'  

2

2 3 4 3

4 6 4
( 1) ( 1) ( 2)

d y
dx x x x


  

  

 23.1

1. y = eax   
dy
dx  

2.
3
2
a

y e   
dy
dx  

3. 1 . xy e
x

   
dy
dx  

4. 7 4xy e    
dy
dx  

5. 2xy e   
dy
dx  

6. y = (x  1)ex  
dy
dx  

7.
2secx xy e    

dy
dx  

8. y  =  log(tan x)  
dy
dx  

9. If  y  = log[cos(logx)]  
dy
dx  

10.
2

log

xey
x

   
dy
dx  

11. y = log(log x)  
dy
dx  
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12. y = ax  

dy
dx  

13. y = (log)sin x   
dy
dx  

14. y = ex   
2

2

d y
dx

 

15. log xy
x

   
2

2

d y
dx

 

 23.2

1.
2 cos

sin

xe xy
x x



2. y = (log x)3 

3. log tan
4 2

xy  
  

 
   

dy
dx  

4. y = log sin (log x)   
dy
dx  

5.
2( sin )x xy x   

dy
dx  

6.
2 log( ) (log )x xy x x    

dy
dx  

7. cos(log ) sin(log )y a x b x     

2 2

2 0x d y dyx y
dx dx

  

8. 1tan xy e




2
2

2(1 ) (2 1) 0d y dyx x
dx dx
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9. tan(log ) xy x    
dy
dx  

10. g(x)   f (x) 
1sin 1( ) ; ( ) sinxf x s g x x
   .

 23.3

1. x = a cos log tan
2

   
  

  
 y = a sin    dy

dx

2.  sin logey x     
2 2

2

x d y dyx
dx dx

  

3. u  =  log(sec x + sec y + sec z)    cot dyx
dx



4.
1

2 2 2( ) ( )f x a b


     
1 coscos

cos
a x b
a b x

  
  

   

1( ) ( cos )f x a b x   

5.
3 2 3

(2 )(1 )
x xy

x x



 

  
dy
dx  

6. y = 128 sin3x cos4x   
2

2

d y
dx

 

7. y = a cos x + (b + 2x) sin x  4cosy y x  

8. If  y = a cos(sin x) + b sin (sin x)   2(tan ) cos 0y x y y x   

9. If  
1sina xy e


    
2

2 2(1 ) 0d y dyx x a y
dx dx

   

10. If   
xxy x   

dy
dx  
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http : //www.wikipedia.org

http:// math world . wolfram.com

1.

(a)  
xxx (b)  xx

x

2.
dy
dx

(a) log sinx xy a (b)
1cos(sin ) xy x




(c)
2

11
x

y
x

 
  
 

(d)
3/44log

4
x xy e

x

  
   

   

3.

(a) 1 2 sin 2( ) [sin ] . .x xf x x x e

(b) log(tan ] cosxy x x 

(c) tan cos(sin )x xy x x 

(d)
4

2
6

(3 5)
x xy

x





(e)
( )

x x

x x
e ey
e e










(f) 2 27x xy 

(g) 2 2 cos3xy x e x
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(h)
2 cotx xy

x


(i) y = xx  
2.

1 log
x dy y
dx y x




 

4. cos(log ) sin(log ),y a x b x    
2

2
2 0d y dyx x y

dxdx
   .

5.
1tan ,xy e



   
2

2
2(1 ) (2 1) 0d y dyx x

dxdx
    .

 23.1

1. a eax 2.
3
23

2

x

e




3.  2 [ 1]
xe x

x
 4. 7e7x+4

5. 22 xe 6. x  ex

7. 2sec 2 2[sec 2 sec tan ]x xe x x x x 8. cosec x sec2x

9.
1 tan(log )x
x



10.  tan x

11.  
1

logx x

12. ax log a
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13.   sin sin(log) cos log(log )

log
x xx x

x x
 14. ex

15. 3

2log 3x
x



  23.2

1.
2 2

2

(2 1)cot cosecxe x x x x
x

    2.  
23 log x

x

3.
cot(log )x

x 4.   tan x

5.
2

2
( sin ) sin (2 cos ) logx x x xx x x x

x
  

  
 

6.
2 log 1 log(log )( ) . (1 2log ) (log )x x xx x x x

x
 

   
 

9.
2tan log(log )sec

log
xy x x

x x
 

 
 

10.
1

1
sin 2 sinlog 1x xx x x

x


 
  

 

 23.3

1. tan  2.  y

3. cot 1dyx
dx

 

5.
3 3 1 1

2(2 3 ) 2 1
dy y
dx x x x x

 
    

   

6. 54 sin 3x  6 sin x + 98 sin 7x + 50 sin 5x

10.    2 log
xxdy x x x x

dx
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1. (a)   [ 2 log ]
xxx x x x (b) ( ) 1[ log (log 1)]

xx xx x x x  

2. (a) log sin [log sin cot ]logx xa x x x a

(b)
1cos 1

2

logsin(sin ) cos cot
1

x xx x x
x

 
 

 
  

(c)

2
1 1 11 2 log 1 1

x

x x
x x

x

 
    

       
    

 

(d)
3 31

4( 4) 4( 4)x x
 

 

3. (a) 1 2 sin 2
2 1

2 sin(sin ) . cos log 2
1 sin

x x xx x e x x
xx x





 
   

  

(b) log sin1(tan ) 2cosec log tan (cos )x xx x x x
x

 
  

 

 sin tan cos log(cos )x x x x 

(c) tan 2 costan sec log (sin ) [cot cos sin log(sin )]x xxx x x x x x x x
x

 
   

 

(d)
4

2
6 4 1 6

2( 6) 3 5(3 5)
x x

x x xx
 

  
   

(e)
2

2 2
4

( 1)

x

x
e

e




(f) 2 27 (2 2) log 7x x
ex 

(g) 2 2 2cos3 2 3tan 3xx e x x
x

 
  

 

(h) 2 cot 1log 2 2cosec 2
2

x x x
xx
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y  =  f (x) 

 P(x1, y1) 

P

1 1at ( , )dy x y
dx

 
           .... (1)

 tan 

P P 

P 

2


   

tan tan cot
2
 

        

    
1

tan





 1 1 1 1
1 at ( , ) at ( , )dxx y x y
dy dy
dx

   
 
  

1.   P  X-

1 1( , )

0
x y

dy
dx

 
  

2.   P  Y-

1 1( , )

0
x y

dx
dy
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 - Vx2 + x3 + 3xy + y2 = 5

2 3 2( ) ( ) 3 ( ) ( ) (5)d d d d dx x xy y
dx dx dx dx dx

   

22 3 3 ( ) ( ) 2 ( ) 0d d dx x x y y x y y
dx dx dx

 
     

 

22 3 3 3. .1 2 0dy dyx x x y y
dx dx

   

2(3 2 ) 2 3 3dyx y x x y
dx

    

22 3 3
3 2

dy x x y
dx x y

   
 

 

2

(1,1)

2.1 3.1 3.1 8
3.1 2.1 5

dy
dx

    
  

 

8
5

 

1 5
8



5 31 3 2 3
6

y x x x   
  3x  

5 33 2 3
6

x x xy  


4 215 6 3
6

dy x x
dx

 


4 2

1
3

15(3) 6(3) 3
6x

dy m
dx 
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4 2

3

15( 3) 6( 3) 3
6x

dy
dx 

    
 

 

   
4 2

2
15(3) 6(3) 3

6
m 

  , 

m1 = m2,  x = 3  

  6y3 = px2 + q  (2, 2)  
1
6

 p , q 

 6y3 = px2 + q  

6 . 3y2 . 
dy
dx  = p . 2x + 0

2
2

18
dy px
dx y



2
(2, 2)

2 (2)
1818( 2)

dy p p
dx 

 
  

 

18
p



1
6



1 18 3
18 6 6
p p    

6y3 = 3x2 + q

(2 , 2) 

6(2)3 = 3(2)2 + q

6(8) = 3(4) + q

 48  12 = q

 q =  60

    p = 3, q =  60
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i  y = x3  2x , x = 2 (ii)  x2 + 3y + y2 = 5,  (1, 1) 

(iii) x = a ( sin )   , y = a (1 cos )   2


   

xy + px + qy = 2  (1, 1)  2  p, q
.

x2 + y2 = 18  x + y = 3  

 y = x2  4x + 5  2y + x  7 = 0 

(x1, y1) m
y  y1= m(x  x1)

y = f(x)  (x1 , y1) 
1 1( , )x y

dy
dx

 
  
 

1 1( , )x y

dx
dy

 
  

 

1 1

1 1
( , )

( )
x y

dyy y x x
dx

 
   

 

1 1

1 1
( , )

( )
x y

dxy y x x
dy

 
    

 

1 1

1 1

( , )

1 ( )

x y

y y x x
dy
dx
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i
1 1( , )

0
x y

dy
dx

 
 

 
y  y1 = 0

x  x1 = 0

ii
1 1( , )x y

dy
dx

 
  

 
x  x1 = 0

y  y1 = 0

x2 + y2 = 25

x2 + y2 = 25

2 2( ) ( ) (25)d d dx y
dx dx dx

 

2 2 ( ) 0dx y y
dx

 

2 2dyy x
dx

 

2
2

dy x x
dx y y


  

(4,3)

4
3

dy
dx

 
   

 

43 ( 4)
3

y x   

3(y  3) =  4(x  4) ;  3y   9 =  4x + 16

4x + 3y  25 = 0

= 1  = 
1 3
4 4

3
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33 ( 4)
4

y x  

y 12 = 3x  12   3x  4y = 0

4x + 3y  25 = 0,  3x  4y = 0

16 x2 + 9 y2 = 144 x1, y1)
(x1, y1) x1 = 2 y1 > 0.

x1, y1) = 2, y1)  16 x2 + 9 y2 = 144

2 2
116(2) 9 144y  

2
1y = 144  64 = 80

2
1

80
9

y 

1
80
3

y   1( 0)y 

1
80
3

y 

1
4 5

3
y 

(x1 , y1)  =  
4 52 , 

3
 
  
 

16x2 + 9y2 =144 

2 216 ( ) 9 ( ) (144)d d dx y
dx dx dx

 

16(2 ) 9(2 ). ( ) 0dx y y
dx

 

18 32dyy x
dx

 

32 16
18 9

dy x x
dx y y

 
 



370

 - V
311  Vol - II  (TOSS)

4 52,
3

16.2 8
4 5 3 59.

3

dy
dx  

  
 

  
   

 
  

4 52,
3

 
  
 

4 5 8 ( 2)
3 3 5

y x   

3 5 20 8 16y x  

8 3 5 36 0x y  



= 1

1 3 5
8 8

3 5


 



4 5 3 5 ( 2)
3 8

y x  

8(3 4 5) 9 5 ( 2)y x  

9 5 24 14 5 0x y  

2 2
1

9 16
x y

 

x   

 
2 2 1

9 16
x y

 

1 1. 2 . 2 . 0
9 16

dyx y
dx

 

16
9

dy x
dx y
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 - Vx 

= 0

        
160 0 16 0 0
9

dy x x x
dx y

      

x = 0  
2 2

1
9 16
x y

 

    
2

21, 16, 4
16

     
y y y i

x 

   
1

1
y

x



 4 

   
1

1
y

x



 

2
1

( 1)
dy
dx x




 4 

 2
2

1 14 ( 1)
4( 1)

x
x


    


 
1 1 3 11 1 ,
2 2 2 2

x x x        

3
2

x    
1

1
y

x




1 1 23 11
2 2

y   
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1
2

x   
1

1
y

x



 

1 1 21 11
2 2

y    

 


3 , 2
2

 
 
 

 , 
1 , 2
2

 
 

 

3 , 2
2

 
 
 

32 = 4 2 4 6 4 8 0
2

y x y x x y 
            

 

1 , 2
2

 
 

 

12 4 2 4 2 4 0
2

y x y x x y 
            

 

   y = x3 (2 , 8) 

 y = x3 

2 2

(2 , 8)
3 3.2 3.4 12dy dyx

dx dx
 

     
 

= 12

= 1  
1

12




 
18 ( 2)

12
y x   

12y   96 = x + 2   x + 12y 98 = 0
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(i) y = x4   6x3 + 13x2   10x + 5  (0 , 5) 

(ii) y = x2  (1 , 1)

(iii) y = x3   3x + 2  x  3 

2 2

2 2 1x y
a b

   (x1 , y1) 

3.
2 2

2 2 1x y
a b

  (x0 , y0)  

4. y = x3+2x + 6  x + 14y + 4 + 0  

5. 8k2 = 1  x = y2  xy = k 

: (i) (ii)
(iii) 

2


8 k2 = 1 

 :
 y =  f(x)  P = (x1, y1)  P 

 X- L,  G P 

X- M 
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(i) PL 

(ii) PG 

(iii) LM 

(iv) MG 

 0 

 
2


   

(i)  = PL =  
P

sin




                      =  1

sin
y


=  1

tan cos
y
 

=  1 sec
tan

y 



=  
2

1 1 tan
tan

y  



=  
1 1

1 1

2

1
( , )

( , )

1
x y

x y

dyy
dx

dy
dx

  
      

 
  

(ii)  = PG =  PM sec

                           =  1 secy 






L G X

P
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 - V=  1 1 tany  

=  
1 1

2

1
( , )

1
x y

dyy
dx

  
      

(iii)  = LM = 1LM
tan

y




=  

1 1

1

( , )x y

y
dy
dx

 
  

(iv)  = MG =  1 tany 

=  
1 1

1
( , )x y

dyy
dx

 
  

  (x, y) 

(i)  =
21 ( )y y

y
 



(ii)  = 21 ( )y y 

(iii)  = 
y
y

(iv)  = 
dyy y y
dx

 
  

 

 :  y2 = 4ax 

:  y2 = 4ax  x  2 4y y a
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4 2
2

a ay
y y

  

2y y a 

   y2 = 4ax  (x, y)

       = | | | 2 |y y a  

 :  y = ax (a > 0) 

 :  y  = ax    x 

logxy a a

     (x, y) 

=  
1

log log

x

x

y a
y a a a

 


 =  

 24.3

1. sin xy b
a



.

2. /x ay be

 
2y

a

y = f(x)   f(a)
= f(b)  (a ,  f(a)), (b , f(b)) 

 x
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[a, b] f

(i) [a, b] f

(ii) (a, b) f

(iii) f(a) = f(b)

f'(c) = 0 (a, b) c

x 

f(x) = | x |, [1, 1] (1, 1)  0  

f(1) = f(1).  f | x | x =

0  

f(x) = x (x  1) (x  2), x   [0, 2]

f(x) = x (x2  2x  x + 2) = x3  3x2 + 2x

(i) f(x)  [0, 2] 

(ii) f(x), (0, 2)
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(iii) f(0) = 0;  f(2) = 0. f(0) = f(2) 

f'(x) = 3x2  6x + 2

f'(c) = 0   3 c2  6c + 2 = 0 =   c = 
6 36 24

6
 

6 12 6 2 3 1 1 0.577
6 6 6 3

c 
       

c 

sin x  sin 2x [0, ] 

[0, ] [0, ] 

f(0) = sin 0   sin 2(0) = 0   sin 0 = 0   0 = 0

f( ) = sin    sin 2  = 0   0 = 0

    f(0) = f( )

2( ) cos 2cos 2 cos 2(2cos 1)f x x x x x     

         2 2cos 4cos 2 4cos cos 2)x x x x      

2( ) 0 4cos cos 2 0f c x x      

2( ) 0 4cos cos 2 0f c c c      

1 1 32 1 33cos
8 8

c
   

  


33 36 33 6 1 33 7     

 
1 33 7 0.875

8 8


  

cos 0.875c   0,
2

c  
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0,

2
c  
  
 

    f'(c) = 0  (0, )c    

(i)
3 25( ) 2 , [0, 3]

3 3
x xf x x x   

(ii) f(x) = x2  1, x   [1, 1]

(iii) f(x) = sin x + cos x  1, 0,
2

x  
  
 

(iv) f(x) = (x2  1) (x  2), [1, 2]

[a, b] (a, b) 
f (a, b)  

( ) ( )( ) f b f af c
b a


 


 "c" 

:    f(a) = f(b) 

f  A(a,  f(a)), B(b,  f(b)) a < b 

AB ( ) ( )f b f a
b a



  x = c  y

= f(x)  f'(c). AB 

f'(c) = 
( ) ( )f b f a

b a
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f(x) = (x  3) (x  6) (x  9); [3, 5]

c 

f(x) = (x  3) (x  6) (x  9)

f(x) = x3  18x2 + 99x  162

(i) f [3, 5] 

(ii)

(iii) f(3) = 0, f(5) = (2) (1) (4) = 8

f(3)   f(5)

(5) (3) 8 0 4
5 3 2

f f 
 



f'(c) = 4  

f'(x) = 3 x2  36x + 99

(i)  3 c2  36c + 99 = 4
3 c2  36c + 95 = 0

2 36 1296 114036 (36) 4.3.95
2.3 6

c
  

 

36 156 36 2 39 396
6 6 3

c  
   

36 < 39 < 49   6 < 39   < 7   2 < 
39 7
3 3



39 7 39 72 ; 2
3 3 3 3

      

39 7 39 74 6 6 ; 8 6 6
3 3 3 3
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 - V11 39 39 16 4 ; 8 6 8
3 3 3 3

       

2 393 6 4
3 3

    

396 (3, 5)
3

  

396 4
3

f
 
     
 

 

y = (x  4)2 

y = (x  4)2 

2 ( 4)dy x
dx

 

1 0 1
5 4


 


2 (x  4) = 1

x  4 = 
1
2

x = 
1
2  + 4 = 4.5

x = 4.5 y = (4.5  4)2 = 0.25
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'c'

(i) f(x) = 3x2  4; [2, 3] (ii)   f(x) = log x; [1, 2] 

(iii) f(x) = x 
1
x

, [1, 3] (iv)  f(x) = x3  2x2  x + 3; [0, 1] 

y = (x + 3)2 

  y = f(x) (x1, y1) 

  1 11 ( , ) 1[ ( )] x yy y f x x x  

 y = f (x)  (x1, y1) 

1 1

1 1
( , )

1 ( )
( ) x y

y y x x
f x

 
    

  y = f(x)   (x1, y1) x-

 y = y1 y-

 x = x1 .

  y = f(x) p(x, y) 

(i)  = 
21 ( )y y

y




(ii)  = 21 ( )y y

(iii)  = 
y
y
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 - V(iv)  = | yy'|



[a, b] f  

(i) [a, b] f 

(ii) (a, b) f 

(iii) f(a) = f(b)

f'(c) = 0  (a, b)

'c' 



[a, b]  f.

(i) [a, b] f  (ii) (a, b)  f f'(c) =

( ) ( )f b f a
b a



c, (a, b) 

 http://www.wikipedia.org
 http://mathworld.wolfram.com

(i)   y x , x = 9  (ii)  y = x3 + x,  x = 2  

(iii)  x = a ( sin ), y = a ( 1 + cos ) ;  
2


   

(iv)  y = 2x2 + cos x, x = 0  (v)  xy = 6, (1, 6)  
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2. x = a cos3  ;  y = a sin3 
4


 

3.
2 2

1
9 16
x y

  T 

4. y  = x2  2x + 5  (i)  2x

+ y + 7 = 0 (ii)  5(y  3x) = 12

5. y = 7 x3 + 11 x = 2  x = 2 

6. (a m2, a m3)  a y2 = x3 

7.

(i) f(x) = (x2  1) (x  2) ; [1, 2]  

(ii) f(x) = 
( 2) ; [0, 2]

1
x x

x



 

(iii) f(x) = 
28 32 , 0,

3 4
x x x  

  
 

  

f(x) = x3 + b x2 + ax, [1, 3]

12
3

c   a, b

(i) f(x) = a x3 + b x2 + c x + d, [0, 1]

(ii)  
1( ) , 1, 4

4 1
f x

x
 



(iii) 2( 3) , [ 4, 3]y x  

y = (x  3)2 
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(i)  1
10

 (ii)  
2 5,
5 2

 (iii)  1, 1

p = 5, q = 4 3. (3, 3),  (3, 3) 4. (3, 2)

(i)  y + 10x = 5 x  10y + 50 = 0

(ii)  2x  y = 1 x  2y  3 = 0

(iii)  24x  y = 52 x  24y = 483

1 1
2 2 1x x y y

a b
  0 0

2 2 1x x y y
a b

 

x + 14y  254 = 0,  x + 14y + 86 = 0

24.3

1.  tan xa
a

2.   
2 2sin

2
b x

a a

(i)   
5 7

3
c 
 (ii)  c = 0

(iii)  4
c 
 (iv)  

2 7
3

c 
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(i)  c = 2.5 (ii)  
2

1
loge

c 

(iii)  3c  (iv)  1
3

c 

43 1,
14 196

 
 
 

  (i)  
1 , 6
6

 (ii)  13, 
1

13
 (iii)   1, 1

(iv)   0 (v)  16,
6



2 2 ( ) ; 0x y a x y   

i 2x + y  5 = 0 (ii)   12x + 36y = 155

6. 2x + 3m y  am2 (2 + 3 m2) = 0

7.
2 7

3
c 


(ii)  (iii)  
3
8

c 

8. a = 11,  b = 6

9. (i)  1
2

c  (ii) 

(iii)  1
2

c  

10. 7 1,
2 4

 
 
 

.
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0,
dy
dx

0dy
dx



388

 - V
311  Vol - II  (TOSS)

f (x) [a, b] 

1 2, [ , ]x x a b   x2 > x1  f (x2) > f (x1) f (x)

 f (x2) > f (x1) f (x)

2



2


x    sin x

1

x   h  f (x + h) > f (x)

f (x)
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 - V1 2, [ , ]x x a b x2 > x1   f (x2)  <  f (x1) f

(x)

f (x2)  <  f (x1) f (x1)  >  f (x2)  f (x) 

 x cos x 

x h f(x + h) < f(x)

f(x)  

f(x) x1, x2  

x1 < x2 f(x) 

x1, x2 x2 > x1 f(x2) >  f(x1)

f(x1) >  f(x2)

x   R f(x) = 4x + 7 

x x1, x2 
  R 

x2 > x1 
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4x2  >  4x1 ...(2)

4x2 + 7 >   4x1  + 7

f (x2) > f (x1)

x2 > x1 f (x2) > f (x1) f(x) = 4x + 7 

x < 0 f(x) = x2 

x x1, x2 ...(i)

 x2 . x1 <  x1 . x2  x2 


2
2x <  x1  x2 ...(ii)

x1 . x2 <  x1 . x1   x1 

  x1  x2 < 2
1x ...(iii)

(ii), (iii)  2
2x  < x1 x2 < 2

1x 
2
2x < 2

1x     f(x2) < f (x1) ...(iv)

  (i), (iv)  x2 > x1  f(x2) < f (x1)  x < 0 

 f(x) 

a x   R  f(x) = 3x + 4

b x   R f(x) = 7  2x  

c a, b a > 0 x f(x) = ax + b

(a) x > 0 f(x) = x2 

(b)  x   R x > 2 f(x) = x2  4  2 < x < 2 
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 - V]a, b[ f(x)  x   [a, b] f(x)
f '(x) 

y = f(x)   (x, y)  [x, f (x)]

x x + x > x

f (x)

f (x + x) > f (x 

f (x + x)  f (x  >

( ) ( ) 0 ( 0)f x x f x x
x

  
  




x   0 

0

( ) ( )lim 0
x

f x x f x
x 

  




( ) 0f x 

y = f(x)

f '(x) 

]a, b[ f(x)  x   [a, b] f(x)
f '(x) 

y = f(x)   (x, y)  [x, f (x)]

x x + x > x

f (x)

f (x + x) < f (x

f (x + x)  f (x  <

( ) ( ) 0 ( 0)f x x f x x
x
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x   0 

0

( ) ( )lim 0
x

f x x f x
x 

  




( ) 0f x 

y = f(x)

f '(x) 

[a, b] f(x)

i ]a, b[ f '(x) > 0 [a, b] f(x)

ii ]a, b[ f '(x) < 0 [a, b] f(x)

i P R ii R T iii T V 

i P R x Y 
x1, y1 x2, y2 x2 > x1  y2 > y1 
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 - Vf(x2) > f (x1) P, R  x 

x
R 

R x

a P R 

b R x

c y 0dy
dx



d R y 0dy
dx



ii R T x y 
(x1, y1) x2, y2 x2 > x1 y2 < y1 f(x2)

<  f(x1) R, T x
T 

T x

a R T 

b T x

c y 0dy
dx



d T y 0.dy
dx



iii T V y T, V 
X

0dy
dx

 T, VV 0dy
dx

 R, T, V  
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0dy
dx

 0dy
dx

 R, T, V V 0dy
dx



'x'  f(x) = x2  6x + 8  

f(x) = x2  6x + 8

f '(x) = 2x  6

f ' (x) > 0

 2x  6 > 0

 2(x  3) > 0

 x  3 > 0 x  > 3

 x  3 > 0 f(x)

f ' (x) < 0

 2x  6 < 0

 2(x  3) < 0

 x  3 < 0 x  < 3

 x  3  f(x)

f(x) = 2x3  3x2  12x + 6  

f(x) = 2x3  3x2  12x + 6

f '(x) = 6x2  6x  12

 = 6(x2  x  2)

      = 6(x  2) (x + 1)

f ' (x) > 0
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 - V   6(x  2) (x + 1) > 0

   (x  2) (x + 1) > 0

(x  2) > 0 (x + 1) > 0  (x  2) < 0 (x + 1) < 0

 x > 2,   x > 1   x < 2,   x < 1

 x > 2,    x > 1   x < 1, x < 2.

 x  2  x < 1

 f (x) x  2, x < 1

f ' (x) < 0

   6(x  2) (x + 1) < 0

   (x  2) (x + 1) < 0

 (x  2)  > 0 (x  1)  < 0

(x  2)  < 0 (x  1) > 0

   x  2,  x < 1  x  2,  x > 1

x  2  x < 1

x  2,  x > 1 x  2,  1  > x 

1 < x  2  

 f(x) 1 < x  2  
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2( )
1

xf x
x




2 2

2

( 1) . ( 1)
( )

( 1)

dx dx x x
dx dxf x

x

  
 



2

2 2
( 1) .(2 )

( 1)
x x x

x
 




2

2 2
1

( 1)
x

x





2 2
(1 )(1 )( )

( 1)
x xf x

x
 

 


x (x2 + 1)2 

1 < x < 0 (1  x),  (1  x) f '(x) > 0

0 < x < 1 (1  x),  (1  x) f '(x) > 0

x < 1 (1  x) (1  x) f '(x) < 0

x > 1 (1  x) (1  x) f '(x) < 0

  1 < x  0;   0 < x  1;

1 < x  1 x  1, x > 1 

f '(x) = 0  x  1, x = 1 

a 0 < x <  f (x) = cos x

b x f (x) = x  cos x  

(a) f (x) = cos x

     f '(x) =  sin x

f(x)  f '(x) < 0
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 - V  sin x < 0

  sin x > 0

sin x 0 < x <  sin x 

 f (x)  0 < x < 

b f (x)  =  x  cos x

f '(x) = 1 (sinx)

      = 1 + sin x

sin x  

x sin x 

1 < sin x < 1

 1 < 1 + sin x < 1 + 1

 0 < 1 + sin x < 2

 0 <   f '(x) < 2

 0 <   f '(x)        f '(x) > 0

 x  f (x)  = x  cos x

a f(x) = x2  7x + 10 (b) f(x) = 3x2  15x + 10

2. a f(x) = x3  6x2  36x + 7 (b) f(x) = x3  9x2 + 24x + 12

3. a y = 3x2  12x  8 (b) f(x) = 1  12x   9x2   2x3

4. a
2 , 1
1

xy x
x


  


(b)
2

, 1
1

xy x
x

  


(c) 
2 , 0

2
xy x

x
  

5. (a)  log(sin x) ,
2
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b  , 2 

c 0 < x <  cos 2
4

x  
 

 

x 
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 - V

b  a  b < a +

b x = a f(a) > f (a + b) f(x) 

b a  b < a + b 
x = a f (a) <   f (a + b) f (x)

> 0, ]x [ x   R 
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B, D, F

A, C, E 

B f '(x) > 0 B 

f '(x) < 0  f

'(x) 

i f '(x)

= 0 ii f '(x) 

c f (x) f '(x) < 0 c

f (x)  f '(x) > 0 

f '(x) 

i f '(x) = 0 

ii f (x) 

f (x) f '(x) = 0

f '(x) f '(x) = 0

f (x) = x3 x = 0
 x

  f '(x) = 3x2

f '(x)
x

f (x) = x3 x = 0
   f '(x) = 0
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 - V

f (a) 
x = a f (x)

i f '(x)

ii f '(x)= 0 

iii f '(x) f '(x)
f '(x)

iv f '(x)

f (x) = x3  3x2  9x 

f (x) = x3  3x2  9x

f '(x) = 3x2  6x  9

I f '(x) = 0   3x2  6x  9 = 0

   x2  2x  3 = 0

   (x  3) (x  1) = 0

   x = 3,   1.

 x = 3, x =  1.
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II x < 3     f '(x) < 0 

        x > 3     f '(x) > 0.

 f '(x)

x = 3  f (x)

III x <  1     f '(x) > 0 

        x >  1     f '(x) < 0.

 f '(x)

x = 1  f (x)

x = 1, x = 3  

 f (1) = (1)3  3(1)2  9(1)

       =   3 + 9 = 5

 f (3) = 33  3()2  9() =  27.

   27) 

f (x) = x2  4x

f (x) = x2  4x

f '(x) = 2x  4 = 2(x  2)

f '(x) = 0   2x  4 = 0

    x = 2

 x = 2 

 x = 2  x = 1.9  x = 2.1 f '(x) 

f '(1.9)  = 2 (1.9  2) < 0

f '(2.1)  = 2 (2.1  2) > 0

x = 2 
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 - Vf '(x)

x = 2

       f '(x) < 0       f '(x) > 0

f (x) = 2x3  3x2  12x + 8 

    f (x) = 2x3  3x2  12x + 8

   f '(x)  = 6x2  6x  12

 = 6(x2  x  2)

   f '(x)  = 6(x  (x  2)

   f '(x)  = 0  6(x  1) (x  2) = 0

       x = 1, x = 2.

x = 1, x = 2  f '(x)  = 0 

 x = 1 x = 1.1 x = 0.9   f
'(x)  = 0 

 f '(1.1)  = 6(1.1 + 1) (1.1  2)   f '(x) > 0 

 f '(0.9)  = 6(0.9 + 1) (0.9  2)   f '(x) < 0

x = 1 

x = 2 x = 1.9 x = 2.1 

 f '(1.9)  = 6(1.9 + 1) (1.9  2)
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f '(1.9) < 0.

f '(2.1) 6(2.1 + 1) (2.1  2) =

f '(2.1) > 0.

     f '(x) = 0

    f '(x)  < 0       f '(x) > 0

           x = 2

x = 2 

f (1) = 2  3 + 12 + 8 = 15

f (2) = 2(8)  3(4)  12(2) + 8 = 12.

f '(x) 

x x 

2( )
1

xf x
x




2( )
1

xf x
x




2

2 2
(1 )(1) (2 )( )( )

(1 )
x x xf x

x
 

 


2

2 2
1

(1 )
x
x





f '(x)  = 0 
2

2 2
1 0

(1 )
x
x
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 - V    1  x2 = 0

    (1  x) (1  x)  = 0

    x =  1,  x = 1.

x = 1 
f '(x) x = 1

2
1 1 1

1 1 21 (1)
  



x = 1 f '(x)

x = 1 f (x) 
1
2

0
2

x 
  f (x) = sin x + cos x

f (x) = sin x + cos x

 f '(x) = cos x  sin x

f '(x) = 0   cos x  sin x = 0

  tan x = 1

  
4

x 
 0

2
x  

  
 

4
x 


4
x 
    cos x > sin x

     f '(x) = cos x  sin x > 0

4
x 
    cos x  sin x < 0

      f '(x) = cos x  sin x < 0
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4


 f '(x) 

4
x 


1 1 2
4 2 2

f  
   

 

 , 2
4
 

 
 

x2  8x + 12

2. x3  6x2 + 9x + 15

2x3  21x2 + 36x  20

4. x4  62x2 + 120x + 9

5.  (x  1) (x  2)2

6.
2

1
2

x
x x



 

i  f(x) 

ii f '(x)  f '(x)  = 0 
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 - Viii f '(x)  = 0 x = a 

iv f "(x) f "(a)

f "(a) < 0 x = a 

f "(a) > 0 x = a 

f "(a) = 0 'a'  f '(x) 

2x3  21x2 + 36x  20

f(x) = 2x3  21x2 + 36x  20  

 f '(x) = 6x2  42x + 36

        = 6(x2  7x + 6)

        = 6(x  1) (x  6)

f '(x) = 

  6(x  1) (x  6)  = 0

  x = 1,  6

     ( ) ( )df x f x
dx

 

26( 7 6)d x x
dx

   
 

 = 12x  42

            = 6(2x  7)

x = 1   f "(1) = 6(2.1  7) = 30 < 0  

x = 1 

f (1) = 2(1)3  21(1)2 + 36(1)  20 = 3 

x = 6   f "(6) = 6(2.6  7) = 30 > 0 
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x = 6 

f (6) = 2(6)3  21(6)2 + 36(6)  20 = 128 

0
2

x 
  f (x) = cos 4x

f (x) = cos 4x

  f '(x) = 4 sin 4x

  f '(x) = 0   4sin 4x = 0

  sin 4x = 0

  4x = 0, 2

  x = 0, ,
4 2
 

 0 ,
2 4

x x 
  

( ) 16cos 4f x x  

16cos 16( 1) 16 0.
4

f  
       
 

4
x 

  f (x)

cos 1
4

f  
  

 

a [3, 1] 2x3  24x + 107 

b [, ] 

a f (x) = 2x3  24x + 107 

f '(x) = 6x2  24.
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 - Vf '(x) = 0

   6x2  24 = 0

   x  2, 2.

[3, 1] x  2 

 f "(x) = 12x

   f "(2) = 12 (2) = 24.

 f "(2) < 0

  x  2 

 = 2(2)3   24 (2) + 107 = 139.

[3, 1] 

b f "(x) = 12x

[, ] 

f "(2) = 12(2) = 24 > 0.

 x = 2 f (x)

2 (2)3  24(2) + 107 = 75.

(0, ) f (x) = sin x (1 + cos x)

f (x) = sin x  = (1 + cos x)

f '(x) = cos x  (1 + cos x) + sin x ( sin x)

=  cos x + cos2 x sin2 x

=  cos x + cos2 x (1  cos2 x)

= 2 cos2x + cos x  1
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f '(x) = 

  2 cos2x + cos x  1 = 0

   cos x = 
1 1 8 1 3 11, .

4 4 2
    

  

,
3

x 
  

f (0) = 

3 1 3 3sin 1 cos 1
3 3 3 2 2 4

f        
         

     

( ) 0f  

3
x 

  f (x)
3 3

4

x = 0, x =  

2x3 + 3x2  36x + 10.

2. x3 + 12x2  5

3. (x  1) (x + 2)2

4.  x5  5x4 + 5x3  1

5. sin x . (1 + cos x) . 0
2

x 
 

6.  sin x + cos x, 0
2

x 
 

sin 2x x, .
2 2

x 
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 - V

i

ii

iii

x x

 x > 0 (70  x) > 0 

70  x > 0    x < 70

 0 <  x  < 70

f (x) 

f (x)  = x(70  x) = 70x  x2

f  '(x)  = 0

   70  2x = 0

  x = 35.

f "(x) = 2x

f "(35) = 2(35) = 

x f (x) 

70  x 
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x, y  
   A = xy.

Ay
x



P = 2(x + y)

 
A2 x
x

 
  

 

       2
A2 1dp

dx x
 

  
 

0dp
dx



2
A2 1 0
x

 
   

 

2A x  A x

2

2 3
4Ad p

dx x


Ax 

Ay
x



2x x
x

  A = x2



a2

3

6 3
a
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 - V  x

y

 x2 + 4xy.

2 2
2 24 .

4
a xx xy a y

x


   

V
2 2

2 2

4
a xx y x

x
 

    
 

2 31V ( )
4

ax x 

2 2V 1 ( 3 )
4

d a x
dx

 

V 0d
dx



2 21 ( 3 ) 0
4

a x  

2
2

3
ax 

3
ax 

3 3 31V
4 3 3 3 6 3

a a a 
    

 

 
2

2 2
2
V 1 33

4 2
d d a x x

dxdx
 

    
 

x >  
2

2
V 0d

dx




3

6 3
a
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 ' r '  ABCD

AC = 2r.

AB = x,  BC = y  

AB2 + BC2 = AC2  x2 + y2 = (2r)2 = 4r2

A = xy

2 2A 4x r x 

2 2
2 2

A ( 2 ) 4 .1
2 4

d x x r x
dx r x


  



2 2

2 2

4 2

4

r x

r x






A 0d
dx



2 2

2 2

4 2 0 2
4

r x x r
r x


  



2 2 2 2
2 2 2

2 2 2

( 2 )4 ( 4 ) (4 2 )
A 2 4

(4 )

xr x x r x
d r x
dx r x


   






 

2 2 2 2

3
2 2 2

4 (4 ) (4 2 )

4

x r x x r x

r x

   




 

 

2

3
2 2

4 2 2 0

2

r

r

 


 2x r

3

3
8 2 4 0

2 2
r

r
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 - V2x r

i 2 24 2 2y r r r  

ABCD  

 V r h

V  =  r2h

 2
Vh
r




S = 2rh + 2r2

         
2 2

2
V 2V2 . 2 2r r r

rr
      



2
S 2V 4d r

dr r


  

S 0d
dr



2
2V 4 0r
r


  

   V  =  r3

(i) (ii) 
3

2
2 2rh r

r


 


2

2 3
S 4V 4 8 4d

dr r
        ...(ii) 

h = 2r  
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'S' 'V' 'h' ' r '

  S = 2rh + 2r2 ...(i)

     V = r2h

     V = r2

2S 2
2

r
r

  
   

        2(S 2 )
2
r r  

   3SV
2
r r  

 2V S (3 )
2

d r
dr

  

V 0d
dr



2S (3 ) 0
2

r  

2S 6 r 

(i) 2 26 2 2r rh r    

 24 2r rh  

      2r = h ...(ii)

           
2

2
2
V S 3

2
d d r

drdr
 

   
 

         6 r  
S 0
2

d
dr

  
  

  


  h = 2r
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 - V

x 

x x

x > 0,  48  2x > 0   x < 24

0 < x < 24.

V = (48  2x) (48  2x) (x)
         = (48  2x)2 (x)

  2V (48 2 ) 2(48 2 )( 2)( )d x x x
dx

    

         = (48  2x) (48  6x)

V 0d
dx



(48 2 ) (48 6 ) 0x x   

 x = 24 x = 8

0 < x < 24  x = 8 

2

2
V 24 384d x

dx
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2

2
8

V 192 384 192 0.
x

d
dx



 
      

 

  x = 8 



x p(x)
p(x) = (150  x)x  1625  

x 

( ) 0p x 
P 0d

dx


 (150 ) 1625 0d x x
dx

   

 150  2x = 0

 x = 75

 ( ) ( ) 2d p x p x
dx

    

x = 75 p(x) 

p(75) = (150  75) 75  1625

   = [(75)  (75)  1625]

   = [5625  1625]

   = 4000.

r 

h R V 

V = R2h ...(i)
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 - V
OCB

2
2 2R

2
hr  

  
 

...(OB2 = OC2 + BC2)

         
2

2 2R
4
hr 

   
2 3

2 2V
4 4
h hr h r h

 
       

 


2

2V 3
4

d hr
dh


  

V 0d
dh




2

2 3 0
4
hr 

  


2

2 4 2
3 3
r rh h  

2

2
V 3

2
d h
dh


 

2

2
V 2 3 2at

3 2 3
d r rh
dh

 
    

 

3 0r   

2
3
rh  V 

2
3
rh  ii

2 2
2 2 4 2R

4 3 3
r rr  



2R
3

r
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 = R2h

       
3

2 32 2 4. cm .
3 3 3 3

r rr  
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 - V

q x

q = 500 + 100x 

f (x) [a, b] x2
> x1  f(x2) >  f(x1) 

f (x) [a, b] 
x2 > x1  f(x2) <  f(x1) 

x   [a, b] f '(x) > 0 f (x) ]a, b[

x   [a, b] f '(x) < 0 f (x) ]a, b[

i

ii

x = a f '(x) > 0, f '(x) < 0 
x = a    f (x)

x = a f '(x) < 0, f '(x) > 0 
x = a      f (x)

f (x) x = a f '(a) = 0 f (x)  
x = a 
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x 'a' f '(x) 
x = a f (x)  

x 'a' f '(x) 
x = a f (x)  

i f '(a) = 0;  f "(a) < 0 x = a f (x) 

ii f '(a) = 0;  f "(a) > 0 x = a f (x) 

iii f '(a) = 0,  f "(a) = 0 x = a 
x  a f '(x) 

http : //www.wikipedia.org

http:// math world . wolfram.com

x   R f(x) = x2 

2x3  3x2  12x + 6

3.
4 , 0

4
x x

x
 

4. x4  2x2

5. sin x  cos x,  0 < x < 2
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 - V
a x3  6x2 + 9x + 7 (b)  2x3  24x + 107

c  x3  4x2  3x + 2 d  x4  62x2  120x + 9

a 2
1

2x 
(b)  , 1 4

( 1)( 4)
x x

x x
 

 

c  1 , 1x x x 

a
1sin cos 2 , 0
2 2

x x x 
   (b)  sin 2x,  0 < x < 2

c  -x + 2 sin x,   0 < x < 2

9 [0, 5] x x3  6x2 + 9x + 4 

x3  3x2 + 2x  27 

24 

x q q 

x 5 300, 0 80
4

q x x   
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(a)  7
2

x 
7
2

x 

(b)  
5
2

x 
5
2

x 

(a)  x > 6 x < 2 2 < x < 6

(b)  x > 4 x < 2 ]2, 4[

(a)  x < 2 x > 2

(b)  1 < x < 2

  x > 1 x < 2

(a) 

(b)  x > 2 0 < x < 2

(c)  x > 2 x < 2 2 < x < 2

5. (a)  
3 7
8 8

x 
 

30
8

x 
 

3 7;
8 8

x x 
  X- 

x = 4   '4'.

2. x = 3   '15';   x = 1   '19'.
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 - V3. x = 6   '128';   x = 1   '3'.

4. x = 6   '1647';   x = 5   '316'.

x = 1   '68'.

5. x = 0   '4';   x = 2   '0'.

6. x = 1   '1';   x = 3   '
1
7 '.

x = 2   '34';   x = 3   '91'.

2. x = 0   '5';   x = 8   ''.

3. x = 0   '4';   x = 2   ''.

4. x = 3   '28';   x = 1   ''.

x = 0 

5. 3
x 
    =

3 3
4

.

6.
4

x 
    = 2

7. 6
x 
    = 

3
2 6


 

6
x 
    =  

3 .
2 6






426

 - V
311  Vol - II  (TOSS)

5. 30 30,
4 4 

1
350 

 
 

1
3502 

 
 

7. 32

2h r

10. r = 2 

h = 4 

Rs. 

x > 2 x < 1 

1 < x < 2 

x > 4 x < 4 

4, 4[ 

x > 1 1 < x < 0 

 x > 1 0 < x < 1 

30
4

x 
 

7 2
4

x
  

3 7
4 4

x 
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 - V(a)  x = 1 

    x = 3 7

(b)  x = 2 139

       x = 2  = 75.

(c)  x = 3 20

       x = 
1
3   = 

40
27

(d)  x = 1 68

       x = 5  = 316

    x = 6  = 1647.

7. (a)  x = 0 
1
2

(b)  x = 2 1

(c)  x = 
2
3  

2 .
3 3

8. (a)  x = 6


 
3
4

    x = 2


 
1
2

(b)  x =
5,

4 4
 

 1

       x = 
3
4


  = 1
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(c)  x = 3


 3
4


  .

       x = 
5
3


  = 
5 3.
3


 

9. x = 5 

10. x = 1 
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 xn, sin x, cos x, sec2x, cosec2x, sec x, tan x, cosec x cot x, 
1
x  ex 



i [ ( ) ( )] ( ) ( )f x g x dx f x dx g x dx    

ii [ ( )] ( )k f x dx k f x dx   







2 2 2 2 2 2 2 2
, , ,dx dx dx dx

x a a x x a a x   
   

2 22

( ), ,dx dx px q dx
ax bx c ax bx cax bx c
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2

( )px q dx

ax bx c



 


  

( ) log | ( ) |
( )

f x dx f x c
f x


 



2 2 2 2, , sin , cos ,ax axx a dx a x dx e bx dx e bx dx    
2 1 1( ) , sin , cos ,px q ax bx c dx x dx x dx     

sin cos , ,
sin cos

n m dx dxx x dx
a b x a b x   



[ ( ) ( )] . ( ) :x xe f x f x dx e f x c  
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ABCB 
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R E 
E f : ER   E 

F,   x  E )()(F xfx  .   E F   f 
 F  f   f .

 (sin ) cos ,d x x x
dx

 R  

 f,  F  f (x) = cos x,  x  R; F(x) = sin x, x R
 f F 

E  f F   k  (F + k )  (x) = f(x)
  x   E.

  F + k    f  c 

G(x) = sin x + c, x  R  G G cos x 

i 2( ) 2d x x
dx



ii (sin ) cosd x x
dx



iii ( ) .x xd e e
dx



i x2 x 

  x2 x 

  x2   x 
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 - Vii sin x cos x 

  cos x  sin x 

  sin x  cos x 

iii ex ex 

2x x2

cos x sin x

ex ex 



22 .x dx x cos . sinx dx x .x xe dx e

 dx 

 dx 

 f :  I   R   I    f   F   I
 f c F + c I f  

' ( )f x dx
'  f(x) dx’ 

 dxxf )(   f  

.)(F)( cxdxxff  

 c 

 dxxf )(  f x 
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: [ ( )] ( ),d f x f x
dx

  f(x) f'(x) 

( ) ( )f x dx f x   

f'(x) 

y = x2 2dy x
dx

  

22x dx x


2( 2)d x

dx
   2( )d x c

dx
  'c' 

2x 2x dx

22 ,x dx x c  'c' 

x xe dx e c 

      cos sinx dx x c 

( ) ( )f x dx f x c  

'c' 

( ) , ( ) , ( )f x dx f y dy f z dz  

( )f z dx
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(i) x3 (ii)  x30 (iii)  xn

:

4
3 C

4
xx dx  

4 3
34

4 4
d x x x
dx

 
  

 

31
30 C

31
xx dx  

31 30
3031

31 31
d x x x
dx

 
  

 

1
C

1

n
n xx dx

n



 


1
11 1= .( 1)

1 n +1 1

n
n n nd x d x n x x

dx n dx n


   

 

cosdy x
dx

 sindy x
dx



:

cosdy dx x dx
dx

  

sindy dx x dx
dx

   cos Cx 

f(x) f'(x) f(x) + c
f'(x) "c"

( ) ( )f x dx f x c  
"c"
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34 x dx

: 3 44 , ' 'x dx x c c    

3 44 1x dx x  x4 + 2, x4 + 3 x4 + 4 



 1n   R
1

C
1

n
nd x x

dx n

 
  

 


1

1

n
n xx dx

n




 + C

sin cos Cx dx x   ( cos C) sind x x
dx

  

cos sin Cx dx x  (sin C) cosd x x
dx

 

2sec tan Cx dx x 
2(tan C) secd x x

dx
 

2cosec cot Cx dx x  
2( cot C) cosecd x x

dx
  

sec tan sec Cx x dx x  (sec C) sec tand x x x
dx

 

cosec cot cosec Cx x dx x  

( cosec C) cosec cotd x x x
dx

  

1
2

1 sin C
1

dx x
x

 



1

2

1(sin C)
1

d x
dx x
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2

1 tan C
1

dx x
x

 



1

2
1(tan C)

1
d x
dx x

  




1
2

1 sec C
1

dx x
x x

 



1

2

1(sec C)
1

d x
dx x x

  




Cx xe dx e  ( C)x xd e e
dx

 

C
log

x
x aa dx

a
 

1C
log

x
xd a a

dx a x
 

   
 

  if  x > 0

1 log| | Cdx x
x

  (log| | C)d x
dx



1.

a) x5 b) cos x c) 0

2.

a) 3x dx b) 7x dx

 c) 3 2x dx

d)
1 dx
x e) 3 4x dx f) 9 8x dx



3.

a) 2
cos
sin

dx


 b)

2 2

2
cos sin

cos
d 





          f(x) = x7 + x3
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             7 3( )f x x x dx  
  

7 3x dx x dx  
8 4

8 4
x x c  

[ ( ) ( )] ( ) ( )f x g x dx f x dx g x dx    

 f(x) = x7  x3

  7 3( ) [ ]f x dx x x dx  

       7 3x dx x dx  

      
8 4

C
8 4
x x

  

.

[ ( ) ( )] ( ) ( )f x g x dx f x dx g x dx    

f (x) k  g(x)

f(x)  = k g(x)

( ) ( )f x dx k g x dx 

( )f x dx ( )k g x dx 

 26.3: 
2

1 2

1
xe dx

x x

 
   

 


 2

1 12
1

xe dx dx dx
x x

  


  

 1log 2coshxe x x c   
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 26.4: 

2 2

1 1

1 1
dx

x x


 
  

=  sin1x  + sinh1x+c

 26.5:  
2log(1 tan )xe dx

  

= 2(1 tan )x dx

= 2sec x dx
=  tan  x + c

 26.6: 
44 C

log 4

x
x dx    

 26.7: (sin cos )x x dx  

=   cos x + sin x  + c

 26.8: 
2

3
1x dx

x


  

3
1 1 dx
x x

 

3
1 1 dx
x x

  

3 1
log C

3 1
xx
 

  
 

2
1log C

2
x

x
  

 26.9: 1 sin 2 d    

2 2cos sin 2sin cos d     
2(cos sin ) d   

1 sin 2 (cos sin )d d          =  (sin cos ) c   

( )
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If    1 sin 2 cos sind d       

       =  sin + cos   + C

If  1 sin 2 (cos sin )d d        

    = cos sind d      

     = sin  cos   + C

 26.10:  Evaluate 
1

cosh sinh
dx

x x

2 2cosh sinh
cosh sinh

x x dx
x x





(cosh sinh ) (cosh sinh )x x x x 


( cosh sinhx x )
dx

(cosh sinh )x x dx 

cosh sinhx dx x dx 

=  sinh x  cosh x + C.

 26.11: Evaluate 
2sin

1 cos 2
x dx

x

2

2
1 cos
2cos

x dx
x


 

2

2 2
1 1 cos
2 cos cos

xdx dx
x x

 
  

 
 

21 sec 1
2

x dx dx  
  

 
1 tan C
2

x x  

 26.12: Evaluate  2 2sec cosecx x dx
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2 2

1
cos sin

dx
x x

 

2 2

2 2
cos sin
cos sin

x x dx
x x


 

2 2
1 1

sin cos
dx

x x
 

2 2cosec secx dx x dx  

cot tan Cx x   

 26.13: ( cos )x x dx  

cosx dx x dx  
2

sin
2
x x c  

 26.14: 
1

1 cos
dx

x  

2
1 cos
1 cos

x dx
x







2
1 cos
sin

x dx
x


 

2 2
1 cos

sin sin
x dx

x x
 

2cosec cosec cotx dx x x dx  

=  cot x + cosec x + C

 26.15: 3sec tan 4x x dx
x

 
  

 
  

1sec tan 3 4 1x x dx dx dx
x

    

=  sec x + 3log x  4x + c
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 26.16: 7xe dx

  

7 7 7.x xe dx e e dx  
7 xe e dx 
7 . Cxe e 

= ex+7 + C

 26.2

1.

(i)
1
2

x dx 
 

 
 (ii)

2

21
x dx

x


(iii)
2x dx
x

 
 

 
 (iv) 2

3 2 1
3

dx
x xx

 
  

 


2.

(i)
1

1 cos 2
dx

x (ii) 2tan x dx (iii) 2
sin

cos
x dx
x

(iv) 1 cos 2x dx

( ) , 0f ax b dx a 

( )f x dx
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i sin ( )ax b dx ii cos 7
4

x dx 
 

 


iii sin
4 2

x dx 
 

 


: i sin ( )ax b dx

Put ax + b = t.

Then a = 
dt
dx or dx = 

dt
a

        sin ( ) sin dtax b dx t
a

      dt 

1 sin t dt
a

 

1 ( cot ) Ct
a

  

cos ( ) Cax b
a

 
 

ii   cos 7
4

x dx 
 

 


7 7
4

x t dx dt
   

  cos 7 cos
4 7

dtx dx t 
  

 
 

1 cos
7

t dt 

1 sin C
7

t 

1 sin 7 C
7 4

x  
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iii sin
4 2

x dx 
 

 


4 2
x t

 

1
2

dt
dx

                dx =  2dt

sin 2 sin
4 2

dx t dt  
   

 
 

2( cos ) Ct   

2cos Ct  

2cos C
4 2

x 
   

 

sin 2x dx
1 cos 2 C
2

x  

sin 3
3

x dx 
 

 


1 cos 3 C
3 3

x  
    

 

sin
4 4

x dx 
 

 
 4cos C

4 4
x 

   
 

  cos ( )ax b dx
1 sin ( ) Cax b
a

  

cos 2x dx
1 sin 2 C
2

x 

(i)  ( )nax b dx  , where 1n   (ii)  
1

( )
dx

ax b

:  (i)  ( )nax b dx  , where 1n  
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 - Vax  +  b  =  t 
dt dta or dx
dx a

 

1( )n nax b dx t dt
a

   

    
11 . C

( 1)

nt
a n



 


    
11 ( ). C

1

nax b
a n


 


  1n  

(ii)
1

( )
dx

ax b

ax b t  
1dx dt
a




1 1 .

( )
dtdx

ax b a t


 

1 log | | Ct
a

 

1 log | | Cax b
a

  

i 5 7xe dx

 ii 3 3xe dx 



: i 5 7xe dx



5x + 7 = 1 5
dtdx 


5 7 1

5
x te dx e dt  

1 C
5

te 

5 71 C
5

xe  
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ii 3 3xe dx 



3x  3 =  t             
1
3

dx dt 


       3 3 1
3

x te dx e dt    

1 C
3

te  

3 31 C
3

xe   

1 Cax b ax be dx e
a

  

ax + b = t

( )nax b dx
11 ( ) C, n 1

1

nax b
a n


   



1
( )

dx
ax b

1 log| | Cax b
a

  

sin ( )ax b dx
1 cos ( ) Cax b
a

   

cos ( )ax b dx
1 sin ( ) Cax b
a

  

2sec ( )ax b dx
1 tan ( ) Cax b
a

  

2cosec ( )ax b dx
1 cot ( ) Cax b
a

   

sec ( ) tan ( )ax b ax b dx 
1 sec ( ) Cax b
a

  

cosec ( ) cot ( )ax b ax b dx 
1 cosec ( ) Cax b
a
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(i) 2sin x dx (ii) 3sin x dx (iii)  3cos x dx

(iv)  sin 3 sin 2x x dx

x sine
cosine

i 2 1 cos 2sin
2

xx dx dx
 

2 1 cos 2sin
2

xx  
 

 


1 (1 cos 2 )
2

x dx 

1 11 cos 2
2 2

dx x dx  

1 1 sin 2 C
2 4

x x  

ii 3 3sin sin 3sin
4

x xx dx dx
 

3sin 3 3sin 4sinx x x  
 


1 (3sin sin 3 )
4

x x dx 

1 cos33cos C
4 3

xx 
    

 

iii 3 3cos3 3coscos cos3 4cos 3cos
4

x xx dx dx x x x
   
   

1 (cos3 3cos )
4

x x dx 

1 sin 3 3 sin C
4 3 4

x x dx  
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iv
1sin 3 sin 2 2sin 3 sin 2
2

x x dx x x dx 

 2sin A sin B cos (A B) cos (A B)   
1 (cos cos5 )
2

x x dx 
1 sin 5sin C
2 5

xx 
   

 

: (1)   3 8xe dx

  (ii)  3(4 5)x dx  

 (i)  3 8xe dx



  
3 8

C
8

xe 

 


(ii)   3(4 5)x dx

 
4(4 5) C

4
x 

 

 26.22: (i) cos( 5)x dx

(ii) sec(3 5) tan(3 5)x x dx   

(i) cos( 5)x dx
= sin(x + 5) + C

(ii) sec(3 5) tan(3 5)x x dx 
sec(3 5) C

3
x 

 

 26.3

1.

(i) sin( 4 5 )x dx (ii)  2sec (2 3 )x dx

(iii)  sec
4

x dx 
 

 
 (iv)  cos (4 5)x dx

(v)  cosec (2 5 )cot (2 5 )x x dx 
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(i)
4

1
(3 4 )

dx
x

 (ii)  4( 1)x dx

(iii) 10(4 7 )x dx (iv) 
1

3 5
dx

x 

(v)
1

5 9
dx

x
 (vi) 2(2 1)x dx (vii)

1
1

dx
x 

3.

(i) 2 1xe dx

 (ii)  7 4
1

x dx
e 

4. 2cos .x dx

 
( )
( )

f x
f x


  

( )
( )

f x dx
f x


  we put    f(x) = t

 f '(x) dx = dt

     
1 log | | Cdt t
t

 

    = log | f(x) |  +  C

Similarly,   
 

1( )
( ) ( ) C

1

n
n f x

f x f x dx
n



  


( ) 2 ( ) C
( )

f x dx f x
f x


 

( )( ) Cf ax bf ax b dx
a


   

 26.23:  2
2

1
x dx

x 
 f (x)  = 2 1x 

 f '(x) = 2x

 = log |1 +  x2|  +  C
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  26.24:  
x x

x x
e e dx
e e








   f (x) = ex  ex

 f '(x) = ex  ex

=  log | ex  ex | + C

  26.25:  2
2 1

1
x dx

x x


 
  

=  log | x2  x + 1| + C

26.4

1.

(1) 23 2
x dx

x 
 (2)  2

2 9
9 30
x dx

x x


 


(3)
2

3
1

3 3
x dx

x x


 
 (4)   

1
(8 log )

dx
x x

2.

(1)
2

x

x
e dx
be

 (2)  
1

x x dx
e e


i tan x dx ii sec x dx iii
1 tan
1 tan

x dx
x





iv
(1 sin )
(1 cos )

x dx
x



 v 5cosec cotx x dx iv
sin

sin ( )
x dx

x a

i
sintan
cos

xx dx dx
x

sin
cos

x dx
x
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 - V=  log  | cos x | + C (   cos x   sin x)

1log C
cos x

  or  = log | sec x | + C

  tan log |sec | Cx dx x 

 
sintan
cos

x dxx dx
x

 

cos x = t 
  sin x dx = dt

 tan dtx dx
t

  

=  log  | t | + C
=  log  | cos x | + C

1log C
cos x

 

= log  | sec x | + C

(ii) sec .x dx

sec x sec x 
sec2 x sec2 x

sec .x dx  

sec tan )sec
(sec tan )

x xx dx
x x




2(sec sec tan )
sec tan

x x x dx
x x





sec x +  tan  x = t 
 sec x tan x + sec2 x) dx = dt
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 sec dtx dx
t

 

=  log  | t | + C

=  log  | sec x + tan x | + C

iii 1 tan cos sin
1 tan cos sin

x x xdx
x x x

 


  

cos x + sin x = t 
  sin x + cos x) dx = dt


1 tan 1
1 tan

x dx dt
x t




 

=  log  | t | + C
=  log  | cos x + sin x | + C

iv
1 sin 1 sin
1 cos 1 cos 1 cos

x xdx dx
x x x


 

    

2 2

2sin cos
1 2 2

2cos 2cos
2 2

x x

dx
x x

   
   
    

   
   
   

 

21 sec tan
2 2 2

x xdx dx 
  

 
 

1
2 2
x t dx dt  

21 sin sec 2 tan
1 cos

x dx t dt t dt
x


 

  

= tan t  2 log | cos t | + C

tan 2 log cos C
2 2
x x 

   
 

v 5 4cosec cot cosec cosec cotx x dx x x x dx   

cosec x = t  
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 - Vcosec x cot x dx = dt

5 4cosec cotx x dx t dt  
5

C
5
t

  

5(cosec ) C
5

x
 

vi
sin

sin ( )
x dx

x a

x  a = t

dx = dt     x = t + a

sin sin ( )
sin ( ) sin

x t adx dt
x a t




 

sin cos cos sin
sin

t a t a dt
t


 

(   sin (A + B  = sin A cos B + cos A sin B)

cos sin cota dt a t dt  

(cos a  sin a )

= cos a . t + sin a log | sin t | + C

= (x  a) cos a + sin a log | sin (x  a) | + C

 a 

 1.  R    1
2 2

1 1 Tan xdx c
a ax a

 


  

          2 2 2 2
1 1 1

1 ( )
dx dx cxx a a a
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1

2
1 Tan xa c

aa


  
    (  6.2.6 )

                 
11 Tan .x c

a a
  

  
 

x = a tan  

2.  a , a 2 2
1 1 log

2
x adx c

a x ax a


 


  

   2 2
1 1 1 1 .

2a x a x ax a
 

     

       2 2
1 1 1 1

2
dx dx dx c

a x a x ax a
 

      
  

 
1 log | | log | |

2
x a x a c

a
       

1 log .
2

x a c
a x a


 



3.   R  1
2 2

1 sinh  
   


xdx c
aa x

  

R  x   
 

2 2 2

1 1 1

1
dx dx

a xa x a


 
 

          11 . sinh xa c
a a

  
   

1sinh x c
a

  
   

.

  
2 2

2 2

1 log .x x adx c
aa x

  
  
   



(a > 0,  R  x 22 axx     
a

axx 22 

 R 
2 2

dx

a x  x =  () = a sinh ,

 R 
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 - VI = R, J = R 

dx = a cosh d;

 2 2

cosh
cosh

dx a d d c
ax a


     


    1sinh x c

a
  

   

     
2 2

log .x x a c
a

  
  
 
 

x = () = a tan  






 


2
,

2
  







 


2
,

2
J , 

: JR  , 1 

 2 2 2 2 2tan sec ;x a a a a    

           dx  =  a sec2   d.

  
2 2

sec sec
sec

dx a d d
ax a

 
    


    log | sec tan | c    

 
2

2log | 1 |x x c
aa

     
2 2

log .a x x c
a

  
  
 
 

4.   x  (a, a)  1
2 2

Sindx x c
aa x

 


   

         
 

2 2 2

1

1

dx dx c
a xa x a

 
 

   
1Sin .x c

a
  

  
 

 x = a sin ,  






 


2
,

2
  

2 2

dx

a x
  

5.   I = (a, )  ( , a)    
2 2

dx

x a
  

      
2 2 2

1

1

dx dx c
a xx a a
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1

1

cosh , ( , )

cosh , ( , )





  
    

 
        

x c a
a

x c a
a

2 2

2 2

log , ( , )

log , ( , )

x x a c a
a

x x a c a
a

   
   
  

 
    

    
 

 (6.1.9 (21) )

: 0    , ( , ) ( , )a a a  
2 2

1

x a
 

).,(),(I  aa   I 

),(I  a   x =  () = a cosh , ),0( 

),(),0(:  a    ,  1 
dx = a sinh  d

 2 2 2 2 2 2cosh cosh 1 sinh .x a a a a a      

(a, )

     
1

2 2

sinh cosh
sinh

  
          

  
dx a xd d c c

a ax a
.

 ).,(I a

x  = y,  y  (a,  ) , ( , a)

        1
2 2 2 2

cos hdx dy x c
ax a y a

  
      

  
  .

 (  - I( ))  x > 1

 1 2cosh ln 1x x x    .

 x > a  
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1

2cosh ln 1x x x
a a a


  
         

 
2 2

ln x x a
a

  
 
 
 

.

x < a    1x
a

  .

2
1

2cosh ln 1x x x
a a a


  
           

2 2 2 2

ln lnx x a x x a
a a

        
     
   
   

.

2 2

2 2 2 2

ln , I ( , )

ln , I ( , )

x x a c a
adx

x a x x a c a
a

   
    
  

 
     

    
 


 .

I R  [a, a]

2 2

2 2

| |lndx x x a c
ax a

 
 


 .

6.  (a, a)  
2

2 2 1 2 2Sin
2 2
a x xa x dx a x c

a
      








 


2
,

2
     x  =  a sin  

 dx = a cos  d. 

   daaadxxa cos.sin22222

2 2cosa d     2 1 cos 2
2

a d 
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2

cos 2
2
a d d c      

     
2 sin 2

2 2
a c 

    
 

 
2

sin cos
2
a c        

2 2
1

2Sin 1
2
a x x x c

a a a


 
    

  

2
1 2 2Sin .

2 2
a x x a x c

a
   

  dxxa 22  

(6.2.26(1) ).

7.     [a,  ) 
2 2 2

2 2 1cosh
2 2

x x a a xx a dx c
a


     

        [0,  )   x  = a cosh   

 sinhcosh 22222 aaaax ,  dx  =  a sinh  d 

        2 2 sinh . sinhx a dx a a d        2 2sinha d  

       
2 cosh 2 1

2
a d 

  
 
   

2 sinh 2
2 2
a c 

   
 

2

[sinh cosh ]
2
a c      

2
2cosh 1 . cosh

2
a c    

  

2 2
1

2 1 . cosh
2


 

    
  

a x x x c
a aa

2 2 2
1cosh .

2 2


  
x x a a x c

a
     (6.2.26(2) ).

( , a]  x = a cosh   [0,  ) 

        
2 2 2

2 2 1cosh
2 2

  
      

x x a a xx a dx c
a
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8.   R  
2 2 2

2 2 1sinh
2 2


   

x a x a xa x dx c
a

 

x = a sinh ,   R   x = a tan ,  






 


2
,

2
 

 (6.2.26(3) ).

26.27 :
2 2I ,
3 3

 
   

   
24 9

dx

x
  

 :   
2 2 24 9 2 (3 )

.dx dx

x x


 
 

   






 


2
,

2
  x = () = sin

3
2

 ddx cos
3
2

2 2

2 2
3 3

4
9

cos cos

2 cos4 9 4 9. sin

ddx d
x

  
  

  
  

11 1 1 3Sin
3 3 3 2

xd c  
      

 
 .

26.28: x I = (a, a)   2 2
1 dx

a x
  

 :   2 2
1 1 1 1 1 .

( )( ) 2a x a x a a x a xa x
 

   
     

       2 2
1 1 1 1

2
dx dx dx c

a a x a xa x
 

      
  

 
1 log | | log | |

2
a x a x c

a
       

1 log .
2

a x c
a a x


 



26.29:  R  
2

1
1 4

dx
x

  

 :       

 
2 2

2

1
1 4 14 2

dxdx
x x


 

 
 

   
 

2
2

1
4 1

2

dx

x
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 11 2 Tan 2
4

x c      (6.2.18(1) )

11 Tan (2 )
2

x c  .

26.30:  (2, 2)   
2

1

4
dx

x


 :    
1

2 2 2

1 1 Sin .
24 2

xdx dx c
x x

  
     

 

26.31:  R   94 2x  dx 

 :   94 2x  dx   = 
2

2 32
2

x dx c 
   

2 2 2
1

3 3
2 2

3
2

( ) ( )
2 sinh

2 2 ( )
x x x c

   
    

    
(6.2.18(8) )

  
2 11 9 24 9 sinh .

2 4 3
  

     

xx x c

26.32:  







,

3
5

    dxx 259 2  

:     dxx 259 2   
22 53 3x dx 

    
2 2 2

1
5 5
3 3

5
3

( ) ( )
3 cosh

2 2 ( )
x x x c

   
    

    

(6.2.18(7) )

       2 11 25 39 25 cosh .
2 6 5

xx x c  
     

26.33:  4 4
5 5

, 
  

 216 25x dx
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 :     216 25x dx   =  

2
245

5
x dx 

 
 



      
2 2

2 1
4
5

4
5

( )45 Sin
2 5 2 ( )
x xx c

 
      

  
 

      
2 116 516 25 Sin

2 10 4
x xx c  

    
 

      
2 18 516 25 Sin .

2 5 4
x xx c  

    
 

a b c a  2
1 dx

ax bx c 


ax2 + bx + c  a[(x + )2 + 2] t = x + 

.

 26.34:  2
1

1
dx

x x 


       x2 + x + 1 = 
2 2

2 1 1 1
2 2

x x    
      

   

21 3
2 4

x 
   
 

221 3
2 2

x
  

          

Hence    2 22

1 1
1 1 3

2 2

dx dx
x x

x


    

    
   

  t = x + 
1
2

2
2

1

3
2

dt

t


 

  
 


dt = dx.
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11 tan C
33

22

t

 
 
  

   
  
  

12 2 1tan C
3 3

x  
  

 

 26.35: 2
1

3 1
dx

x x 
  

2 2 13 1 3
3 3
xx x x 

     
 

    
2 2

2 1 1 13
3 6 6 3
xx

    
        

     

    

221 113
6 6

x
                

Hence  2
1

3 1
dx

x x 
    22

1 1
3 1 11

6 6

dx

x


  

    
   

       

1
6

t x

dt dx

 



2
2

1 1
3 11

6

dt

t


 

  
 



11 1. tan C
3 11 / 6 11 / 6

t  
  

 

12 6 1tan C
11 11

x  
  

 

a, b, c a   0 

        (i)
2

1 dx
ax bx c 

        (ii) 2ax bx c dx   
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 I : a > 0, b2  4ac < 0 ax2 + bx + c a[(x + )2 + 2]

 II: a < 0,b2  4ac > 0 ax2 + bx + c > 0 ax2 + bx + c

(a) [2  (x + )2] 

 26.36 : 
2

1

2 3 1
dx

x x 
  

2 2 2 12 3 1 ( 3)
3 3

x x x x 
      

 

       
2 2

2 2 1 1 1( 3)
3 3 3 3

x x
    

         
     

       
2 21 2( 3)

3 3
x

    
       

     

       
2 22 13

3 3
x

    
      

     

Hence   
2

1

2 3 1
dx

x x 


2 2
1

2 13
3 3

dx

x


    

     
     



1

1
1 3sin C23

3

x


 
 

  
 
 

11 3 1sin C
23

x  
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 26.37:  21 3x x dx   

     2 21 3 ( 1) 3 1x x x x      
 

          
2 2

2 3 3( 1) 3 1
2 2

x x
    

         
     

223 13( 1)
2 2

x
                

2 213 3
2 2

x
   

         

Hence 
2 2

2 13 31 3
2 2

x x dx x dx
   

           
 

2 2 2
1

3
13 3 ( 13 / 2) 3 / 22 sin C

2 2 2 2 3 / 2

x
xx 

 
                      

2 12 3 13 2 31 3 sin C
4 8 13

x xx x   
     

 

26.5.7  a, b, c, p, q a  0, p 0 

(i) 2
px q dx

ax bx c


 
 (ii)  2( )px q ax bx c dx  

(iii)
2

px q dx
ax bx c



 


2A ( ) Bdpx q ax bx c
dx
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 2
1

3 12
x dx

x x


 
  

21 A. ( 3 12) Bdx x x
dx

      

x + 1 = A(2x + 3) + B.

x 

1 1A , B
2 2


 

1 11 (2 3)
2 2

x x   

2 2 2
1 1 2 3 1 1

2 23 12 ( 3 12) ( 3 12)
x xdx dx dx

x x x x x x
 

 
     

  

2
22

1 1 1log | 3 12 | C
2 2 3 39

2 2

x x dx

x

    
  

    
   



2 11 1 2 3 / 2log | 3 12 | tan C
2 2 39 39 / 2

xx x   
     

  

2 11 1 2 3log | 3 12 | tan C
2 39 39

xx x   
     

 

 .12)23( 2 dxxxx   

 B)12(A)23( 2  xx
dx
dx  =  A(4x 1) + B.

 x , 
4
3A  , .

4
5B 

               
3 53 2 (4 1)
4 4

x x    .
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 dxxxxdxxxx 12

4
5)14(

4
312)23( 22

       cdxxxdxxxx   12
4
512)14(

4
3 22

       
3
2

2
23 2 5 2 1 7. (2 1)

4 3 4 4 16
x x x dx c 

       
 



  
3
221 (2 1)

2
x x

2
1

1
4

7
4

( )5 2 1 1 1 7 7 sinh
4 2 4 4 16 32

x
x x c

                       

(6.2.26(3) )

  
3
221 (2 1)

2
x x

     
               

2
15 1 1 7 35 4 1sinh .

4 4 164 2 64 2 7
xx x c

 
2

2 5

2 10

x dx
x x



 
  

 :  B)102(A52 2  xx
dx
dx  =  A(2x  2) + B.

 x  A = 1,  B = 7 

 2x + 5 = (2x  2) + 7.   

 2 2 2

2 5 2 2 7
2 10 2 10 2 10

x x dxdx dx c
x x x x x x

 
  

     
  

       
2

2 2
2 2 10 7

( 1) 3

dxx x c
x

    
 



       
2 1 12 2 10 7 sinh .

3
  

      

xx x c
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a, b, p, q a 0,  p 0 


dx

(ax + b) px + q   

 : t = qpx  

 
 4)5( xx

dx  

 :        t = 4x   dx
x

dt
42

1


 .

   t2 = x + 4,    x + 5 = t2 + 1  

    2
2

1( 5) 4
dx dt

tx x


 
    =  2

 Tan1  t + c = 2 cx  )4(Tan 1 .

a, b b 0  

  (i)      
1 dx

a + b cosx (ii)  
1 dx

a + b sinx

2
sin

2
coscos 22 xxx  ,  sin 2sin cos .

2 2
x xx 

tan
2
xt     , .

2
sec

2
1 2 dxxdt 

2

2

1
1cos

t
tx




 ,  .

1
2sin 2t
tx




    
2

2
1cos
1

ta b x a b
t

 
    

 
 

2 2

2
(1 ) (1 ) .

1
a t b t

t
  




21
2

2 2 21
2

2

2

sec 2
cos ( cos ) sec (1 ) (1 )

x

x
dx dx dt

a b x a b x a t b t
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         22 .
( ) ( )

dt
a b a b t


  



(ii) sin x 21
2

t
t


 

 
5 4 cos

dx
x



 : t = 
2

tan x
   dtdxx


2

sec
2
1 2 .

 
21

2
2 21 2

2 2

2
12 1

sec 2
5 4cos (5 4cos ) sec (5 4( )) (1 )

x

x t
t

dx dtdx
x x t



 
   

  

       2 22
5(1 ) 4(1 )

dt
t t


         


 29

2
t

dt

         ct









 

3
Tan

3
2 1

 
1 2tan ( )2 Tan .

3 3

x
c

 
   

 

 
 6sin4cos3 xx

dx

 :   
2

tan xt   .
2

sec
2
1 2 dtdxx



   
21

2
2

2
1
2 2

sec
3cos 4sin 6 (3cos 4sin 6) sec

x

x
dx dx

x x x x


   
 

2 2
2 2

1 2
1 1

2
(3 ( ) 4 6) (1 )t t

t t

dt
t

 


  

  2 2
2

3 (1 ) 8 6(1 )
dt

t t t


   

 2
2

3 8 9
dt

t t


   24 11
3 9

2
3 ( )

dt c
t
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1

4
3

11
3

( )2 3 Tan
3 11 ( )

t
c

 
   
 
 

        
1 2

3 tan 42 Tan .
11 11

x
c

 
  
  
 

a, b, c, d, e,  f  d  0,  e  0 


a cosx + bsinx + c dx
d cosx + e sinx + f  

(a cos x + b sin x + c)  =  [d cos x + e sin x + f ]   +  [d cos x + e sin x

+ f ] +   ,  

  tan
dx

d e x   

 : 
xexd

x
xed sincos

cos
tan

1





.

 )sincos()sincos(cos xexdxexdx

           ( sin cos ) ( cos sin )d x e x d x e x        

 ,  

0,02,1  cdde .

2 2 2 2, , 0.e d
d e d e

     
 

   1
( cos sin ) cos sin

tan ( cos sin ) cos sin
dx d x e x d x e xdx dx c

d e x d x e x d x e x
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         1log | cos sin | .    d x e x x c

         12 2
1 [ log | cos sin | ] .dx e d x e x c

d e
   



: 


dx
xexd

x
sincos

sin , cos
cos sin

x dx
d x e x  

 :  


 dx
xexd

x
sincos

sinA1 , 


 dx
xexd

x
sincos

cosA2  

    



 dx

xexd
xdxede

sincos
cossinAA 21  .1cxdx      ...(i)





 dx

xexd
xexded

sincos
)cossin(AA 21  2|sincos|log cxexd  .  ...(ii)

(i)  (ii) 

1 32 2
1A [ log | cos sin |] ,ex d d x e x c

d e
   


  1 2

3 2 2
ec dcc
d e





;

2 42 2
1A [ log | cos sin |] ,dx e d x e x c

d e
   


 .22

21
4 ed

ecdcc





  


 dx
xx
xx

1sincos
7sin3cos  

cos x + 3 sin x + 7 = (cos x + sin x + 1 )  + (cos x + sin x + 1)+

      = (sin x + cos x) + (cos x + sin x + 1)+

      = (cos x + () sin x + ()

,  

  = 3;    =  7.

      

  


 dx
xx
xx

1sincos
7sin3cos

           
(cos sin 1) cos sin 12
cos sin 1 cos sin 1

x x x xdx dx
x x x x
   

  
    

15
cos sin 1

dx c
x x
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1log| cos sin 1| 2 5 .
cos sin 1

x x x dx c
x x

      
       ... (A)

  1
cos sin 1

dx
x x 

2
2 2 2

1 1
cos sin 1 2cos 2cos sinx x xdx dx

x x


  
 

       
2

2

2

sec1
2 (1 tan )

x

x dx


       



t

dt
1   (

2
tan xt   )

        =  log | 1 + t |  .|
2

tan1|log x


 (A) ,

cos 3sin 7 log | cos sin 1| 2 5log|1 tan | .
cos sin 1 2

x x xdx x x x c
x x
 

       
 

1.

(i) 2
cos

sin 4sin 5
x dx

x x 
     (ii) 2

1

2 10
dx

x x 


(iii) 2

1

1
dx

x x 
      (iv) 23 8 3x x dx 

(v) 2

1

8 3
dx

x x 


(vi) 2
1

3 6 21
dx

x x 
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2.

(i) 2

1

1

x dx
x x



 


(ii) 2(6 5) 6 2x x x dx  

(iii) 21x x x dx 

(iv)
2

1

(1 ) 3 2
dx

x x x  
    on (1, 3)

(v)
5

2
x dx

x


   on (2, 5)

(vi)
1

( 2) 1
dx

x x 
   on (1,  )

(vii) 1
(2 3) 2

dx
x x 

   on 3I ( 2, )
2
 

    
 

3.

(i)
9cos sin

4sin 5cos
x x dx

x x


 (ii)  
1

1 sin cos
dx

x x 

(iii)
1

4 5sin
dx

x (iv)  
1

4cos 3sin
dx

x x

(v)
1

sin 3 cos
dx

x x


(vi)
1

5 4cos
dx

x

(vii)
2sin 3cos 4
3sin 4cos 5

x x dx
x x
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( ) ( ) ( )d d dfg f g g f
dx dx dx

 

( ) ( ) ( )d d df g fg g f
dx dx dx

 

( ) ( ) ( )d d df g fg g f
dx dx dx

 

( )df fg dx fg
dx



( ) ( ) ( )d d df g dx fg dx g f dx
dx dx dx

   

( )dfg g f dx
dx

  

( ): ( ) ( )df u x g v x
dx

 

( ) ( )u x v x dx

( ) . ( ) ( ( )) ( )du x v x dx u x v x dx dx
dx
 

   
 

  

I II  I II 

A B ]

I II,  
I II B 

I 

x sin x, x cos2 x, x2 ex  

B 
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i ii

iii iv

I  II 

cosx x dx x (being algebraic) cos x

2 xx e dx x2 (being algebraic) ex

2 logx x dx log x x2

2
log

(1 )
x dx

x
 log x 2

1
(1 )x

1sinx x dx

 sin1x x

log x dx log x 1
(In single function of
logarithm and inverse
trigonometric we take unity
as II function)

1sin x dx

 sin1x

cosx dx

x 
cos x 

cos
cos ( ). cos

I II
x x ddx x x dx x x dx dx

dx
 

   
 

   

I   II [ d
dx

  I . ( II dx] dx)

sin 1.sinx x x dx  
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sin [ cos ]x x x c   

sin cosx x x c  

2 sinx x dx

x2 I sin x II 
2

2 2sin sin ( ) sin
I II
x x ddx x x x x dx dx

dx
 

   
 

   

2 cos 2 ( cos )x x x x dx   
2 cos 2 cosx x x x dx   

cos sin cos Cx x dx x x x  

2 2sin cos 2[ sin cos ] Cx x dx x x x x x   

2 cos 2 sin 2cos Cx x x x x    

2 logx x dx  

log x

     
3 3

2 1log log .
3 3
x xx x dx x dx

x
  

       
I       II

3 2
log

3 3
x xx dx  

3 31log C
3 3 3
x xx

 
   

 

3 3
log C

3 9
x xx   .
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2
log

(1 )
x dx
x

  

:  2 2
log 1log

(1 ) (1 )
x dx x dx
x x


 

 

           
1 1 1log .

1 1
x dx dx

x x x
   

     
    

 

           
log 1

1 (1 )
x dx

x x x


 
 

log 1 1
1 1

x dx
x x x

 
   

  


log 1 1
1 1

x dx dx
x x x


  

  

log log| | log |1 | C
1

x x x
x


    



log log C
1 1

x x
x x


  

 

2xx e dx  

:       
2 2

2 1.
2

x x
x e ex e dx x dx

x
  

2 21 C
2

x xe ex
x x

 
   

 

2
21 C

4

x
xex e

x
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1sin x dx

  

:      1 1sin sin .1 .x dx x dx  

1sin
1 2

xx x dx
x

 




 21 x t 

 2x dx dt 


1

2
x dx dt



   2

1
21

x dtdx
tx

 


 

Ct  

21 Cx   


1 1 2sin sin 1 Cx dx x x x    

1. (a)  sinx x dx (b)  2(1 )cos 2x x dx         (c)  sin 2x x dx

2. (a)  2tanx x dx (b)  2 2sinx x dx

3. (a)  3 log 2x x dx (b)  2(1 ) logx x dx (c)  2(log )x dx

4. (a)  
log

n
x dx

x (b)  
log (log )x dx

x

5. (a)  2 3xx e dx (b)  3xx e dx
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6. (a)  2(log )x x dx

7. (a)  1sec x dx

 (b)  1cotx x dx



[ ( ) ( )] 
xe f x f x dx

f(x) f'(x) 

:  ex (f(x) + C  

   tan log secxe x x dx

( ) log secf x x

sec tan( ) tan
sec
x xf x x

x
  

 ( ) ( ) ( ( )) C log sec Cx x xe f x f x dx e f x e x     

 tan log sec tan log secx x xe x x dx e x dx e x dx    
         

I    II

logsec logsec logsecx x xe x e x dx e x dx   

log sec Cxe x 

 

(a) 2
1 1xe
x x

 
 

 
 dx (b)  

1 logx x xe dx
x

 
 
 



(c) 2( 1)

xx e dx
x 

 (d)  
1 sin
1 cos

x xe dx
x
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:

(a) 2
1 1 1 1 1x x xde dx e dx e
x x dx x xx

      
         

      
 

(b)
1 log 1 logx xx xe dx e x dx

x x
   

    
   

 

log (log )x de x x dx
dx

 
  

 


log Cxe x 

(c) 2 2
1 1

( 1) ( 1)

x
xx e xdx e dx

x x
 


 

 

2
1 1

1 ( 1)
xe dx

x x
 

  
  



1 1
1 ( 1)

x de dx
x dx x

  
   

   


1 C
1

xe
x

 
  

 

(d) 2

1 2 sin cos1 sin 2 2
1 cos 2 cos

2

x x

x x
xe dx e dxxx

 
  

   
   

 

 

21 sec tan
2 2 2

x x xe dx 
  

 


tan tan
2 2

x x d xe dx
x

  
    

  


tan C
2

x xe 
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   1. (a)  sec 1 tanxe x x dx (b)  sec log sec tanxe x x x dx   

   2. (a) 2
1 xx e dx

x


 (b)  
1

2

1sin
1

xe x dx
x


 

  
 



   3. 3
( 1)
( 1)

x xe dx
x



 4.  2( 1)

xxe dx
x

    5.
sin

1 cos
x x dx

x


 6.  sin 2xe x dx

6
54

2 



xx
x

)(
)(

xq
xp

 q(x)

2
78

)1()2(
78

1
5

2
3

2 












 xx
x

xx
x

xx

1
5,

2
3

 xx  2
78

2 



xx
x
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)(
)(

xg
xf

 g(x) 

a (ax + b) 

bax 
A

 

b (ax + b)2 2)(
B

)(
A

baxbax 



 

(ax + b)3 

32 )(
C

)(
B

)(
A

baxbaxbax 
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 .... (1)

xi  = hui + a  .... (2)

x hu a  .... (3)

( )i ix x h u u   .... (4)
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1 1
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B A 
B A

(i)

(ii)

[1, 2, 3, 4, 5, 6] 

(iii)

HH, HT, TH, TT

(iv)
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 - VI= {(1, 1), (1, 2), (1, 3), (1, 4), (1, 5), (1,6)

(2, 1), (2, 2), (2, 3), (2, 4), (2, 5), (2, 6)

            

(6, 1), (6, 2), (6, 3), (6, 4), (6, 5), (6, 6)}

(a)

(b)

:

(i)

(ii)

(a)

(b)

(a)

(b)
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(i)

(ii)

S 

S  =  {1, 2, 3, 4, 5, 6}

S 

S  =  {H, T}

S S 

 S 

H T 

S  =  {(H, H), (H, T), (T, H), (T, T)}
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 - VI

S  =  {(H, H), (H, T), (T, H), (T, T)}

(i)

(ii) A, B, C, D E 

(iii)

(iv)

(i) S = {TTT, TTH, THT, HTT, HHT, HTH, THH, HHH}

(iii) S = {AB, AC, AD, AE, BC, BD, BE, CD, CE, DE}

n(S) = 10

(iii) S = {0, 1, 2, 3, 4, 5, 6}

n(S) = 7

S E
i.e.,  E   S.
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A, B, C, ,,,, 

E 

(i)

(ii)

S

S = {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}

E1 

E2 

E1  = {HHH, HHT, HTH, THH}

E2  = {HHT,, HTH, THH}

(i) 

(ii)

(iii)
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 - VIE1, E2 .... EK i  j, 1 ,i j k 

E Ei j    

(i) 

(ii)

  1 2 3E E E .... E Sk         E1, E2 .... EK 

(i) 1, 2, 3, 4, 5, 6 

(ii)
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(i)

(ii)

Calculator

A, B, C, D 

A :

B :

C :

D :

A B 
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A C 

C D 

n 
A m 

P(A)  

 p = P(A) =  
A

.m
n



A (n  m) A 

1n m mq
n n


  

  = 1  p

        p + q = 1

p q

0 <  p  < 1,  0 < q < 1
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p 
q 

p(A) = 1 A

p(A) = 0 A 

m n

1P(5)
6

 

H

H T

1P(H)
2



P = 
3 1
6 2
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P
0 0
6


6P( 7) 1
6

  

i ii

HH, HT, TH, TT

i HH

P
1
4

ii HT, TH

 P
2 1
4 2


: 

:  

HHH, HHT, HTH, THH, HTT, THT, TTH, TTT

 = 8

( ) = 3 (i.e., HTT, THT, TTH)
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  P( )

3
8

 .

:  200 

: 

1, 2, 3, ....  200

 = 200

( ) = {1, 4, 9, ... 196}

        = 14

  P( ) 
14 7
200 100
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P
4 1

36 9


i ii iii

C

i

P 10 1
20 2

 

ii

P 4 1
20 5

 

iii

 P
14 7
20 10

 

A 
B  P(A) P(B) 

i

P(A) = 
4 1

52 13


ii
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P(B) = 
20 5
52 13



 

(i)  (ii)  (iii)  

: 



(i)  A 

 13 

13 1P(A) .
52 4

  

(ii)  B 

4 

4 1P(B) .
52 13

  

(iii) C 

1P(C) .
52
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81

ii



650

 - VI

311  Vol - II  (TOSS)

 9C2

= 5C2

5
2

9
2

C 5 4 5
9 8 18C


 


52C3 

 52C3

4C1  

4C1  

4C1  

 4C1 
4C1 

4C1

4 4 4
1 1 1

52
3

C C C
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4 4 4
52 51 50

3 2 1
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5C1 

5C1

5
1

25
1

C 5 1
25 5C

  

 

A, B A, B 

:  A 

B  A, B 

 B
2 .

19

i ii
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i

ii

iii

7.

A.P  

30.6  

S E 
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 - VI1. 0 < P(E) < 1,   E   S

2. P(S) = 1

3. E1, E2  1 2 1 2P(E E ) P(E ) P(E )  

S  

S    = S

     P S   )  =   P(S

  P S) +  P()  =   P(S

  P() =

A  A

  P A  1   P(A)

A  A

A A = S     P A   A )  =   P(S

  P A) +  P( A )  =  1

      P A ) =  1   P(A).

 AS 0 <  P(A) < 1 

A S       P(A) <    P(S)

      P(A) <  1

  P(A) >  0 

 0 <   P(A) <  1.
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A  B 

 P(AB) = P(A) +  P(B)   P(AB)

AB  = AA ( A B)

 P(AB) =  P[A ( A B)] ...(1)

A A B 

 P[A ( A B)]  =  P(A) +  P( A B)

(1) 

 P(AB) =  P(A) +  P( A B)

 P(AB) =  P(A) + [ P( A B) +  P(AB)]   P(AB)    ...(2)

( A B)    (AB) = B

( A B) , (AB)  

 P( A B)  +  P(AB) =  p(B)

 P(AB) =  P(A) +  P(B)  P(AB)

A B

 P(AB) =  P(A) +  P(B)
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 - VI P(AB) =  P(A) +  P(B)  P(AB) ...(1)

A B 

  A B = 

 P(AB) =  P()

 P(AB) = 0

 P(AB) =   P(A) + P(B)

A B A 
B 

P(A) =
13 ,
52 P(B) = 

4
52

A B

P A B
1

52


P(AB) = P(A) + P(B)  P A B

13 4 1
52 52 52

  

16 4
52 13
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A 

B 

A, B A  B

A 

A = {(2, 6), (3, 5), (4, 4), (5, 3), (6, 2)}

B 

B = {(1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (6, 6)}

    A B = {(4, 4)}.

P(A) = 
5

36 ,  p(B) =
6

36  ,  p(A B) = 
1

36

A B

 P(A B) = P(A) + P(B)  P(A B)

    
5 6 1 10 5

36 36 36 36 18
     .

A, B, C D 
B 

B A B 

P( B P B P A 

= 0.35 + 0.30 = 0.65.
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P  P

  P

 P HHHH

 P HHHH
1 .

16


 P 
11

16
 

15
16



 E m 
n 

E m : n

E n : m 

E 

E 

A 
P(A) = 0.3

P( A )   = 1  0.3

= 0.7



658

 - VI

311  Vol - II  (TOSS)

0.3
0.7



0.7
0.3



A a b

P(A) a
a b




A a b

P(A) b
a b




A a b

P(A)
P(A)

a
b



P( A ) = 1  P(A)
P(A)

1 P(A)
a
b




 b(P(A)) =  a(1  P(A))

 b(P(A)) =  a  a P(A)

 P(A) (a + b)  =  a

P(A) .a
a b




A a  b P(A) b
a b
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 - VIi ii A 
A 

i
3 3P(A)

3 1 4
 



ii
5 5P(A)

7 5 12
 



a b

a S 
P S > 8

i S = 9 (ii) S = 10 (iii) S = 11 (iv) S = 12

P(S > 8) = P(S = 9) + P(S = 10) + P(S = 11) + P(S = 12) ...(1)

S = 9 : (3, 6), (4, 5), (5, 4), (6, 3)

P(S = 9) = 
4

36

S = 10 : (4, 6), (5, 5), (6, 4)

P(S = 10) = 
3

36

S = 11 : (5, 6), (6, 5)
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P(S = 11) = 
2

36

S = 12 : (6, 6)

P(S = 12) = 
1

36

P(S > 8) = 
4 3 2 1

36 36 36 36
  

10 5 .
36 18

 

b A
B 

S = 7 : (1, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, 1)

P(S = 7) = 
6

36  P(A) = 
6

36

S = 11 : (5, 6), (6, 5)

P(S = 11) = 
2

36  P(B) = 
2

36 .

A B 

P A B P(AB)

P(AB) = P(A) + P(B)
6 2

36 36
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 - VI8
36



P(A B = P (A B)


   = 1  P(AB)

   
81

36
 

    
28
36



     
7
9



a P(A) = P(B) = 0.6,  P A B = 0.05

b P(A) = 0.5,  P(B) = 0.4,  P A B = 0.1

c P(A) = 0.2,  P(B) = 0.7,   P A B = 0.4

a P(A B) =  P(A)  + P(B)   P A B

 = 0.6 + 0.6  0.05

 = 1.15

P(A B) > 1 

b P(A B) = P(A)  + P(B)   P A B

 = 0.5 + 0.4  0.1

 = 0.8

P(A B) <   P(A)

P(A B) <   P(B)



662

 - VI

311  Vol - II  (TOSS)

c P(A B) = 0.4

P(A) = 0.2

P(A B) <   P(A) 

10
3

10 9 8C
3 2 1
 


 

A 

A 

2C1 
8C2

8 72
2 1


 


= 56

2C2 
8C1

=  1 

=  8
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 - VIP P P

56 8
120 120

 

64 8 .
120 15

 

A
B A, B 

A 

B 

15 1P(A)
225 9

 
100 4P(B)
225 9

 

A B 

P(A   B)  = P(A) + P(B)

     
1 4
9 9

 

      
5
9

 .
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4. A
A 

a

b P(A) = 0.3  P(B) = 0.4, A, B 
P A B

a

b

(a) P(A) = 0.7 (b)    P(A) 
4
5
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 - VIA 

a

b

a

b

a P(A) = 0.5,  P(B) = 0.3 P(A  B) = 0.4

b P(A) =  P(B) = 0.4 P(A  B) = 0.2

c P(A) = 0.85,  P(B) = 0.8  P(A  B) = 0.61

A B 
A B
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4
52

4
51

A B

P(A B) = P(A) .  P(B)

P(A B C) = P(A) P(B) P(C)

 A B
A B

: A, B 

A ,  B

:  A, B 

P(A B)  =  P(A)  P(B)

P( A  B ) = P (A B)  

       = 1  P(AB)

       = 1  [P(A) + P(B)  P(AB)]

       = 1  [P(A) + P(B)  P(A) P(B)]

       = 1  [P(A) + P(B)[1  P(A)]

       = (1  P(A))  P(B) (1  P(A))

       = [1  P(A)]  [(1  P(B)]
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 - VI       =  P( A )  P( B ).
 A  , B  

A 
B 

A  B 

A 

2 1P(A)
6 3

 

1P(B)
3



P(A B) = P(A) . P(B)

  
1 1.
3 3



1 .
9



1
3

1
5

a

b

c

d
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P(A) = 1
3

P(A) = 
1
5

a P P(A) P(T)

=  
1
3

1
5

1
15



b P P( A ) P( T )

1 1= 1 1
3 5

   
    

   

2 4.
3 5



8 .
15



c P 1  P 

1  P( A ) P( T )

1 11 1 1
3 5

   
      

   

2 41 .
3 5

 

81
15

 

7
15



P( P(A) P( T ) +  P( A ) P(T)

  
1 4 2 1
3 5 3 5
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 - VI4 2
15 15

 

6 2
15 15

 

1 1,
2 3

1
4

P P P

1 2
1 1P , P
2 3

  3
1P
4



 P

P

  P (1  P1) (1  P2) (1  P3)

1 1 11 1 1
2 3 4

     
        
     

1 2 3
2 3 4

    
     
    

1
4



  P 11
4

 

3
4



3
4
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a

b

c

a A
B 

15 3P(A)
25 5

 

3P(B)
5



A  B 

P P A B

=  P(A) . P(B)

3 3
5 5

 

9 .
25



b A :  

B : 

P A B P(A) P(B)

3 2
5 5

 

6 .
25
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 - VIc WR

RW 

WR  RW

P

=  P(WR RW)

=  P(WR) +  P(RW)

=  P(W) P(R) + P(R) P(W)

2 3 3 2. .
5 5 5 5

 

6 6
25 25

 

12 .
25



 X

Y  

i

ii

A Y B

i P(A) 6 3 ,
14 7

   P( A ) = 1  P(A) = 3 41
7 7

 

P(B) 14 7 ,
30 15

   P( B ) = 
14 16 81
30 30 15
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P(A B) = P(A) P(B)

4 8 32.
7 15 105

 

A B A B

ii X Y 

P(AB) =  P X Y  

=  1 P

=  1 P A  B

32 73= 1
105 105

 

: P(A) = 0.5,  P(B) = 0.4 A, B

(i) P(A )    = P( A )

      = 1  P(A)

      = 1  0.5

      = 0.5

(ii) P(A, B )  =  P( A  B )

 = P (A B)

 = 1  P(AB)

 = 1  [P(A) + P(B)  P(AB)]

 = 1 [0.5 + 0.4  0.3]

 = 0.4.

:  A, B, C 

P(ABC) =  P(A) + P(B) + P(C)  P(AB)  P(BC)

 P(CA) + P(ABC)
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 - VI: BC =  D

(ABC) = P(AD)

      = P(A) + P(D)   P(AD)

= P(A) + P(BC)   P(A (BC))

= P(A) + P(B) + P(C)  P(BC)  P((AB)   (AC))

= P(A) + P(B) + P(C)  P(BC)   [P(AB) + P(AC)

  P[(AB)   (AC)]

= P(A) + P(B) + P(C)  P(AB)   P(BC)  P(CA)

  P(ABC)

a b c

d

S F 

2 1P(S)
6 3

 

4 2P(F)
6 3

 

a

P(SSS) =  P(S) P(S) P(S)

= 
1 1 1 1. .
3 3 3 27



P(SSS)=  P(S) P(S) P(F)

1 1 2 2. .
3 3 3 27

 

3C2

 P 3C2 
2 2 23

27 27 9
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c P  P(3 

1 261
27 27

  

d P P( + P(

2 1 7 .
9 27 27

  

i A :  

B : 

ii A : 

B:  

iii A :  

B:  

i

13 1P(A)
52 4

 

4 1P(B)
52 13

 

A   B =  

P(A   B) = 
1

52

P(A) P(B) = 
1 1 1
4 13 52
 

P(A   B) = P(A) . P(B)
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 - VIii

26 1P(A)
52 2

 

4 1P(B)
52 13

 

     A   B = { }

P(A   B) 
2 1

52 26
 

 P(A) P(B)
1 1 1
2 13 26

  

P(A   B)  P(A) P(B)

A B

iii

A 

8 2P(A)
52 13

 

2P(B)
13



A   B = {4 }

          P(A   B) = 
4 1

52 13


P(A) P(B) = 2 2 4 .
13 13 169

 

P(A   B)   P(A) P(B)

A  B 
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A  B

A 

B 

A B

A ( A )

B

B

A B

18 1P(A)
36 2

 

12 1P(B)
36 3

 

6 1P(A B)
36 3

  

1 1 1P(A) P(B)
2 3 6

   

P(A B)= P(A) P(B)

 A  B 

A 
B 
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 - VI
S = {HHH,  HHT, HTH, HTT, THH, TTH, THT, TTT}
A   B = {TTH, THT, HTT}

4 1P(A)
8 2

 

6 3P(B)
8 4

 

3P(A B)
8

 

1 3 3P(A) P(B)
2 4 8

   

P(A B)= P(A) P(B)

 A  B 

1
7

1
5

(a)

(b)

(c)

(d)

1
2

1
3
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(i)

(ii)

A B 

A 
1
5 B

1
7

(a) A B 

(b)

A, B, C 

1
3

2
7

3
8

A 

B

(a) A B

(b) A  B 

A 

B 
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 - VI(a)

(b)

(c)

(d)

(a) A : 

(b) B : 

(c) A : 

(d) B : 

A 

A  = {2, 4, 6}

3 1P(A)
6 2

 

P(A) 
B B = {4, 5, 6}.  B 

P(A) 
2
3 B A

P(A/B) 



680

 - VI

311  Vol - II  (TOSS)

A 

2P(A)
52



A 

B 

A B 

A 

B 

A   B  

B A A   B 
B  

n(A   B) = 1  n(B) = 13

(A B) 1P(A/B)
(B) 13

n
n


 

n(A   B) = 1 1P(A B)
52

  

n(B) = 13
13P(B)
52
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1 P(A B)52P(A/B) 1313 P(B)

52


  

A, B  S P(A)   0 
A B P(B/A) 

P(A B) (A B)P(B/A)
P(A) (A)

n
n

 
 

P(B)  0 

P(A B) (A B)P(A/B)
P(B) (B)

n
n

 
 

A, B P(B/A) = P(B)  P(A/B) = P(A)

{BB, BG, GB, GG} BB
A, B B P(A/B)

A = {BB}

B = {BB, BG, GB}

AB = {BB}

1P(A B)
4

 

3P(B)
4



1
P(A B) 14P(A / B) 3P(B) 3

4
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M =  

 F = 

P(M   F)

P(M) 
1
2



P(F/M)  = 0.05

P(M F)P(F/M)
P(M)




P(M   F)  =  P(M)  P(F/M)

      
1
2

  0.05

      =  0.025

P(A) = 0.8,  P(B) = 0.6,  P(A   B) = 0.5 A,
B 

(i)   P(A   B) (ii) P(B/A) (iii) P(A/ B)

(i)   P(A   B)  = P(A) + P(B)   P(A   B)

= 0.8 + 0.6  0.5 = 0.9

(ii)   P(B/A)  = 
P(A B) 0.5 5

P(A) 0.8 8


 

  (iii)   P(A/ B)  =  
P(A B) 0.5 5

P(B) 0.6 6
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A  
B 

P(A   B) = P(A ) P(B/ A)

P(A)  
7

12


P(B)  
6

11


7 6 7P(A B)
12 11 22

   

B = {TH, TTH, TTT}

P(B) = P(TH) + P(TTH) + P(TTT) .... (1)

P(TH) = 
1
4   

P(TTH) = P(TTT) =  
1
8 



684

 - VI

311  Vol - II  (TOSS)

1 1 1 4 1P(B)
4 8 8 8 2

    

A = {TTH, TTT}
1P(A)
4



P(A/B) 

P(A/B) = 
P(A B)

P(B)


A   B = AA   P(A   B) = P(A )

P(A/ B)  =  

1
P(A) 14

1P(B) 2
2

 

{BBB, BBG, BGB, GBB, BGG, GBG, GGB, GGG}

A 
B

P(A) = 0.4.,  P(B) = 0.2,  P(A   B)  = 0.1 A  B 
B A  P(B/A) 
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A B

P(A   B) = P(A) . P(B/A)

P(A   B) = P(B) . P(A/B)

P(B/A) A B 

P(A/B) B  A 

n(S) 

n(A ) = A  

n(B) = B  

n(A   B) = A  B 

n(A)P(A)
n(S)



n(B)P(B)
n(S)



n(A B)P(A B)
n(S)


 

A/B  B  A   B

n(A B)P(A / B)
n(B)
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n(B) n(A B)P(A B)
n(S) n(B)


  

= P(B) P(B/A)

P(A B) = P(A) P(B/A)

A B P(A / B)= P(A)
P(B / A) = P(B)

P(A B) = P(A) P(B) 

S A B 

P(A   B) = P(A) . P(B)

A B 

P(A/B)  = P(A)

P(A B)P(A / B)
P(B)




P(A B)P(A)
P(B)




P(A B) = P(A) P(B)

A B A B
A B 

P(A B) = P(A) P(B)

P(A B)P(A/B)
P(B)




P(A) P(B)P(A / B) P(A)
P(B)

 

 A  B 
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 S n  E1, E2 ..... En 
i = 1, 2, ... n  P(Ei) > 0.  A, S 

P(A) =  P(E1)  P(A/E1) + P(E2) P(A/E2) + .... + P(En) P(A/En)

      = 
1

P(E )P(A / E )
n

i i
i


 :  E1, E2 ... En  S 

S = E1   E2 .... En  i j  Ei   Ej = 

  A = A   S   (A S)

= A   (E1   E2  ... En)

=  (A   E1)   (A   E2)  ...   (A   En)

E1, E2 ... En  A   E1, A    E2, A    En

   P(A) = P (A   E1) + P (A   E2) + .... + P (A   En)

= P(E1) P(A/E1) + P(E2) P(A/E2) + ... + Pn P(A/En)

( )

1
P(E ) P(A / E )

n

i i
i



30.11  

  E1, E2, .... En  n 
P(Ei)   0, (i = 1, 2, .... n) 
P(A)   0 A

i i
K

i i
1

P(E ) P(A / E )P(E / A) , i 1, 2, ... .
P(E ) P(A / E )

n

i

n
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: i = 1, 2, ... n  P(Ei) > 0,

S = E1   E2  ... En 
1
E

n

i
i

   i   j   Ei   Ej = 

A A S  

A = A   S = 
1 1

A E (A E )
n n

i i
i i 

 
   
 
 

 i   j, (A E ) (A E ) A (E E )i j i j     

A 

= .

  
1

P(A) P (A E )
n

i
i

 

1
P (E )P(A / E )

n

i i
i



( )

 P (E A)P (E / A)
P (A)

k
k




     
1

P (E ) P (A / E )

P (E ) P (A / E )

k k
n

i i
i





30.50: 

 M1, M2, M3  25%

M1   45% M2 30% M3 . 

M3 

M1, M2 

 M3 

.

:  E P(M3/E) 
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 - VI P(M1) = 0.25P(M2) = 0.45,  P(M3) = 0.3

P(E/M1) = 0.01,  P(E/M2) = 0.01  P(E/M3) = 0.02

3 3
3

1 1 2 3 3

P (E/M ) P(M )P (M /E)
P (E/M )P (M ) P (E/M ) P (E/M ) P (M )




    
0.02 0.3

(0.01 0.25) (0.01 0.45) (0.2 0.3)



    

    = 0.46.

A 
A

A 

A  B A   B A  
B A, B 

A  B  A  B 

 S A  B 

P(A  B) = P(A) + P(B)  P A  B 

A  B 

P(A  B) = P(A   B) = P(A) + P(B)

a b 

P(A) = 
a

a b
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A a b 

P(A) = 
a

a b

A, B 

A, B 

A B 

P(A   B) = P(A) . P(B)

A B 

P(A   B) = P(A) P(A/B),  P(A) > 0

P(A   B) = P(A)  P(A/B), P(B) > 0

P(B/A) A B 

P(A/B) B A 

  E1, E2, .... En  n 

P(Ei)   0, (i = 1, 2, .... n) 

P(A)   0 A

i i
K

i i
1

P(E ) P(A / E )P(E / A) , i 1, 2, ... .
P(E ) P(A / E )

n

i

n
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http : //www.wikipedia.org

http:// math world . wolfram.com

(a) P(A) = 0.6,  P(B) = 0.5,  P(A  B) = 0.4

(b) P(A) = 0.2,  P(B) = 0.3,  P(A  B) = 0.4

(c) P(A) = P(B) = 0.7,  P(A  B) = 0.2
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(a)

(b)

(c)

(d)

A B 
P(A) = 0.4,  P(B) =  P   P(A   B) = 0.6 

(a) A B P 

(b) A B P 

A B 
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 - VIA B 

1 2 1P(A) , P(B) , P(A B)
2 3 4

   

P(A/B)  P(B/A)

18.   B1  B2

B1 

S = {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}

{H1, H2, H3, H4, H5, H6,  T1, T2, T3, T4, T5, T6}

 (i)  (ii)   (iii)  
 (iv) 

15

 {(1, 1) (1, 2) (1, 3) (1, 4) (1, 5) (1,6)

(2, 1) (2, 2) (2, 3) (2, 4) (2,5) (2, 6)

(3, 1) (3, 2) (3, 3) (3, 4) (3, 5) (3, 6)

(4, 1) (4, 2) (4, 3) (4, 4) (4, 5) (4, 6)

(5, 1) (5, 2) (5, 3) (5, 4) (5, 5) (5, 6)

(6, 1) (6, 2) (6, 3) (6, 4) (6, 5) (6, 6)}

 {MM, MF, FM, FF}
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1
6

1
2

1
2

3
4

(i)  
3
5 (ii)

2
3

(i)  
5

36 (ii)
5

36 (iii)
1

12 (iv)
1

36

7.
5
9 8

1
12 9.

1
2

(i)  
1
4 (ii)

1
13 (iii)

1
52

(i)  
5

12 (ii)
1
6 (iii)

11
36

(i)  
1
8 (ii)

7
8 (iii)

1
8

1
8

20
39 (a) 

4
25 (b)

38
245

1
5525

(i)  
3

10 (ii)
1
6 (iii)

1
30

7.
10
133 8

4
7 9.

60
143

1
4
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4
13

7
36

9
16

7
12

4
9 6.

1
2 7.

7
13 8.

5
12

9. (a) 
5

18     (b) 0.7 10.
4

11

11. (a)  
5
6   (b) 

35
36 12.

3
4

(a) A A 

(b) A A 

(a)  
7
9    (b) 

7
17 15. (a)

5
9    (b)  

3
4

16. (a),  (c)

4
7 18.

1
4

(a) 
2
7 (b)

1
35 (c)

24
35 (d)

11
35

(a) 
2
3   (b) 

1
2

1
4 (a) 

1
35 (b)

11
35

1
2 6.  (a)

5
144  (b)

1
1014 7.

53
80
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(a)  
36

169 (b)
84

169 (c)
120
169 (d)

149
169

(a)  (b)

13
51

1
2

25
204

1 1,
2 4

3
7

(a) 
1
4 (b)

5
16 (c)

15
16

2.
7

12
1
4

8
13

5.
5
8 (a)  

7.
436
625 8.

5
8

(a) 
14
33 (b)

16
33 (c)

1
11 (d)

19
33

55
221

1
4

2
15

1
969

1
3

19
40

3 1,
4 2

21
41
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S X
: S   R 

X X1(P(R)) = P(S)

P P(S), S 

S 

   n X(n) = 0

n  X(n) = 1

X : S   R S = {1, 2, 3, 4, 5, 6} 

X(1) = X(3) = X(5) = 1; X(2) = X(4) = X(6) = 0.

 S 

S = {HH. HT, TH, TT}

X  X 

 X  0, 1, 2

X(TT)  = 0,  X(HT)  = 1,  X(TH) = 1,  X(HH) = 2.

X S   R X 

(countable infinite) X 

(discrete random variable) 

a, b 

continuous random variable) 
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 - VI31.1.2

E = {xi / i > 1} X 
E xi 
xi P(X = xi) = p(xi), 
P(xi), i = 1, 2, 3, .... 

(i)  i  P(xi) > 0 (ii)  
1
P( ) 1i

i
x





{P(X = xi) = P(xi)}  X 
 X

X = xi x1 x2 x3 ... xn

P(X = xi) P(x1) P(x2) P(x3) ... P(xn)

 31.3 : 
S = {HH, HT, TH, TT}  x X(x)

 X(x)

 X  = {0, 1, 2}.

      P(X = 0) = 

= P({TT}) = 1/4

      P(X = 1) = 

= P({HT, TH}) = 2/4 = 1/2.

      P(X = 2) = 

= P({HH})  = 1/4

X

X = xi 0 1 2

P(X = xi)
1
4

2
4

1
4
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X   2

     = (X )n nx p x , 2 = 
2( ) (X )n nx p x 

2 = 2 2(X )n nx p x  
 



X = xi 2 1 0 1 2

P(X = xi)
1
8

2
8

3
8

1
8

1
8

X X 

:  X 
2

2
P(X )i i

i
x x



   

1 2 3 1 1( 2). ( 1). 0. 1. 2.
8 8 8 8 8

      

1 ( 2 2 0 1 2)
8

     

1
8

 

      X = 
2

2 2 2

2
P(X )i i

i
x x



   

21 2 3 1 1 14 1 0 1 4
8 8 8 8 8 8

           
                 

           

11 1
8 64

 

87 .
64
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X

: S X
P(X)

X = xi

P(X = xi)
1
6

1
6

1
6

1
6

1
6

1
6

X = 
6

i = 1
X P(X )i ix 

= 
1 1 1 1 1 11. 2. 3. 4. 5. 6.
6 6 6 6 6 6
    

= 
1 6 7
6 2

 
 
 

= 
7
2

X = 2 =
6

2 2

i = 1
P(X )i ix x 

2
2 2 2 2 2 21 1 1 1 1 1 71 . 2 . 3 . 4 . 5 . 6 .

6 6 6 6 6 6 2
 

       
 

= 
1 6 7 13 49 35
6 6 4 12

  
  

 
.

31.6

X = xi 1 2 3 4 5

P(X = xi) K 2K 3K 4K 5K

K  X .
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:  
5

1
P(X ) 1i

i
x



 

 K + 2K + 3K + 4K + 5K = 1

 15K = 1

 K = 
1

15

X  = 
5

1
P(X )i i

i
x x





= 1(K) + 2(2K) + 3(3K) + 4(4K) + 5(5K)

= 55K.
155

15
 

11
3



   X 2 = 
5

2 2

1
P(X )i i

i
x x



 

= 1(K) + 4(2K) + 9(3K) + 16(4K) + 25(5K)
211

3
 

  
 

= K + 8K + 27K + 64K + 125K
211

3
 

  
 

211225K
3

 
   

 

1 121225
15 9
 

  
 

12115
9

 

14 .
9
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p 

q p + q = 1 n

x

P(X = x) = nCx p
x qnx, x   {0, 1, 2, ..., n} 0 < p < 1

X (n, p

n, p X X ~ B (n, p)

X 

x 0 1 2 ... r ... n

P(X = x) nC0 p0qn nC1 pqn1 nC2 p2qn2 ... nCrpqnr ... nCn pnq0

X ~ B (n, p) X  2 np, npq

n p q
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S.D.

(i) p, 

(ii) n  i.e., n 

(iii) np =  ( )    

(n)

 > 0  p(X = x) = , 0, 1, 2.......
xe x

x

 


X 

X X

 X X 
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 - VI

a) 3 

b) 2 

c)

:  X: 

    p = P( )

= 
3 1
6 2


      q = P ( )

= 
3 1
6 2


 n = 3

a) P(3 )  = 3C3 
31 1

2 8
 

 
 

b) P( )

= P(2   3 )

= P(2 ) + p(3 )

= 
2 3

2 3
1 1 13C 3C
2 2 2

     
     

     

1 1 4 13.
8 8 8 2

   

c) P( ) = P(0  1 )

= P (0 )  + p(1 )
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0 3 1 2

0 1
1 1 1 13C 3C
2 2 2 2

       
        

       

1 1 4 13.
8 8 8 2

   

X

X

:
1
2

p 

1 11 , 8
2 2

p q p n     

X

X np = 8 
1 4
2

 
 

 

X = npq = 8 
1 1 2
2 2

   
   

   

6 

:  n = 6 

1 1P 1 .
2 2

q p    

6 r

P(X = r) = 
6

6 1 1C
2 2

r r

r
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6
6 1C , 0,1,....,6

2r r 
  

 

  p(X > 5)  =   P(X = 5) + P(X = 6)

6 6
6 6

5 6
1 1C C
2 2

   
    

   

61 7(6 1)
2 64

 
   

 
.

4
3

: X n, p = n p = 4

= npq = 
4
3

4
3
4

npq
np

 
 
 

1
3

1 1 2, 1 1
3 3 3

q p q      

      n p = 4

1 4 12
3

n n 
    

 

 n = 12 p = 
1
3
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X 16 P(X = 4) = P(X = 2), n = 6 p

: p q p + q = 1

 16 (X = 4) = P(X = 2)

  16(6C4) q2 . p4 = 6C2 q4 p2

24 2

4 216 q p q
pp q

 
    

 

4 1 4q p p
p

    

1
5

p 

4
5

q 


1
5

p 

X P(X = 0) = P(X = 1)= k k = e1

: X 

p(X = 0) = p(X = 1) = k
1. .

0! 1!
e e k
   

 

  e = e .     = 1

 
1

1

0!
ek e
 


  

1k e 
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X P(X = 1) = 3 P(X = 2) X

:  > 0

P(X = 1) = 3(P(x = 2)

1 2. .3.
1! 2!

e e  


2
3

  


2
3

 

p(X > 1)

X  B(n, p),  = 20, 2 = 10 n, p

X p(X = 2) = p(X = 3) X

p(X = 1) = p(X = 2) p(X = 5)
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X p(X = k) = nCk
 pk qnk, k =

0, 1, 2, ..., n X

p + q = 1 p q

n n, p X

X  B(n, p)

n, p X XB(n, p)

 = np, 2 = npq

npq

X p(X = k) = 
!

ke
k

 
, k

= 0, 1, 2, ....  = 0 X

 X

 X X  =

2 = 

 http:// www.wikipedia.org

 http:// mathworld.wolfram.com.

37
256

1631
4

 
  
 

n = 40, p = 
1
2

2 52
5 !

e
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 (TOSS)

 :

(i)

(ii)  A, B  C

 - A

( ) 102 = 20 M

1. 3 - 4i .

2. x3  6x2 + 9x  4 = 0  1, 1,  

.

3. (6, 3)  (4, 10) .

4.  x2 + 8y2 = 33  (1, 2) 

.

5. 2x  y + z = 6  x + y + 2z = 3 .

6. 6y x  , x  R 

7. y = Tan 3x .
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8.
2

0

1Lt
x

x

e
x


 .

9.
3/222

2 1 0.d y dy
dxdx

  
    

   

 

10.  P(X = 1) = P(X = 2)  P(X = 5)

.

 - B

( ) 84 = 32 M

11.  1 1 1 ....
4 1 4 7 7 10

  
  

 n 

=  
3 1

n
n 

, n   N 

12. (2x + 3)7 

13. 2x  3y + k = 0, 3x  4y  13 = 0  8x  11y  33 = 0 

  k  

14. a, b, c 3a  7b  4c, 3a  2b + c 

a + b + 2c 

15. 1 13 5cos sin sin
5 13

     
    

    

16. y = log(sec x + tan x)  dy
dx

.
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17.

18. A, B  P(A) = 0.8, P(B) = 0.6, P(A   B) =

0.5   (i)  P(A   B) (ii) AP
B

 
 
 

 

 - C

( )   68 = 48 M

19. 3
2 2

2 2 ( )
2 2

a b c a a
b b c a b a b c
c c c a b

 

    

 

 

20.  (1, 6), (5, 2), (7, 0), (1, C)  C 

.

21. r = (6i + 2j + 2k) + t(i  2j + 2k)  r = (4i  k) + s(3i  2j

+ 2k) 

22. cot A + cot B + cot C = 
2 2 2

4
a b c 


 

23. 2
1

1
dx

x x 
  

24.

x i 5 7 9 10 12 15 16

f i 2 4 5 8 4 2 3
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