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1.1 

statement

x = 3  x2 = 9 

x , x  5 = 7   x = 12 'x  5 = 7' 

 1.1 : 

(i)

(ii) 5 

(iii) xn > 1

(iv) (a + b)2 = a2 + 2ab + b2

 : (i)  (ii) (i) (ii)  n  x
 (iii) (iii)

a, b  (iv) (iv) 

1+ 2 + ... + n = 
( 1)

2
n n 

 n p(n)
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1(1 1)1
2


 ,  p(1) 

2(2 1)1 2
2


   

p(2) 

 1.2 : 2n > n  1  p(n)   p(1), p(k), p(k + 1), Nk 

  :  p(n)  2n > n  1 

 n 1, k  k + 1 

p(1)  : 21 > 2  1,   i.e., 2 > 1

p(k) : 2k > k  1

p(k + 1) : 2k + 1  > (k + 1)  1,  i.e., 2k + 1 > k

 1.3 :   p(n)  1 + 4 + 7 + ... + (3n  2) = 
(3 1)

2
n n 

 p(1), p(k)  p(k + 1), Nk   

  : p(1)  p(n) LHS

31  2  1 

(RHS)   p(1) = 
1 (3 1 1) 1

2
  



   p(1) = 1

p(2) : 
2 (3 2 1)1 4 ,

2
  

     5 = 5 

n  k, k + 1 

p(k) : 1 + 4 + 7 + .... + (3k  2) = 
(3 1)

2
k k 

p(k + 1) : 1 + 4 + 7 + ... + (3k  2) + [3(k+1)  2]
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= 
( 1)[(3( 1) 1]

2
k k  

  1 + 4 + 7 + ... + (3k  1) = 
( 1)(3 2)

2
k k 

 .

 

1.

a  1 + 2 + 4 + ... + 2n > 20 (b) 1 + 2 + 3 + ... + 10 = 99

(c)

(d)

(e)
1 1....

1 2 ( 1) 1
n

n n n
  

  
  for n = 5

(f) cosec  < 1

2. p(n) : n3 + 5n 6 p(1),  p(2), p(k),
p(k + 1), Nk 

3. p(n) p(1), p(k)  p(k + 1) 

(a) 2n    n + 1 (b)  (1 + x)n    1 + nx

(c) n(n + 1) (n + 2)  6 

(d) xn   yn   x  y 

(e) (ab)n = anbn (f) 
5 3 7

5 3 15
n n n 

   
 

 

4. p(n)  p(1), p(2), p(k)  p(k+1) 

(a)
1 1...

1 2 ( 1) 1
n

n n n
  

  

(b) 1 + 3 + 5 + ... + (2n  1) = n2

(c) (1  2) + (2   3) + ... + n(n + 1) < n(n + 1)2

(d)
1 1 1...

1 3 3 5 (2 1)(2 1) 2 1
n

n n n
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 - I1.2  

n  p(n) 

(i) n = 1   p(1) 

(ii) k > 1  p(k)  p(k + 1) p(n) 

 (ii) p(k)  p(k)  p(k + 1) 

n = 1  p(n)  (i) p(1) 

p(1) (ii)  k = 1 p(1+1)  p(2)  p(2)

(ii) k = 2 p(2 + 1)  p(3) (ii)

k = 3  p(4) 

p(11) n 

n n > 1 

p(n)

 1.4  :   1+ 2 + 3 + ... + n =

( 1)
2

n n 
 n N  

 : 1+ 2 + 3 + ... + n = 
( 1)

2
n n 

 p(n) 

p(1)  11 (1 1)
2

 

  p(1) 

n  k,  k   1 

1 2 3 ... ( 1)
2
kk k      ...(i)

 p(k + 1) is ( 1)( 2)1 2 3 ... ( 1)
2

k kk k  
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 LHS = RHS 

p(k + 1)  LHS  = (1 + 2 + 3 + ... k) + (k + 1)

      
( 1) ( 1)

2
k k k

  

      ( 1) 1
2
kk  

   
 

      
( 1)( 2)

2
k k 



       = p(k + 1) RHS

p(k)  p(k + 1) 

   p(1) 

n N  .

 1.5 : 1.2 + 2.22 + 3.23 + 4.24 +
... + n.2n = (n  1) . 2n+1 + 2,  n N  

 : 1.21 + 2.22 + 3.23 + ... + n.2n = (n  1) . 2n+1 + 2 p(n)

p(1)  1.21 = (1  1) 21+1 + 2  i.e., 2 = 2

   p(1) 

n  k,  k   1  p(k) 

1.21 + 2.22 + 3.23 + ... + k.2k = (k  1) . 2k+1 + 2   ...(i)

 p(k + 1) 

 p(k + 1) 

1.21 + 2.22 + 3.23 + ... + k.2k  + (k  1).2k+1 = [(k+1)1]2(k+1+1)+2

         = k .2k+2 + 2.

p(k+1) LHS = 1.21 + 2.22 + 3.23 + ... + k.2k + (k  1) . 2k+1
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 - I= (k  1) 2k+1  +  2 + (k  1) . 2k+1

= 2k+1 [(k  1) + (k  1)] + 2

= 2k+1 (2k) + 2

=  k . 2k+2 + 2

= RHS of p(k + 1)

  p(k + 1) 

 n N  
.

 1.6 :  12 + 32 + 52 + .... +

(2n  1)2 = 
1 (2 1)(2 1),
3

n n n   n N  

 :  12 + 32 + 52 + .... + (2n  1)2 = 
1 (2 1)(2 1)
3

n n n   

p(n) 

   p(1)  12 = 
11(2 1)(2 1) 1
3

    

    p(1) 

k   1, p(k) 

 12 + 32 + 52 + .... + (2k  1)2 = 
1 (2 1)(2 1)
3

k k k 

  p(k + 1) = 12 + 32 + 52 + .... + (2k  1)2 + [2(k + 1) 1]2

1 ( 1)[2( 1) 1] [2( 1) 1]
3

k k k     

1 ( 1)(2 1)(2 3)
3

k k k   

p(k + 1) LHS = 12 + 32 + 52 + .... + (2k  1)2 + (2k + 1)2

21 (2 1)(2 1) (2 1)
3

k k k k    
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1 (2 1)[ (2 1) 3(2 1)]
3

k k k k    

21 (2 1)(2 5 3)
3

k k k   

1 ( 1)(2 1)(2 3)
3

k k k   

= p(k + 1)  RHS

  p(k + 1) 

  n N  

 1.7 :   
1 1 1 ...

1.4 4.7 7.10
  

(n  = 3 1
n

n  ,   n N  

 : 1, 4, 7, ... 

 n 3n2.

4, 7, 10 .... 

 n 3n + 1.

 n  
1

(3 2)(3 1)n n 

1 1 1 1...
1.4 4.7 7.10 (3 2)(3 1) 3 1

n
n n n

    
  

 p(n) 

 p(1)   
1 1

1.4 3 1



  

 p(1)  

n  k,  k   1   p(k) 

i.e.,   
1 1 1 1...

1.4 4.7 7.10 (3 2)(3 1) 3 1
k

k k k
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 - I p(k + 1) 

p(k + 1) 

1 1 1 1 1 1...
1.4 4.7 7.10 (3 2)(3 1) (3 1)(3 4) 3 4

k
k k k k k


     

    

p(k+1) LHS = 
1 1 1 1...

1.4 4.7 (3 2)(3 1) (3 1)(3 4)k k k k
   

   

 
1

3 1 (3 1)(3 4)
k

k k k
 

  

 
(3 4) 1

(3 1)(3 4)
k k
k k

 


 

(3 1)( 1)
(3 1)(3 4)

k k
k k
 


 

1
3 1
k
k





= RHS of p(k + 1)

  p(k + 1) 

 n N  
.

 1.8 : n N

xn  yn x  y 

 : xn  yn x  y  p(n) 

x y x y     x  y n = 1 

n  k,  k   1 

 k kx y   x  y 

  xk yk  = (x  y)p      .... (i) p 

n  k + 1 

xk+1  yk+1 x  y 
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(i)   xk  yk  = (x  y)p

     xk = (x  y)p + yk

    xk+1  (x  y)px + yk . x

    xk+1  yk+1   (x  y)px + ykx  yk+1

           (x  y)px + yk(x  y)

           (x  y) (px + yk)

  xk+1  yk+1  x  y

n k + 1 

 n  N n nx y

x  y

 1.9 :  n  N  49n  16n 1  64 

 : 49n + 16n  1 p(n) 

491 + 16.1  1 = 64 n 

  p(1) 

 p(k) 

  49k + 16k  1  64 .

 49k + 16k  1 = 64p ...(i)   p   N .

 p(k + 1) 

49k+1 + 16(k + 1)  1 64 

(1) 49k + 16k   1 = 64p

49 64 16 1k p k   

49 .49 (64 16 1).49k p k   

149 16( 1) 1 (64 16 1)49 16( 1) 1k k p k k         
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 - I       64(49 12 1)p k  

 49p  12k + 1 

   49k+1 + 16(k + 1)   1 64 

    p(k + 1) 

 n N

 1.10 :   n N  2n > n  

 : 2n > n p(n)

  p(1)  21 > 1,  i.e., 2 > 1 

   p(1) 

p(k) 

 2k > k ...(i)

 p(k + 1) 

  2k + 1 > k + 1

(i)  

2k.2 > 2k

2k+1 > 2k

 2k+1 > k + 1, (  k > 1)

   p(k + 1) 

  n N

a

n > a ( N ) 

p(1) p(a + 1) 

 1.11:  n2 > 2(n + 1)   n > 3,
n N  

 :  n2 > 2(n + 1)   n > 3, n N  p(n)
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n > 3, n N  

p(3)

p(3) : 32 > 2   4 i.e., 9 > 8

  p(3) 

k > 3, p(k) 

i.e., k2 > 2(k + 1) ....(i)

 p(k + 1) 

p(k + 1) :  (k + 1)2 > 2(k + 2)

p(k + 1) LHS  =  (k + 1)2

  = k2 + 2k + 1

  >  2(k + 1) + 2k + 1 ... (i)

  >  3 + 2k + 1, since 2(k + 1) > 3

  =  2(k + 2)

(k + 1)2 > 2(k + 2)

   p(k + 1) 

   n > 3 .

 1.2

1. n N

(a) 12 + 22 + 32 + ........ + n2 = ( 1)(2 1)
6
n n n 

(b) 13 + 23 + 33 + ........ + n3 = 
2 2( 1)

4
n n 

(c) 1 + 3 + 5 + ........ + 2(n  1) = n2.
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 - I
(d) 1 + 4 + 7 + ........ + (3n  2) = 2

n
(3n  1)

2. n N

(a)
1 1 1....

1.2 2.3 ( 1) 1
n

n n n
   

 

(b)
1 1 1 1....

1.3 3.5 5.7 (2 1)(2 1) 2 1
n

n n n
    

  

(c)
( 1)( 2)1.2 2.3 .... ( 1)

3
n n nn n  

    

3. n N

(a) n3 + 5n  6 

(b) (xn  1)  x  1 

(c) n3 + 2n  3 

(d) n4 + 2n3 + n2 

1. Principle of finite mathematical induction)

 (i) 1 S  (ii)  K N , K S K 1 S   

S  N .

2. Principle of complete induction) :  n 

P(n) P(1)  P(2) ... P(k) 

 P(K + 1)     Nn ,  P(n)

3. x y ,  x, y  xn  yn  x  y  

 Nn .
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 http://www.wikipedia.org

 http://mathworld.wolfram.com

 Nn

1. 2.3 + 3.4 + 4.5 + ... n  
2( 6 11)

3
n n n 



2. a + (a + d) + (a + 2d) + .....  (n ) [2 ( 1) ]
2
n a n d  

3. 4n  3n  1  9 .

4. 12 + (12 + 22) + (12 + 22 + 32) + ....  (n ) 
2( 1) ( 2)

12
n n n 



5.
1 1 1 .....

1.4 4.7 7.10
    (n ) 3 1

n
n




  1.1

1. (b ), (e), (f) (a) n 

(c), (d)

 (f) 

2. P(1) : 13 + 5.1  6

P(2) : 23 + 5.2 6 

P(k) : k3 + 5k  6 

P(k + 1) : (k + 1)3 + 5(k + 1) 6 

3. (a)  P(1) : 2 > 2
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 - I    P(k) : 2k > k + 1

    P(k + 1) : 2k+1 > k + 2

(b)  P(1) : 1 + x >  1 + x

    P(k) : (1 + x)k >  1 + kx

    P(k + 1) : (1 + x)k+1 >  1 + (k + 1)x

(c)  P(1) : 6  6 .

    P(k) : k(k + 1) (k + 2) 6 .

    P(k + 1): (k + 1) (k + 2) (k +3)  6 .

(d)  P(1) : x  y  x  y 

    P(k) : xk  yk x  y 

    P(k + 1): (xk + 1  yk + 1)  x  y

(e)  P(1) : ab = ab

   P(k) : (ab)k = akbk

   P(k + 1) : (ab)k+1 = ak+1 . bk+1

(f)  P(1) : 
1 1 7
5 3 15
   

    P(k) : 
5 3 7

5 3 15
k k k

    

    P(k + 1): 
5 3( 1) ( 1) 7( 1)

5 3 15
k k k  

    

4. (a)   P(1) : 1 1
1 2 2




    P(2) : 
1 1 2

1 2 2 3 3
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    P(k) :  
1 1 1....

1 2 2 3 ( 1) 1
k

k k k
   

   

    P(k+1) : 
1 1 1 1....

1 2 ( 1) ( 1)( 2) 2
k

k k k k k


   
    

(b)  P(1) : 1 = 12

    P(2) : 1 + 3 = 22

    P(k) : 1 + 3 + 5 + .... + (2k  1) = k2

    P(k + 1) : 1 + 3 + 5 +.... + (2k  1) + [2(k + 1)1] = (k + 1)2

(c)  P(1) : 1   2 < 1(2)2

    P(2) : (12) + (23) < 2(3)2

    P(k) : (12) + (23) +  .... + k(k  1) <  k(k + 1)2

    P(k + 1) : (12) + (23) +....+(k  1)(k + 2) < (k + 1)(k + 2)2

(d)  P(1) : 
1 1

1 3 3




    P(2) : 
1 1 2

1 3 3 5 5
 

 

    P(k) : 
1 1 1.....

1 3 3 5 (2 1)(2 1) 2 1
k

k k k
   

    

    P(k + 1) : 
1 1 1 1.....

1 3 3 5 (2 1)(2 3) 2 3
k

k k k
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x + iy P(x, y)  

P(x, y) x + iy
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i |z| = 0  z = 0  z1 = z2  |z1| = |z2|

ii |z| = |z| = | |z

iii |z1 + z2| < |z1| + |z2|

iv |z1 . z2|  = |z1| . |z2|

v
1 1

2
2 2

| | , ( 0).
| |

z z z
z z

 

x2 + 1 = 0

x2 = 1

ax2 + bx + c = 0 b2   4ac < 0 
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x2 + 1 = 0 A

x2 = 1  
x = 1 

x2 = 1 

1i   i 

L. i 

1i   i2 = 1 i

i 
i 

A x =  i 

2 24 ( 1)(4) .2 2i i     

i 

4 2 , 7 7i i   

4, 7 

x x

(x 

(x 

x i

x i

x yi x y 

1i  
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a bi a, b

1i  

z 

i.e.,  z = a + bi, a  z  

Re(a + bi) b z 

Imag(a + ib) / Im(a + ib) 

a = 0, b   0 bi

7i, 
1
2

i ,  3i    i a   0,

b = 0 a 

5, 2.5,  7

a = 0, b = 0 0

i 

i 36 ii 25 . 4

i 36 36( 1) 6i 

ii 25 . 4 i i

 i 

i 2 =  1  

i 3 = i 2 . i = 1 . i = i
i 4 = (i 2)2 = (1)2  = 1.
i 5 = (i 2)2 . i = 1)2 . i = (+1) i  = i
i 6 = (i 2)3 = (1)3  = 1
i 7 = (i 2)3 (i ) = 1) (i ) = i

i 8 = (i 2)4  = 1)4 = 1.



21

311  Vol - I  (TOSS)

 - Ii   i,  1, i, +1

n > 4  'n' in n 

m r n = 4m + r 0
< r < 4.

in = i (4m + r)  = i 4m .  i r

   = i 4 m . ir

   = i r (  i4 = 1)

a, b 

a b ab 

a b  

2.i a i b i ab  

ab  a, b 

1 + i10 + i20 + i30  

i10 + i20 + i30

(i2)5 + (i2)10 + (i2)15

(1)5 + (1)10 + (1)15

(1) + (1) + (1)

 1 + 1 1

=  0

i10 + i20 + i30 

i3 + 6i16   12i11 a + bi 

i3 + 6i16  12i11 i2) . i + 6(i2)8  12(i2)5 . i 
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=  8( 1) . i + 6( 1)8   12( 1)5 . i

=  8i + 6  12(1) i

=  8i + 6 + 12i

=  6 + 4i

a + bi  a = 6, b = 4.

i

a 27 b 9  c 13

a + bi 

a b 3i c

i3 + 6i13  12 i10 

N m m

im + im+1   i m+2   i m+3  

x2  6x + 25 = 0 ..... (i)  

(x  3)2 + 16 = 0

(x  3)2 =  16

(x  3) =  16 16( 1)    

x  =  3 + 4i

3 + 4i 3  4i 

x2  2x + 2 = 0   ..... (ii)
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 - I(x  1)2 + 1 = 0

(x  1)2 =  1

(x  1) =  1 i   

x  =  1 + i

(ii) 1 + i 1  i 

(i), (ii) 

(i), (ii)  a + bi a  bi 
a + bi a  bi 

a  bi a + bi 

z = a + bi a  bi
z

z = a + bi z a  bi 

i z = 2 + 3i  z 2  3i 

ii z = 1  i  z 1  i 

iii z = 2 + 10i  z 2  10i 

i z z  = z

z =  5

z = 5 + 0i

5 0 5z i   

5z z  
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ii z  z = z

z =  3i

z = 0 + 3i

0 3 3z i i    

=   z
.z z  

iii

i.e.,     ( )z z

z =  a + bi z = a  bi

( ) ( )z a bi a bi z    

( )z z 

i i (ii) 2i (iii) (2 + i)2 (iv)
1

2
i 

(i)   z = 3  4i  

3 4 3 4z i i   

3  4i 3  4i 

ii z = 2i 0  2i 

0 2 0 2 2z i i i     

  2i  2i 

iii z = (2  i)2

 i.e.,     z = (2)2 + (i)2 + 2(2) (i)

= 4  1 + 4i

= 3 + 4i

3 4z i  3  4i.

2 + i 3  4i.
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(iv)

1
2

iz 


1 1
2 2

i 

1 1 1 1
2 2 2 2

z i i 
    
 

1
2

i  1
2
i 

z = a + bi 
XOX',  YOY' 

X, Y O 

P(a, b) 
z = a + bi

P(a, b) 

b = 0 z z
= a + 0i a, 0

X- 

XOX' X-
 Q(a, 0) 

z = a + 0i 

a = 0 z 
z = 0 + bi 0, b

Y
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YOY' Y-
 R(0, b) 

z = 0 + bi 

2 + 3i 3 + 2i 

2 + 3i A(2, 3) 

3 + 2i B(3, 2) A, B  

2 + 3i  2  3i  
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 - I2 + 3i P(2, 3) 

2  3i  Q(2, 3) 

2 + 3i  2  3i  

2 + 3i R(2, 3) 

2  3i  S(2, 3) 

2 + 3i, 2  3i 2  3i  
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2 + 3i P(2, 3) 

2  3i Q(2, 3) 

2  3i R(2, 3) 

z = a  bi 

 a  bi  P(a, b) 

 P  X, Y
PM, PL 

OM = a, OL = b 

P

2 2OP OM MP  

2 2a b 

OP a + bi 

z  =  a + bi  |z| 

2 2| |z a b 

2 2| | | |z a bi a b    

a |z| = 0  z = 0

z = a + bi R, R.a b 

2 2| |z a b 
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 - I|z| = 0  a2 + b2 = 0

 a = 0 b = 0  a2, b2 

 z = 0.

(b) |z| = | z |.

z = a + bi 2 2| |  z a b

z = a  bi

     2 2 2 2| | ( )z a b a b     

2 2| | | |  z a b z i

c | z | = | z |

z = a + bi 2 2| |z a b 

z = a  bi , 2 2 2 2| | ( ) ( )z a b a b      

2 2| | | |z a b z    ii

i ii | z | = | z |  = | z |

z  = 4 + 3i z, z

z  = 4 + 3i 2 2| | ( 4) (3)z   

16 9 25 5.   

| z | = 5

z  = 4  3i

2 2| | ( 4) ( 3) 16 9 25 5.z        

| z |  = 5  =  | z |.
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 z  = 5 + 2i z, z 
|z| = |z| 

z  = 5 + 2i 

z  = 5  2i

2 2| | 5 2 29z   

| z | = 2 2( 5) ( 2) 29   

|z| = 29  = |z|.

z  = 1 + 2i z, -z, z

z  = 1 + 2i z  = 1  2i  z = 1  2i

2 2| | 1 2 5z   

| z | = 2 2( 1) ( 2) 5   

| z | = 2 2(1) ( 2) 5  

| z | = | z| = | z |.

 

i 1 + i (ii) 2 (iii) 0 (iv)
1
2

 i

(i)  z = 1 + i 

2 2| | 1 1 2z   

|1 | 2i 

ii   z = 2   2 + 0i  

2 2| | (2 ) (0) 2z     

| 2 | 2   .
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 - Iiii   z = 0   0 + 0i  

2 2| | 0 0 0z   

| z | = 0.

iv   z = 
1
2

i    
10
2

i   

2
2 1 1| | 0

2 2
z  
    

 

1 1 .
2 2

i 

  z  z  | z |.

  z = 2 + 3i 

z = 2 + 3i

z  = 2  3i

z | z | = |2  3i|  =  2 2( 2) ( 3)  

    4 9 13  
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(i) P(4, 3)  z = 4 + 3i 

2 2| | 4 3 z

25 5 

 |z| = 5.

(ii) Q(4, 2)  z = 4 + 2i 

2 2| | ( 4) (2) 16 4 20     z

 | | 2 5 .z 

(iii) R(1, 3)  z = 1  3i 

2 2| | ( 1) ( 3) 1 9 10z       

(iv) S(3, 3)  z = 3  3i 

2 2| | (3) ( 3) 9 9 18z      

| | 3 2.z 

a 2i (b) 5  3i (c) 2 (d) (2 + i)2

(a) (i)  2 + 0i (ii) 3 + 0i (iii) 0  0i (iv) 3  0i

(b) (i)  0 + 2i (ii) 0  3i (iii) 4i (iv) 5i

(c) (i) 2 + 5i  5 + 2i (ii) 3  4i   4 + 3i

(iii) 7 + 2i  2  7i (iv) 2 9i  9  2i

(d) (i) 1 + i 1 i (ii) 6 + 5i  6  5i

(iii) 3 + 4i 3  4i (iv) 4  i  4 + i
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 - I(e) (i) 1 + i 1  i (ii) 3 + 4i  3  4i

(iii) 6  7i 6 + 7i (iv) 5i  5 + i

(a) 

(i) 3 (ii) (i + 1) (2  i) (iii) 2  3i       (iv) 4  5 i

b | | | |z z

(i) 6 + 8i (ii)  3  7i

c | | | | z z

(i) 14 + i (ii) 11  2i

d | | | | | |z z z   

(i) 2  3i (ii)  6  i (iii) 7  2i

z1 = a + bi,  z2 = c + di  z1 = z2  

a + bi = c + di  

a  c b  d i  = 0  = 0 + 0i

a  c  a  c

 z1 = z2  

b  d = 0 b  d

 z1 = z2  

a  c b  d a + bi = c + di 

z1   z2    |z1|  =  |z2|

z1 = a + bi z2 = c + di 

z1 = z2 a  c b  d
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2 2
1| |z a b 

2 2
2| |z c d 

2 2a b  a = c b = d)

   |z1|  =  |z2|.

x, y  5x + 6y i,  10 + 18 i

5x + 6y i =  10 + 18 i`Ç

  5x = 10    x = 2

6y = 18    y = 3

 x = 2, y = 3 

z1 = a + bi, z2 = c + di  

z1 + z2 = (a + c) + (b + d)i

z1 = 2 + 3i, z2 = 4 + 5i

z1 + z2 = [2 + (4)] + [3 + 5]i

     = 2 + 8i

i (3 + 2i) + (4  3i)

(ii) (2 + 5i) + (3  7i) + (1  i)

i (3 + 2i) + (4  3i) = (3 + 4) + (2  3)i = 7  i

ii (2 + 5i) + (3  7i) + (1  i) = (2  3 + 1) + (5  7  1)i

    = 0  3i

(2 + 5i) + (3  7i) + (1  i) =  3i
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 - I
P(a, b), Q(c, d) z1, z2 

z1 + z2 
R(a + c, b +  d) 

OP, OQ, OR, PR  QR 

RL PK 

 QON 

ON = C

QN = d

 ROL 

RL = b + d

OL = a + c

 POM 

PM = b

OM = a

PK = ML

    = OL  OM
     = a + c  a
    = c = ON.

RK = RL  KL
    = RL  PM
    =  b + d  b
    =  d = QN

 QON    RPK 

ON = PK,  QN = RK 0QNO = RKP = 90 . 

QON RPK   

OQ PR   OQ // PR.
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  OPRQ  OR

|z1 + z2| < |z1| + |z2| 

z1, z2 

 OPR 

OR < OP + PR

OR < OP + OQ (OQ = PR)

|z1 + z2| < |z1| + |z2| 

z1 = 2 + 3i,  z2 = 1 + i  |z1 + z2| < |.z1| + |z2| 

z1 = 2 + 3i,  z2 = 1 + i (2, 3), (1, 1)

z1 + z2 (2 + 1, 3 + 1) i.e.,  (3, 4)

2 2
1| | 2 3 13 3.6z    

2 2
2| | 1 1 2 1.41z    

2 2
1 2| | 3 4 25 5z z    

1 2| | | | 3.6 1.41 5.01z z   

 |z1 + z2| < |z1| + |z2|
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 - I

z1  = a + bi, z2 = c + di (a, b),
(c, d)

 z1  z2  =   (a + bi)  (c + di)

=   (a   c)  (b   d)i

      =   (a   c, b   d) 

 z1  z2  (a   c, b   d) 

z1  z2  

a z1 = 3  4i, z2 = 3 + 7i

b z1 = 4 + 7i, z2 = 4  5i

a z1 z2 = (3  4i)   (3 + 7i)

     = (3  4i)   (3  7i)

     = (3  3)   (4  7)i

     = 6 + (11) i 6  11i

b z1 z2 = (4  7i)   (4  5i)

     = (4  7i)   (4 + 5i)

     = (4  4)   (7  5)i

     = 0 + 12i 12 i

5 + 4i  i 

z = a + bi i 5 + 4i 

   i  + (a + bi) = 5 + 4i

a + (b + 1)i = 5 + 4i

a = 5 b + 1 = 4 b = 3

5 + 4i  i z = 5 + 3i 
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z1 = a1 +
b1i,  z2 = a2 + b2i  a1,  b1,  a2, b2    R  z1 + z2 =
(a1 + a2) + (b1 + b2)i

 (1
+ i) +  (2 + 3i) = (1 + 2) + (1 + 3)i = 3 + 4i

 (2 + 4i)  (1  4i) =  (2  1) + {4  (4)} i = 1 + 8i

z1, z2 z1 + z2 = z2 + z1.

z1 = a1 + b1 i,  z2 = a2 + b2i  

z1 + z2 =  (a1 + b1 i) + (a2 + b2i)

=  (a1 + a2) + (b1 + b2)i

=  (a2 + a1) + (b2 + b1)i  {
}

=  (a2 + b2 i) + (a1 + b1i)

=  z2 + z1

i.e.,   z1 + z2  =  z2 + z1.

 z1 = 8 + 7i,  z2  =  9  3i  

   z1 + z2  =  (8 + 7i) + (9  3i)

=  (8 + 9) + (7  3)i

 z2 + z1 =  (9  3i) + (8  7i)

=  (9 + 8) + (3  7)i

 z2 + z1 =  17  14i  z1 + z2 =  17  14i

z1 + z2 = z2 + z1  
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 - Iz1  z2 = (a1 + b1i)  (a2 + b2i)
= (a1  a2)  (b1  b2)i

z2  z1 = (a2 + b2i)  (a1 + b1i)
= (a2  a1)  (b2  b1)i
= (a1  a2)  (b1  b2)i
= (a1 + b1i)  (a2  b2i)

   z1  z2    z2  z1

 z1 = 8 + 7i,  z2  =  9  3i  

   z1  z2  =  (8 + 7i)  (9  3i)

=  (8  9) + (7  3)i

 z2  z1 =  (9  3i)  (8  7i)

=  (9  8) + (3  7)i

z1  z2 =  1  10i  z2  z1 =  1  10i
 z1  z2     z2  z1.

z1 = a1 + b1i,  z2 = a2 + b2i, z3 = a3 + b3i 

z1 + (z2 + z3) = (z1 + z2) + z3

z1 + (z2 + z3)

=  (a1 + b1i)  +  {(a2 + b2i) + (a3 + b3i)}

=  (a1 + b1i)  +  {(a2 + a3) + (b2 + b3)i}

=  {(a1 + (a2 + a3)}  +  {b1 + (b2 + b3)}i

=  {(a1 + a2) + (b1 + b2)i}  +  (a3 + b3i)

=  {(a1 + b1i) + (a2 + b2i)}  +  (a3 + b3i)

= (z1 + z2) + z3.
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z1 = 2 + 3i,  z2 = 3i z3 = 1  2i 

z1 + (z2 + z3) = (2 + 3i) + {(3i) + (1  2i)}.

= (2 + 3i) + (1 + i)

      =  3 + 4i  

(z1 + z2) + z3 = {(2 + 3i) + (3i)} + (1  2i)

= (2 + 6i) + (1  2i)

      =  3 + 4i

z1 + (z2 + z3) = (z1 + z2) + z3 = 3 + 4i

z1, z2, z3 

x + yi  (x + yi) + (0 + 0i) = x + yi 
(0 + 0i) 

z1 = 2 + 3i  z1 = x + yi z1 + z2 = z1

i.e.,    (2 + 3i) + (x + yi) = 2 + 3i

     (2 + x) + (3 + y)i = 2 + 3i

            (2 + x) = 2; 3 + y = 3

       x = 0  y = 0

i.e.,       z2 = x + yi = 0 + 0i 

i.e., z = a + bi  

(a + bi) + (0 + 0i) = a + bi

i.e., (0 + 0i) 

z1  z2 = (2 + 3i)  (0 + 0i)

         = (2  0) + (3  0)i
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 - I         = 2 + 3i

         = z1

  z2  =  0 + 0i,

a + bi a  bi

(a + bi) + (a  bi) = 0 + 0i

z1 = 4 + 5i,  z2 = x + yi,  z1 

z1 + z2 = 0

(4 + 5i) + (x + yi)  =  0 + 0i

(4 + x) = 0 5 + y = 0

x = 4  y =  5

z1 = 4  5i   z1 = 4 + 5i  

z1  z2 = 0  

(4 + 5i)  (x + yi) = 0 + 0i

(4  x) + (5  y)i = 0 + 0i

4  x = 0, 5  y = 0

x = 4, y = 5

i.e.,  z1  z2 = 0  z2 = 4 + 5i 

(i.e.,) (a + bi) (a + bi) = 0 + 0i  ( ) 0.
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a ( 2 5 ) ( 5 2 )i i   b
2 2

3 6
i i 


c (1 + i)  (1  6i) d ( 2 3 ) ( 2 7 )i i   

z1 = (5  i) z2 = (6 i)

a z1 + z2  

b z2 + z1  

c z1 + z2 = z2 + z1  

d z1  z2 

e z2  z1  

f z1  z2  = z2  z1  

z1 =  (1 + i),  z2 =  (1  i),  z3 = (2 + 3i)

a z1 + (z2 + z3)  

b (z1 + z2) + z3  

c z1 + (z2 + z3) = (z1 + z2) + z3  

d z1  (z2 z3)  

e (z1  z2 )  z3 

f z1  (z2   z3 ) = (z1 z2)  z3 

a i b i

3 i 15 + 4i 

 (3 7 ) (5 2 ) (3 7 ) (5 2 )i i i i      
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 - I

P(a, b)  z = a + bi 
R, Ra b  OP X 

OP = r 

OMP 

OM = a

MP = b

  r cos  = a.

   r  sin  = b.

z = a + bi z = r(cos  + i sin ) ...(i)

2 2r a b  tan  = b/a

1tan ( / )b a  (a, b) = tan1 b/a

r 


z1 = (a + bi),   z2 = (c + di) 

z1 . z2 = (a + bi) (c + di)

= a(c + di) + bi(c + di)

= ac + adi + bci + bdi2

= (ac  bd) + (ad + bc)i (  i2 = 1)
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(a + bi),  (c + di) (a  bd) +

(ad + bc)i

i (1 + 2i) (1  3i)(ii) ( 3 ) ( 3 )i i  iii (3  2i)2

i (1 + 2i) (1  3i) = {(1  (6)} + (3 + 2)i

  = 7i

(ii)  ( 3 ) ( 3 )i i  {3  (1)} + ( 3 3)i 

= 4 + 0i

(iii)   (3  2i)2 = (3  2i) (3  2i)

= (9  4) + (6  6)i

= 5  12i

|z1 . z2| = |z1| . |z2|.

z1 = r1(cos 1 + i sin 1),  z2 = r2 (cos2 + i sin 2)

2 2
1 1 1 1 1| | . cos sinz r r     

|z2| = r2.

z1 . z2  = r1(cos 1 + i sin 1) . r2(cos 2 + i sin 2)

= r1.r2[(cos1cos2sin 1 sin 2) + (cos1 sin 2 + sin 1 cos 2) i]

= r1 . r2 [cos (1 + 2) + i sin (1 + 2)].

1 2 1 2 1 2

1 2 1 2 1 2

cos( ) cos cos sin sin
sin( ) sin cos cos sin

          
          

2 2
1 2 1 2 1 2 1 2| . | . cos ( ) sin ( )z z r r       

= r1 . r2 .

 |z1 . z2| = r1 . r2 = |z1| . |z2|.
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 - Iz1 . z2  =  1 + 2 = arg(z1) + arg(z2)

i.e., 1 + 2 = (z1 ) + (z2 ).

(1 + i) (4  3i) 

   z  =  (1 + i) (4  3i)

|z| = |(1 + i) (4  3i)|

    = |1 + i| |4  3i| (  |z1 . z2| = |z1| . |z2|

2 2|1 | 1 1 2i   

2 2| 4 3 | 4 ( 3) 5i    

| | 2 . 5 5. 2.z  

z1 = a + bi, z2 = c + di

1

2
( ) 0

  


z a bi c di
z c di

( ) ( )
( ) ( )

a bi a bi c di
c di c di c di
  


  

2 2
( ) ( )ac bd bc ad i

c d
  




2 2 2 2
a bi ac bd bc ad i
c di c d c d
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3 + i 4  2i 

4  2i

(3 )(4 2 ) 10 10 1 1
(4 2 )(4 2 ) 20 2 2

i i i i
i i

  
  

 

3 1 1
4 2 2 2

i i
i


 



1 1

2 2

| |
| |

z z
z z


2 0z 

z1 = r1(cos 1 + i sin 1)

z2 = r2(cos 2 + i sin 2)

2 2
1 1 1 1 1| | cos sinz r r    

|z2|  =  r2

arg (z1) = 1 and arg (z2) = 2

1 1 1 1

2 2 2 2

(cos sin )
(cos sin )

z r i
z r i

  


  

      
1 1 1 2 2

2 2 2 2 2

(cos sin ) (cos sin )
(cos sin )(cos sin )

r i i
r i i

     


     

  
1 1 2 1 2 1 2 1 2

2 2
2 2 2

(cos cos cos sin sin cos sin sin
(cos sin )

r i i
r

          


  

 
1

1 2 1 2 1 2 1 2
2

[(cos cos sin sin ) (sin cos cos sin )]r i
r

           

1
1 2 1 2

2
[cos( ) sin( )]r i

r
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 - I
2 21 1 1

1 2 1 2
2 2 2

cos ( ) sin ( )z r r
z r r

      

1 1
1 2 1 2

2 2
arg arg( ) arg( )     

z r z z
z r

2
3

i
i





2
3

iz
i






1 1

2 2

| |2 2| |
3 3 | |

  
        

 z zi iz
i i z z

2 2

2 2

2 1 5 1
10 23 ( 1)


  

 

1| |
2

z 

z1 = a + bi,  z2 = c + di  
z1 . z2 

z1 = a + bi,  z2 = c + di z1 .
z2  = z2 . z1

z1 = 3 + 4i,  z2 = 1  i 

z1z2 = (3 + 4i) (1  i)

= 3(1  i) + 4i(1  i)

= 3  3i + 4i  4i2
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= 3  3i  + 4i  4(1)

= 3  i  + 4  = 7 + i

        z2z1 =  (1  i) (3 + 4i)

= (3 + 4i)  i (3 + 4i)

= 3  4i  3i  4i2

= 3 i  + 4  = 7 + i

  z1z2 = z2z1 = 7 + i

  z1 = (a + bi),  z2 = c + di,  z3 = (e + fi)

    z1 (z2 .z3) = (z1 . z2) z3

z1 =  (1 + i), z2 = (2 + i),  z3 = (3 + i) 

z1(z2 . z3)  = (1 + i) {(2 + i) ( 3 + i)}

   = (1 + i) {(6  1) + (3 + 2)i}

= (1 + i) (5 + 5i)

= (5  5) + (5 + 5) i

= 0 + 10i = 10i

(z1.z2)z3 = {(1 + i) (2 + i)} (3 + i)

= {(2  1) + (1 + 2)i} (3 + i)

= (1 + 3i) (3 + i)

= (3  3) + (1 + 9)i

= 0 + 10i = 10i

  z1(z2 . z3) = (z1 . z2)z3 = 10i

z = a + bi  
(a + bi) (1 + 0i) =  (1 + 0i) (a + bi) = a + bi
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 - Izz1 = z.

(a + bi) (x + yi) = a + bi

(ax  by) + (ay + bx)i = a + bi

ax  by = a,  ay + bx = b

x = 1,  y = 0

i.e.,  z1 = x + yi = 1 + 0i

z = 2 + 3i 

z . (1 + 0i) = (2 + 3i) (1 + 0i)

 = (2  0) + (3 + 0)i

= 2 + 3i

z = a + bi 
x + yi 1 + 0i

i.e.,  (a + bi) (x + yi) = 1 + 0i

(ax  by) +  (bx + ay)i = 1 + 0i

ax  by = 1 bx  ay = 0

2 2
1 .x y

a b a b
 
 

2 2 2
Re( )
| |

a zx
a b z

  


2 2 2
Im( )
| |

b zy
a b z
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2 2 2
Re( ) Im( ) .
| | | | | |

 
    

 

z z zx yi i
z z z

 2  4i

z = 2  4i 

z  = 2  4i |z|2 = |22 + (4)2|  = 20

 2
2 4 1 1

20 10 5| |
z i i
z


  

1 1
10 5

i 2  4i 1 

0i 

1 1 2 4 2 4(2 4 )
10 5 10 5 5 10

i i i     
          

     

      = 1  0i 

z1 = a1 + b1i,   z2 = a2 + b2i,   z3 = a3  + b3i

z1(z2 + z3)  =  z1z2 +  z1z3

z1(z2 + z3)  = (3  2i) {(1 + 4i) + (3  i)}

= (3  2i) (1 + 4i 3  i)

= (3  2i) (4 + 3i)

= (12 + 6) + (9 + 8)i

= 6 + 17i
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 - Iz1z2 = (3  2i) (1 + 4i)

     = (3 + 8) + (12 + 2)i

     = 5 + 14i

z1z3   = (3  2i) (3  i)

     = (9 )i

      =  11 + 3i

z1z2 + z1z3 =  (5  14i) + (11  3i)

   =  6 i

 z1(z2 + z3)  =  z1z2 + z1z3

a (1 2 )( 2 )i i 

b 2( 2 )i

c (3 + i) (1  i)(1 + i)

d (2 + 3i) (1  2i)

e (1 + 2i) (1  i)

e (1 + 0i) (3  7i)

a 3  4i b 3 7i c
3 5
2 3

i
i





z1 = 4 + 3i,  z2 = 3  2i  z3 = i + 5 z1( z2 + z3) = z1z2 + z1z3

z1 = 2 + i,  z2 = 2 + i z3 = 2  i (z1 . z2)z3 = z1(z2 . z3)
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 unity) n 













  cis1 . cis2 = cis(1 + 2) 

(cis)2 = cis 2.  

n

n unity
n



53

311  Vol - I  (TOSS)

 - I
n  

(cos  + i sin )n = cos n + i sin n

:  

(i)  n 

(cos  + i sin )n = cos n + i sin n p(n) 

n = 1  LHS = cos  + i sin  = cos 1 + i sin 1  = RHS.

 p(1)  

k   N  p(k) 

(cos  + i sin )k = cos k + i sin k

cos  + i sin  

(cos  + i sin )k (cos + i sin ) = (cos k + i sin k) . (cos +
i sin 

(cos  + i sin )k+1 = cos k .cos + i sin k cos 

+ i cos k sin + i2 sin k sin 

= (cos k .cos  sin k sin ) + i(sin k  cos  cos k sin )

= cos (k  + ) i sin (k + )

= cos (k  + 1)  i sin (k + 1) 

=  RHS.

  p(k + 1) 

n  P(n) 

  (cos  + i sin )n = cos n + i sin n     n   Z+.
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(ii) n = 0  LHS = (cos + i sin )0 = 1

        = cos 0+ i sin 0

        = RHS.

 (cos  + i sin )n =   cos n + i sin n

Case(iii)  Let n be a negative integer and n = m  where  m   Z+.

  LHS =  (cos  + i sin )n  =  (cos  + i sin )m = 
1

(cos sin )mi 

       = 
1

cos sinm i m  
  form case (i)

      2 2 2
cos sin

cos sin
m i m
m i m
 


 

      2 2
cos sin

cos sin
m i m
m m
  


  

       = cos(m) + i sin ( m)

       = cos n + i sin n = RHS.

 2.1: (cos 2 + i sin 2)6 . (cos 3  i sin 3)5

:  GE = (cos 12 + i sin 12)  (cos 15  i sin 15)

= (cis 12) [cis (15)]

= cis(12   15) = cis (3) = cos 3  i sin 3.

 2.2: x = cis   y = cis    1xy
xy

 .

:  cis . cis cis( )xy       ,   
1 ( )cis
xy

   

1 cos( ) sin( ) cos( ) sin( )xy i i
xy

             

    = 2cos( + ).
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 - I 2.3 : n 
2

2(1 ) (1 ) 2 cos
4

n
n n ni i


 

     
 

 

:  1 11 2 2 cos sin
4 42 2

i i i    
      

  

    
1 11 2 2 cos sin

4 42 2
i i i    

      
  

  /2(1 ) 2 cos sin 2 cos sin
4 4 4 4

nnn n n ni i i      
       

   
...(i)

  /2(1 ) 2 cos sin 2 cos sin
4 4 4 4

nnn n n ni i i      
       

   
...(ii)

 (1), (2) 
2

/2 2(1 ) (1 ) 2 2cos 2 cos .
4 4

n
n n n n ni i


  

     
 

 2.5

I 1. 

 (i)  3(1 3)i (ii) (1  i)8 (iii)  (1 + i)16

   (iv)  
5 5

3 3
2 2 2 2

i i   
        

   

2. n 

 (1 + cos  + i sin )n + (1 + cos  i sin )n

= 12 cos cos
2 2

n n n     
   
   

  II.1. x2  2x + 4 = 0    nN 

n + n = 2n+1 cos
3

n 
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2. cos  + cos  + cos  =  0 = sin  + sin  + sin  

cos2 + cos2 + cos2 = 
3
2 = sin2  + sin2  + sin2  .

3. n  (1  i)2n + (1  i)2n 12 cos
2

n n  
  

 
  

 : ( 1)p q
q

  cos sinp pi
q q

    
      

(cos  + i sin )p. q 

 : pn
q

     nq = p.

q (cos n + i sin n)q = cos nq + i sin nq

  (cos n+ i sin n)q =  cos p+ i sin p  = (cos  + i sin )p

(cos n+ i sin n)  (cos  + i sin )p q

cos sinp pi
q q

 
   

 
  (cos  + i sin )p/q q

:  cos sinp pi
q q

    
      

  (cos  + i sin )p/q 

Unity n

 
1/1/1 (cos0 sin 0) cos(2 0) sin(2 0) nnn i k i k       

2 2cos sink ki
n n
    

    
   

 k = 0, 1, 2, ... n  1.

n
2
n
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 - IA1, A2, .... An n

 OA1 = OA2 = ..... = OAn = 1  1
2A OX
n


  , 2
4A OX
n


  ,

.... 2A OXn
k
n


  .

 n 

  2cis
n
 

  
 

2 2 2 2cos sin cos sin
n

kk ki i
n n n n
    

      
 

  0, 1, 2 ... n1 n

  1 +  + 2 + ... + n1 = 
1 0
1

n



( 1)n 

  n

  x3 = 1
.

x3 = 1 = cos 0 + i sin 0 = cos (2k + 0) + i sin(2k + 0) 
 xk 

0 2 0 2cos sin
3 3k

k kx i      
    

   
k = 0, 1, 2

 

cos 0 + i sin 0;  2 2 4 4cos sin , cos sin
3 3 3 3

i   
 

    1,  , 2 where  2 4 or 
3 3

w cis cis 


24 4 8 8[ cos + sin cos sin
3 3 3 3

w i w i   
   

 
2 2 2cos 2 sin 2

3 3
w i    
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2 2 2cos sin ]
3 3

w i 
  

: 1 + w + w2 = 1 + cos 1200 + i sin 1200 + cos 2400 + i sin 2400

   
1 3 1 31 1 1 0
2 2 2 2

i i       

  w3 = w . w2 = 1.

 2.4 :  
1
51 3i  .

 1 3 (cos sin ) cos 1, sin 3i r i r r        

 3 1 2r      
1 3cos , sin
2 2 3


     

   1/5 1/5 2 / 3 2 / 31 3 2 cos sin
5 5

k ki i
        

          
,

k = 0, 1, 2, 3, 4

   
1/5 6 12 cis , 0,1,2,3,4

15
k k 

    

  
1/5

1 3i  

 1/5 1/5 1/5 1/5 1/57 13 19 252 , 2 , 2 , 2 , 2
15 15 15 15 15

cis cis cis cis cis             
         
         

.

 2.5 : x4  1 = 0 

   x4  1 = 0    x4=  1    x = ( 1)1/4

 1 = cos + i sin = cos(2k + ) + i sin(2k + )

 
1/41/4( 1) cos(2 1) sin(2 1)k i k      

 c 2 1 , 0,1,2,3
4

is k k
  

 x   3 5 7, , ,
4 4 4 4

cis cis cis cis          
       
       

1 1 1, ,
2 2 2
i i i    

     
1

2
i
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 - I 2.6 : 1, w, w2 

(a) 1 +  w2 + w7 = 0

(b)   (1  w + w2) (1  w  w2) = 4

(c)    (1 + w)3  (1 + w2)3 = 0

(d)   (1  w + w2) =  8 and  (1  w  w2)3 =  8

(a)  1 +  w2 + w7 = 0

   LHS =  1+ w2  (w3)2 .  w

=  1 + w2  w 3( 1)w 

=  0 2( 1 0)w w  

=  RHS

   LHS = RHS.

(b) (1  w + w2) (1  w  w2) = 4

    LHS = (1  w + w2) (1  w  w2)

= (1  w2  w) (1  w  w2)

= ( w  w) ( w2 w2) (1  w2 =  w,  1  w =  w2)

= ( 2w) ( 2w2)

=  4w3 (  w3 =1)

= 4

= RHS

  LHS = RHS

(c)    (1 + w)3  (1 + w2)3 = 0

 LHS = (1 + w)3  (1 + w2)3

2 3 3( ) ( )w w    (1 + w = w2; 1 + w2 =  w)

=  w6 + w3

3 2 3( )w w  

= (1)2 + 1
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= 1 + 1

= 0

= RHS

  LHS = RHS.

(d)   (1  w + w2) =  8

  LHS =  (1  w  w2)3

=  (1  w2  w)3

=  ( w  w)3

=  ( 2w)3

=   8w3 (  w3 = 1)

=   8.

(ii) LHS = (1  w  w2)3

=  (w2  w2)3

=  ( 2w2)3

=   8w6

=   8(w3)2

=   8.

= RHS

  LHS = RHS.

 2.7 : 
8/31 sin / 8 cos / 8

1 sin / 8 cos / 8
i
i

    
     

 1 .

  
3sin cos cos

8 2 8 8
      

     
   

and 
3cos sin sin

8 2 8 8
      

     
   

3 31 sin cos 1 cos sin
8 8 8 8

i i    
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 - I
    

2 3 3 32cos 2 sin . cos
16 16 16

i   
  

 

   
3 3 32cos cos sin
16 16 16

i   
  

 

,   3 3 31 sin cos 2cos cos sin
8 8 16 16 16

i i     
    

 

   LHS =  

8/3
3 3 32cos cos sin
16 16 16
3 3 32cos cos sin
16 16 16

i

i

    
  

  
        

   

8/313 3 3 3cos sin cos sin
16 16 16 16

i i
       

      
     

  
8/3

3 3 3 3cos sin cos sin
16 16 16 16

i i       
      

    

  
16
33 3cos sin

16 16
i  

  
 

 cos  + i sin   = 1 = RHS.

 2.8  
100 993 2 ( ),i a ib     (a, b) =  1, 3  

3 i  = 0 03 12 2(cos30 sin30 )
2 2

i i
 

   
 

  
100 100 0 0 1003 2 (cos30 sin 30 )i i  

100 02 (cos3000 sin 3000)i 

100 0 02 [cos120 sin120 ]i 

100 1 32
2 2

i
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100 99 100 991 33 2 ( ) 2 2 ( )

2 2
i a ib i a ib

 
        

 

 99 992 1 3 2 ( ) 1, 3i a ib a b        

 ( , ) 1, 3 .a b  

 2.6

1.   
3 5

8 9
(cos5 sin 5 ) (cos 2 sin 2 )
(cos 2 sin 2 ) (cos3 sin 3 )

i i
i i

     

     

2.
12 10

5
(cos sin ) (cos 2 sin 2 )

(sin cos )
i i

i
    

  

3.

(i)  1/3(1 3)i (ii) ( i)1/6 (iii)  (1 + i)2/3

(iv)  ( 16)1/4 (v)  ( 32)1/5

4. A, B, C  x = cis A, y = cis B, z = cis C, xyz

.

5. 1, w, w2 

(i)  
1 1 1

2 1 2 1w w w
 

  

(ii)  (2  w) (2  w2) (2  w10) (2  w11) = 49

(iii)  (x + y + z) (x + yw + zw2) (x + yw2 + zw) = x3 + y3 + z3  3xyz.

II.

1.

(i) x4 1 = 0  (ii) x5 1 = 0

(iii)  x9  x5 + x4  1 = 0
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 - I2. x12  1 = 0, x4 + x2 + 1 = 0 

3.  (unity)   1, w, w2  (x  1)3 + 8 = 0

.

4. (1 + i)4/5 .

5. 1 2cosx
x

    
1 2cosy
y

   , 

1 2cos( )xy
xy

   

6. x2  2x + 4 = 0  ,  nN

n + n = 12 cos
3

n n  
 
 

.

z  = a + bi,  a, b   R 1i  

i i,  1, i, 1 

z = a + bi  a  bi z

z = a + bi  2 2a b i.e.,  |z| = |a + bi| = 2 2a b

(a) |z| = 0   z = 0 (b) |z| = | z |

(c) |z1 + z2|  < |z1| + |z2|

z = a + bi z = r(cos  + i sin ).

2 2r a b 

1tan ( / )b a 

z = a + bi 
2| |

z
z
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(i) cos  + i sin  cis 

cis  n cis n

(ii) n (cos  + i sin )n = cos(n) + i sin (n) =

cos n   i sin n .

(iii) (cos  + i sin ) (cos  i sin )  =  cos2 i2sin2

      =  cos2 + sin2 = 1

1cos sin ,
cos sin

i
i

   
 

1cos sin
cos sin

i
i

  
 

(iv)
1(cos sin )

cos sin

n
ni

i
 

        

        (cos sin ) cos sinni n i n      ,

n 

(v) . ( )cis cis cis        R 

(vi) n n 0 0z   

zn = z0 z z0 n
1/
0

nz   0
n z

 http:// www.wikipedia.org

 http:// mathworld.wolfram.com.

(a) 2 + 7i (b) 3 + 0i (c)
1
2



(d) 5i (e)
1

2 3i
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 - I
(a) 3. 27  (b) 3. 4 . 72  

(c) 3i15  5i8 + 1

(a) z (3, 5) (b) z (0, 4) (c) z (8, )

(a) 1  2i (b) 1  2i (c) 6 2i (d) 4i
(e)  4i

(a) 1  i (b) 3 + i (c)
3
2

i         (d) 2 3i 

7i17  6i6 + 3i3  2i2 + 1  a + bi 

x, y 

(a) (x  yi) + 7  2i = 9  i (b) 2x + 3yi = 4  9i

(c) x  3yi = 7 + 9i

(a) (3 + i)  (1  i) + (1 + i)

(b)
1 2 3 2
7 7 7

i i i     
         

     

(a) 3  7i (b) 11  2i (c) 3 2i

(d) 1 2i (e)
1 5
1

i
i





(a)
1
3

i
i




(b)

5 2
2 3

i
i




(c) (3 + 2i) (1  i)

(d) (1  3i) (2i3 + i2 + 3)
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|z1z2| = |z2||z1| 

(a) z1 = 3  2i, z2 = 1  5i

(b) z1 = 23 7 , 3i z i  

1 1

2 2

| |
| |


z z
z z

(a) z1 = 1  3i, z2 = 2  5i

(b) z1 =  2 + 5i,  z2 = 3  4i

13. cos  + cos  + cos  = 0 = sin  + sin  + sin  

(i) cos 3 + cos 3 + cos 3 = 3cos( +  + )

(ii) sin 3 + sin 3 + sin 3  = 3sin( +  + )

(iii)  cos ( + ) + cos ( + ) + cos ( = 0 

2. 1, w, w2 

(i)  (1  w + w2)6 + (1  w2 + w)6 = 128

= (1  w + w2)7 + (1  w  w2)7

(ii)  (a + b) (aw  bw2) (aw2  bw) = a3 + b3

(iii)  x2 + 4x + 7 = 0    x = w  w2  2.

3. x2 + x + 1 = 0  ,  4 + 4 + 11 =

0 .

4. z2 + z + 1 = 0,   z 
2 2 2 2

2 3 4
2 3 4

1 1 1 1z z z z
z z z z

       
             

       

2 2
5 6

5 6
1 1 12z z
z z

   
       
   



67

311  Vol - I  (TOSS)

 - I
5. n  z = cos  + i sin ,   

2

2
1 tan ,
1

n

n
z i
z


 


 

6. a = cos  + i sin , b = cos  + i sin , c = cos  + i sin 

 a + b + c = abc,  

cos  + cos   ) + cos    

  1. (a) 3 3i (b) 3i (c) 13i

  2. (a) 5 + 0i (b) 0  3i (c) 0 + 0i

   3.     12   4i

  2.2

1. (a) 2i (b) -5 + 3i (c) 2 (d) 3 + 4i

2. (a)
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(b)

(c)

(d)
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 - I(e)

3. (a) (i) 3   (ii) 10 (iii) 13 (iv)  21

  2.3

1. (a)     2 5 5 2 i   (b)  
1 (6 )
6

i

(c)   7i (d) 2( 2 1) (7 3)  

2. (a)  11 + 3i (b)  11 + 3i (c)   

(d)  1  i (e)  1 + i (f)   

3. (a)  4 + 3i (b)  4 + 3i (c)  

(d)    i (e)  2  i (f)   

4. (a) 12 + 7i (b) 4 + 3i

5. 18  6i
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 2.4

1. (a)     2 2 2 2 1 i   (b)  1 2 2i

(c)  2 + 6i (d)  
1 ( 4 7 )
5

i 

(e)  
1 (3 )
2

i (f)  
1 (3 7 )
58

i

2. (a)  
1 (3 4 )
25

i (d)  
1 ( 3 7 )

52
i

(c)  
1 ( 9 19 )
34

i 

  2.5

I. 1. (i) 8 (ii)   16    (iii)  256   (iv) i

  2.6

I. 1. cos(14) + i sin (14)

2. sin (17  20 )  i cos (17  20 )

3. (i)  1/32 (6 1) , 0,1, 2
9

cis k k
 

(ii) (4 1) , 0,1, 2,3, 4,5
12

cis k k
 

(iii)  1/32 (4 1) , 0,1, 2
6

cis k k
 

(iv)  2 (2 1) , 0,1, 2,3
4

cis k k
 

(v)  2 (2 1) , 0,1, 2,3, 4
5

cis k k
 

4. 1
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 - III.

1. (i)   +1,  +i

(ii) 2 1 , 0,1, 2,3,4
5

kcis k 
  

 

(iii) 
31, , ,

5 5
i cis cis    

      
   

2.
2 4 5, , ,

3 3 3 3
cis cis cis cis   

3. 1,  1  2w,  1   2w2

4. 4

1. (a)  2, 7 (b)  3, 0

(c)  
1 ,0
2

 (d)  0, 5

(e)  
2 3,

13 13


2. (a)  9 (b)  12 6i

(c)   4  3i

3. (a)  3  5i (b)  0  4i

(c)  8 + i

4. (a)  1 + 2i (b)  1 + 2i

(c)  6 2i (d)  4i

(e)  4i
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5. (a)  2 (b)  29 

(c)  
3
2 (d)  7

6. 9 + 4i

7. (a)  x = 2,  y = 1 (b)  x = 2,  y = 3

(c)  x = 7,  y = 3

8. (a)  1 + 3i (b) 
2 0
7

i

9. (a)  
13 7 , (3 7 )
58

i i  

(b)  
111 2 , ( 11 2 )

125
i i   

(c)  
13 2 , ( 3 2 )
7

i i  

(d)  
11 2 , (1 2 )
3

i i  

(e)  
12 3 , (2 3 )

13
i i 

10. (a) 
1
5 (b)  

1 145
5

(c) 26 (d)  4 5
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 - I

a, b, c  a 
ax2 + bx + c = 0, x 
a, b, c  

ax2 + bx + c = 0  x 
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5x2  8x = 2x  4 5x2  10x  4 = 0 

 ax2 + bx + c = 0, a   0. 

a2 + b + c = 0           .... (i)

(x ) (i) 

x2 + x  8 = 0 .... (ii)  

x = 2 (ii) 

L.H.S. = 22 + 2  6 = 0

L.H.S. = R.H.S

x = 3 (ii) 

L.H.S. = (3)2  3  6 = 0

L.H.S. = R.H.S

x = 1 (ii) 

L.H.S. = (1)2 + (1)  6   0

L.H.S.   R.H.S

  x = 2 x = 3 (ii) 
(ii) 

  x = 2 x = 3 (ii) 
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 - I ax2 + bx + c = 0;
... (A)

a   0 

(x ) (x ) (A) 

(x )  (x ) = 0 

P(x) = ax2 + bx + c .  a   0 

, 
p rx x
q s

ax2 + bx + c = 0, a   0 

0.   
     

  

p rx x
q s

 
px
q


rx
s

 ax2 + bx + c = 0 ,p r
q s

6x2 + 5x  6 = 0.

6x2 + 5x  6 = 0       .... (i)

6x2 + 9x   4x  6 = 0

3x (2x + 3)  2(2x + 3) = 0
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(2x + 3) (3x  2) = 0

 2x + 3 = 0 3x  2 = 0

3
2

  x 2
3

 x


3 2,

2 3


23 2 7 3 2 0.  x x

23 2 9 2 3 2 0x x x   

3 ( 2 3) 2( 2 3) 0x x x   

( 2 3) (3 2) 0x x  


32 3 0
2


   x x

23 2 0
3

   x x


3 2, .

32


(a + b)2  x2 + 6(a2  b2) x + 9(a  b)2  = 0.

(a + b)2 x2 + 6(a2  b2) x + 9(a  b)2  = 0 

(a + b)2  x2 + 3(a2  b2) x + 3(a2  b2) x + 9(a  b)2  = 0.

(a + b) x {(a + b) x + 3(a  b)} { 3(a  b){(a + b) x + 3(a  b)} = 0

{(a + b) x + 3(a  b)} . {(a + b) x + 3(a  b)} = 0
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 - I
 (a + b) x + 3(a  b) = 0  

3( ) 3( )a b b ax
a b a b

  
  

 

(a + b) x + 3(a  b) = 0  
3( ) 3( )a b b ax
a b a b

  
  

 


3( ) 3( ),b a b a

a b a b
 

 

(a + b)2  x2 + 6(a2  b2) x + 9(a  b)2  = 0 

{(a + b) x}2  + 2(a  b) x . 3(a  b) + {3(a  b)}2 = 0

{(a + b) x + 3(a  b)}2 = 0

3( ) 3( )a b b ax
a b a b

  
 

 


3( ) 3( ),b a b a

a b a b
 

 

(i) 23 10 8 3 0x x                  (ii)   x2  2ax + a2  b = 0

(iii) 2 1 0ab cx x
c ab

 
     

           (iv)  2 4 2 6 0  x x

 ax2 + bx + c = 0, a   0 
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2

1
4

2
b b acx

a
  

   
2

2
4

2
b b acx

a
  



    
D

2
b

a
 

      
D

2
b

a
 



D = b2  4 ac 

 ax2 + bx + c = 0, a   0 (a, b, c  R) 

i D > 0

ii D = 0

2
b
a


iii D < 0

(i)  x2 + 9x + 10  = 0 (ii)  29 6 2 2 0y y  

(iii)   22 3 3 2 0t t  

(i)  x2 + 9x + 10  = 0 

a = 1,  b = 9,   c = 10

 D  = b2  4ac = 81  4.1.10 = 41 > 0.



9 41
2

x  


9 41 9 41,
2 2

   
  

(ii)  29 6 2 2 0y y  

a = 9,  b = 6 2 ,   c = 2

 D  = b2  4ac = 2( 6 2) 4(9)(2)  = 0.
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 - I6 2 0 2
(2)(9) 3


 y


2 2,

3 3

(iii)   22 3 3 2 0t t  

2D ( 3) 4( 2) . 3 2  

 = 15 < 0



3 15
2 2

t  


        3 15 1
2 2


  i i

3 15 3 15,
2 2 2 2
 


i i

 

'P' x2 + py  1 = 0  

D = P2 + 4. P 

 P 

K (4k + 1)x2 + (k + 1)x + 1 = 0 

(4k + 1)x2 + (k + 1)x + 1 = 0 

D = (k + 1)2  4(4k + 1).1

D = 0

 (k + 1)2  4(4k + 1) = 0

 k2  14k  3 = 0
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14 196 12
2

 
 k 14 208

2
k 


7 2 13  7 2 13, 7 2 13  k 

x2 (a2 + b2) + 2x(ac + bd) + (c2 + d2) = 0  
ad = bc  

x2 (a2 + b2) + 2x(ac + bd) + (c2 + d2) = 0 

=  4(ac + bd)2  4(a2 + b2)  (c2 + d2)

=  8abcd  4(a2 d2 + b2c2)

=  4(2abcd + a2d2 + b2c2)

=  4(ad  bc)2

<  0    a, b, c, d.



'0' 

 4(ad  bc)2 = 0 ad = bc

ad = bc 

(i) 2x2  3x + 3 = 0                    (ii) 2 2 1 0   x x

(iii) 24 5 3 0x x                  (iv) 23 2 5 0x x  

'k' y2   2(1 + 2k) y + 3 + 2k = 0  

(x  a) (x  b) + (x  b) (x  c) + (x  c) (x  a)  
a = b = c
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 - I

 ax2 + bx + c = 0, a   0 

2 4
2

b b ac
a

     
2 4

2
b b ac

a
  

2 4
2

b b ac
a

  
  .... (i)

2 4
2

b b ac
a

  
  .... (ii)

(i), (ii) 

2
2

b b
a a

 
   

 2
x b

ax


   ... (iii)

2 2

2
( 4 )
4

b b ac
a

  
  

2
4
4

ac
a



c
a




x2  


c
a  ... (iv)

(iii), (iv) 
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3x2  5x + 9 = 0  

2 2
2 2

1 1( ) , ( )a b  
 

3x2  5x + 9 = 0 

5
3

    ..... (i)   9 3
3

    ..... (ii)

2 2 2( ) 2       

25 2.3
3

 
   

{(i), (ii) }

29
9

 

2 2 29
9

    

2 2

2 2 2 2
1 1  
 

   

29
9

9



 {(i), (ii) }

29
81

 

3y2 + 4y + 1 = 0  2, 2 

3y2 + 4y + 1 = 0 

 i.e., 2
' ' 4

3' '
y
y

     .... (i)

i.e.,  =
y2  

1
3

 ..... (ii)

2 2 2( ) 2       
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 - I24 12
3 3

   
        

{(i), (ii) }

16 2
9 3

 

10
9



2 2 1 .
9

  

 2 2 2 2 2( ) 0       y y

2 10 1 0
9 9

y y  

9y2  10y + 1 = 0.

 ax2 + bx + c = 0, a   0 
b3 + ac2 + a2c = 3abc 

ax2 + bx + c = 0  2 

2 b
a

     ..... (i)

2 c
a

  

i.e., 3 c
a

  ..... (ii)

(i) ( 1) b
a

    

3 3
3

3{ ( 1)} b b
a a

 
        

3
3 3 2

3( 3 3 1) b
a

        

3

33 1c c b b
a a a a
  

        
{(i), (ii) }

2 3

2 2 3
3c bc c b

aa a a
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ac2  3abc + a2c  = b3

b3 + ac2 + a2c = 3abc

ax2 + bx + c = 0 m : n 

m, n  ax2 + bx + c = 0 

bm n
a

     .... (i)

2 cm n
a

   ..... (ii)

(i) ( ) bm n
a

   

2
2 2

2( ) bm n
a

  

2
2

2( )c bm n mn
a a

  {(ii) }

ac(m + n)2 = mnb2 

ay2 + bx  + c = 0  

(i) 2 2
1 1


 
(ii) 4 4

1 1


 

5x2  6x + 3 = 0 

(i) 2 ,   (ii) 3 3,  

ay2 + bx  + c = 0 12b2 = 49ac 

px2  qx + p = 0  '1'
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 - I  D < 0  

(a)  t t2 + 3t + 4 = 0 

3 9 16 3 7
2 2

t      
  

D = 7 < 0

3 7
2

  


3 7
2

  

3 7 3 7,
2 2

   i i

(b)   'y'  23 5 2 0   y y  

5 5 4( 3)( 2)
2( 3)

y
    

 


5 19
6

  




  D  = 19 < 0

5 19 5 19,
6 6

   

 

i i

 (i) D < 0.

(ii)

2 + 3i 4  5i 

{(x  (2 + 3i)}{x (4  5i)} = 0 
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x2 (2 + 3i) x (4  5i)x + (2 + 3i) (4  5i) = 0

x2  (6 + 2i)x + 23 + 2i = 0 

ax2 + bx + c = 0  x2 a

a, b   a, b

a, b 

ax2 + bx + c = 0 , , Ra b c

0a

Rx ax2 + bx + c,  a 

ax2 + bx + c = 0 

b2 - 4ac < 0.

ax2 + bx + c = 2 
  

 

b ca x x
a a
2 2

2 2
2 2 2

    
        

     

b b b ca x x
a a a a

2 2

2
4

2 4

  
    

   

b ac ba x
a a
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 - I22 2

2
4

2 4
   

   
 

ax bx c b ac bx
a a a

2

2
4

4



ac b

a
4ac  b2 > 0

2
0 


ax bx c

a
x ax2  bx + c,

a 

ax2  bx + c = 0 
2

 
bx
a

x ax2  bx + c,  a 

, , Ra b c 0a

b2  4ac = 0.

22
0

2
   

   
 

ax bx c bx
a a

      =  0,   2



bx
a

2



bx
a ax2  bx + c, a 

,  ( < )  ax2  bx + c = 0 

(i)    < x <  ax2  bx + c,  a 

(ii)   x <  x >  ax2  bx + c,  a 

ax2  bx + c = a(x ) (x )

    
2  ax bx c

a
 = (x ) (x )   ...(1)

i  < x <   x  > 0,  x  < 0.
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2
 0ax bx c

a
 



 ax2 + bx + c, a 

ii x <   x   < 0,  x  < 0  ( <)

2
0 


ax bx c

a

x <   x  > 0,  x  > 0

2
0 


ax bx c

a

x <  x > ax2  bx + c, a 

x  x2  5x + 4 

ax2  bx + c a = 1,  b = 5,  c = 4.

b2  4ac = 25  16 = 9 > 0 

x2   5x + 4 = (x  1)(x  4) = 0

x = 1, 4

a = 1 > 0

1 < x <  4 x2  5x + 4 x2 

x < 1 x > 4 x2  5x + 4 x2 

i 1 < x < 4 x2  5x + 4 < 0,

ii x < 1 x > 4 x2  5x + 4 > 0 [
( ,1) (4, )   x ]

iii x = 1 x = 4 x2  5x + 4 = 0 
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 - Ix2  x + 3

 = b2  4ac = (1)2  4(1)(3) = 1  12 = 11 < 0.

  = 0, x2 a =  1 > 0

x2  x + 3 > 0, R x

x2  x + 3 = 0 
1 11

2
 i

x2  x + 3 x2 x  

x2  x + 3 > 0.

x2 

 f(x) = ax2  bx + c   ( , , R, 0) a b c a

R,x
24

4
ac b
a

i a > 0  2



bx
a f(x) 

24
4
ac b
a

ii a < 0  
2

bx
a


 f(x)

24
4
ac b
a

f (x)  =  ax2 + bx + c = a
2 24

2 4
b ac bx
a a

 
  

 
...(1)
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i a > 0  
24( )

4



ac bf x

a 2



bx
a

24( )
4



ac bf x

a

f (x)


24

4
ac b

a


ii a < 0  
24( )

4



ac bf x

a 2



bx
a

24( )
4



ac bf x

a

f(x) 


24

4
ac b
a

(i)  x2  x + 7 (ii) 12x  x2  32

(iii)  ax2 + bx + a (iv)  2x  7  5x2

(i)  x2  x + 7  ax2 + bx + c   a = 1,  b = 1, c = 7

a = 1 > 0   x2  x + 7 

2 24 4(1)(7) ( 1) 27 .
4 4(1) 4
  

 
ac b

a

(ii) 12x  x2  32 

  a = 1,  b = 12, c = 32

a = 1 < 0 
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 - I
 

2 24 4( 1)( 32) (12)
4 4( 1)
   




ac b
a

128 144 16 4.
4 4
 

  
 

(iii) (i)  a  > 0   ax2 + bx + a 

2 2 24( )( ) 4
4 4

 


a a b a b
a a

(ii)   a < 0 ax2 + bx + a 

     
2 2 24( )( ) 4

4 4
 


a a b a b

a a

(iv) ax2 + bx + c = 0 

 a = 5,  b = 2, c = 7

a = 5 < 0  

  
2 24 4( 5)( 7) (2)

4 4( 5)
   




ac b
a

140 4 136 34 .
20 20 5
  

  
 

2 1 .
2 10 5
 

 


b
a a < 0

1
5

x 2x  7  5x2 

R  'x'  ax2 + bx + c 

f(x)  =  ax2 + bx + c

y = f(x)  =  
2 24

2 4
 

  
 

b ac ba x
a a  
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a  > 0 a  < 0 

x  f(x) x,  f(x)

 

x  f(x) x,  f(x)

 

2



bx
a  2




bx
a  

24( )
4



ac bf x

a

24( )
4



ac bf x

a

x  2
 

 
 

b
a x,  2

 
 
 

b
a

f(x)  f(x) 

24
4
ac b
a

24
4
ac b
a

x,  
2
b

a
   x,  

2
b

a
  

f(x)
24

4
ac b
a

 f(x)
24

4
ac b
a



x 4x  5x2 + 2 

ax2  bx + c a =  5 < 0.

5x2  4x  2 = 0 
4 16 4(5)( 2)

2(5)
  

4 16 40 4 2 14
10 10
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 - I2 14
5




2 14 2 14
5 5

 
 x

4x  5x2 + 2 

2 14
5

x 


2 14
5

x 
 4x  5x2 + 2 

a < 0.  4x  5x2 + 2 

2 24 4( 5)(2) (4) 56 14
4 4( 5) 20 5

ac b
a
   

  
 

 
14
5

x2  5x  6  

x2  5x  6 ax2  bx  c a = 1 > 0

 

2 < x  < 3  x2  5x  6 x2  

x  2 x   3 x2  5x  6 x2 

 2 < x  < 3 x2  5x  6 < 0 

x < 2  x > 3 x2  5x  6 > 0 

a < 0   x2  5x  6 

 = 
2 24 4(1)(6) ( 5) 24 25 1.

4 4(1) 4 4
ac b

a
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3x2  4x  1  

ax2  bx  c a  3, b = 4, c = 1  a = 3 > 0

3x2  4x + 1 

2 24 4(3)(1) (4) 1.
4 4(3) 3

ac b
a
  

 

x2  5x  + 14  x 

 6x2  + 2x   3  x 

x2  5x  + 6  x 

x 2x  x2 + 7  

3x2 + 2x + 11 

5x2 + 4x +2, 1 ( Rx ) 

x2 + x +1  Rx

(i)   3x2  + 4x + 1 (ii)  4x  x2  10

(iii) 2x  7  5x2 (iv) 3x2 + 2x + 11

15  4x  3x2 
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 - I

x 

 n

3.9

n  a1, a2, a3 ... an

a0  0 1 2
0 1 2( ) ... ,n n n

nf x a x a x a x a       x 

n 

 g(x),  h(x) 

 : n = 0 a0 

 : 
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:

1. 0 1 0( ) , 0f x a x a a  

2. 2
0 1 2 0( ) , 0f x a x a x a a   

3. 3 2
0 1 2 3 0( ) , 0f x a x a x a x a a    

4. 4 3 2
0 1 2 3 4 0( ) , 0f x a x a x a x a x a a     

5. :     f() = 0 

   f (x)

x 

1 2
0 1 2 0... 0, 0n n n

na x a x a x a a        n 

 f(x) = 0 ( ) g(x) = 0 

h(x) = 0 

: f(x) = 0 x 

 :  f(x),  g(x)   n, m(<n)  

 f (x) =  q(x) .  g(x) +  r(x) r(x) = 0 

r(x) < m)  q(x), r(x) 

q(x) (n  m).
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 - I:  f(x)  (x  )  f()



:  f(x)  (x )  q(), r (x)

:   f(x) = (x )   q() +  r (x)   ... (1)

r (x)  = 0  r (x)  < 1.

r (x)  < 1    r (x)   = 0.   r (x)  = r0  r0

x =  

 f () = 0. q() + r () = r0.

 r0  f() .

 :  f () = 0 

f(x) = 0 

 :  f (x) = 0    f(x)

 (x  )  f(x)  ( x  )

f(x)   

 : f(x) = 0  

 f () = 0. ...(1)

 f(x) = (x  ) q(x)  +  f ()

(1)   f(x) = (x ) q(x)

    (x ),  f(x) .

  (x ), f(x)  (x )  f(x) 
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 f () = 0.

     f(x) = 0 

:   f(x) = 0 

  (Fundamental  Theorem of  Alzebra):

n > 1   f(x) = 0 

  n > 1  f(x) = 0   n  

1 2
1 2 1... 0n n n

n nx p x p x p x p 
        n

 1, 2, ..., n 

1 2
1 2 1...n n n

n nx p x p x p x p 
    

= 1 2 3( )( )( )...( )nx x x x   

1
1 2( , ... )n n

nx x      

2
1 2 2 3 1( ... ) n

n n x 
        1 2..... ( 1) ....n

n    

 x 

1 1
1

n

i
i

p s


    ( )

2 2
1

n

i j
i j n

p s
  

    (

)
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 - I
3 3

1

n

i j k
i j n

p s
  

      (

     )

......

1 2 3( 1) .....n
n n np s        ( )

:

(i) f(x)  a0 f(x) = 0 

0( 0)a 

1 2 11 2

0 0 0 0
... 0n n n n na aa ax x x x

a a a a
       

f(x)  = 0 .

1 2
1 2

0 0 0
, , ... ( 1) ;n n

n
aa as s s

a a a


       
0

( 1)r r
r

as
a

   1 r n 

(ii) ,   ax2 + bx + c = 0 

,b c
a a


      

(iii) n = 3  x3 + p1x2 + p2x3 + p3 = 0 

 1 2, 3 

       S1 = 1 + 2 + 3 = p1
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      S2 = 12 + 23 + 31 = p2

S3 = 123 = p3

(iv) n = 4  x4 + p1x3 + p2x3 + p3x + p4= 0

1 2, 3, 4 

   S1 = 1 + 2 + 3 + 4 = p1

      S2 = 12 + 13 + 14 + 23 + 24 + 34= p2

      S3 = 123+ 124 + 134 + 234=  p3

      S4 = 1234 = p4

 1 : 2, 3, 6 3

:   (x  2) (x  3) (x  6) = 0

3 211 36 36 0x x x   

 2 : 3x3  10x2 + 7x + 10 = 0 

.

 :  3x3  10x2 + 7x + 10 = 0

 3

3 210 7 10 0
3 3 3

x x x    ...(i)

 (1)  3 2 2
1 2 2 3 0,x p x p x p x p    

1 2 3
10 7 10, ,
3 3 3

p p p   

(1)   , ,  
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 - I
   1

0 10
3 3

p  
       

 

2
7
3

p  

 3 : x4 + ax3 + bx2 + cx + d = 0 

a, b, c, d 

: 

x4 + ax3 + bx2 + cx + d  = (x  1) (x  2) (x  3) (x  4) = 0

 x4 + ax3 + bx2 + cx + d  = x4  10x3  35x2  50x + 24 = 0

x 

a  = 10,   b = 35,  c = 50, d = 24.

 4: x3  px2 + qx   r  = 0  

  p, q, r 

:   a, b, c 

 a + b + c = p,    ab + bc + ca = q, abc = r.

a2 + b2 + c2 = (a + b + c)2  2(ab + bc + ca) = p2   2q

 a3 + b3 + c3 = (a + b + c) (a2 + b2 + c2  ab  bc  ca) + 3abc

       = p(p2  2q  q) + 3r = p(p2  3q) + 3r.
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 5: x3 + px2 + qx  + r  = 0  , , 

     (i) 2 (ii)  1



  (, ,      (iii)  3

 :   , ,   

    +  + = p ...(1)

  +  +  = q ...(2)

  =  ...(3)

(i) 2  

 (1) 

2 + 2 + 2 + 2( +  + ) = p2

2  + 2 = p2

2  + 2q = p2

2  = p2 2q

(ii) 1



1 1 1 1
   
   

  
q
r

  
  



(iii) 3

3 + 3 + 3  3 = ( + ) (2 +2 + 2 )

= (   + ) [(   + 2      )]
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 - I 3 3r  = p(p2  3q)

    3 = 3pq  p3 + 3r.

  3.5

I 1. 

(i)    1, 1, 3 (ii) 0, 0, 2, 2 2, 2 (iii)  3 50, 1, ,
2 2
 

2. 4x3  6x2 + 7x + 3 = 0     

+ +  .

3. x3  6x2 + 9x  4 = 0 1, 1,     .

4. 2x3  x2  7x  6 = 0  1, 2,   .

5. x3  2x2  ax  6 = 0 1, 2, 3  a .

II. 1.   x4  2x3  4x2  6x 21 = 0 

(s1, s2, s3, s4 ).

2.  6x4 + 15x2 + 7x  10 = 0 

D < 0 ax2 + bx + c = 0 

ax2 + bx + c = 0    

, .b c
a a

     

ax2 +  bx + c = 0 x

  ax2 +  bx + c,  a
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,  ( < ) ax2 +  bx + c = 0 

(i) < x <   ax2 +  bx + c, a 

(ii) x <   x >   ax2 +  bx + c, a 

f (x) = ax2 + bx + c 
24

4
ac b

a


(i) a > 0 f 
(ii) a < 0 f  

4. (i) a > 0  2
bx
a


 f (x)

24
4

ac b
a


(ii) a < 0  2
bx
a


 f (x)

24
4

ac b
a


 http://www.wikipedia.org

 http://mathworld.wolfram.com

1. 2(a2 + b2)x2 + 2(a + b)x + 1 = 0  a   b

2. ax2 + b(2x + 1) = 0  
bx2 + (b  c)x =  c + a  b  
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 - I3. 2x2  6x + 5 = 0  

(i) , 

 
(ii) 1 1,  

 

(iii) 2 2
2 2

1 1,  
 

 3.1

1. (i)
42 3,
3


 (ii) ,a b a b 

(iii) ,ab c
c ab

 (iv) 3 2, 2

 3.2

1. (i)
3 15

4
i

(ii)
1

2
 i

(iii)
5 43

8
i

(iv)
2 58

6
i 

2. 11,
2



(i)
2

2
2b ac

c
 (ii)

2 2 2 2

4
( 2 ) 2b ac a c

c
 

2. (i) 25x2  6x + 9 = 0 (ii) 625x2  90x + 81 = 0
4. q2  5p2 = 0

Rx 

2. x2  

R x 
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3.
5

2
x 


4. x = 1

5.
32
3

14
5

14
5

2 14 2 14
5 5

x 
    4x  5x2 + 2

2 14
5

x 


2 14
5

x 
 4x  5x2 + 2

5 3
3

x
 

5
3

x 
 x  > 3 

49 .
3

I. 1. (i)  x3   3x2   x + 3 = 0 (ii)  x6  8x4  16x2  = 0

  (iii)  4x4   12x3  x2  15x = 0

2.  
7
4 3. 4 4. 

3
2

 5. 5

II. 1.  s1 = 2,  s2 = 4,  s3 = 6,  s4 = 21

2.  s1 = 0,  s2 = 15/6,  s3 = 7/6,  s4 = 10/6

(i) 5x2  8x + 5 = 0 (ii) 10x2  42x + 49 = 0

(iii) 25x2  116x + 64 = 0
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 - I
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[ ] 

[  ] 

[2,

5] [  ] 
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 - I

2 3
4 5
2 3

 
 
 
  

A,
B, X ... etc.,

A = 
2 3
4 5
2 3

 
 
 
  

 
2 3
4 5
2 3
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a
2 1
3 4

 
 
 

b

1
1

1 1

i
i i

i

 
 


 
  

c

1 0 1 5
2 3 4 5
4 1 2 0

  
 
 
   

a

b

c

A m n m 

n m n 

i, j 

m n aij i

j

11 12 13 1 1

21 22 23 2 2

31 32 33 3 3

1 2 3

1 2 3

A

j n

j n

j n

i i i ij in

m m m mj mn

a a a a a

a a a a a

a a a a a

a a a a a

a a a a a
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 - Im n A = [aij],

i 1, 2, ...., m, j = 1, 2, ..... n 

i
2 3
4 5
 
 
 

ii
3
4
7

 
 
 
  

iii  2 3 7

iv
1 2 3
4 8 10
 
 
 

(i)   2 2 

 22 

(ii) 3  1 

 3  1

(iii)  1  3

13

(iv)  2  3 

23

A = 
2 0 1 4
0 3 2 5
3 2 3 6

 
 
 
  

i A 

ii A 

iii A a23, a32, a14 a34 

iv A aij 

i A  A
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ii A 

iii a23 = 2,  a32 = 2, a14 = 4  a34 = 6.

iv a22, a31  a33.

A i j

2
2

i j A

2
2ij

i ja 


11
1 2 1 3 .,

2 2
a  

  12
1 2 2 5 .,

2 2
a  

  13
1 2 3 7 .,

2 2
a  

 

21
2 2 1 2.,

2
a  

  22
2 2 2 3.,

2
a  

  23
2 2 3 4.,

2
a  

 

A = 11 12 13

21 22 23

3/ 2 5 / 2 7 / 2
2 3 4

a a a
a a a
   

   
  

.

A B 'A'  
B

A 120 100 50               120 100 50
200 150 100
 
 
 B 200 150 100

A B
120 200 120 200

100 150
50 100

 
 
 
  

100 150 
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 - I

A B 

A 56 65 71

B 29 37 57

X, Y  Z 

'P'
Q

a b c

d e a b f m n

a b c
d

5 1 8 0 5
7 6 7 4 6

A
3 9 3 3 9
4 4 8 5 1

 
 
 
 
 
 

a

b
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c 'A' 

d 'A' 

e a14, a23, a34, a45 a33 

i j

a i  j (b)   
2i
j (c)  

2( 2 )
2

i j
(d) 3j  2i

i j

a i j b 5 . i  j c i j d i  j 

 1 6 0 1 2

n

2
3
0
7

 
 
 
 
 
 

m 

1 2 3
0 6 1
3 4 2
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 - In n' n

2 3 5
4 1 7
3 8 9

 
 
 
  

A = [aij] m n

 a11, a22, a33, ..., ann.

2 3 4 5
1 2 3 0
1 2 1 3

 
 
 
  

n n   1 m 1 m   1

 0 0
0 0

,
0 0
 
 
 

0 0 0
,

0 0 0
 
 
 

0 0
0 0 ,
0 0

 
 
 
  

0 0 0
0 0 0 .
0 0 0

 
 
 
  

m n 
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7 0 0 0
3 0 0

0 3 0 0
0 4 0 ,

0 0 1 0
0 0 5

0 0 0 8

 
   
   
   
    

 

A = [aij]m n A = [a11, a12, a13....., anm] 

K

3 0 0
0 3 0
0 0 3

 
 


 
  

'n' In 

1 0 0
0 1 0
0 0 1

 
 
 
  

I3

0,
1,ij

i j
a

i j


 


A = [aij] 

'A'  m n, 'B'  p r A = B

If  11 12 13

21 22 23
A

a a a
a a a
 

  
 

  and   11 12 13

21 22 23
B

b b b
b b b
 

  
 

  then
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 - IA = B  if  aij = bij  for i = 1, 2, .... j = 1, 2, 3.

7 1 3
X

2 1 5
 

  
 

7 2
Y 1 1

3 5

 
 


 
  

X, Y 

1 3 7 1 3 6
P , Q

0 1 2 0 2 1
    

    
   

P, Q 

i
2 1

A = ,
5 6
 
 
 

2 5
B =

1 6
 
 
 

(ii)
0 1 7

0 1 7
P , Q 2 3 5

2 3 5
0 0 0

 
   

    
    

(iii)
2 1 3 2 1 3

X 1 0 6 , Y 1 0 6
7 1 0 7 1 0

   
   

   
   
      

i A, B 
A  B

ii P, Q P  Q

iii X, Y  
X = Y

x y

i    5 2 5x  (ii)
4

3
x

y
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(iii)
2 1 2

3 3 5
x

y
   

   
   

i x = 2

(ii) x = 4, y = 3

(iii) x = 1, y = 5

a, b, c  d 

(i)
2 4

A , B
3 5 2
a b a
c d c

   
    
   

(ii)
2 5 1

P 3 2 , Q 3 6
7 4 7

a b d
b

a c

   
   

   
   
      

(i)

a = 1, 2b = 4, 3 = 5c d = 2

  a = 1, b = 2, c = 
3
5  d = 2

a = 1, b = 2, c = 
3
5  d = 2

(ii) P, Q 

a = 5,  b  2d  = 1, 2b = 6 a + c = 4

  a = 5, b = 3, c = 1 d = 1

a = 5, b = 3, c = 1 d = 1 P, Q 
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 - I

a b

c d

e f g
2

4 0 0
7 0 0 0 2 0

A 0 5 0 , B , C , D ,
8 0 0 0 0 2

0 0 6
0

 
   

                       
 

1 2 4 1 0 0
E 3 9 8 , F 0 1 0

1 0 2 0 0 1

   
   

 
   
      

 

2 1
2 3 7

G 3 4 10 8 , H , I 3 2
1 4 9

1 0

 
   

     
    

a, b, c d

(a)  
2 10 12

2 8 2
b c

b d c a
   

   
    

(b)  
2 4 4 2
3 25 6 5

a c
b d
   

   
   

(c)  
2 3 2

4 6 3
a b

d c
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20 10 15
22 25 27
17 25 21

 
 
 
  

2 20 2 10 2 15 40 20 30
2 22 2 25 2 27 44 50 54
2 17 2 25 2 21 34 50 42

     
   
   

   
        

20 10 15 2 20 2 10 2 15 40 20 30
2 22 25 27 2 22 2 25 2 27 44 50 54

17 25 21 2 17 2 25 2 21 34 50 42

       
     

     
     
            

A 
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 - I3 2
A 2 0

1 6

 
 

 
 
  

 A

3 2 5 3 5 2 15 10
5 A =5A = 5 2 0 5 ( 2) 5 0 10 0

1 6 5 1 5 6 5 30

      
     

        
     
           

2 1
A =

6 3
 

 
 

2 ( 1) 2
A =

6 3 6 3
k k k k

k
k k k k
      

   
    

k = 1 kA = (1) A = 
2 1
6 3
 
 
  

(1) A = A

A = 
2 1
6 3

 
 
 

A = 
2 1
6 3
 
 
  

A = 
2 3 4
1 0 1

 
 
 

(i)  2A (ii) 
1
2  AA (iii) A (iv)   

2
3 A

(i) 2 3 4 2 ( 2) 2 3 2 4 4 6 8
2A 2

1 0 1 2 ( 1) 2 0 2 1 2 0 2
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ii

1 1 1 3( 2) 3 4 1 22 3 41 1 2 2 2 2A
1 0 1 1 1 1 1 12 2 ( 1) 0 1 0

2 2 2 2 2

   
        

       
         

      

iii
2 3 4 2 3 4

A ( 1)
1 0 1 1 0 1

     
       

    

iv

4 822 3 42 2 3 3A
1 0 1 2 23 3 0

3 3

 
  

     
   

  

7 2
A ,

2 3
 

  
 

a 4A b A c
1 A
2 d

3 A
2



0 1 2
A

3 1 4
 

  
 

(a)  5A (b)  3A (c)  
1
3  A (d)   

1
2

 A

1 0
A 4 2

0 1

 
 


 
  

7)A  

3 0 1
X 4 2 0

1 0 5

 
 

 
 
  

(a)  5X (b)  4X (c)  
1
3  X (d)   

1
2

 X

'A' A' 
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 - I
(a)   2 1

A
4 3

 
  
 

(b)  
4 10 9

A
6 8 7
 

  
 

(c)  
1 2

A 4 1
6 9

 
 

 
 
  

(d)   
1 0 0

A 0 1 0
0 0 1

 
 


 
  

A (A')' = A 

(a)   2 4
4 3

 
 
 

(b)  

1 1 2
1 2 3

2 3 4

 
 
 
 
  

(c)  

a b c
b d e
c e f

 
 
 
  

(d)   

1 0 0
0 1 0
0 0 0

 
 
 
  

(a)   0 3
3 0

 
 
 

(b)  
0 4

0 2
4 2 0

i
i i

i

 
 
 
 
    

(c)  

0 2 0
2 0 4
0 4 0

 
 
 
  

(d)   

0 1 7
1 0 5
7 5 0

 
 
 
   

A, B  
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M P E M P E
A 50 38 33
B 47 40 36
 
 
 

A 45 32 30
B 42 30 39
 
 
 

M    P E M P E
A 50 45 38 32 33 30
B 47 42 40 30 36 39

   
 

   

A 95 70 63
B 89 70 75
 
 
 

A, B  A, B  
 C A,

B C = A + B 

If  A  = [aij]m n and B = [bij]m n then A + B = C = [cij]m n

where  cij = aij + bij.

C A, B  

 
1 3

A
4 2
 

  
 

5 2
B

1 0
 

  
 

A + B 

A, B  i.e., 

1 5 3 2
A + B

4 1 2 0
  

  
  

6 5
5 2
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 - I0 1 1
A

2 3 0
 

  
 

3 0 4
B

1 2 1
 

  
 

A + B 

A, B i.e., 

0 3 1 0 1 4
A+B

2 1 3 2 0 1
    

  
   

3 1 3
3 5 1
 

  
 

A = [aij],  B = [bij],  C = [cij]  

(i)

A + B = B + A

A + B =  [aij] +  [bij]

=  [aij +  bij]

=  [bij +  aij]

 =  [bij] +  [aij]

= B + A.

A, B  A + B = B + A

i.e., 

(ii)

    A + (B + C) = (A + B) + C

 (A + B) + C = ( [aij] +  [bij]) +  [cij]
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= [ aij + bij] + [cij]

= [( aij + bij) + cij]

= [aij + bij + cij]

= [ aij + (bij + cij)]

= [aij]+ [bij + cij]

= [ aij ]+ ([bij] + [cij])

= A + (B + C)

A, B  C 

A + (B + C) = (A + B) + C

i.e., 

(iii)

 A  m   n  (mn) , A + 0 = 0 + A = A.A.

0  mn 

i.e., A + 0 = 0 + A = A.

2 0 3 1
A , B

1 3 1 2
   

    
   

1 0
C

0 3
 

  
 

a A + B b B + C (c) (A + B) + C (d) A + (B + C)

a A + B = 
2 0 3 1
1 3 1 2

   
   

   

2 ( 3) 0 1 1 1
1 1 3 2 2 5
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 - I
b B + C = 

3 1 1 0
1 2 0 3
    

   
   

( 3) ( 1) 1 0 4 1
1 0 2 3 1 5

       
    

    

c A + B)+C 
1 1 1 0

2 5 0 3
    

    
   

(a) 

( 1) ( 1) 1 0 2 1
2 0 5 3 2 8

       
    

    

d A + (B+C) 
2 0 4 1
1 3 1 5

   
    
   

(b) 

2 ( 4) 0 1 2 1
1 1 3 5 2 8
      

    
    

2 3 5
A

1 1 0
 

  
 

0 0 0
O

0 0 0
 

  
 

a A + O b O + A

a
2 3 5 0 0 0

A +O
1 1 0 0 0 0
   

    
   

2 0 3 0 5 0 2 3 5
1 0 1 0 0 0 1 1 0
       

    
       

b
0 0 0 2 3 5

O A
0 0 0 1 1 0

   
     

   

0 ( 2) 0 3 0 5 2 3 5
0 1 0 ( 1) 0 0 1 1 0
       

    
       

a b A + O = O + A = A
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A B A  B  A
B B  A

A  B 

A  B = A + (B) 

A = B A  B B  A 

1 0
A

2 1
 

  
 

3 2
B

1 4
 

  
 

a A  B b B  A 

a A  B = A + (B) i

3 2
B

1 4
 

  
 

3 2
B

1 4
  

   
  

i

1 0 3 2
A B

2 1 1 4
    

     
     

1 ( 3) 0 ( 2) 2 2
2 ( 1) ( 1) ( 4) 1 5
        

    
        

b

B  A = B + (A)

B A  
3 2 1 0
1 4 2 1

   
    

   

3 ( 1) 2 0 2 2
1 ( 2) 4 1 1 5
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 - IA  B B A 

1 3 0 2 2 2
A B

2 1 1 4 1 5
      

     
      

3 1 2 0 2 2
B A

1 2 4 ( 1) 1 5
    

     
      

a A  B  (b) B  A  A, B 

2 4 0 3
A 5 7 , B 5 2

1 4 3 1

   
   

  
   
      

a A  B =  
2 4 0 3
5 7 5 2
1 4 3 1

   
   

 
   
      

   

2 0 4 3 2 1
5 5 7 ( 2) 0 9
1 3 4 1 4 3

    
   

    
   
         

b B  A 
0 3 2 4
5 2 5 7
3 1 1 4

   
   

  
   
      

0 2 3 4 2 1
5 5 2 7 0 9

3 ( 1) 1 4 4 3
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2 3
A ; B

1 4
a b
c d

   
    

   
A + B = 0 'B' 

A + B = 0 

2 3 0 0
1 4 0 0

a b
c d

     
       

     

2 3 0 0
1 4 0 0

a b
c d

    
    

     

   2 + a = 0 ; 3 + b = 0
        1 + c = 0 ; 4 + d = 0

   a = 2;   b = 3;   c = 1  d =  4

2 3
B

1 2
a b
c d

    
     

   

B A
'B' 'A'

2 3 2 3
B ( 1) ( 1) A A

1 4 1 4
    

           
    

'A'  A + B = 0 B = (
1)A 'B' 'A'  

3 1
A

5 2
 

  
 

0 1
B

3 2
 

  
 

a A + B b 2A + B (c) A + 3B (d) 2A + 3B

2 5 3
P

1 4 0
 

  
 

1 2 3
Q ,

4 1 5
 

  
 

a P  Q b Q  P (c)  P  2Q    (d)  2Q  3P
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 - I1 2 3
A 4 1 2

4 5 0

 
 

 
 
  

1 4 0
B 1 6 1

2 0 7

  
 


 
  

a A  B b A  B (c)   A + B (d)  3A + 2B

0 1
A 0 1

1 1

 
 

 
 
  

A + 0 = A  0

2 1 0
A 1 2 3

4 0 1

  
 


 
  

a A b A +( A) (c)  A) + A

1 9
A

3 2
 

  
 

5 1
B

7 9
 

  
 

a 2A b 3B (c) 2A + 3B (d)  2A + 3B + 5X = 0,
 X = ?

2 0 1
A

4 3 2
 

  
 

1 0 1
B

2 4 0
 

  
 

a A' b B' (c) A + B    (d) (A + B)'        (e) A' + B'

1 4 1 2
A , B

2 1 3 1
   

    
    

2 1
C

3 2
 

  
 

a A B b B  C (c)  A  C (d)  3B  2C
(e) A  B  C

(f) 2A  B  3C
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1
4






1
2

17 3 0.250
15 2 0.500

 
 
 
  

8
27
90

 
 
 
  

17 8 3 27 0.250 90 239.50
15 8 2 27 0.500 90 219.00
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 - I




1
4






1
2

9.00
17 3 0.250

26.00
15 2 0.500

100.00

 
   

   
    

17 9 3 26 0.250 100 256.00
15 9 2 26 0.500 100 237.00

       
   

       

8.00 9.00
17 3 0.250 239.50 256.00

27.00 26.00
15 2 0.500 219.00 237.00

90.00 100.00

 
    

    
     

i
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ii

1 1 1

2 2 2
A

a b c
a b c
 

  
 

1 1

2 2

3 3

B
  
 

  
 
   

     A B 

1 1
1 1 1

2 2
2 2 2

3 3

a b c
a b c

  
   

     
     

1 1 1 2 1 3 1 1 1 2 1 3

2 1 2 2 2 3 2 1 2 2 2 3

          
            

a b c a b c
a b c a b c

A, B m p p n 
C m n aij, bij cij i

j A, B, C

1

p

ij ik kj
k

c a b


  1 < i <  m,   1 < j < n.

 A 1 1 2 

2
B 0

2

 
 


 
  

(a)  AB (b)  BA  AB = BA 
A

B  

  A  B 

  AB 

 

2
AB 1 1 2 0

2

 
 

 
 
  

[ ] [ ] [ ]



135

311  Vol - I  (TOSS)

 - IAB = [2]  

B A

  BA  

 

2
BA 0 1 1 2

2

 
 

 
 
  

2 1 ( 2) ( 1) ( 2) 2 2 2 4
0 1 0 ( 1) 0 2 0 0 0
2 1 2 ( 1) 2 2 2 2 4

           
   

     
   
          

2 2 4
BA 0 0 0

2 2 4

  
 


 
  

AB   BA  

1 2
A

3 1
 

  
 

3
B

1
 

  
 

AB 

A B 

  AB 

2 2 2 1

1 2 3
AB

3 1 1
 

   
    

   

2 1

1 1 2 1 5
3 3 ( 1) 1 8



     
    

      

BA 
B A 



136

 - I
311  Vol - I  (TOSS)

A, B AB BA 
1

2 0
A ; B 2

0 1
3

 
   

    
    

A   B 

  AB 
B  A  

  BA 

1 2
A

1 0
 

  
 

2 1
B

2 2
 

  
 

AB 

BA AB = BA

A B

  AB 

B A 

  BA 

1 2 2 1
AB

1 0 2 2
   

    
   

1 2 2 2 1 1 2 2
1 2 0 2 1 1 0 2
      

  
        

2 2

2 4 1 4 6 5
2 0 1 0 2 1



    
    

        

2 1 1 2
BA

2 2 1 0
   

    
   

2 1 1 ( 1) 2 2 1 0
2 1 2 ( 1) 2 2 2 0
       

  
       

2 2

2 1 4 0 1 4
2 2 4 0 0 4



    
    

    

AB    BA.
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 - I2 0
A

0 3
 

  
 

4 0
B

0 1
 

  
 

AB BA

AB = BA

A B AB BA 

2 2 2 2 2 2

2 0 4 0 8 0 0 0 8 0
AB

0 3 0 1 0 0 0 3 0 3
  

        
         

          

2 2

4 0 2 0 8 0 0 0 8 0
BA

0 1 0 3 0 0 0 3 0 3


        
         

          

AB BA AB = BA

A, B 

i AB BA 

ii AB, BA 

iii AB BA 

iv AB BA AB     BA

v AB, BA AB = BA 

3 0
A

0 3
 

  
 

1 0
I =

0 1
 
 
 

A2  2A   3I = 0 

2 3 0 3 0 9 0 0 0 9 0
A AA =

0 3 0 3 0 0 0 9 0 9
        

         
        

3 0 6 0
2A 2

0 3 0 6
   

    
   

1 0 3 0
3I 3

0 1 0 3
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2 9 0 6 0 3 0
A 2A 3I

0 9 0 6 0 3
     

          
     

9 0 6 0 3 0
0 9 0 6 0 3

      
        
      

9 0 9 0
0 9 0 9
   

    
   

9 9 0 0 0 0
0 0 9 9 0 0
    

     
    

0

2 3 1
1 1 3

x
y

     
     

     

L.H.S.  =
2 3 2 3
1 1

x x y
y x y

      
     

     

2 3 1
3

x y
x y
   

    
   

 2x  3y = 1;  x + y = 3

x = 2   y = 1

1 1
A

1 1
 

  
 

1 1
B

1 1
 

  
 

AB 

1 1 1 1 1 ( 1) 1 1 1 1 1 ( 1)
AB

1 1 1 1 1 ( 1) 1 1 1 1 1 ( 1)
             

      
             

1 1 1 1 0 0
0

1 1 1 1 0 0
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 - I
i.e.,  A  0, B  0  AB = 0 

1 1
A

1 1
 

  
  

A2 

2 1 1 1 1 1 1 1 1
A

1 1 1 1 1 1 1 1
      

      
            

0 0
0 0
 

  
 

i.e.,  A  0 A2 = 0 

1 2 4 0
A , B

3 5 1 2
   

    
   

1 0
C

0 3
 

  
 

(a)  (AB)C (b)  A(BC)  (AB)C = A(BC) ?

a
1 2 4 0 1 0

(AB)C
3 5 1 2 0 3

        
       

      

4 2 0 4 1 0
12 5 0 10 0 3
     

    
    

6 4 1 0
7 10 0 3

    
    
   

6 0 0 12 6 12
7 0 0 30 7 30
       

    
      

b
1 2 4 0 1 0

A(BC)
3 5 1 2 0 3
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1 2 4 0 0 0
3 5 1 0 0 6

      
    

    

1 2 4 0
3 5 1 6

    
    
   

4 2 0 12 6 12
12 5 0 30 7 30
       

    
      

a b (AB)C = A(BC) 

 A 2 3 0

0
B 2

1

 
 

 
 
  

AB BA  

AB = BA 

0 2 2
A

1 3 0
 

  
 

2 3
B 1 1

0 2

 
 

 
 
  

AB  BA

AB = BA 

A
a
b
 

  
 

 B x y z AB BA  

1
A

0
 

  
 

2 0
B

1 3
 

  
 

BA  AB 

2 3
A

0 1
 

  
 

0
B 1

2

 
 

 
 
  

a AB b BA 
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 - I2 1
A

0 3
 

  
 

1 0
B

2 5
 

  
 

AB BA  

AB = BA 

1 2 0
A 3 5 4

5 3 1

 
 

 
 
  

2 3 1
B 1 0 3

1 2 3

 
 


 
  

AB BA

                  AB = BA 

2 0
A

0 1
 

  
 

5 0
B

0 1
 

  
 

AB  BA  

AB = BA 

x y

a
1 1 2
4 5 7

x
y

     
     

     
b

2 3 4
1 1 3

x
y

     
     

      

2 0
A

1 0
 

  
 

0 0
B

3 4
 

  
 

AB = 0 

2 5
A ,

1 3
 

  
 

A2  5A + I = 0  I 

1 3 2 2
A , B

2 1 1 1
   

    
   

4 3
C

2 3
 

  
 

a A(BC) b (AB)C (c)  (A + B)C

(d) AC + BC (e) A2  B2 (f) (A  B) (A + B)

2 1 3 2
A , B

3 1 2 2
    

    
   

1 2
C

1 2
 

  
 

a AC

(b) BC AC = BC
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1 0 1 1
A , B

1 2 2 0
    

    
   

3 8
C

7 1
 

  
 

a B + C b A(B+C) (c)  AB (d)  AC
(e) AB + AC

2 1
A

3 4
 

  
 

2 3
B

1 0
 

  
 

(AB)' = B'A'  

1 2
A

2 1
 

  
 

3
B

3
 

  
 

AX = B 'X' 

A
a b
c d
 

  
 

1 0
I

0 1
 

  
 

A2  (a + d)A = (bc  ad)I

0 1
A

2 1
 

  
 

0 1
B

1 1
 

  
 

a (A + B)2 = A2 + B2 + 2AB ?         (b) (A  B)2 = A2 + B2  2AB ?
(c) (A + B) (A  B) = A2  B2 ?

4.7

A = [aij]    m   n  A  

  A A'  (  AT) 

A ij m n
a


    ,    A ij n m

a


      

3 2
A 4 1 ,

0 7

 
 


 
  

       
3 4 0

A
2 1 7
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 - I4.7.1  

A, B 

(i)  A A  (ii)     KA KA   (K )

(iii)  A+B A + B   (iv)   AB B A  

 4.26 : If  
1 4 7

A
2 5 8
 

  
 

  
3 4 0

B
4 2 1
 

  
  

 (i)  (A ) A   (ii)  (A + B) A + B        (iii)  (5B) 5(B) 

:

(i) We have  A = 
1 4 7
2 5 8
 
 
 

1 2
A = 4 5

7 8

 
 
 
  

1 4 7
(A ) A.

2 5 8
 

    
 

(ii)
1 4 7 3 4 0

A + B
2 5 8 4 2 1

   
    

    

         
2 8 7

6 3 7
 

  
 

2 6
(A B) 8 3

7 7
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1 2 3 4
A B 4 5 4 2

7 8 0 1

   
       
   
      

         

2 6
8 3 (A B)
7 7

 
    
 
  

(iii)  
3 4 0

5B 5
4 2 1
 

  
  

       
15 20 0

20 10 5
 

  
  

          

15 20
(5B) 20 10

0 5

 
   
 
  

        

3 4
5 4 2

0 1

 
 

 
 
  

        = 5B'.

  4.27: If  A = 
2 1 2
1 3 4

 
 

 
  B =  

1 2
3 0

5 4

 
 

 
  

  

(AB)' = B'A' 

:  AB = 
2 1 2
1 3 4

 
 

 

1 2
3 0

5 4

 
 

 
  

 
2 3 10 4 0 8
1 9 20 2 0 16
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28 18

 
  

  

15 28
(AB)

4 18
 

   
 

  
2 1

A 1 3
2 4

 
   
 
  

    
1 3 5

B
2 0 4

 
   

 

2 1
1 3 5

B A 1 3
2 0 4

2 4

 
             

2 3 10 1 9 20
4 0 8 2 0 16
    

  
      

15 28
4 18

 
  

 

   (AB) B A   .

4.7.2 

A A   AA

,

1 2 0
A = 2 3 1

0 1 4

 
 

 
 
  

     
1 2 0

A = 2 3 1
0 1 4

 
   
 
  

A'  = A   A 

: (1) A = [aij] n n  i,  j aij = aji .

(2)  On n ,  In n 
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(3) A  A + A'  

(4)

4.7.3

A' = A A 

0 1 2
A = 1 0 4

2 4 0

 
 

 
  

,      
0 1 2

A = 1 0 4
2 4 0

 
  
 
  

  
0 1 2

A = 1 0 4
2 4 0

 
 

 
 
  

 A'

  A' = A.

   A, .

: (1)  0m n 

(2) A  A  A' 

(3) A = [aij]n n  i = j  aij = 0  i.e.,

 4.28: 
1 2 3

A = 2 5 6
3 7x

 
 
 
  

 x .

: A A' = A.

1 2 3 1 2 3
2 5 2 5 6
3 6 7 3 7

x
x

    
   

 
   
      

   x = 6.
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 4.29: 

0 4 2
A = 4 0 8

2 8 x

 
 

 
  

 x

.

:  A  x  x = 0.

 4.30:  A n  A 

:  A + A'  A  A' 

   A  1 1(A A ) (A A )
2 2

    

B C 

A = B + C 

  A'  =  (B + C)'  = B' + C' = B  C

  A + A'  = B + C + B  C

1B (A A )
2

  

  
1C (A A ).
2

 

 4.7

1. A = 
2 1

5 0
1 4

 
 
 
  

   B = 
2 3 1

4 0 2
 
 
 

  2A + B' 3B' A

.

2. A = 
0 2 1
2 0 2
1 0x

 
 
 
 
  

 x .
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3. A = 
2 4
5 3

 
 
 

A + A'  AA' .

4. A = 
1 5 3
2 4 0
3 1 5

 
 
 
   

   B = 
2 1 0
0 2 5
1 2 0

 
 


 
  

  3A  4B' .

5. If 
2 0 1

A
4 3 2

 
  
 

 and 
1 0 1

B
2 4 0
 

  
 

 , then find :

(a)  A' (b)  B' (c) A + B (d) (A + B)'

(e) A' + B'

6. Find A' (transpose of A) :

(a)   2 1
A

4 3
 

  
 

(b)   
4 10 9

A
6 8 7
 

  
 

(c)  
1 2

A 4 1
6 9

 
 

 
 
  

(d)   
1 0 0

A 0 1 0
0 0 1

 
 


 
  

7. For  any matrix  A, prove that (A')' = A.

8. Show that each of the following matrices is a symmetric matrix :

(a)   2 4
4 3

 
 
 

(b)  
1 1 2
1 2 3

2 3 4

 
 
 
 
  

(c)  

a b c
b d e
c e f

 
 
 
  

(d)   

1 0 0
0 1 0
0 0 0

 
 
 
  

9. Show that each of the following matrices is a skew symmetric matrix:

(a)   0 3
3 0

 
 
 

(b)   
0 4

0 2
4 2 0

i
i i

i
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(c)  

0 2 0
2 0 4
0 4 0

 
 
 
  

(d)   

0 1 7
1 0 5
7 5 0

 
 
 
   

a1x + b1y + c1z = d1 

a2x + b2y + c2z = d2

a3x + b3y + c3z = d3

Ax = D, A

A =
1 1 1

2 2 2

3 3 3

 
 
 
  

a b c
a b c
a b c

X =

 
 
 
  

x
y
z

D =

1

2

3

 
 
 
  

d
d
d

1 1 1 1

2 2 2 2

3 3 3 3

 
 
 
  

a b c d
a b c d
a b c d

1 1 1 1

2 2 2 2

3 3 3 3

 
 
 
  

a b c d
a b c d
a b c d
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1 0 0
0 1 0
0 0 1

 
 
 
  

 



i

ii

i

ii
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i R3 

ii

3x + 4y + 5z = 18

2x  y + 8z = 13

5x  2y + 7z = 20

3 4 5 18
2 1 8 13
5 2 7 20

 
 


 
  

1 1 2R R R 

1 5 3 5
~ 2 1 8 13

5 2 7 20

 
 


 
  

R2 R2  2R1,  R3 R3  5R1 

1 5 3 5
~ 0 11 14 3

0 27 22 5

 
 


 
   

R2    5R2 + 2R3 

1 5 3 5
~ 0 1 26 25

0 27 22 5
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R1 R1  5R2,  R3   R3  27R2 

1 0 127 130
~ 0 1 126 25

0 0 680 680

 
 

 
 
   

R3 R3  ( 680) 

1 0 127 130
~ 0 1 126 25

0 0 1 1

 
 

 
 
  

R1 R1  127R3,  R2   R2  26R3 

1 0 0 3
~ 0 1 0 1

0 0 1 1

 
 
 
  

 x = 3,  y = 1,  z = 1.

2x + 4y  z = 0, x  y + 2z = 5, 3x  6y  7z = 2

2 4 1
A 1 2 2

3 6 7

 
 


 
  

X ,
x
y
z

 
 


 
  

0
D 5

2

 
 


 
  

AX = D 

2 4 1 0
[AD] 1 2 2 5

3 6 7 2

 
 


 
  

R1, R2 

1 2 2 5
~ 2 4 1 0

3 6 7 2
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 - IR2 R2  2R1,  R3   R3  3R1 

1 2 2 5
~ 0 0 5 10

0 0 13 13

 
 

 
 
   

R2 R2 5),   R3   R3   (13) 

1 2 2 5
~ 0 0 1 2

0 0 1 1

 
 
 
  

R3 R3  R2 

1 2 2 5
~ 0 0 1 2

0 0 0 1

 
 
 
  

x  y + 2z = 5, z = 2,  0(x) + 0(y) + 0(z) = 1  

x, y, z 

1. x + y + z = 1
2x + 2y + 3z = 6
x + 4y + 9z = 3

2. x  y + 3z = 5
4x + 2y  z = 0
x + 3y + z = 5
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3. 2x  y + 3z = 9
x + y + z = 6
x  y + z = 2

4. 2x  y + 8z = 13

3x + 4y + 5z = 18

5x  2y + 7z = 20

i

ii

a1x + b1y + c1z = d1

a2x + b2y + c2z = d2

a3x + b3y + c3z = d3

AX = D,   

1 1 1

2 2 2

3 3 3 3 3

[AD]
a b c
a b c
a b c



 
 


 
  

3 1

X =  
x
y
z



 
 
 
  

1

2

3 3 1

D =
d
d
d
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1 1 1 1

2 2 2 2

3 3 3 3 3 4

[AD]
a b c d
a b c d
a b c d



 
 


 
  

 AX = D

i A [AD]

ii A [AD]  < 3

iii A  [AD]

 A [AD]

2x + 6y =  11

6x  20y  6z = 3

6y  18z = 1

2 6 10
A 6 20 6 ,

0 6 18

 
 

 
 
  

X ,
x
y
z

 
 


 
  

11
D 3

1

 
 

 
 
  

AX = D 

2 6 0 11
[AD] 6 20 6 3

0 6 18 1

 
 

  
 
   

 R2   R2  3R1 

2 6 0 11
[AD] 0 2 6 30

0 6 18 1
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R3   R3  3R2 

2 6 0 11
AD ~ 0 2 6 30

0 0 0 91

 
 


 
  

[AD] 

6 0 11
2 6 30
0 0 91

 
 


 
  

([AD]) 

2 6 0
det 0 2 6 0

0 0 0

 
 

 
 
  

A)  ([AD])

2 6 0 11
[AD] ~ 6 20 6 3

0 6 18 1

 
 

 
 
   

 C2   C2  3C1 

2 0 0 11
[AD] ~ 6 2 6 3

0 6 18 1

 
 

 
 
   

C1   C1  3C2,  C3   C3  3C2
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 - I2 0 0 11
AD ~ 0 2 0 3

18 6 0 1

 
 


 
   

2 0 0
0 2 0
18 6 0

 
 
 
  

 

2 0 11
0 2 3
18 6 1

 
 


 
   

A)  ([AD])

2x  y  + 3z = 8

x  2y  z = 4

3x  y  4z = 0

2 1 3 8
[AD] 1 2 1 4

3 1 4 0

 
 

 
 
  

1 2 1 4
~ 2 1 3 8

3 1 4 0

 
 


 
  

R1, R2 
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1 2 1 4
~ 0 3 5 16

0 7 1 12

 
 
 
  

R2   R2  2R1,  R3   R3  3R1

1 2 1 4
~ 0 3 5 16

0 0 38 76

 
 
 
   

R3   3R3  7R2  

1 2 1
det 0 3 5 ( 1)(3)( 38) 114

0 0 38

 
 

   
 
  

 A) = ([AD]) 

x  2y  + z = 4

 3y  5z = 16

38z = 76

 z = 2, y = 2,  x = 2.

x  y  + z = 3

2x  2y  z = 3

x  y  z = 1

AX = D,  

1 1 1
A 2 2 1 ,

1 1 1

 
 

 
 
  

X ,
x
y
z

 
 


 
  

3
D 3

1

 
 


 
  

1 1 1 3
[AD] ~ 2 2 1 3

1 1 1 1
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 - I R2   R2  2R1,  R3   R3  R1 

1 1 1 3
~ 0 0 3 3

0 0 2 2

 
 

 
 
   

R3   3R3  2R2

1 1 1 3
~ 0 0 3 3

0 0 0 0

 
 

 
 
  

[A]   3,
([AD]) 

1 1
0 3
 
 

 
A  [AD]

A ([AD]) 

ii

x  y + z = 3

 3z = 3

z = 1, x + y = 2.

 x = k, y = 2  k,  z = 1, k   R.

1. x + y + z = 1

2x + y + z = 2

x + 2y + 2z = 1
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2. x  3y  8z = 10

3x + y  4z = 0

2x + 5y + 6z = 13

3. x  y + 4z = 6

3x + 2y  2z = 9

5x  y + 2z = 13

m n m n

A' = A A A' = A A 
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A B A B 

m n A n p B

m p A B 

AB 

i

ii

a1x + b1y + c1z = d1

a2x + b2y + c2z = d2

a3x + b3y + c3z = d3

i A [AD]  = 3

ii A [AD]  < 3

iii A  [AD]

http : //www.wikipedia.org

http:// math world . wolfram.com
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a b c d

aij 

a aij = i  2j b aij = 3i  j c
3
2ija i j 

a
2

A 3
1

 
 


 
  

b  B 2 3 5

c
2 3

C 1 0
0 1

 
 

 
 
  

d
2 1 5

D
7 6 1

 
  
 

x, y  z 

a
1 2

2 3 2
x y
z
   

   
   

b
6 5

6 6 4
x y z

x y
   

   
   

c
2 3 1

0 5 2
x z

y y z
   

   
    

d
3 4

2 1 1
x y y z
z x y x
     

   
     

1 2
A

4 2
 

  
 

2 4
B

1 4
 

  
 

(a) A + B (b) 2A (c) 2A  B

'X'  

a
4 5 10 2

X
3 6 1 4

   
    

   

b
1 3 2 2 1 1 0 0 0

X
2 0 2 1 0 1 0 0 0
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 - Ia b 

3 2 2 2 2 6 0 0
1 0 1 4 5 2 5

a b
a b a b

       
      

      

A, B C

1 3 2 1
A 0 2 , B 1 4

5 7 3 7

   
   

 
   
      

5 6
C 7 1

4 1

 
 


 
  

A+(B+C) = (A + B) + C 

1 1 2
A

2 3 5
 

  
 

1 3
B 2 4

6 5

 
 


 
  

AB BA  

AB = BA

1 2
A

0 0
 

  
 

0 2
B

0 1
 

  
 

AB BA  

AB = BA

1 3 4
A 1 3 4

1 3 4

  
 

 
 
   

A2 

1 2 3 1 0
A , B

3 1 0 1 2
   

    
   

2 0 3
C

4 0 3
 

  
 

A(B + C)  

1 1 1
A , B

2 1 1
x
y

   
    

    
(A + B)2 = AA2 + B2 x

y 

8 5
A

2 4
 

  
 

A2 + 4A   2I = 0 
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56 29
56 65 71

; 65 37
29 37 57

71 57

 
   
   
    

40 10
40 35 25

; 35 5
10 5 8

25 8

 
   
   
    

4 6 3
4 3 5
 
 
 

(a) 6            (b)  12 (c) 8 (d) 12    (e) ab    (f) mn

(a) (b)  
c

d

(a) 4 (b)  5 (c) 4 5 (d) 20

(e) a14 = 0;  a23 = 7;  a34 = 3;  a45 = 1  a33 = 3

a
0 1 2
1 0 1
2 1 0

  
 


 
  

b

1 11
2 3

44 2
3

99 3
2

 
 
 
 
 
 
 
  

c

9 25 49
2 2 2
8 18 32
25 49 81
2 2 2

 
 
 
 
 
 
 

d

1 4 7
1 2 5
3 0 3

 
 

 
  

a

4 7
5 8
6 9

 
 
 
  

b

5 10
10 20
15 30

 
 
 
  

c

1 1
2 4
3 9
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d

0 1
1 2
2 3

 
 
 
  

(a) G (b) B (c) A, D, E  F

(d) A, D  F (e) D F (f) F

(g) C

(a) a = 2,  b = 10,  c = 6,   d = 2 (b) a = 2,  b = 3,  c = 2,   d = 5

(c) a = 
3
2 , b = 2,  c = 2,  d = 4

(a)
28 8
8 12

 
 
 

(b)
7 2
2 3

  
 
  

(c)

7 1
2

31
2

 
 
 
 
  

(d)  

21 3
2

93
2

 
 

 
 

  

(a)
0 5 10

15 5 20
 

 
 

(b)
0 3 6
9 3 12

 
 
   

(c)

1 20
3 3
1 41
3 3

 
 
 
 
  

(d)

10 1
2

3 1 2
2 2
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7 0
28 14
0 7

 
 
 
 
  

  4.   (a) 

15 0 5
20 10 0

5 0 25

 
 


 
  

(b) 

12 0 4
16 8 0
4 0 20

  
 

 
  

       (c)  

11 0
3

4 2 0
3 3
1 50

3 3

 
 
 

 
 
 
 
  

(d) 

3 10
2 2
2 1 0

1 50
2 2

  
 
 
 
 
 
 

(a) 
2 4
1 3

 
 
 

(b) 

4 6
10 8
9 7

 
 
 
  

(c)  
1 4 6
2 1 9

 
 
  

(d) 

1 0 0
0 1 0
0 0 1

 
 
 
  

 1. (a)
3 2
8 4

 
 
 

(b)
6 3

13 6
 

 
 

(c)
3 4

14 8
 

 
 

(b)
6 5

19 10
 

 
 

  2. (a)
1 3 6
5 3 5

 
 
 

(b)
1 3 6

5 3 5
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(c)

0 1 9
9 2 10

 
 
 

(d)
4 11 15

11 10 10
   
 

  

  3. (a)

0 6 3
5 5 3
6 5 7

 
 
 
  

(b)

2 2 3
3 7 1
2 5 7

 
 


 
  

(c)  

2 2 3
3 7 1
2 5 7

   
 
 
 
   

(d)

1 14 9
14 9 8
16 15 14

 
 
 
  

(a)

0 0
0 0
0 0

 
 
 
  

(a) 

2 1 0
1 2 3

4 0 1

 
 
  
 
  

(b)

0 0 0
0 0 0
0 0 0

 
 
 
  

(c)  

0 0 0
0 0 0
0 0 0

 
 
 
  

6. (a) 
2 18
6 4
 
 
 

(b)  
15 3
21 27
 
 
 

(c) 
17 21
27 31
 
 
 

(d) 

17 21
5 5
27 31
5 5

  
 
 
  
  

7. (a)  

2 4
0 3
1 2

 
 
 
  

(b) 

1 2
0 4
1 0

 
 


 
  

(c)  
1 0 0
6 1 2
 
 

 

(d)  

1 6
0 1
0 2

 
 


 
  

(e) 

1 6
0 1
0 2

 
 


 
  

(A + B)'  = B' + A' 
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  8. (a)
0 2
5 2

 
 
 

(b)
1 3

0 3
 
 

 
(c)

1 5
5 1
 
 
  

(d)
1 8

3 7
 
 

 

(e)
2 3
8 0

 
 
 

(f)
5 9

16 3
 

 
  

AB  =  [ 6];  BA = 

0 0 0
4 6 0

2 3 0

 
 
 
 
  

AB    BA

2.
2 2

AB
1 6
 

  
 

;  
3 13 4

BA 1 1 2
2 6 0

  
 

  
 
  

    AB    BA

3. AB
ax ay az
bx by bz
 

  
 

;  BA 

BA = 
2
1

 
 
 

;  AB 

AB BA  A B 

AB B 

A BA 

0 5 2 1
AB ; BA

6 15 4 17
    

    
   

; AB    BA

4 3 7 16 8 11
AB 3 17 24 ; BA 16 11 3 ;

14 13 17 10 21 11

     
   

 
   
      

AB    BA
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8.

10 0 10 0
AB ; BA ;

0 1 0 1
   

    
    

 AB    BA.

9. (a) x = 3,  y = 1 (b) x = 1,  y = 2

12. (a)  
14 18
2 6
 
 
 

(b)  
14 18
2 6
 
 
 

(c)  
2 6
0 3
 
 
 

(d)
2 6
0 3
 
 
 

(e)  
5 0
7 8
 
 
 

(f) 
2 3

9 15
  
 
 

13. (a) 
1 2
4 8
 
 
 

(b)  
1 2
4 8
 
 
 

;   AC =  BC.

A    B C    0 AC = BC.

(a)
4 7
9 1
 
 

 
           (b)

4 7
14 9
  

 
 

(c)
1 1
3 1
 
 
  

            (d)  
3 8
11 10
  

 
 

(e)
4 7
14 9
  

 
 

 A(B+C) = AB + AC  

3
X

3
 

 
 

(a) (b) (c)



170

 - I
311  Vol - I  (TOSS)

(a)  2 (b)  6 (c)  9 (d)  12

2. (a)  

1 3
0 2
1 1

  
 


 
  

(b)  

2 1
5 4
8 7

 
 
 
  

(c)  

5 4
2
7 5
2
9 6
2

 
 
 
 
 
 
 
  

3. (a) 3  1 (b) 1 3 (c) 3 2 (d) 2 3

4. (a) x = 1, y = 2,  z = 3 (b) x = 5, y = 1, z = 5

(c) x = 3, y = 3 z = 3 (d) x = 2, y = 1, z = 5

5. (a) 
3 2
3 6
 
 
 

(b) 
2 4
8 4

 
 
 

(c) 
0 8
9 0

 
 
 

6. (a)  
6 7
4 2

 
 

 
(b)  

3 4 3
3 0 1
  
 
  

7. a = 
3
2 b = 

3
2

9. AB = 
13 11

;
38 43
 
 
 

   BA =  

5 10 17
6 14 24 ;
4 21 37

 
 
 
  

 AB    BA.

10. AB = 
0 0
0 0
 
 
 

;  BA = 
0 0
0 0
 
 
 

 ; AB = BA.

11.

0 0 0
0 0 0
0 0 0

 
 
 
  

12.
9 1 1
1 4 10

 
 
  

13. x = 1,  y = 4.
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a1x + b1y = c1

a2x + b2 y = c2

x, y 

2 1 1 2

1 2 2 1
,b c b cx

a b a b





1 2 2 1

1 2 2 1

a c a cy
a b a b






a1b2  a2b1   0

a1b2  a2b1 x y

a1b2  a2b1 
1 2

1 2 2 1
1 2

a a
a b a b

b b
 

11 12

21 22

a a
a a

a11  

a12 

a21

a22
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 - I11 12

21 22

a a
a a

i.e., a11 a22 i.e., a21 a22 

 a11 a22  + (a21 a12 ) a11 a22  a21 a12 

2x2  x 1 = 0

2x2  2x  x1 = 0

2x (x  1)  1(x 1) = 0

(2x   1) (x 1) = 0

x = 1,   1
2

.

1 1 1

2 2 2

3 3 3

a b c
a b c
a b c

a1, b1, c1, a2, b2, c2, a3, b3 c3. 

a1, b1, c1, a2, b2, c2, a3, b3 c3. viz a11, a12, a13, a21, a22, a23,
a31, a32, a33

11 12 13

21 22 23

31 32 33

a a a
a a a
a a a

 |A|, |B| .....etc., 
 = |aij|, i = 1, 2, 3  j = 1, 2, 3.
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[a] 
a

a

a11 a22  a21 a12  

11 12

21 22
| A |

a a
a a

 a11 a22  a21 a12 

i
6 4
8 2 ii

2
2

a b b
a a b



iii

2

2

1 1

1 1

x x x

x x x

  

  

i
6 4
8 2

ii
2

( )( ) (2 )(2 )
2

a b b
a b a b a b

a a b


   


= a2 + 2ab + b2  4ab

        = a2 + b2  2ab

        = (a  b)2

(iii)
2

2

1 1

1 1

x x x

x x x

  

  
= (x2 + x + 1) (x  1)  (x2  x + 1)(x + 1)

    = (x3 1) x3  1)

                =   2.

'x' 

i
3

6
1 3

x x
x x



 

ii
2 1 2 1

0
1 4 2

x x
x x
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 - I

i
3

( 3)( 3) ( 1)
1 3

x x
x x x x

x x


    
 

= (x2  9)  x2  x = x  9

       = x  9 = 6
              x  =  15

(ii)
2 1 2 1

(2 1)(4 2) ( 1)(2 1)
1 4 2

x x
x x x x

x x
 

     
 

= 8x2  4x  4x  2  2x2  x  2x  9
  = 6x2  3x  3 = 3(2x2  x  1)

       3(2x2  x  1) = 0

11 12 13

21 22 23

31 32 33

a a a
a a a
a a a

 
 
 
  

11 12 13

21 22 23

31 32 33

a a a
a a a
a a a

22 23 21 23 21 22
11 12 13

32 33 31 33 31 32
( 1)

a a a a a a
a a a

a a a a a a
    

3 6
A

1 5
 

  
 

|A|  

3 6
A 3 5 1 6 15 6 9

1 5
       

+
A

a b a
b a b

 
  

 
|A|  

2 2+
|A| ( )( )

a b a
a b a b b a a b ab

b a b
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I 

11 12 13
22 23 21 23 21 22

21 22 23 11 12 13
32 33 31 33 31 32

31 32 33

( 1)
a a a

a a a a a a
a a a a a a

a a a a a a
a a a

      

11 12 13

21 22 23

31 32 33

a a a
a a a
a a a

11 22 33 32 23 12 21 33 31 23( ) ( )a a a a a a a a a a   

13 21 32 22 31( )a a a a a 

11 22 33 12 23 31 13 21 32 11 23 32 12 21 33 13 22 31a a a a a a a a a a a a a a a a a a     

a11, a12 a13 

a11 
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 - I
1 2 3
2 4 1
3 2 5

1 2 3
4 1 2 1 2 4

2 4 1 1 2 3
2 5 3 5 3 2

3 2 5
       

1 2 3
3 1 2
2 3 1

1 2 3
3 2 1 3 1 3

3 1 2 ( 1) 2 1 ( 1)3
2 1 2 1 3 2

2 3 1
         

|A|  

(a)
2+ 3 5

A
2 2 3

 
  

  

(b)
cos sin

A
sin cos
  

  
   

(c)
sin +cos cos cos

A
cos cos sin sin

    
  

     
(d)

a bi c di
c di a bi
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(a)

5 5 1
5 1 1

10 7 1

 
 

 
  

(b)

2 3 1
3 2 1
1 8 1

  
 
 
   

(c)

2 3 0
3 0 1
0 2 1

 
 
 
  

(d)

1 2 3
3 1 2
4 1 5

 
 


 
  

(a)

2 3 1
1 2 3
3 2 1

(b)

2 1 5
0 3 0
4 2 1






(c)

a b c
b d e
c e f

(d)

1 2 1
2 3 2

x y z

|A| aij 

|A|  aij i j
Mij 

3 2
5 7

11 12 13

21 22 23

31 32 33

| A |
a a a
a a a
a a a





179

311  Vol - I  (TOSS)

 - Iaij Mij a11 

a11  

22 23
11 22 33 32 23

32 33
M

a a
a a a a

a a
  

M12 a12 

21 23
12 21 33 23 31

31 33
M ;

a a
a a a a

a a
  

21 22
13 21 32 31 22

31 32
M

a a
a a a a

a a
  

12 13
21 12 33 32 13

32 33
M ;

a a
a a a a

a a
  

11 13
22 11 33 31 13

31 33
M

a a
a a a a

a a
  

11 12
23 11 32 31 12

31 32
M

a a
a a a a

a a
  

M31, M32 M33 

|A| aij 

aij 
i+j Cij 

a11, a12 a21  

11 12 13

21 22 23

31 32 33

| A |
a a a
a a a
a a a
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aij (1)i+j  Mij ;

C11 = (1)1+1 M11   = (1)2 (a22 a33  a32 a23)

   =  (a22 a33  a32 a23)

  C12 = (1)1+2 M12 = M12 = (a21 a33  a31 a23) = (a31a23  a21a33)

C21 = (1)2+1 M21 = M21 = (a32 a13  a12 a33)

    =  (a12 a33  a32 a13).

1 6 3
| A | 5 2 4

7 0 8


a21 = 5;  a22 = 2;  a23 = 4.

a21 (i.e., 5)  =  
6 3

48 0 48
0 8

  

a22 (i.e., 2)  =  
1 3

8 21 13
7 8

  

a23 (i.e., 4)  =  
1 6

0 42 42
7 0

  

C21 = (1)2+1 M21 = (48) =  48

C22 = (1)2+2 M22 = 13) = 13

C23 = (1)2+3 M23 = 42) = 42



181

311  Vol - I  (TOSS)

 - I
11 12 13

21 22 23 11 11 12 12 13 13

31 32 33

| A | C C C
a a a
a a a a a a
a a a

   

21 21 22 22 23 23C C Ca a a  

31 31 32 32 33 33C C Ca a a  

 Cij aij 

3 1 7
6 2 3

8 4 5
   



'R1'  

  = a11C11 + a12C12 + a13C13

C11, C12  C13 

1 1 2
11 11

2 3
C ( 1) M ( 1)

4 5
 

   

1 2
12 12

6 3
C ( 1) M ( 1)

8 5
  

   

1 3 1 3
13 13

6 2
C ( 1) M ( 1)

8 4
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   = 

  = a11C11 + a12C12 + a13C13

1 1 2
11 11

2 3
C ( 1) M ( 1)

4 5
 

   

2 1 3
21 21

1 7
C ( 1) M ( 1) (5 28) 23

4 5
       

3 1 4
31 31

1 7
C ( 1) M ( 1) ( 3 14) 17

2 3
       



   = 

2 3
4 5

 

C11 = 5 C12 = 4

21 11 22 12C Ca a  

1 2 3
2 3 1
3 1 2
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 - I
2 1

21
2 3

C ( 1) 1
1 2

   

2 2
22

1 3
C ( 1) 7

3 2
   

2 3
23

1 2
C ( 1) (1 6) 5

3 1
     

11 21 12 22 13 23C C Ca a a 

11 12 13

21 22 23

31 32 33

a a a
a a a
a a a

 

11 12 13 11 12

21 22 23 21 22

31 32 33 31 32

a a a a a
a a a a a
a a a a a
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 a11 a22 a33  +  a12 a23 a31 +  a13 a21 a32

a31 a22 a13   a32 a23 a11   a33 a21 a12

= a11(a22 a33    a32 a23)  a12(a21 a33  a23a31) + a13(a21 a32  a31a22)

22 23 21 23 21 22
11 12 13

32 33 31 33 31 32

a a a a a a
a a a

a a a a a a
  

1 2 3
7 5 0
3 2 4



 

 

1 2 3 1 2
7 5 0 7 5
3 2 4 3 2

 

  

1 2 3
4 3 6

2 7 9
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 - I

2 3 2
1 2 1
3 1 2

(a)  

2 1 0
1 0 2
3 4 3

(b)  

1 0 1
0 1 1
1 1 0






(c)  

3 4 5
6 2 3

8 1 7
 

(d)  

1
1
1

a bc
b ca
c ab

e)  

b c a a
b c a b
c c a b






(f)  

1
1
1

a b c
b c a
c a b







a

2 1 3
1 1 2
2 2 4






b

0 2 7
1 2 5
1 2 1 

c

1
1

1

a b
a c
b c

 



2 2 22
a h g
h b f abc fgh af bg ch
g f c

    

x

a

0 0
1 2 3 0
1 0 2

x
 b

3 3
3 3 0
2 3 3

x
x  c

2 1
0 2 1 28
3 1 4

x x
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(i)

(ii)

1 1 1

2 2 2

3 3 3

A =

a b c

a b c

a b c

 
 
 
 
 

 A

B 

 
2 2 2

1 1 1

3 3 3

B =

a b c

a b c

a b c

 
 
 
 
 

det 2 1 2 2
1 2 3 3 2 1 2 3 3 2B = ( 1) ( ) ( 1) ( )a b c b c b a c a c     

2 3
1 2 3 3 2( 1) ( )c a b a b  

          1 2 3 3 2 1 2 3 3 2 1 2 3 3 2[ ( ) ( ) ( )]a b c b c b a c a c c a b a b      

 det  A. 

(iii)
k

 k 

      

1 1 1 1 1 1

2 2 2 2 2 2

3 3 3 3 3 3

Let   A = , B =

a b c ka b c

a b c ka b c

a b c ka b c

   
   
   
   
   

(A k  B )
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 - IA 1 2 3, ,a a a   1 2 3A , A , A   

B 1 2 3, ,ka ka ka  

1 2 3A , A , A  

1 1 2 2 3 3det B = A A Aka ka ka 

         1 1 2 2 3 3( A A A )k a a a  

                                (det A)k .

(iv) A  k | kA |  = k3|A|.

 (iii)

(v)

          

1 1 1

2 2 2

2 2 2

Let   A =

a b c

a b c

a b c

 
 
 
 
 

  det  A  =  1 1 1 1 1 1A B Ca b c 

              1 1 1(0) (0) (0) 0a b c    .

(vi)

                   

1 1 1

1 1 1

3 3 3

Let   A =

a b c

ka kb kc

a b c

 
 
 
 
 

  
1 1 1

1 1 1

3 3 3

det  A =

a b c

ka kb kc

a b c
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1 1 1

1 1 1

3 3 3

a b c

k a b c

a b c

    (iii) 

              =  k (0)                  (v)
               =  0.

(vii)

        

1 1 1 1 1 1 1 1 1 1

2 2 2 2 2 2 2 2 2 2

3 3 3 3 3 3 3 3 3 3

Let A = ,  B= ,  C =

a x b c a b c x b c

a x b c a b c x b c

a x b c a b c x b c

     
     

     
     

     

A 1 1 2 2 3 3, ,a x a x a x  

1 2 3A ,A , A B a1, a2, a3  C 1 2 3, ,x x x

1 2 3A ,A ,A

det  A  =       1 1 1 2 2 2 3 3 3A A Aa x a x a x    

         1 1 2 2 3 3 1 1 2 2 3 3( A A A ) ( A A A )a a a x x x     

          =   det B + det C.

                

1 1 1 1 1 1 1 1 1 1

2 2 2 2 2 2 2 2 2 2

3 3 3 3 3 3 3 3 3 3

a x b c a b c x b c

a x b c a b c x b c

a x b c a b c x b c



  



.

(viii)
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 - I

       

1 1 1 1 1 1

2 2 2 2 1 2 1 2 1

3 3 3 3 3 3

A = , B= 

a b c a b c

a b c a ka b kb c kc

a b c a b c

   
   

     
   
   

(A k
B )

           
1 1 1 1 1 1

2 2 2 1 1 1

3 3 3 3 3 3

det B = 

a b c a b c

a b c ka kb kc

a b c a b c

  (vii)

           
1 1 1

2 2 2

3 3 3

= 0

a b c

a b c

a b c

     (vi)

                     

1 1 1

2 2 2

3 3 3

= det A.

a b c

a b c

a b c



(ix)

       
1 1 1

2 2 2

3 3 3

A = 

a b c

a b c

a b c

 
 
 
 
 

 

               2 1 2 1 2 1i.e., A B Ca b c 

               
2 2 2 2 2 2

2 2 2
3 3 3 3 3 3

b c a c a b
a b c

b c a c a b
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2 2 2

2 2 2

3 3 3

0

a b c

a b c

a b c

       (v) .

(x) x x 
a x a

      

1 1 1

2 2 2

3 3 3

( ) ( ) ( )

 Let A( ) = ( ) ( ) ( )

( ) ( ) ( )

f x g x h x

x f x g x h x

f x g x h x

 
 
 
 
 

 det [A(x)],  x

  det  [A( a )] = 0  det  [A(x)] = 0

x a  

(xi) A , det  A  =  det (A').

1 1 1

2 2 2

3 3 3

A = ,

a b c

a b c

a b c

 
 
 
 
 

1 2 3

1 2 3

1 2 3

A  =

a a a

b b b

c c c

 
 
 
 
 



A  A'  1 1 1, ,a b c  

      det 1 1 1 1 1 1A A B C = det A .a b c   

(xii) A, B  det (AB) = (det A) (det B)

11 12 11 12

21 22 21 22
A , B

a a b b

a a b b

   
    
      

 

      11 22 21 12 11 22 21 12det A = ; det B= .a a a a b b b b 

      
11 12 11 12

21 22 21 22
Now AB

a a b b

a a b b

   
    

      



191

311  Vol - I  (TOSS)

 - I
    

11 11 12 21 11 12 12 22

21 11 22 21 21 12 22 22

a b a b a b a b

a b a b a b a b

  
  

   

    11 11 12 21 21 12 22 22 21 11 22 21det (AB) a b a b a b a b a b a b    

 11 12 12 22a b a b

                           11 21 11 12 11 22 11 22 12 21 12 21 12 22 21 22a a b b a a b b a a b b a a b b   

                11 21 11 12 12 21 11 22 11 22 12 21 12 22 21 22a a b b a a b b a a b b a a b b   

            11 22 11 22 12 21 12 21 12 21 11 22 11 22 12 21a a b b a a b b a a b b a a b b   

             11 22 11 22 12 21 12 21 11 22 12 21a a b b b b a a b b b b   

                         11 22 12 21 11 22 12 21a a a a b b b b  

    (det A) (det B) .

A, B 

   det(AB) (det A) (det B)

  n ,  n A, B
det(AB) (det A) (det B)

(xiii) n  det(A ) (det A)n n .

(xiv) A 

5.4.9  

(i) R1, R2 1 2R R

(ii) R1   k 

1 1R Rk
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(iii) R2 k

1 1 2R R Rk 

  

   

2

2

2

1

1 ( )( )( )

1

a a

a b a b b c c a

a c

    .

 :   

2

2

2

1

L.H.S. 1

1

a a
b b
c c



2 2 1 3 3 1R (R R ); R (R R )   

        

2

2 2

2 2

1

L.H.S. 0

0

a a

b a b a

c a c a

  

 

1

             
2 2

2 2
1.

b a b a
c a c a

 


 

  ( )( )( ) R.H.Sa b b c c a     .

R1 R2 R3  C1,C2.C2
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 - I

2

2

2

1

1

1

w w

w w

w w

w

2

2

2

1

1

1

w w

w w

w w

 

C1   C1 + (C2 + C3)

2 2 2

2 2 2

2

1 0

1 1 0 1 0
0 11 1

w w w w w w

w w w w
ww w w

 

      

 

(C1 

w 1 + w + w2 =

1
1 ( )( )( )
1

a bc
b ca a b b c c a
c ab

   

1
1
1

a bc
b ca
c ab

 

0
0
1

a c bc ab
b c ca ab

c ab

 

   [R1   R1  R3 R2   R2  R3]
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0 ( ) 0 1
0 ( ) ( )( ) 0 1
1 1

a c b c a b
b c c a a a c b c a

c ab c ab

 

       

C1 

1
( )( )

1
b

a c b c
a


   



(a  c)(b  c) (b  a)

  (a  b)(b  c) (c  a).

4
b c a a

b c a b abc
c c a b



 



b c a a
b c a b
c c a b



  



0 2 2c b
b c a b
c c a b

 

 


[R1   R1  (R2 + R3)]

R1

0 ( 2 ) 2
c a b b b b c a

c b
c a b c a b c c
 

   
 

= 2c[b(a + b)  bc]  2b[bc  c(c + a)]

= 2bc[a + b  c]  2bc[b  c  a]

= 2bc[(a + b  c)  (b  c  a)]

= 2bc [a + b  c  b + c + a]

= 4abc.
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 - I
a b b c c a
b c c a a b
c a a b b c

  

    

  

a b b c c a
b c c a a b
c a a b b c

  

    

  

0
0
0

b c c a
c a a b
a b b c

 

  

 
[C1  C1 + C2 + C3]

 = 0 'C1' 

1 ( )
1 ( ) 0
1 ( )

bc a b c
ca b c a
ab c a b



 



1 ( )
1 ( )
1 ( )

bc a b c
ca b c a
ab c a b



  



1
1
1

bc bc ab ac
ca ca bc ba
ab ab ca cb

 

  

 
[C3  C2 + C3]

  

1 1
( ) 1 1

1 1

bc
ab bc ca ca

ab
  

   = ab + bc + ca) 

   = 0.
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2

2 2 2 2

2

4

a ab ac

ab b bc a b c

ac bc c



   



2

2

2

a ab ac

ab b bc

ac bc c



  



a b c
abc a b c

a b c



 



2 2 1

3 3 1

R R R
0 0 2

R R R
0 2 0

a b c
abc c

b


  

  
  

0 2
( )

2 0
c

abc a
b

  C1 

= abc(a) (4bc)

= 4a2b2c2.

2
1 1 1

1 1 1 ( 3)
1 1 1

a
a a a

a



  



1 1 1
1 1 1
1 1 1

a
a

a



  



3 1 1
3 1 1
3 1 1

a
a a
a a



  

 
[C1  C1 + C2+ C3]
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 - I

  

1 1 1
( 3) 1 1 1

1 1 1
a a

a
  



  
2 2 1

3 3 1

1 0 0
C C C

( 3) 1 0
C C C

1 0
a a

a

  
   

  

  =  
0

( 3) (1)
0
a

a
a

 

  =  (a + 3) (a2)

  =  a2(a + 3).

3
3 27( 1)

3

x x x
x x x x
x x x



  



3
2 2

2 2 ( )
2 2

a b c a a
b b c a b a b c
c c c a b

 

    

 

1 1 1
1 1 1
1 1 1

a
b bc ca ab abc

c



    



2
2

2 9 ( )
2

a a b a b
a b a a b b a b
a b a b a

 

   

 

( 1)( 2) 2 1
( 2)( 3) 3 1 2
( 3)( 4) 4 1

a a a
a a a
a a a
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2
a b b c c a a b c
b c c a a b b c a
c a a b b c c a b

  

   

  

(a) 2 3 2 4 3 2
3 6 3 10 6 3

a a b a b c
a a b a b c
a a b a b c

  

  

  
b

2 2 2

2 2 2

2 2 2

( )

( )

( )

b c a a

b c a b

c c a b







'x' 

3 8 3
3 3 8 3 0
3 3 3 8

x x
x

x



 



a1x + b1y = c1

a2x + b2y = c2 

x, y 

 R.H.S. c1, c2 

x = y = 0  

1 1

2 2
0

a b
a b
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 - Ix = 0,   y = 0 

1 1

2 2
D 0

a b
a b

 

i.e.,  

2x + 3y  5 = 0 ...(i)

3x + 5y  7 = 0 ...(ii)  

y

3(2x + 3y  5) = 0

2(3x + 5y  7) = 0

3(2x) + 3(3y)  = 3(5) ...(iii)

2(3x) + 2(5y)  = 2(7) ...(iv)

(iv)  (iii)  

[2(5)  3(3)] y = 2(7)  3(5)

i.e.,  
2 3 2 5
3 5 3 7

y 

2 5
3 7
2 3
3 5

y 
...(A)

x
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y
x, y 

i ii x

5(2x + 3y  5) = 0

3(3x + 5y  7) = 0

5(2 ) 5(3 ) 5(5) 0 ...( )
3(3 ) 3(5 ) 3(7) 0 ...( )

x y v
x y vi
  

 
  

(v)  (vi) 

{5(2)  3(3)} x = {5(5)  3(7)}

i.e.,  
2 3 5 3
3 5 7 5

x 

5 3
7 5

...(B)
2 3
3 5

x 

'x' 
y x

x, y 

1

5 3
7 5 D
2 3 D
3 5

x  

2

2 5
3 7 D
2 3 D
3 5

y  
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 - I
x + y = 3 ...(i)

2x  3y = 1 ...(ii) 

i ii x

3 (x + y) = 3(3)

1(2x  3y) = 1

3( ) 3( ) 3(3) ...( )
1(2 ) 1(3 ) 1(1) ...( )

x y iii
x y vi

   
 

 

iii iv

3(x)  1(2x) = 3(3)  1(1)

 {3(1)  1(2)}x = 3(3)  1(1)

i.e., 
1 1 3 1
2 3 1 3

x 
 

1

3 1
1 3 D
1 1 D
2 3

x


  



D1

y D 
x, y 

y (i), (ii)  

2(x) + 2(y) = 2(3) ...(v)

1(2x) + 2(3y) = 1(1) ...(vi)

(vi) (v) 

{1(3)  2(1)} y = 1(1)  2(3)
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1 1 1 3
i.e.,

2 3 2 1
y 



2

1 3
2 1 D

1 1 D
2 3

y  



D x, y D2 
y

3 1
1 3
1 1
2 3

x






1 3
2 1

1 1
2 3

y 



a1x + b1y = c1  a2x + b2y = c2 

1 1

2 2 1

1 1

2 2

D
D

c b
c b

x
a b
a b

 

1 1

2 2 2

1 1

2 2

D
D

a c
a c

y
a b
a b

 

1 1

2 2
D 0

a b
a b

 

x + 2y + 3z = 4

2x + y + z = 1 ...(C)
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 - I3x + 3y + 5z = 3

1 2 3
D 2 1 1

3 3 5


i.e., D  x, y, z  

2 3
D 2 1 1

3 3 5

x
x x

x


'y' 'z'  

2 3 2 3
D 2 1 1

3 3 5 3 5

x y z
x x y z

x y z

 

  

 

C

1

4 2 3
D 1 1 1 D

3 3 5
x  

i.e.,  1
1

DD = D
D

x x 

2

1 4 3
D 2 1 1

3 3 5


3

1 2 4
D 2 1 1

3 3 3


yD = D2 zD = D3

31 2 DD D, ,
D D D

x y z    D 
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a1x + b1y + c1z = d1

a2x + b2y + c2z = d2

a3x + b3y + c3z = d3

1 1 1

2 2 2

3 3 3 1

1 1 1

2 2 2

3 3 3

D
D

d b c
d b c
d b c

x
a b c
a b c
a b c

 

1 1 1

2 2 2

3 3 3 2

1 1 1

2 2 2

3 3 3

D
D

a d c
a d c
a d c

y
a b c
a b c
a b c

 

1 1 1

2 2 2

3 3 3 3

1 1 1

2 2 2

3 3 3

D
D

a b d
a b d
a b d

z
a b c
a b c
a b c

 

1 1 1

2 2 2

3 3 3

D = 0
a b c
a b c
a b c



n

D = 0 
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 - I
2x + 3y = 5

3x + 5y = 7

1 1

2 2

2 3
D = 10 9 1

3 5
a b
a b

   

1 1
1

2 2

5 3
D = 25 21 4

7 5
c b
c b

   

1 1
2

2 2

2 5
D = 14 15 1

3 7
a c
a c

   

1D 4 4
D 1

x   

2D 1 1
D 1

y 
  

2x + y  3z = 3

x + 2y + z = 7

3x  5y  2z = 1

2 1 3
D 1 2 1 2(4 5) 1(2 3) 3( 5 6) 18 1 33 52 0

3 5 2



            



D1 

1

3 1 3
D 5 2 1 3(4 5) 1(10 1) 3( 25 2) 27 9 81 99

1 5 2
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D2  

2

2 3 3
D 1 5 1 2(10 1) 3(2 3) 3(1 15) 18 3 42 63

3 1 2



          

D3  

3

2 1 3
D 1 2 5 2(2 25) 1(1 15) 3( 5 6) 35

3 5 1
        



1D 99
D 52

x  

2D 63
D 52

y  

3D 35
D 52

z  

2x + 3y = 4

x 2y = 3 

2 3
D 4 3 7 0

1 2
     



1
4 3

D 8 9 17
3 2

    


2
2 4

D 6 4 2.
1 3
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 - I

1D 17 17
D 7 7

x 
  



2D 2 2
D 7 7

y 
  



D   0 D1   0, D2   0 

x = 17/7 y = 2/7.

x + 2y  = 0

2x + 3y = 0

1 2
D 3 4 7 0

2 3
    


1
0 2

D 0 0 0
0 3

   

2
1 0

D 0 0 0
2 0

   


1D 0 0
D 7

x   

2D 0 0
D 7

y   

D  0  D1 = D2 = 0 
x = y = 0.

D = 0 

i ii

2x + 4y = 5
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x + 2y = 3

2 4
D = 4 4 0

1 2
  

D = 0  

1
5 4

D = 10 12 2
3 2

  

2
2 5

D = 6 5 1
1 3

  

D = 0  D1   0, D2   0  

x + y + z = 2

x + 2y + 3z = 3

x + 3y + 5z = 5 ...(i)

1 1 1
D = 1 2 3 1(10 9) 1(5 3) 1(3 2) 1 2 1 0

1 3 5
         

1 1
D = 2 3

3 5

x
x x

x

y z

1

1 1 2 1 1
D = 2 3 2 3 3 2 3 D

3 5 3 5 5 3 5

x y z
x x y z

x y z

 

   

 

D1 = 2(10  9) 1(15  15) + 1(9  10) = 2  0  1 = 1
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 - IxD  = D1   xD = 1

1 1
D 0

x  

yD  = D2  zD  = D3 

2

1 2 1
D 1 3 3 1(15 15) 2(5 3) 1(5 3) 1(5 3) 0 4 2 2

1 5 5
             

3

1 1 2
D 1 2 3 1(10 9) 1(5 3) 2(3 2) 1 2 2 1

1 3 5
          

yD  = D1  
2D 2

D 0
y y 

       

zD = D1  
1D 1

D 0
z z   

D  = 0 D1   0, D2   0 D3   0

3 6
3 3 4

5 3 3 10

x y z
x y z
x y z

   


    
   

1 1 3
D 1 3 3 1(9 9) 1(3 15) 3(3 15) 18 18 36 0

5 3 3
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1

6 1 3
D 4 3 3 6(9 9) 1( 12 30) 3( 12 30)

10 3 3



          

108 18 126 0   

2

1 6 3
D 1 4 3 1( 12 30) 6(3 15) 3(10 20)

5 10 3
         

18 108 90 0   

3

1 1 6
D 1 3 4 1(30 12) 1(10 20) 6(3 15) 42 30 72 0

5 3 10



           

D  = 0 D1 = D2 = D3 = 0 

i.e.,  x  y + 3z = 6

     x + 3y  3z = 4

    x  y = 6 3z

     x + 3y = 4 + 3z

6 3 1
4 3 3 3(6 3 ) 1( 4 3 ) 18 9 4 3 14 6

1 1 3 1 4 4
1 3

z
z z z z z zx

 

         
   

 

7 3
2

zx 
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 - I
1 6 3
1 4 3 1( 4 3 ) 1(6 3 )

1 1 3 1
1 3

z
z z zy



     
 

 

4 3 6 3 10 6
4 4

z z z     
 

5 3
2

zy  


z = k  'k' 

7 3 5 3,
2 2

k kx y  
  z = k  

Di = 1, 2, 3, ...., n 

i D   0 D1, D2, ... Dn 

ii D   0  Di = 0 x1 = x2 = ..... = xn
= 0 

iii D = 0 Di = 0 

iv D = 0 Di = 0 

x  y + z = 2

         2x + 7y  3z = 

3x  5y  z = 4.
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1 1 1
D 2 7 3 1( 7 15) 1( 2 9) 1(10 21) 8 7 11 10 0

3 5 1
               



1

2 1 1
D 5 7 3 2( 7 15) 1( 5 12) 1(25 28) 16 7 3 6

4 5 1
             



2

1 2 1
D 2 5 3 1( 5 12) 2( 2 9) 1(8 15) 7 14 7 14

3 4 1
              



3

1 1 2
D 2 7 5 1(28 25) 1(8 15) 2(10 21) 3 7 22 12

3 5 4
           

D   0  D1   0,  D2   0, D3   0, 

1D 6 3
D 10 5

x 
  



2D 14 7
D 10 5

y 
  



3D 12 6
D 10 5

z 
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 - I

i 2 3 4 9
3 4 2 12
4 2 3 3

x y z
x y z
x y z

   

    

   

(ii) 2 0
2 2 0

3 0

x y z
x y z
x y z

  

  

  

(iii) 2 2
2 2 3

3 4

x y z
x y z
x y z

  

  

  

(iv) 2 3 1
3 2 1
4 5 2

x y z
x y z
x y z

  

  

  

i 2 3 4 9
3 4 2 12
4 2 3 3

x y z
x y z
x y z

   

    

   

2 3 4
D 3 4 2 2( 12 4) 3(9 8) 4(6 16)

4 2 3



        

 

16 3 40 53 0      

1

9 3 4
D 12 4 2 9( 12 4) 3(36 6) 4(24 12)

3 2 3

 

         

  

72 126 144 342   

2

2 9 4
D 3 12 2 2(36 6) 9(9 8) 4(9 48) 84 9 228 321

4 3 2



            



3

2 3 9
D 3 4 12 2( 12 24) 3(9 48) 9(6 16)

4 2 3

 

         

 

72 171 90 189    
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 D   0  D1   0,  D2   0, D3   0.

1D 342 342
D 53 53

x 
  



2D 321 321
D 53 53

y 
  



3D 189 189
D 53 53

z 
  



(ii) 2 0
2 2 0

3 0

x y z
x y z
x y z

  

  

  

1 2 1
D 2 1 2 1(1 6) 2(2 2) 1( 6 1) 7 7 14 0

1 3 1



           



1

0 2 1
D 0 1 2 0

0 3 1



 



2

1 0 1
D 2 0 2 0

1 0 1



 

3

1 2 0
D 2 1 0 0

1 3 0
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 - I D   0  D1 =  D2 =  D3 = 0 

 x = 0, y =
0, z = 0 

(iii) 2 2
2 2 3

3 4

x y z
x y z

x y z

  

  

  

1 2 1
D 2 1 2 0

1 3 1
 



1

2 2 1
D 3 1 2 2(1 6) 2(3 8) 1( 9 4) 14 10 13 11

4 3 1
           



2 1 3

1 2 1
D 2 3 2 0 ( C C )

1 4 1
  

3

1 2 2
D 2 1 3 1(4 9) 2(8 3) 2( 6 1)

1 3 4
       



13 10 14 11    

 D = 0  D1   0,  D2 = 0, D3   0.

(iv) 2 3 1
3 2 1
4 5 2

x y z
x y z
x y z

  

  

  

1 2 3
D 3 1 2 1( 5 2) 2(5 4) 3(1 2) 7 2 9 0

4 1 5
             



216

 - I
311  Vol - I  (TOSS)

1

1 2 3
D 1 1 2 1( 5 2) 2(5 4) 3(1 2) 7 2 9 0

2 1 5
             

2

1 1 3
D 3 1 2 1(5 4) 1(15 8) 3(6 4) 1 7 6 0

4 2 5
          

3

1 2 1
D 3 1 1 1( 2 1) 2(6 4) 1(3 4) 3 4 7 0

4 1 2
             

D = 0, D1 = 0, D2 = 0, D3 = 0

a 2 4 3
3 5
x y
x y
 

 

b 2 1
2 5 3
x y
x y
 

 

(a)  2 3 1
4 6 9

4 3 9 5

x y z
x y z
x y z

  

  

  

(b) 2 3 2 1
3 2

3 3

x y z
x y z
x y z

  

   

  

(c)  3 4 5 6
2 1

2 3 5

x y z
x y z

x y z

   

   

  

(a)  
3 2 4
2 3
x y
x y
 

 
(b)  

6 3 1
2 2 3

x y
x y
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 - I(c)  2 3 4 8
3 2
4 5 9

x y z
x y z
x y z

  

   

   

d 3 4
3 2 5 4
5 4 9

x y z
x y z
x y z

  

   

   

(a)  2 4
3 5 7
x y
x y
 

   

(b)  2 0
2 0

3 2 0

x y z
x y z
x y z

  

  

  

a1b2  a2b1 1 1

2 2

a b
a b

aij (1)i+j
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1 1 1 1

2 2 2 2

3 3 3 3

a x b y c z d
a x b y c z d
a x b y c z d

  

  

  

1 2D D,
D D

x y  3D
D

z 

1 1 1

2 2 2

3 3 3

D =
a b c
a b c
a b c

1 1 1

1 2 2 2

3 3 3

D = ,
d b c
d b c
d b c

1 1 1

2 2 2 2

3 3 3

D =
a d c
a d c
a d c

1 1 1

3 2 2 2

3 3 3

D = D 0
a b d
a b d
a b d



1 1 1 1

2 2 2 2

3 3 3 3

a x b y c z d
a x b y c z d
a x b y c z d

  

  

  

(a) D 0 

(b) D = 0 D1, D2, D3 

c D= D1 = D2 = D3 = 0 
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 - I

1 2 3
3 4 2
2 3 1

43 1 6
35 7 4
17 3 2

2 1 2
1 2 3
3 1 4





 

0 1 0
2 0

1 3
x x

x
 'x'  

(a)

2

2

2

1

1 ( )( )( )

1

a a

b b b c c a a b

c c

   

(b)

2 2

2 2

2 2

1

1 ( )( )( )

1

x y x y

y z y z x y y z z x

z x z x

 

     

 

a

2 2 2

2 2 2

2 2 2

1 2 3

2 3 4

3 4 5
b

3 5

3 4

5 5

1

1

1

w w

w w

w w

w 



220

 - I
311  Vol - I  (TOSS)

a 2 3
2 3 4
x y
x y
 

 

b 2 3 3
3 2 11

x y
x y
 

 

c 2
4 3 3
x y
x y
 

 

a 2 3 8
3 2 3

3 1 2

x y z
x y z

x z y

  

  

  

b 2 3
2

3 2 3

x y z
x z y
x z y

  

 

  

a 2 6 1 0
3 2 0

x y
x y
  

  

b 2 3 5
2 6

x y
x y
 

 

c 2 3 1
4 6 3
6 3 2 5

x y z
x y z
x y z

  

  

  

d 3 2 1
2 2

2 3 1

x y z
x y z
x y z

  

  

  

(a)  11            (b)  1 (c) 0 (d) (a2 + b2)  (c2 + d2)

(a) (d)

(a)  18            (b)   54 (c)  adf  + 2bce  ae2  fb2  de2

(a) M21 = 39;  C21=39 2. M13 = 5; C13 = 5

M22 = 3;  C22=3 M23 = 7; C23 = 7

M23 = 11;  C23=11 M33 = 1; C33 = 1
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 - I(a) 19 (b) 0 (c) 131
(d) (a  b) (b  c) (c  a) (e) 4abc (f) 0

(a) 4 (b) 20 (c) a2 + b2 + c2 + 1

(a) x = 2 (b) x = 2, 3 (c) x = 2, 
17
7



(a) a3 (b) 2abc(a + b + c)3

   8.    
2 11 11, ,
3 3 3

x 

 1. (a)
23 1,
14 14

x y        (b)  x = 1, y = 1

  2. (a) x = 1, y = 2, z = 
1
3       (b)  

3 5, 0,
4 4

x y z   

(c) x = 1, y = 2,  z = 1

  3. (a) x = 2, y = 1       (b)  
11 8,
8 9

x y   

(c)  x = 1, y = 2, z = 3       (d)  
24 71, ,
13 13

x y z   

(a)  ;  x = 6, y = 5 (b) ;  x = 0, y = 0, z = 0

M11 = 2, M12 = 1, M13 = 1, M21 = 7, M22 = 5,

M23 = 1, M31 = 8, M32 = 7, M33 = 2

C11 = 2, C12 = 1, C13 = 1, C21 = 7, C22 = 5,

C23 = 1, C31 = 8, C32 = 7, C33 = 2.
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2.  0 3. 31 4. x = 0,  x = 1

6. (a) 8 (b)  0

7. (a) 17 2,
7 7

x y   (b) x = 3, y = 1

(c)  
9 5,
7 7

x y 

8. (a)  x  = 2, y = 3, z = 3 (b) 
1 3 1, ,
2 2 2

x y z     

9. (b) 
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 - I

AX = B 
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x y

2 5 120
4 3 100

x
y

     
     

     

AX = B  

2 5
A X

4 3
x
y

   
    
   

120
B

100
 

  
 

X  =  A1B

X
x
y
 

  
 

A1 A1 

A

6.1

 
2 5

A
4 3
 

  
 

  2 5
4 3

  |A|

  
1 3 1

A 2 4 5
1 1 7
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 - I
      

1 3 1
|A| 2 4 5

1 1 7



  

 i.e. |A| = 0.

i.e. |A|  0

a
6 3

A
4 2
  

  
 

b
1 2 3

A 0 1 2
1 4 1

 
 


 
  

a
6 3

|A|
4 2
 



= (6) (2)  (4) (3)

= 12 + 12 = 0

A 

b
1 2 3

A 0 1 2
1 4 1

 
 


 
  

|A| 1 2 0 2 0 1
1 2 3

4 1 1 1 1 4
  

    =  (1) (1  8)  (2) (0  2) + (3) (0  1)

     = 7 + 4  3

     = 6  0.

A 
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2 5
A

4 3
 

  
 

2 5
4 3

|A|  

1 3 1
A 2 4 5

1 1 7

 
 


 
  

1 3 1
|A| 2 4 5

1 1 7




i.e., |A| = 0.

i.e., |A|  0

a
6 3

A
4 2
  

  
 

b
1 2 3

A 0 1 2
1 4 1

 
 


 
  

a
6 3

|A|
4 2
 



= (6) (2)  (4) (3)

= 12 + 12 = 0

A 
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 - I
b

1 2 3
A 0 1 2

1 4 1

 
 


 
  

|A| 1 2 0 2 0 1
1 2 3

4 1 1 1 1 4
  

    =  (1) (1  8)  (2) (0  2) + (3) (0  1)

     = 7 + 4  3

     = 6  0.

A 

A x  

1 2 3
A 1 2 1

2 3x

 
 


 
  

1 2 3
|A| 1 2 1

2 3x







2 1 1 1 1 2
2 3

2 3 3 2x x
  

 

= 1(6  2) + 2(3  x) + 3(2  2x)

= 8  6  2x + 6  6x.

= 8  8x.

A  |A| = 0.

|A| = 8  8x = 0.

    x = 1.

x  1.
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1 6
A

3 2
 

  
 

|A| = |A'| A' A  

   A 
1 6

A
3 2
 

  
 

 
1 3

A
6 2
 

   
 

      
1 6

|A| 1 2 3 6 16
3 2

       ...(1)

      
1 3

|A | 1 2 6 3 16
6 2

        ...(2)

(1)  (2)    |A| = |A |

11 12 13

21 22 23

31 32 33

A
a a a
a a a
a a a

 
 


 
  

A i  j  
aij Mi j 

aij Cij ai#°

Cij = (1)i+j Mij  

   M23 = a23 .

11 12

31 32

a a
a a
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 - I C23 = a23  

=  (1)2+3  M23

=  (1)5  M23

= M23 
11 12

31 32

a a
a a

   .

2 5
A=

6 3
 
 
 

A 
2 5

|A|= 6 30 24
6 3

   

M11 C11 = (1)1+1 M11

  = (1)2 M11 = 3.

M12 C12 = (1)1+2 M12= 1)3

  =  M11 = 6.

M21 C21 = (1)2+1 M21= (1)3 M21 = 5.

M22 C22 = (1)2+2 M22= (1)2+2 M22 = 2.

1 3 6
A 2 5 2

4 1 3

 
 

 
 
  

1 1
11 11 11

5 2
M 15 2 17; C ( 1) M 17

1 3


      

1 2
12 12 12

2 2
M 6 8 14; C ( 1) M 14

4 3
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1 3
13 13 13

2 5
M 2 20 18; C ( 1) M 18

4 1
       

2 1
21 21 21

3 6
M 9 6 3; C ( 1) M 3

1 3
      

2 2
22 22 22

1 6
M ( 3 24) 27; C ( 1) M 27

4 3


        

2 3
23 23 23

1 3
M ( 1 12) 13; C ( 1) M 13

4 1


        

3 1
31 31 31

3 6
M ( 6 30) 36; C ( 1) M 36

5 2
         



3 2
32 32 32

1 6
M (2 12) 10; C ( 1) M 10

2 2


       


3 3
33 33 33

1 3
M ( 5 6) 11; C ( 1) M 11

2 5


         

a
0 6

A
2 5
 

  
 

b
4 5 6

B 1 0 1
2 1 2

 
 

 
 
  

a
3 2

A =
9 6

 
 
 

b
1 1 2

B 2 3 1
4 5 1

 
 


 
  

a
3 1

A =
7 4

 
 
 

b
0 6

B
2 5
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 - Ia

1 2 3
A 1 0 4

2 3 1

 
 

 
 
   

b

2 1 3
A 5 4 1

2 0 3

 
 


 
  

a 3 2
A =

9 7
 

 
 

b
0 4

B =
5 6

 
 
 

a

2 0 1
A 1 3 0

4 1 2

 
 

 
 
   

b

2 1 5
A 6 4 2

5 3 0

 
 

 
 
  

2 3
A

4 5
 

  
 

2 3
A

7 4
 

  
 

a |A| = |A'| |B| = |B'|

b |AB| = |A| |B|  =  |BA|
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2 1
A

5 7
 

  
 

2 1
A

5 7


Mij Cij aij 

M11 = |7| = 7; C11 = (1)1+1 . |7| = 7.

M12 = |5| = 5; C12 = (1)1+2 |5+ = 5

M21 = |1| = 1;   C21 = (1)2+1 |1+ = 1

M22 = |2| = 2;   C22 = (1)2+2 |2| = 2

A

7 5
B

1 2
 

  
 

...(1)

7 1
B

5 2
 

   
 

...(1)

B' A Adj
A 

A Adj A 

a A 

b (a) 

4 5
A

2 3
 

  
 



233

311  Vol - I  (TOSS)

 - I4 5
|A|

2 3





aij Aij 

A11 = (1)1+1 (3) = 3 A21 = (1)2+1 (5) = 5

A12 = (1)1+2 (2) = 2 A22 = (1)2+2 (4) = 4.

A 

3 2
5 4
  
 
  

Adj A 

3 5
Adj A

2 4
  

  
  

1 1 2
A 3 4 1

5 2 1

 
 

 
 
  

1 1 2
A 3 4 1

5 2 1



 



|A| aij Aij 

1 1
11

4 1
A ( 1) 4 2 6

2 1
      



1 2
12

3 1
A ( 1) (3 5) 2

5 1
 

     


1 3
13

3 4
A ( 1) 6 20 26

5 2
 

      

2 1
21

1 2
A ( 1) (1 4) 3.

2 1
 

     


2 2
22

1 2
A ( 1) 1 10 11.

5 1
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2 3
23

1 1
A ( 1) (2 5) 7.

5 2
 

      

3 1
31

1 2
A ( 1) 1 8 9.

4 1
 

      

3 2
32

1 2
A ( 1) (1 6) 7.

3 1
      



3 3
33

1 1
A ( 1) 4 3 1.

3 4
 

    


A  

6 2 26
3 11 7
9 7 1

  
 

 
 
   

6 3 9
Adj A 2 11 7

26 7 1

  
 

  
 
   

A, n 
A (Adj A) = (Adj A) A = |A| In

In n 

2 4
A

1 3
 

  
 

2 4
|A| 6 4 10.

1 3
   


A11 = 3;  A12 = 1;  A21 = 4;  A22 = 2

3 4
Adj A

1 2
 

  
 

2 4 3 4
A(Adj A)

1 3 1 2
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 - I
2

10 0 1 0
10 | A | .I

0 10 0 1
   

     
   

3 5 7
A 2 3 1

1 1 2

 
 

 
 
  

|A|  = 3(6 1)  5 (4  1) + 7(2 + 3) = 1

A11 = 7;  A12 = 3;  A13 = 5

A21 = 3; A22 = 1;  A23 = 2

A31 = 26;  A32 = 11;  A33 = 19.

7 3 26
Adj A 3 1 11

5 2 19

  
 

  
 
  

     

3 5 7 7 3 26
(A) (Adj A) 2 3 1 3 1 11

1 1 2 5 2 19

   
   

   
   
      

           

1 0 0 1 0 0
0 1 0 ( 1) 0 1 0
0 0 1 0 0 1

   
   

   
   
      

           = |A| I3.

7 3 26 3 5 7
(Adj A) . A 3 1 11 2 3 1

5 2 19 1 1 2

    
   

   
   
      

         3

1 0 0 1 0 0
0 1 0 ( 1) 0 1 0 | A | I .
0 0 1 0 0 1

   
   

    
   
      

A |A| = 0 A . (Adj A) = 0
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(a)
2 1
3 6

 
 
 

b
a b
c d
 
 
 

c
cos sin
sin cos
  

 
   

(a)
1 2

2 1

 
 
  

b
i i
i i

 
 
 

A. (Adj A) = (Adj A) A = |A| I2 

A A. (Adj A) = (Adj A) A = |A| I3  

(a)
6 8 1
0 5 4
3 2 0

 
 
 
  

b

2 7 9
0 1 2
3 7 4

 
 


 
  

c
cos sin 0
sin cos 0

0 0 1

   
 

 
 
  

d
4 6 1
1 1 1
4 11 1

 
 
 
 
   

A
a b
c d
 

  
 

AB = BA = I B
x y
u v
 

  
 

i.e.,  
1 0
0 1

a b x y
c d u v
     

     
     

1 0
0 1

ax bu ay bv
cx du cy dv

    
   

    

ax + by = 1;   ay + bv = 0

cx + du = 0;  cy + dv = 1
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 - Ix, y, u  v 

, , ,d b c ax y u v
ad bc ad bc ad bc ad dc

 
   

   

0ad bc  0
a b
c d



B

d b
ad bc ad bc

c a
ad bc ad dc



 




 

1B .
d b
c aad bc

 
  

  

BA = I 

1 1B Adj A
|A|

d b
c aad bc

 
  

  

B A 
A1 

A B AB = BA = I B A
B = A1 

ad   bc = 0 |A| = 0 R.H.S.
 B = (A1) A 

B A = B1 

4 5
A

2 3
 

  
 

4 5
A

2 3
 

  
 

|A| = 12  10 =22   0.
 A A  A1 
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3 5
Adj A

2 4
  

  
 

1

3 5
3 51 1 22 22A Adj A
2 4 1 2|A| 22

11 11



 
   

     
     

  

AA1 = A1A  = I

3 2 2
A 1 1 6

5 4 5

 
 

 
 
  

3 2 2
A 1 1 6

5 4 5

 
 

 
 
  

|A| = 3(5  24)  2(5 30)  2(4 + 5)

     = 3(19)  2(35)  2(9)

     = 57 + 70 18 = 5  0

A1  

aij
 Aij 

 

1 1
11

1 6
A ( 1) 5 24 19,

4 5
 

     


1 2
12

1 6
A ( 1) ( 5 30) 35,

5 5
     



1 3
13

1 1
A ( 1) 4 5 9,

5 4
 

    

1 2
21

2 2
A ( 1) ( 10 8) 2,

4 5
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 - I
2 2

22
3 2

A ( 1) 15 10 5,
5 5

 
      



2 3
23

3 2
A ( 1) (12 10) 2

5 4
      

3 1
31

2 2
A ( 1) 12 2 10,

1 6
 

    


3 2
32

3 2
A ( 1) (18 2) 20,

1 6
 

      

3 3
33

3 2
A ( 1) 3 2 5

1 1
      



19 35 9
2 5 2

10 20 5

 
 

  
 
   

19 2 10
Adj A 35 5 20

9 2 5

 
 

  
 
   

1

19 2 219 2 10 5 51 1A Adj A = 35 5 20 7 1 4
| A | 5

9 2 5 9 2 1
5 5



 
  

  
               

 

A1 A  =  AA1 = I

1 0
A

2 1
 

  
 

2 1
B

0 1
 

  
 

(i)   (AB)1 (ii)  B1 A1 (iii)  (AB)1 = B1A1  

(i)   C = AB = 
1 0 2 1
2 1 0 1

   
   

    

2 0 1 0 2 1
4 0 2 1 4 3
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2 1

| C | | AB | 6 4 2 0.
4 3


        


|C| Cij  Cij  

C11 = (1)1+1 (3) = 3 C21 = (1)2+1 (1) = 1
C12 = (1)1+2 (4) = 4 C22 = (1)2+2 (2) = 2

3 1
Adj (C)

4 2
 

  
 

1
3 13 11 1C Adj(C) = 2 2

4 2| C | 2 2 1



 
           

1 1
3 1

C (AB) = 2 2
2 1

 

 
 
 
 

ii B1 A1,  B1 

2 1 2 1
B = | B | 2 0 2 0

0 1 0 1
  

      
  

  B1   

B bij Bij 

B11 = (1)1+1 (1) = 1 B21 = (1)2+1 (1) = 1

B12 = (1)1+2 () =  B22 = (1)2+2 (2) = 2

Adj  B = 
1 1

0 2
  
 

 

1
1 11 11 1B = Adj B 2 2

0 2|B| 2 0 1
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 - I1 0
A

2 1
 

  
 

1 0
|A| 1 0 1 0

2 1
      



  A1   

A aij Aij 

A11 = (1)1+1 (1) = 1 A21 = (1)2+1 (0) = 

A12 = (1)1+2 () =  A22 = (1)2+2 () = 1

Adj  A = 
1 0
2 1

 
 
 

1 1 0 1 01 1A Adj A
2 1 2 1| A | 1

    
      

     

1 1
1 1 1 0

B A 2 2
2 10 1

 

  
         

1 1 3 11 0
2 2 2 2
0 2 0 1 2 1

     
     

   
    

ii i ii

1 1 1
3 1

(AB) B A 2 2
2 1

  

 
  
 
 

(AB)1 = B1A1.

(a)
1 3
2 5
 
 
 

b
1 2
3 4
 
 
  

c
2 1
1 0
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(a) 

1 0 2
2 1 3
4 1 2

 
 
 
  

b

3 1 2
5 2 4
1 3 2

 
 
 
   

1 2 3 2 1 0
A 0 1 4 B 1 4 3

3 1 5 3 0 2

   
   

  
   
      

(AB)1 = B1A1

1 2 3
A 0 1 4

2 2 1

 
 

 
 
  

 
1A 



0 1 1
1A 1 0 1 B
2

1 1 0

b c c a b a
c b c a a b
b c a c a b

     
   

    
   
        

ABA1 

cos sin 0
( ) sin cos 0

0 0 1

x x
x x x



  1[ ( )] ( )x x   

1 tan
A

tan 1
x

x
 

  
 

1 cos 2 sin 2
A A

sin 2 cos 2
x x
x x

  
   

 

A ,1
a b

bcc
a

 
  
 
 

aA1 = (a2 + bc + 1) I  aA 

1 2 0
A 1 1 1 ,

0 1 0

 
 

 
 
  

A1 = AA2 



243

311  Vol - I  (TOSS)

 - I8 1 4
1A 4 4 7 ,
9

1 8 4

 
 

 
 
  

A1 = A' 

cramer

AX = B 
A 

a1x + b1y  =  c1 a2x + b2y  =  c2

1 1 1

2 2 2

a b cx
a b cy
    

    
    

1 1

2 2
A , X =

a b x
a b y
   

    
  

1

2
B

c
c
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a1x + b1y + c1z = d1;  a2x + b2y + c2z = d2;

a3x + b3y + c3z = d3  

1 1 1 1

2 2 2 2

3 3 3 3

a b c x d
a b c y d
a b c z d

    
    


    
        

1 1 1

2 2 2

3 3 3

A , X
a b c x
a b c y
a b c z

   
   

 
   
     

1

2

3

B
d
d
d

 
 


 
  

A

 A |A| = 0 A1

1 1

2 2
A X

a b x
a b y
   

    
  

1

2
B

c
c
 

  
 

AX = B. 

|A|   0 a1b2  a2b1   0  AX = B  A1 

A1  (AX) = A1B   

1 1(A A)X A B  

1 1IX A B ( A A=I)   

1X A B 

2 11

2 11 2 2 1

1A  = 
b b
a aa b a b

  
 
  

2 1 1

2 1 21 2 2 1

1X = 
b b c
a a ca b a b
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 - I
2 1 1 2

2 1 1 21 2 2 1

1= 
b c b cx
a c a cy a b a b

  
       

2 1 1 2

1 2 2 1

2 1 1 2

1 2 2 1

= 

b c b c
a b a b
a c a c

a b a b

 
 
 
  
  

2 1 1 2 2 1 1 2

1 2 2 1 1 2 2 1
= ;b c b c a c a cx y

a b a b a b a b
  


 

4 3 11
3 7 1

x y
x y
  


   

4 3 11
3 7 1

x
y

     
     

     
...(ii)  

4 3
A , X ,

3 7
x
y

   
    
   

11
B

1
 

  
 

(ii) 

AX = B iii) 

4 3
|A| 28 9 37 0,

3 7


     |A| 0 A1 

AX = B A1 

A1 (AX)   =  A1B

(A1A) X  =  A1B

IX = A1 B.

X =  A1B.
1X (Adj A)B

| A |
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7 3 11 77 31 1
3 4 1 33 437 37

x
y

       
        

          

741
3737

   
      

x
y

2
1

x
y
   

   
   

x = 2, y = 1,  

2x 3y = 7
  x 2y = 3

2 3 7
1 2 3

x
y

     
     

     

AX = B

2 3 7
A , X , B

1 2 3
x
y

     
       
     

2 3
|A| 2 2 1 ( 3)

1 2
 

      
 

= 4 + 3 = 7   0

A1 

2 3
Adj (A)

1 2
 

  
 

1

2 3
2 31 1 7 7A adj(A)
1 2 1 2| A | 7

7 7



 
  

     
    

  

(ii)

(i)   X = A1B

2 3
77 7X

1 2 3
7 7

 
   

    
   
  

9 232
7 7

7 6 1
7 7 7
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 - I


23 1,
7 7

x y 
 

23
7
1

7

x
y

 
  

   
   
  

2 3 14
2 0

2 3 5

x y z
x y z
x y z

   


   
   

1 2 3 14
1 2 1 0
2 3 1 5

x
y
z

     
     

 
     
          

...(i)

AX = B 

1 2 3
A 1 2 1 , X

2 3 1

x
y
z

   
   

  
   
      

14
B 0

5

 
 


 
  

X = A1B

|A| = 1(2 - 3) - 2(-1 -2) + 3(3 + 4)

  =  26   0

A1  

1 11 8
Adj A 3 7 2

7 1 4

 
 

 
 
  

(ii)  1 1X = A B AdjA.B
| A |

 

1 11 8 14
1X = 3 7 2 0
26

7 1 4 5
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26 1
1= 52 2
26

78 3

   
   


   
      

1
2
3

x
y
z

   
   


   
      

x = 1;  y = 2; z = 3.

x + 2y + z = 2

2x  y + 3z = 3

x + 3y  z = 0

1 2 1 2
2 1 3 3
1 3 1 0

x
y
z

     
     

 
     
          

AX = B ...(i)

1 2 1
A 2 1 3 , X

1 3 1

x
y
z

   
   

  
   
      

2
B 3

0

 
 


 
  

1 2 1
|A| 2 1 3

1 3 1

 
 

 
 
  

= 1(1  9)  2(2 3) + 1(6 + 1) = 9   0

A1 

8 5 7
Adj A 5 2 1

7 1 5

 
 

  
 
   

1
8 5 7

1 1A = Adj A 5 2 1
|A| 9

7 1 5
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 - I(i)   X = A1B.

8 5 7 2
1 5 2 1 3
9

7 1 5 0

x
y
z

     
     

  
     
           

91
1 44
9 9

11 11
9

 
 

   
    
   
    

 
  

1 4 11, ,
9 9 9

x y z
  

AX = B 

|A|   0  X = AA1B 

|A| = 0 

a (Adj A)B    0, 

b (Adj A)B = 0 

n n 

a 5 7 1
2 3 3

x y
x y
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5 7 ,
2 3



5 7 1
2 3 3

x
y

     
     

     

AX = B
...(i)

5 7 1
A , X B

2 3 3
x
y

     
       

     

|A|  =  5(3) 2 7 = 15  14 = 29   0

1 3 71 1A Adj A =
2 5| A | 29

   
  

  
...(ii)

i), X = A1B  

24
3 7 11 29
2 5 3 1329

29

x
y

 
       

        
       

  

(i), (ii) 

24 ,
29

x 
13

29
y 


(b)
3 2 7
6 4 8

x y
x y
 

 

3 2 7
6 4 8
 

3 2 7
6 4 8

x
y
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 - IAX = B

3 2 7
A , X , B

6 4 8
x
y

     
       
     

|A| = 12  12 = 0

4 6
Adj A

6 3
 

  
 

4 6 7 20
(Adj A) B 0

6 3 8 18
      

       
      

(c)
3 7

9 3 21
x y

x y
 

 

3 1 7 ,
9 3 21


 

3 1 7
9 3 21

x
y

     
     

     

3 1 7
A , X , B

9 3 21
x
y

     
       

     
  AX = B

3 1
|A| 3X ( 3) 9 ( 1)

9 3


      


=  9 + 9 = 0.

3 1
Adj A

9 3
 

  
 

3 1 7 0
(Adj A) B 0.

9 3 21 0
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i |A|   0 (Adj A) B   0 

ii |A|   0 (Adj A) B = 0 x = y = z = 0 

iii |A| = 0 (Adj A) B = 0 

iv |A| = 0 (Adj A) B   0 

|A| = 0 (Adj A) B   0 
x + 2y + z = 5
2x + y + 2z = 1
x  3y + z = 6

1 2 1 5
2 1 2 1
1 3 1 6

x
y
z

     
     

 
     
          

i.e.,  AX = B

1 2 1 5
A 2 1 2 , X , B 1

1 3 1 6

x
y
z

     
     

   
     
          

1 3

1 2 1
|A| 2 1 2 0 ( C C )

1 3 1
  





7 5 3 5
(Adj A) B 0 0 0 1

7 5 3 6

   
   

 
   
       

Adj A  

58
0 0
58
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 - I|A| = 0  (Adj A)B   0 

1 (Adj A)B
| A |

x
y
z

 
 


 
  

58
0
58
0

 
 
 
  



i |A|   0 (Adj A) B  0

ii |A|  0  (Adj A) B   0

iii |A|  = 0 (Adj A) B = 0

iv |A| = 0  (Adj A) B  0

i 6 4 2
9 6 3

x y
x y
 

 

(ii)  2 3 1
2 3 2
5 5 3

x y z
x y z

y z

  

  

 

(i)

6 4 2
9 6 3

x
y

     
     

     

i.e.,  AX = B
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6 4 2
A = X = B =

9 6 3
x
y

     
     
     

6 4
|A| = 6 6 9 4 36 36 0

9 6
      



x = k 6k + 4y = 2 
1 3

2
ky 



x, y 

1 39 6 3
2

kk  
  

 

 18k + 6  18k = 6

 6 = 6, 



x = k,  
1 3 ,

2
ky 

 k 

 (ii)

2x  y + 3z = 1 ...(1)

x + 2y  z = 1 ...(2)

5y  5z = 3 ...(3)

2 1 3 1
1 2 1 2
0 5 5 3

x
y
z

     
     

 
     
          

 i.e.,  AX = B
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 - I2 1 3 1
A = 1 2 1 , X = , B = 2

0 5 5 3

x
y
z

     
     


     
          

2 1 3
2 1 1 1 1 2

|A| = 1 2 1 2 1 3
5 5 0 5 0 5

0 5 5


 

      
 



          =  2(10 + 5) + 1(5  0) + 3(5  0)

          = 10  5 + 15 = 0

z = k 2x  y = 1  3k x  2y = 2
 k 

2x  y = 1  3k

  x  2y = 2  k

2 1 1 3
1 2 2

x k
y k

      
      

     

2 1 1 3
A , X , B

1 2 2
x k
y k

      
       

     

2 1
|A| 4 1 5 0

1 2


    

  A1  

1

2 1
2 11 1 5 5A Adj A
1 2 1 2| A | 5

5 5



 
  

     
   

  

  X = A1B.
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2 1 4
1 35 5 5

1 2 2 3
5 5 5

kk
k k

   
     

     
     

      

4 3, ,
5 5

x k y k      k 

x, y z  

35 5 3
5

k k 
   

 

 5k + 3 5k = 3   3 = 3 



4 ;
5 5

x k y k 
     z = k,  k 

AX = B B = 0

i 2 0
2 3 0
x y
x y
 

  
ii)

2 5 3 0
2 0

3 6 0

x y z
x y z
x y z

  

  

  

(iii)

2 3 0
2 0

3 2 0

x y z
x y z
x y z

  

  

  

ii

2 5 3 0
2 0

3 6 0

x y z
x y z
x y z
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 - Iii

2 5 3 0
1 2 1 0
3 1 6 0

x
y
z

     
     

 
     
           

i.e.,  AX = O

2 5 3 0
A 1 2 1 , X , B 0

3 1 6 0

x
y
z

     
     

   
     
           

|A| = 2(12 + 1)  5(6 3) 3(1 + 6)

     = 26 + 45  15

     = 56   0

B = 0   (Adj A)B = 0.

1 (AdjA)B 0
| A |

x
y
z

 
 

 
 
  

 x = 0;  y = 0;  z = 0.

iii

2 3 0
2 0

3 2 0

x y z
x y z
x y z

  

  

  

2 1 3 0
1 2 1 0
3 1 2 0

x
y
z

     
     

 
     
           

i.e.,  AX = 0
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2 1 3 0
A 1 2 1 , X , B 0

3 1 2 0

x
y
z

     
     

   
     
           

2 1 3
| A | 1 2 1 2(4 1) 1( 2 3) 3( 1 6)

3 1 2



         

 

     = 10 + 5  15

     = 0

B = 0   (Adj A)B = 0.

0
1 1(AdjA)B 0

| A | 0
0

x
y
z

   
   

 
   
      

2x + y = 3z

x  2y = z

x = z,  y = z, z = k,  k 

x = k, y = k,  z = k 

|A| = 0 (Adj A) B = 0 

a 2 3 4
2 5

x y
x y
 

 

(b) 7
3 7 11

x y
x y

 

 

(c) 3 4 5 0
2 6 0

x y
x y
  

  

(d) 2 3 6 0
6 8 0
x y

x y
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 - I
a 2 3

2 3 5
7

x y z
x y z
x y z

  

  

  

(b) 2 3 13
3 2 2 12

2 5

x y z
x y
x y z

  

  

  

(c) 2 5 2
2 3 15

3

x y z
x y z
x y z

   

  

    

(d) 2 2
2 3 1

5 2 1

x y z
x y z
x y z

  

   

   

(a)   x + y + z = 0 (b)  3x  2y + 3z = 0 (c)  x + y
+ 1 = 0

      2x  y + z = 0            2x + y + z = 0        y +
z  1 = 0

    x  2y + 3z = 0        4x  3y + 2z = 0
             z + x = 0

(a)  2x  3y = 5 (b)  2x  3y = 5
           x + y = 7 4x  6y = 10

(c)  3x + y + 2z = 3 (d)  x  2y  3z = 0
        2y  z = 7       4x  y + 2z = 0
    x  15y + 3z = 11       3x  5y  4z = 0

i j

aij 

Mij 
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aij Cij = (1)i+j Mij  

A 

A Adj

A 

A, n A . (Adj A) = (Adj A) . A = |A| In, In
n 

A AB = BA = I  B 

B A B = A1 

a1x + b1y = c1 a2x + b2y = c2 

1 1 1

2 2 2

a b cx
a b cy
    

    
    

1 1

2 2
A = X =

a b x
a b y
   
   

  

1

2
B

c
c
 

  
 

2 1 11

2 1 21 2 2 1

1X = A B =
b b c
a a ca b a b

    
   
    

AX = B  |A|  0 

AX = B  |A| = 0 (Adj A)B  0 

AX = B  |A| = 0 (Adj A)B = 0 
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 - IAX = B  B 

AX = 0 |A|   0 x1 = x2 = ..... = xn = 0

AX = 0 |A| = 0 

http : //www.wikipedia.org

http:// math world . wolfram.com

|A|  

a
1 2 3

A 3 1 0
2 5 4

 
 

 
 
  

b
1 3 4

A 7 5 0
0 1 2

 
 


 
  

Adj A  A(Adj A) = |A| I3 = (Adj A) A 

a
2 3 7

A 1 4 5
1 0 1

 
 

 
 
  

b
1 1 5

A 3 1 2
2 1 3

 
 


 
  

 A1 A' 1 A1 '

a
3 6
7 2
 
 
 

b
2 1
3 5
 
 
 

c
3 5
4 2
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a
1 0 0

A 3 3 0
5 2 1

 
 


 
  

b
1 2 0

A 0 3 1
1 0 2

 
 

 
 
  

a
2 4

2 5 9
x y
x y
 

 
b

6 4 2
9 6 3
x y
x y
 

 

c

2 1
32
2

3 5 9

x y z

x y z

y z

  

  

 

d

4
2 3 0

2

x y z
x y z
x y z

  

  

  

e

2 1
3 2 3
2 0

x y z
x y z
x y z

   

  

  

2 3 10 4 6 5 8 9 204; 1; 3
x y z x y z x y z
        

3 2 7 0
4 3 2 0

5 9 23 0

x y z
x y z

x y z

  

  

  

a

0
2 0

3 6 5 0

x y z
x y z
x y z

  

  

  
b

2 2 0
2 3 0

5 4 9 0

x y z
x y z

x y z
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 - Ip 

2
2

2

x y z px
x y z py

x y z pz

  

  

  

2 3 4 0
5 2 1 0

21 8 0

x y
x y
x y

  

  

  

 

(a) 12 (b) 10

     2. (a) (b)

(a) M11 = 4;  M12 = 7; M21 = 1; M22 = 3

(b) M11 = 5;  M12 = 2; M21 = 6; M22 = 0

(a) M21 = 11;  M22 = 7; M23 = 1

(b) M31 = 13;  M32 = 13; M33 = 13

(a) C11 = 7;  C12 = 9; C21 = 2; C22 = 3.

(b) C11 = 6;  C12 = 5; C21 = 4; C22 = 0

(a) C21 = 1;  C22 = 8; C23 = 2

(b) C11 = 6;  C12 = 10; C33 = 2
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(a)
6 1
3 2

 
 
 

(b)
d b
c a

 
 
 

(c)
cos sin
sin cos

   
 

  

(a)
1 2

2 1

 
 
  

(b)
i i
i i

 
 
 

(a)
5 3

2 1
 
 

 
(b)

4 /10 2 /10
3/10 1/10
  
 

 

(c)
0 1
1 2

 
 
 

(a)

1 2 2
5 5 5
8 6 1
5 5 5

2 1 1
5 5 5

 
 

 
  
 
 
 
  

(b)

1 1 1
3 3 3
7 1 1

12 3 12
17 1 11
24 3 24

 
 

 
 
 
 
  
  

  4.   1
9 8 2

(A ) 8 7 2
5 4 1



   
  
 
    

 1. (a)
23 6,
7 7

x y 
  (b) x = 6, y = 1

(c)
7 23,
5 10

x y  (d)
27 13,
30 5

x y 
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 - I
  2. (a)

58 2 21, ,
11 11 11

x y z    (b) x = 2, y = 3, z = 0

(c) x = 2, y = 3, z = 2 (d) x = 1, y = 2, z = 2

  3. (a) x = 0, y = 0, z = 0 (b) x = 0, y = 0, z = 0

(c) x = 0, y = 0, z = 0 (d) x = 0, y = 0, z = 0

  4. (a)
26 9,
5 5

x y  (b)

(c) (d)   x = y = z = 0

(a) 31 (b) 24

(a)

4 3 13
4 5 3

4 3 5

  
 

 
   

(b)

1 8 7
13 13 13
5 1 4

 
 

 
  

(a)

1 1
18 6
7 1

36 12

 
 
 

 
  

(b)

5 1
7 7
3 2

7 7

 
 
 
 
  

(c)

1 5
7 14
2 3

7 14

  
 
 
  
  

(a)

1 0 0
11 0
3
23 1
3

 
 
 
 
 
 
 
 

(b)

3 11
2 2
1 1 1

4 2 4
3 1 3

4 2 4
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(a)  x = 2,  y = 1

(b) 
1 3,
2 2

x k y k  

(c)  
1 31, ,
2 2

x y z   

(d)  x = 2, y = 1, z = 1

(e)  1 1 1, ,
2 2 2

x y z   

6. x = 2, y = 3, z = 5

7. x = k,  y = 2k, z = k

8. (a) x = k,  y = 2k,  z = 3k

(b) x = y = z = k

9. p = 1, 1, 4

10.  = 5.
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 - I





 n ! n n !

 nPr


 

!P
!

n
r

n
n r




 (i)   (n + 1)nPr = (n + 1) Pn (ii)  nPr+1 = (n  r) nPr 
 nCr




 

!C
! !

n
r

n
r n r




 

 nPr = r !  nCr

 nCr = nCnr

 nCr +
nCr-1 =  (n + 1) Cr   
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{2, 4, 5} {4, 5, 2} {5, 4, 2}
{2, 4, 5}

'n' 

1! = 1 
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 - In > 1 n! =  n . ((n  1)!)

         2! = 2 (1!) = 2

3! = 3 (2!) = 3.2   = 6

4! = 4 (3!) = 4.6   = 24

5! = 5 (4!) = 5.24 = 120

0! = 1

n, r 

t1, t2 T1, T2, T3

t1 

T1, T2, T3 t1T1, t1 T2

t1 T3 t1 T1

t1   T1  

t2  

t2 T1, t2 T2, t2 T3 

6(2 x 3) 

Fundamental Principle of counting Counting Prin-

ciple) 

m 

n m   n 
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  = 

A, B, C, D, E F 

A, B, C, D, E, F 

99   6 = 594.

a

b

c

d

a

b
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 - I

 
= 4   3 2 = 24

ROTOR 
(Palindromes)

26   26 = 5768 

 = 

CCCCC 

i

ii

iii

i ii iii
= 5  4 3 = 60. 

n  m1 
m2 m3 
n m1 m2   ... m3 
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A B B C 
C D D E A

E 

 A B 

B C 

C D 

D E 

A E 3 4 2 3 = 72 

a

b

a

b

a

b
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 - I

GH 

GH 

GH 

MGH, GHM or GMH 

HG 

3 2 = 6 

n(n > 1) 

2  1, 3 2 1.

n n   (n  1)   (n  2)   ...   3 2 

n n(n  1) (n  2) .... 3.2.1

n 

n n  1

n  1 

n  2 n  2 

n  n(n  1)

(n  2) 

n(n  1) n ! n

n 

    n !  n(n  1) (n  2) .... 3.2.1
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a 3 ! (b)  2 ! + 4 !  (b) 2 !   3 !

(a)   3 ! = 3   2   1 = 6
b 2 ! = 2   1  = 2

      4 ! = 4   3   2   1 = 24
    2 ! + 4 ! = 2 + 24  = 26.
c 2 !  3! = 2  6 = 12

  n ! = n  (n  1) ! 

n . (n  1) !  = n . [(n  1)(n  2) ...3.2.1]

=  n . (n  1) (n  2) ... 3.2.1

=  n !

O n > 2 

O! = 1 ...(7.3)

n > 1 

n 
n ! = n(n  1)

n = 6 = = 

a i ii iii + iv 6 !   4!

v
5!

3! 2!

b

i 2 ! x 3 ! = 6 ! ii  2 ! + 4 ! =

iii 3 !,  4 !  iv 4 !  2 ! = 2 !
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 - Ia

b TRIANGLE 

c

n r 

5 4 3 = 60 

n r 

n r r 

n          n  1          n  r + 1 

r 

r = 1 'n' n

r = 2 n 

'n' (n  1) (n  1)

n(n  1)

n(n  1)(n  2) 

  'n' r 

n(n  1) .(n  r+1). 'n' 'r' 
nPr 
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nPr = n(n  1)(n  2) ....... (n  r + 1)   ..... (7.4)

:  'n'   'r'  r 

'n'   'n'  

(n  1) (n  1) 

(n  2) 

r  [n  (r  1)]  (n  r + 1) 

'n' 'r' 

n (n  1) (n  2) .... (n  r + 1)  

a 4P2 b 6P3 c)  4P2 3P2

(d)  6P3    5P2

a   4P2 = 4(4  1) = 4   3 = 12

  b  6P3  = 6(6  1) (6  2) = 6   5   4 = 120

c
4

3
3

2

P 4(4 1) (4 2) 4 3 2 4
3(3 1) 3 2P
   

  
 

d  6P3    5P2  = 6(6  1) (6  2)   5 (5  1)

= 6 5   4  5  4 = 2400

6P3  =  6(6  1) (6  2) (6  3) = 6.5.4.3 = 360

    

nPr = n(n  1) (n  2) (n  r + 1)  n ! n  r, n  r 

1, .... 3, 2, 1 n  r, n  r  1, n  r  2

.... 3, 2, 1 (n  r) ! 
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 - I! .( 1) ( 2) .( 1) ( )... 3.2.1
( ) ( ) ( 1) ...3.2.1

n n n n n r n r
n r n r n r

    


   

= n(n  1) (n  2) .... (n  r + 1)

= nPr

n !  

nPr 
!

( ) !
n

n r




   nP0 

r = 0  

nP0 
! 1
!

n
n

 

   (n  1) . nPr  =  n1Pr+1  

(n  1) nPr  = (n  1) . 
! ( 1). !

( ) ! ( )!
n n n

n r n r



 

      
( 1) !

( 1) ( 1) !
n

n r



  

 =  n1Pr+1   

a i 4P2 ii 6P3 iii
4

3
3

2

P
P

(iv)  6P3   5P2 (v)  nPn

b

i 5 6
2 36 P P  ii 7 7

3 44 P P 

iii 4 4 12
2 2 4P P P  v 3 4 7

2 2 4P P P 
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a

b a 

c
nPn1  =  nPn 

n  r nPn  =  nPn+1 

 =

   2 600 + 5   480 = 1200 + 2400 = 3600
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 - I

L T L T L T L T L

L  
T 

5! 4! = 2880 

 4 !  (5 !)   (3 !) =
17280

= 
6  17280 = 103680
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= (6 !)  (4 !) = 720 24 = 17280.

   BENGALI  

i

ii

:  BENGALI  

i a, e, i 4 + 1 = 5 

a, e, i = 

 = (5 !)  (3 !) = 120 6 = 720.

ii P3

P4 

  = 4P3   4P4  = 24   24

= 576.

UNBIASED 
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 - I

TENDULKAR  

i T R

ii

iii

S1, S2, S3, S4 

{S1, S2} 2.  {S1, S3} 3. {S1, S4}

{S2, S3} 5.  {S2, S4} 6. {S3, S4}

[{S1, S2} ,  {S2, S1} ].   

P2 
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{S1, S2}    S1  S2 S2 S1

{S1, S3}    S1 S3 S3 S1

{S1, S4}    S1 S4 S4 S1

{S2, S3}    S2 S3 S3 S2

{S2, S4}    S2 S4 S4 S2

{S3, S4}    S3 S4 S4 S3

 

n r nCr 

n > 1, r < n 

nCr  =  
P
!

n
r

r
...(7.6)

n  r nCr  
r r ! 
n r r 

nCr  . (r !) nPr 

   nPr   =  r ! nCr

PC
!

n
n r

r r
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 - I
a   5C2 (b)  5C3

(c)   4C3 + 4C2 (d)  
6

3
4

2

C
C

a   5C2 
5

2P 5.4 10
2 ! 1.2

      (b)  5C3 
5

3P 5.4.3 10
3 ! 1.2.3

  

(c)   4C3 + 4C2
4 4

3 2P P 4.3.2 4.3 4 6 10
3 ! 2 ! 1.2.3 1.2

      

(d)  
6

6 3
3

P 6 5 4C 20
3 ! 1 2 3

 
  

 

  4
2

4.3C 6
1.2

 

  
6

3
4

2

C 20 10 .
6 3C

  

{ } 

11
4

11.10.9.8C 330
1.2.3.4

 

 

 
12C4 = 495  
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5
5 2

2
P 5.4C 10
2 ! 1.2

   

3
3 2

2
P 3.2C 3
2 ! 1.2

   

4
4 2

2
P 4.3C 6
2 ! 1.2

   

10 3 6 180   

A, B 

A B

i

ii

ii

i = 5C2   5C4

   = 10   5 = 50
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 - Iii = 5C3   5C3

       = 10   10 = 100

iii = 5C4   5C = 5   10

= 50

 = 50 + 100 + 50 = 200

i

ii

i

4C3   6C2 

4C4   6C1

4C2   6C3



=   4C2   6C2 ) + 4C4   6C1) + 4C2   6C3)

=  6 20 +   15 + 1  6

=  120 + 60 + 6 = 186

ii

4C2   6C3

4C1   6C4

4C5



286

 - I
311  Vol - I  (TOSS)

 

=  4C2   6C3 +  4C1   6C4  +  6C5

 = 6   20 + 4   15 + 6

= 120 + 6 + 6 = 186.

=  2C1 . 
5C4 . 

9C6

5 4 3 2 1 9 8 7 6 5 42
4 3 2 1 6 5 4 3 2 1
        

 
       

9 8 72 5 840
3 2 1
 

   
 

 =  2C1 . 
5C5 . 

9C5

9 8 7 6 5 9 8 7 62 1 2 1 252
5 4 3 2 1 4 3 2 1
      

      
      

= 840 + 252 = 1092

a i 13C3 ii aC5

iii 8C2 + 
8C3 iv

9
3

6
3

C
C
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 - Ib

i 5C3 =
5C3 ii 4C3 

3C2  =
12C6

iii 4C2 +
4C3 =

8C5 iv 10C2 +
10C3  =

11C3

{ } 

A, B 
A B 

i ii

S.C
O.B.C S.C O.B.C 

 nCr 

nCr 

nCr 
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nCr  = 
 

!
! !

n
r n r

nC0

0
! 10, C 1

0! ! 0!
n nr

n
    

nCr 

nCr  = nCnr

n r

n n  1

4  2 = 2 

RHS 

r! . (n  r) ! r n  r) 

(n  r) ! . [n  (n  r)] ! = (n  r) ! r !

'r'  r n  r

C9 8 100C2
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 - I
a 7C5 c 10C9

b 11C9 d 12C9

a

7C5  = 7C7-5  =  7C2  = 
7.6 21
1.2



b  10C9  = 10C10-9  =  10C1  = 

c 11C9  = 11C11-9  =  11C2  = 
11.10 55

1.2


d 12C10  = 12C12-10  =  12C2  = 
12.11 66
1.2



nCr 

n1Cr1 +  n1Cr  = nCr ...(7.10)

n1Cr1 +  n1Cr  = 
( 1) ( 1)!

( )! ( 1)! ( 1)! !

nn n
n r r n r r

 


   

( 1)! ( 1)!
( ) ( 1)!( 1)! ( 1)!( 1)!

n n
n r n r r r n r r

 
 

      

( 1)! 1 1
( 1)! ( 1)!

n
n r r n r r

  
      

( 1)! 1
( 1)! ( 1)! ( )

n
n r r n r r

 
  

    

( 1)!
( )( 1)! ( 1)!

n n
n r n r r




   

!
( )! !

n
n r r




=  nCr
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a 6C2  +  6C4 b 8C2  +  8C4

a 5C3  +  5C2 a 10C2  +  10C4

a n = 7, r = 2 
6C2 + 6C1 = 7C2 = 21

b n = 9, r = 2  8C2 + 8C1 = 9C2 = 36

c n = 6, r = 3  5C3 + 5C2 = 6C2 = 20

d n = 11, r = 3  10C2 + 10C1 = 11C3 = 165

{ } 

{

} 

 10C3 

{

}  10C4  {

}  10C3  +
 10C4

11C4 
10C3 +

 10C4 =
 11C4 

n r 

Pascal Triangle 
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 - In = 0      1

n = 1 1 1

n = 2 1 2 1

n = 3 1 3 3 1

n = 4 1 4 6 4 1

n = 5 1 5 10 10 5 1

0C0 = 1 1C0 
1C1 

T 
2C0

2C1 
2C2  

3C1
3C2 

nCr 

nC10  =  nC12

nCr  =  nCn-r

n  10 = 12

or,  n = 12 + 10 = 22

a nCn-1 
nCn-1 = nCn  

b nCn  = nC0  

a 9C5 b 14C10

c 13C9 d 15C12
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a 7C5 + 7C2 b 8C4  + 8C5

c 7C2   + 9C2 d 12C3  + 12C2

7C2   + 9C2 'r' 
18Cr   + 18Cr+2  nC5  

5C4 
4C2 

= 5C4    4C2  =  5   6 = 30

= 

= 30 x 720 = 21,600

5C3  
4C2  

5P5

  = 5C3   4C2   5P5

5 4 4 3 5!
2 1 2 1
 

  
 

= 10   6  5   4   3   2 1 = 7200
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 - I

a

b

n r
n

rp
r

n 

( 1)n 
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ABC, ACB  A, B, C 

A, B, C

 ( 1)n

  n 

1 ( 1).
2

n 

  

  A, B, C, D 

A

C B

A

B C
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 - I
i ii

2
4.34C 6
2.1

   4P2 = 4.3 = 12

AB AB,  BA

AC AC, CA

AD AD, DA

BC BC, CB

BD BD,  DB

CD CD, DC
b
i ii

4C3 = 4C1 = 4  4P3 = 4.3.2 = 24 
( C C )r n rn n 

ABC ABC
ABD ACB
ACD BCA
BCD BAC
BD CAB
CD BCD CBA

BDC
CDB
CBD
DBC
DCB
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c c

4C4 = 4C0 = 1  4P4 = 4.3.2.1 = 24 

ABCD

D ABC

D ACB

D BCA

D BAC

D CAB

D CBA

P ( 1)( 2)...( 1)n
r n n n n r    

( )
n

r
np

n r




n
np n

np0 = 1
1

r 1( ). (1 )n n
rp n p r n

  

npr = ( 1)
( 1)Pn
rn 
 .

18 1 17 
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 - I

(7 1) 6. 

2

6 2

6 1 5 120  

120 60.
2



9 1 8 2016 1008
2 2 2


   

i
ii

i

 6

 = 7P5.

 6 7P5 
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ii

5

7

 5 7

13

2

13

2 13
2


13

6 1 5 

G4

G1

G2

G3G5

G6
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 - I

6

i

ii

iii

i 34. 5P 1440

ii 3. 5 720

iii 7 3 . 5 4320 

9

4 5 2880

58P 1344
5
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  p1, p2, .... pk   1, 2, .... k 

n = 1 2
1 2. .... k

kp p p 
 n n

(1 + 1) (2 + 1) ..... (k + 1)

 7.39 : 1080 .

: 1080 

1080  = 23   33   51

1080  = (3 + 1) (3 + 1) (1 + 1)

       = 32.

  n r   (1  r   n   9)

( 1)
( 1)

n
rp
     n     111..1 (r ).

 7.40: 1, 3, 5, 7, 9 

:   r = 4

     n = 5

= ( 1)
( 1)

n
rp
      1111111

(5 1)
(4 1) (1 3 5 7 9) 1111p
      

4
3 25 1111p  

=  24   25   1111 = 6,66,600.
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 - I



n m1 m2 m3

'n' 

m1   m2   m3   ...   mn1   mn  

 n n !



!P
( )!

n
r

n
n r




 nPn = n!

 n r 
!C

! ( )!
n

r
n

r n r




 nCr = nCnr

 n1Cr + n1Cr1 = nCr.

http : // www.wikipedia.org

http://mathworld.wolfram.com
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ALTRUISM 

POLICY 

ATTAIN 'T' 

-I -II 
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 - I

a

b

a (b)  8 (c)  12 (d)  20

a (b)  36

a (b)  900

a (b)  60

     a (b)  24



304

 - I
311  Vol - I  (TOSS)

a (i)  720 (ii)  5040  (iii)  5046

(iv)  17280 (v)  10

b (i)  False (ii)  False
  (iii)  True (iv)  False

a (b)  40320 (c) 24

a (i)  12 (ii)  120 (iii)  4

  (iv)  7200   (v)  n!

b (i)  False (ii)  True (iii)  False

   (iv)  False

a (i)  7980 (ii)  9240 (b) 20
   (c)  840

96 2.  1152 3.  2073600

4. 2488320

144

6. (i) 5040 (ii)  30240 (iii)  332640

a (i)  286 (ii)  126 (iii)  84

(iv)  
21
5

b  (i) (ii) (iii) 
   (iv) 
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 - I1771 2002 4.  57750
5.  805

6. (i)  30 (ii)  46 7.  3564
8.  7560

a n, 

2. (a) 126 (b) 1001 (c)  715 (d)  455

3. (a)  56 (b)  126 (c) 120 (d) 286

4. 3 5.  56

a 600 (b)  207 3600 2.  6350400 3.  63

4. 15

i 34. 5P 1440

(ii) 3. 5 720

(iii) 7 3 . 5 4320 

2.  9  4 5 2880

3. 58P 1344
5



4.  720

5.
8
2
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1. 256 2. 36 3. 12

4. 140 5. 5040

6. 40320 7. 6720 8. 120

9. 720 10. 120

11. 66 12. 10 13. 5

14. 715 15. 30030

16. 371

17. (a)  120 (b) 186

18. 50400

19. 12000

20. (a)  65318400 (b) 1080 (c) 311040
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- II



 n = 1 P(n) 

 P(K) P(K + 1) 





 x, y (n + y)n






3 39, 2 , 3
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 x x2

753
x

 
 

 
x











1 1 1

1 1 1

2 2 2

2 2 2

3 3 2 2 3

3 3 2 2 3

4 4 3 2 2 3 4

( )

( )

( ) 2

( ) 2

( ) 3 3

( ) 3 3

( ) 4 6 4

x y x y x y

x y x y x y

x y x xy y

x y x xy y

x y x x y xy y

x y x x y xy y

x y x x y x y xy y

    

    

   

   

    

    

     

 1)( yx   
1, 1;  2)( yx   1, 2, 1; 3)( yx   1, 3, 3,
1;  4)( yx  1, 4, 6, 4, 1 
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- II

(i)

(ii)  n  n  1n  

(iii)

( )nx y n  ( )nx y

n 
n ( )nx y

i jx y  

a             b

      a+b
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n ( )nx a  
( )nx a n

x 

Statement

x = x2 = 9

x x  5 = 7   x = 12 x  5 = 7  

i

ii

iii xn > 1

iv (a + b)2 = a2 + b2 + 2ab.

:  (i (ii) i ii n x
iii iii

a, b iv iv

1 + 2 + .... + n =  
( 1)

2
n n 

n P(n)

1(1 1)1
2


 P(

1 + 2 =  
2(2 1)

2
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- II2n > n  1 P(n) P(1) P(k), P(k + 1), k   IN

P(n 2n > n  1

n 1, K K + 1

P(1) : 21 > 2  1   i.e  2 > 1

P(K) :  K2 > K1

P(K+1) : 2K + 1 > (K + 1)  1    i.e.    2K+1 > K

P(n) : 1 + 4 + 7 + .... + (3n  2) = 
(3 1)

2
n n 

  

P(1), P(K) P(K+1), K  IN

P(1) P(n) (L.H.S) 3 1  2

(RHS) P(1) = 
1 (3 1 1) 1

2
  



    P(1) = 1

n 

P(2) = 1 + 4 = 
2 (3 2 1)

2
  

5 = 5  

n k, k + 1

P(k) = 1 + 4 + 7 + .... + (3k  2) =  
K(3K 1)

2


P(k+1) = 1 + 4 + 7 + .... + (3k  2) + [3(k+1)  2]

 
(K +1) [3(K 1) 1]

2
 



 1 + 4 + 7 + .... + (3k  1) = (K+1) 
(3K 2)

2
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(a)   1 + 2 + 4 + ... + 2n > 20 (b)   1 + 2 + 3 + ... + 10 = 99

(c (d

(e
1 1....

1 2 ( 1) 1
n

n n n
  

  

P(n) : 3n + 5n  P(1), P(2), (K) P(K +

1) K

P(n) P(1), P(K) P(K+1)

(a 2n > n + 1 (b)  (1 + x)n > 1 + nx

(c n(n + 1) (n + 2), d xn  yn, x  y

(e (ab)n = an bn

(f
5 3 7

5 3 15

nn n 
  

 

p(n) p(1), p(2),  p(k) p(k+1)

a
1 1.....

1 2 ( 1) 1
n

n n n
  

  

b 1 + 3 + 5 + .... + (2n  1) = n2

c (1  2) + (2   3) + .... + n(n + 1) < n(n + 1)2

d
1 1 1.....

1 3 3 5 (2 1) (2 1) 2 1
n

n n n
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- II

n P(n) 

(i)   n = 1 P(1) 

(ii)  k > 1 P(k)  P(k+1) P(n) 

ii P(k) P(k) P(k + 1) 

n = 1 P(n) i) P(1) P(1)
ii) k = 1 P(1 + 1) P(2) P(2) 

(ii) k=2 P(2+1) P(3) ii) k = 3 
P(4) P(11) n =
11 n = 137 P(137) 

 n > 1 P(n) 

n 

1 + 2 + 3 + .... + n = 
( 1)

2
n n 
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P(n) : 1 + 2 + .... + n = 
( 1)

2
n n 

  P(1), 1 = 
1 (1 1)

2
 

P(k)  P(k=1) 

P(k) : 1 + 2 + ... + K = 
K (K 1)
2

 ...(i)

P(k + 1) : 1 + 2 +  ... k + (k + 1) = 
(K+1) (K 2)

2


LHS = RHS 

P(k + 1) L.H.S = 1 + 2 + 3 + .... + k + k + 1

= [1 + 2 + 3 + ... + k] + (k + 1)

   =  
K
2  (k + 1) + (k + 1) i

   = (k + 1) 
K 1
2

 
 

 

K 1 (K 2)
2
 

  
 

=  P(K + 1) RHS.

   P(K)  P(K+1) 

n 

n 

1.2 + 2.22 + 3.23 + 4.24 + ... + n.2n = (n  1) . 2n+1 + 2, 

: P(n) : 1.21 + 2.22 + 3.23 + ... +  n.2n = (n  1) . 2n+1 + 2

  P(1) : 1.21 = (11)21+1 + 2,  i.e.,  2 = 2.

P(1)  
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- IIP(K+1)  

i.e.  1.21 + 2.22 + 3.23 + ... +  k.2k = (k  1) 2k+1 + 2 ... (i)

P(K+

P(K+

1.21 + 2.22 + 3.23 + ... +  k.2k + (k  1)2k+1 = [(k + 1) 1]2(k+1+1) + 2

        = k.2k+2 + 2

P(k + LHS =  (1.21 + 2.22 + 3.23 + ... +  k.2k + (k  1)2k+1

     = 2k+1 [(k 1) + (k + 1)] + 2

     = 2k+1 (2k) + 2

  = k2k+2 + 2

= P(k + 1) RHS

  P(k + 1)

n

n (x2n1 + y2n1) (x + y) 
x, y   IN

P(n) : (x2n1 + y2n1) (x + y) 

P(1) : x21 + y21 (x + y) 

(x + y) (x + y) 

 P(1) 

k P(k) 

(x2k1 + y2k1)   (x + y)  

 x2k1 + y2k1 = (x + y) t,  t   

P(k + 1) (x2(k+1)1 + y2(+1)1) x + y  
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x2(k+1)1 + y2(+1)1) = x2k+1 + y2k+1

      = x2k1+2 + y2k1

        = x2 x2k1 + y2k1

       = x2 [(x + y)t  y2k1] + y2k1

= x2 (x + y)t  x2 y2k1 + y2k1

      = x2 (x + y)t  x2 y2k1 + y2 y2k1

        = x2 (x + y)t  y2k1 (x2  y2)

      = (x + y) [x2 t  (x  y) y2k1]

(x + y) 

   P(k + 1)   

n 

n 2n > n 

P(n) : 2n > n.

     P(1) : 21 > 1        i.e    2 > 1 

P(k)  

i.e.,   2k > k    i

(i) 

2 . 2k > 2k

  2k+1 > k + 1, k > 1 

  P(k + 1) 

n

a (

P(1) P(a +1) 
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- IIn 

n2 > 2(n + 1),  n > 3 

P(n) :  n2 > 2(n + 1), 

n > 3 P(3) 

P(3) : 32 > 2(3 + 1) ..  i.e 9 > 8

 P(3)

P(k) : k2 > 2(k + 1), k > 3 ...(i)

P(k + 1)  

P(k + 1)  LHS  = (k + 1)2

   = k2 + 2k + 1

    > (2k + 1) + 2k + 1         (i) 

   > 3 + 2k + 1 (   2(k + 1) > 3)

= 2 (k + 2)

   (k + 1)2 > 2(k + 2).

P(k+1) 

 n > 3

5 3 7
5 3 15
n n n

    n 

 P(n) 
5 3 7

5 3 15
n n n
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  1 1 7P(1) :
5 3 15

 
  

 
  

1 1 7 3 5 7 15 1,
5 3 15 15 15

 
      

 P(1)   

P(k) :  
5 3 7

5 3 15
k k k 

  
 

  i

5 3( 1) ( 1) 7( 1)
5 3 15

k k k  
 

5 4 3 2 3 21 1 7 7[5 5 10 10 5 1] [ 3 3 1]
5 3 15 15

k k k k k k k k 
            

 

=  
5 3 7

5 3 15
k k k 

  
 

 + (k4 + 2k3 + 3k2 + 2k) +
1 1 7
5 3 15

 
  

 

=
5 3 7

5 3 15
k k k 

  
 

 + (k4 + 2k3 + 3k2 + 2k) + 1 ...(ii)

(i)  
5 3 7

5 3 15
k k k

   

k4 + 2k3 + 3k2 + 2k  

(ii)   ii

    P(k) P(k + 1)  

 n P(n)  

5 3 7
5 3 15
n n n
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- II

n 

(a) 12 + 22 + 32 + .... + n2 = 6
n

 (n + 1 (2n + 1)

(b) 13 + 23 + 33 + .... + n3 =  (1 + 2 + ...+ n)2

(c) 1 + 3 + 5 + .... + (n3 = (1 + 2 + ... + n)2

(d) 1 + 4 + 7 + .... + (3n  2) =  2
n

 (3n  1)

a
1 1 1....

1 2 2 3 ( 1) 1
n

n n n
   

   
n

b
1 1 1 1....

1.3 3.5 5.7 ( 1) (2 1) 2 1
n

n n n
    

  

c
( 1) ( 2)(1 2) (2 3) .... ( 1)

3
n n nn n  

     

n 

a n3 + 5n, 6 

b (xn  1), x  1 

c n3 + 2n,  3 

d n4 + 2n3 + n2, 4 

n  
(a)  3n  > 2n + 1 (b)  42n > 15n

(c)  1 + 2 + ... + n < 
1
8  (2n + 1)2

a 2n > n2,  n > N n 

b
1 1 1 13... , 1,

1 2 2 24
n

n n n
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n > 1 n(n2  1)

n   IN P(n)

             a, b P(n) : (a
+ b)n < an + bn P(1) P(k)

P(k + 1) (2
+3)2 

P(n) : n > 
2
n  + 20  

P(1) : 1 > 
1
2  + 20  P(k) 

P(k + 1) 

P(k) : k > 2
k

  + 20

P(k + 1) : k +1 > 
120 1 20

2 2 2
k k 
     

 

1 20
2

k 
 

   P(k + 1) 

(x + y) 

(x + y)1 = x + y

(x + y)2 = (x + y) (x + y)  =  x2 + 2xy + y2

(x + y)3 = (x + y) (x + y)2  =  x3 + 3x2y + 3xy2 + y3

(x + y)4 = (x + y) (x + y)3  =  x4 + 4x3y + 6 x2 y2 + 4x y3 + y4
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- II(x + y)5 = (x + y) (x + y)4  =  x5 + 5x4y + 10 x3y2 + 10x2 y3   + 5xy4 + y5

x + y

x y 

x, y 

(x + y)3  =  3C0 x3 + 3C1 x2 y + 3C2 xy2 + 3C3 y3

(x + y)4  =  4C0 x4 + 4C1 x3 y + 4C2 x2y2 + 4C3 x y3 + 4C4  y4

 (x + y)5  =  5C0 x5 + 5C1 x4 y + 5C2 x3y2 + 5C3 x2y3 + 5C4 x y4 + 5C5 y5

n 

n x, y

(x + y)n  =  nC0 xn + nC1 xn4 y1 + nC2 xn3y2 + .. + nCn3 xyn1 + nCn yn  ...(A)

P(n) : (x + y)n

=  nC0 xn + nC1 xn1 y1 + nC2 xn2y2 + .. + nCn1 xyn1 + nCn yn      ...(i)

(i) P(1) : (x + y)1 =  1C0 x + 1C1 y = 1 x x + xy

(x + y)1 = x + y.

n = 1   P(1)  
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P(k)  

P(k) :  (x + y)k

=  kC0 xk + kC1 xk1 y + kC2 xk2 y2 + .... + kCk1 x yk1 + kCk yk      ...(ii)

P(k + 1) : (x + y)k+1 = (x + y) (x + y)k

 = (x + y) (kC0 xk + kC1 xk1 y + kC2 xk2 y2 + .... + kCk1 x yk1 + kCk yk)

=  kC0 xk1 + kC0 xk y + kC1 xk y + kC1 xk1 y2 + kC2 xk2y3  + ....

 + kCk1 x2 yk1 + kCk1 xyk + kCk xyk kCk yk1

(x + y)k+1 =  kC0 xk+1 + (kC0 + kC1) xk y + (kC1 + kC2) xk1 y2 +

.... + (kCk1 +
 kCk) x yk + kCk yk+1 ....(iii)

 kC0 = 1 = k+1C0

 kCk = 1 = k+1Ck1 ....(iv)

 kCr +  kCr1 =  k+1Cr   

  kC0 +  kC1 =  k+1C1 ....(v)

 kC1 +  kC2 =  k+1C2

 kC2 +  kC3 =  k+1C3

(iv), (v) iii

(x + y)k+1  =  k+1C0 xk+1 + k+1C1xk y + k+1C2 xk1 y2 + .... + k1Ck xyk

+ k1Ck1 yk+1

       P(k+1) 

(a) P(1) (b)  P(k) P(k+1) 

n P(n) 
n 
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- II(x + 3y)5 

x, y

(x + 3y)5 =  5C0 x5 + 5C1 x4 (3y)1 + 5C2 x3 (3y)2 + 5C3 x2 (3y)

+ 5C4 x(3y)4  + 5C5 (3y)5

= 1   x5 + 5x4   3y + 10x3   (9 y2) + 10x2  (27y3) + 5x

  (81y4) + 1  243y5

= x5 + 15x4 y + 90x3 y2+ 270 x2 y2 + 405 xy4+ 243y5

(x + 3y)5 = x5 + 15x4y + 90x3y2 + 270x2y3 + 405xy4 + 243y5

a (1 + a)n a 

x = 1, y = a 

(1 + a)n  =  nC0 (1)n + nC1 (1)n1 . a + nC2 (1)n2a2 + ...

+ nCn1 (1)an1 + nCn an

(1 + a)n  = 1+ nC1 a+ nC2 a2 + ... + nCn1 an1 + an .

(B)    
55 5 61 1 2 2 3, , ,

4 9 3 2
y a tx

x x y t
      

         
      

451 1, , 0, 0yx x y
x x y

  
     

   
 

4 24 3 2
4 4 4

0 1 2
1 1 1C C Cy y y y

x y x x y x y
          

             
          

3 4
4 4

3 4
1 1C Cy

x y y
    

     
    

4 3 2

4 3 2 2 3 4
1 1 1 11 4 6 4 1y y y y
y xx x x y y y

 
             

 
4 2

4 3 2 2 4
6 4 14y y

x x x xy y
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a 

3 31
100 100

a a a  
   

 

3 3 31 1
100 100 100

a a    
      

    

23 3 31 1 1
100 100 100

a a     
         

     

531
100

a  
 

 

5
231 [1 5(0.03) 10(0.03) ] 1.159

100
a a a 

      
 

   =

(i)  1024 (ii)  973

(i)  1024  = (100 + 2)4

= 4C0 (100)4 + 4C1 (100)3 .2 + 4C2 (100)2 .2 + 4C3 (100).23 + 4C4 .2
4

=  100000000 + 8000000 + 240000 + 3200 + 16

= 108243216

(ii)  (97)3 = (100  3)3

= 3C0 (100)3  3C1 (100)2 .3 + 3C2 (100) .32  3C33
3

=  1000000  90000 + 2700   27
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- II= 1002700  90027

= 912673.

(a)  (2a + b)3  (b)  (x2  3y)6 (c)  (4a  5b)4 (d)  (ax + by)n

(a)  (1  x)7 (b)  
7

1 x
y

 
 

 
(c)  (1  2x)5

(a)  
5

3 2
a b 
 

 
 (b)  

7

2
53x
x

 
 

 
    (c)  

41x
x

 
 

 
(d)  

5
x y
y x

 
 

 

1.5   105 m

i ii iii iv

(x + y)n  

i.e.,  (x + y)n =  nC0 xn + nC1 xn1 y + nC2 xn2y2 + ... + nCn1 xyn1 + nCn yn

 nC0 xn    nC1-1 xn y;

nC1 xn1 y,   nC21 xn1 y1;
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nC2 xn2 y2   nC31 xn2 y2;

r + 1 nC(r1)1 xnr yr;  nCr xnr yr

Tr+1 

Tr+1 = nCr xnr yn

Tr+1 

2 1 n

x n
x

 
  

 
IN (r + 1) 

Tr+1 = nCr (x2)nr . 
1 r

x
 
 
 

         = nCr x2n2r . 
1
rx

         = nCr x2n3r ...(i)

2 1 n

x
x

 
 

 
(x2)n x2n (i) r = 0 

T0+1 = T1

  T1 = nC0 x2n0 = x2n

r+1 = 1  Tr+1

6
321

3
x 

 
 

 

Tr+1 = T5   r + 1 = 5 r = 4

n = 6 a = 32
3

x .
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- II
  T5 = 6C4 

4
32

3
x 

 
 

        = 6C4 
1216

81
x 

 
 

12 126 5 16 80
1 2 81 27

x x
   



 1280
27

x

(r +1) 

(a)  (2x + y)n (b)  (2a2  1)n

(c)  (1  a)n (d)   2
13

n

x
 

 
 

(a) (1 + 2y)8 ; (b) (2x + 3)7 ;

(c)  (2a  b)11 ; (d) 
61x

x
 

 
 

;

(e)   
7

3
2

1 ;x
x

 
 

 

 

;
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n 

n = 6 

 n 1
2
n 
 

 
 2

n
 

1
2
n 
 

 
 

n 

n = 7 
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- II7 1
2
 

 
 

 
7 3

2
 

 
 

 

n = 13  
13 1

2
 

 
 

 
13 3

2
 

 
 

n 1
2
n 
 

 
 

n 
1

2
n 

 
 

 
3

2
n 

 
 

 

(x2 + y2)8 

n = 8


8 1
2
 i.e 

Tr+1 = 8Cr (x2)8r . (y2)r    r = 4   

T5 = 8C5 (x2)84  y8

T5 = 8C5 (x2)84  (y2)4 = 70 x8 y8.

(2 x2 + 1/x)9 

n = 9 
9 1

2
 

 
 

 
9 3

2
 

 
 

 T5, T6
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Tr+1 = 9Cr (2x2)9r . 
1 n

x
 
 
 

  r = 4  r = 5 

T5 = 9C4 (2x2)94  
41

x
 
 
 

4
10 69 8 7 6 1. 32 . 4032 .

1 2 3 4
x x

x
    

  
    

T6 = 9C5 (2x2)95  
5

31 2016 x
x

 
 

 

    4032x6, 2016 x3

(a)  (2x + y)10 (b)  
8

321
3

x 
 

 

(c)  
61x

x
 

 
 

(d)   (1  x2)10

(a)  (a + b)7 (b)  (2a  b)9

(c)  
73 4

4 3
x y 
 

 
(d)  

11

2
1x
x
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- IIr                       |
x | < 1 x 

(1 + x)r  = 1 + r x + 3( 1) ..............
2 !

r r x
 (D)

A.D

Colin Mechaurin (A.D. 1698 - 1746) 
Giovinni Francesco Francesco, M.M. Salvemini (A.D. 1708-1783) 

Abraham G. Kasther (A.D. 1719 - 1800) 
Leonard Euler (A.D. 1707 - 1707)

Neils Henrik Abel (1802-1829) 

| x | < 1 (1 + x)1 

r = 1 [D  ]

  (1 + x)1 = 1 + (1) x + 2 3( 1) ( 2) ( 1) ( 2) ( 3) ......
2! 3 !

x x    
 

(1 + x)1 = 1  x + x2  x3 + ......

(1  x)1 = 1  x + x2  x3 + .....

(1  x)1  
(1  x)1  

D

r (C), (D) | x | < 1 

2. rC0 = 1, rC1 = r, rC2 = ( 1)
2 !

r r   , (D) 1,  r,, ( 1)
2 !

r r 

nCr  
rC0 , 

rC1  

(D)  
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(D) | x | < 1 

x = 2  (1 + 2)1 = 1  2 + 4  8 + 16  32 + ......

1
3  = (1  2) + (4  8) + (16  32) + ....

1
3  =   1  4  16   ....,  

(D) | x | < 1 

r 1y
x

  (x + y)r 

| p | < 
3
5  (3 + 5p)2/5 

(x + y)r = xr  1
ry

x
 

 
 

1y
x

 , 

2 3( 1) ( 1) ( 2)1 1 ....
2 ! 3!

ry y r r y r r r yr
x x x x

         
            

       



2 3( 1) ( 1) ( 2)( ) 1 ....
2 ! 3!

r r y r r y r r r yx y x r
x x x

        
           

       

i.e.,  (x + y)r = xr + rxr-1 y + 2 2 3 3( 1) ( 1) ( 2)
2 ! 3!

r rr r r r rx y x y   
 

| p | < 
3
5

 ,  

5 1, (2)
3
p

  x = 3, y = 5p, r = 
2
5   
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- II
2 2
5 51 22 / 5 2 / 5 1 2

2 2 1
2 5 5(3 5 ) 3 (3) (5 ) (3) (5 ) ....
5 2 !

p p p 

 
 

     

8
52 / 5 3/ 5 2

2 3
5 53 (3) (2 ) (3) 25 ....

2
p p

 
 
    

2 / 5 3 / 5 3 / 5 23 3 (2 ) 3 ....p p    

r  1y
x

   

1 2 2 3 3( 1) ( 1) ( 2)( ) ..... (E)
2 ! 3 !

r r r r rr r r r rx y x r x y x y x y    
     

1y
x

   (x + y)r 

(x + y)r = yr 11 ......, 1
r

r rx xy r y x
y y

 
     

 
 

 r (ax + by)n 1b y
a x

  1ax
b y

  

i 1y
x

    (ii)  1x
y

 (x + y)5 

i 1y
x

 , (E)  

5 5 5 1 ( 5)( 6)( ) ( 5)
2!

x y x x y     
    

5 2 2 5 3 3( 5)( 6)( 7) ....
3 !

x y x y     
  

2 3

5 6 7 8
1 5 15 35 ....y y y
x x x x

    



334

- II
311  Vol - I  (TOSS)

ii 1x
y

  (x + y)5 (y + x)5 (E) 

(y + x)5  = y5 + (5) y51 x

5 2 2 5 3 3( 5) ( 6) ( 5)( 6)( 7) .....
2! 3!

y x y x       
  

2 3

5 6 7 8
1 5 15 35 ....x x x
y y y y

    

i ii x 

 x n 

2
0 1 2(1 ) C C C ... C ... Cn n n n n r n n

r nx x x x x       

2 ( 1)...( 1)( 1)(1 ) 1 ... ...
1 2! !

n rn n n rn n nx x x x
r

  
           ... (1)

n

( 2)n  ( )n n ( 1)n 

n

p
q

 
 
 

1x 

n
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m  x  |x|<1  

1 < x < 1

2( 1) ( 1)...( 1)(1 ) 1 ... ...
1! 2! !

m rm m m m m m rx x x x
r

   
      

         
1

( 1)...( 1)1
!

r

r

m m m r x
r





  
  .       ...  (*)

m m n   ( n  
| | 1x   

1.    2( ) ( )( 1)(1 ) 1
1! 2!

n n n nx x x    
    

( )( 1)...( 1)
!

... ...rn n n r x
r

     
 

                       2( 1) ( 1)...( 1)1 ( 1)
1! 2! !

... ...r rn n n n n rn x x x
r

   
      

                                                
1

0
(1 ) ( 1) C .n r n r r

r
r

x x


  



   

x   x  

  2 3( 1) ( 1)( 2)(1 ) 1 ( ) ( ) ( )
1! 2! 3!

...n n n n n n nx x x x   
        

                            
( 1)...( 1)( 1) ( )

!
....r rn n n r x

r
  

   

   2 3( 1) ( 1)( 2)1
1! 2! 3!

...n n n n n nx x x  
    

                             
( 1)...( 1) ...

!
rn n n r x

r
  

 

                                
( 1)

0
(1 ) C .n n r r

r
r

x x
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m pm
q

   p, q

(q  1)  | | 1x   x 

2 3
( 1) ( 1)( 2)

3. (1 ) 1
1! 2! 3!

...
p
q

p p p p p p
q q q q q qx x x x

  

     

                   
( 1)...( 1)

!
...r

p p p r
q q q x

r

  

 

    
2 3( ) ( ) ( 2 )1

1! 2! 3!
...p x p p q x p p q p q x

q q q
       

         
     

                                                   
( ) ... ( ( 1) )  

!
...

rp p q p r q x
r q

   
  

 

       
2( )4. (1 ) 1

1! 2!

p
q p p qp x xx

q q
   

         

3( ) ( 2 )
3!

..p p q p q x
q

  
   

( ) ... ( ( 1) )( 1) .
!

...
r

r p p q p r q x
r q

   
   

 

       
2 3( ) ( ) ( 2 )5. (1 ) 1

1! 2! 3!

p
q p p q p p q p qp x x xx

q q q


       

              

                ...
( ) ... ( ( 1) )( 1) .

!
...

r
r p p q p r q x

r q
   

   
 

       
2 3( ) ( ) ( 2 )6. (1 ) 1

1! 2! 3!

p
q p p q p p q p qp x x xx

q q q


       

              

          ...    
( ) ... ( ( 1) )

!
...

rp p q p r q x
r q
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2 32 1 2.5 1 2.5.8 1 ...1

3 2 3.6 2 3.6.9 2
.    

       
   

2 32 1 2.5 1 2.5.8 1 ...S 1
1 6 1.2 6 1.2.3 6

.    
        

   

2 3( ) ( ) ( 2 ) ...1 .
1! 2! 3!
p x p p q x p p q p q x

q q q
     

       
   

12, 5, 
6

xp p q
q

     
12, 3,  
2

p q x  

2 2
3 331S (1 ) 1 2 4

2

p
qx



 
      

 
.

2.   

     
3.5 3.5.7 3.5.7.9 ...

5.10 5.10.15 5.10.15.20
    .

 3.5 3.5.7 3.5.7.9 ...S
5.10 5.10.15 5.10.15.20

      

31
5

  

3 3 3.5 3.5.7 ...1 S 1
5 5 5.10 5.10.15

       

             
2 33 1 3.5 1 3.5.7 1 ...1

1! 5 2! 5 3! 5
     

          
     



338

- II
311  Vol - I  (TOSS)

         
2 3( ) ( ) ( 2 ) ...1 .

1! 2! 3!
p x p p q x p p q p q x

q q q
       

         
     

13, 5,
5

xp p q
q

 
     

              (1 ) ,
p

qx


   
23, 2, 
5

p q x  

            
3 3 3

2 2 22 3 51
5 5 3

 

     
        

     

      
5 5 8S .

53 3
  

3.   1 1.3 1.3.5 ...
5 5.10 5.10.15

x     
23 6x x  

             1 1.3 1.3.5 ...
5 5.10 5.10.15

x     

  
1 1.3 1.3.5 ...1 1
5 5.10 5.10.15

x       

    
2 31 1 1.3 1 1.3.5 1 ...1

1! 5 2! 5 3! 5
     

          
     

=
2 3( ) ( ) ( 2 ) ...1 .

1! 2! 3!
p x p p q x p p q p q x

q q q
       

         
     

11, 3,
5

xp p q
q

 
     

 (1 ) ,
p

qx


    
21, 2, 
5

p q x  

 

1 1
2 22 3 51

5 5 3
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2 2 25 5(1 ) 2 1 3 6 3 5
3 3

x x x x x          

23 6 2x x  .

(a)  (1  p)3,  | p | < 1 (b)  (1 + 3x)4/3, | x | < 
1
3

(c)  (1  5z)6/5,  | z | < 
1
5

(a)  
2

3 2(27 6 ) , 1
9
xx



  (b)  3(2 ) , 1
2
xa x
a

 

(c)  1/ 7 2(2 3 ) ,
3

y y 

a (x + 2y)5 

   (i) x powers) 

    (ii) y powers

b y (3 + 6y)4/3 
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= (1 + 0.03)1/3

10.031 < 1 (E)   

1/ 3 2

1 1 1
1 3 3(1 0.03) 1 (0.03) (0.03) .......
3 2 !

 
 

      (i)

  (i)

1/ 3

1 2
3 3(1.03) 1 0.01 (0.0009)

2 !

 
 
   

= 1 + 0.01 - 0.0001

   1.010  

 

y2    y y 

(1  2y)2/3(4 + 5y)3/2 

y | y | < 1/2 

2
3 2

2 2 1
2 3 3(1 2 ) 1 ( 2 ) ( 2 ) .....
3 2 !

y y y
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- II3 3 3
2 2 2 13(4 5 ) 4 (4) (5 )

2
y y

    
     

3
2 2 2

3 3 1
2 2 (4) .(5 ) ...

2 !
y

 

   
        

 

y2 
2
3 2 4(1 2 ) 1 ( 2 ) 1 ,

3
y y y

y
     

3 3 5
2 2 23(4 5 ) (4) (4) (5 )

2
y y

  

  

1 15
8 64

y 

24 1 15 1 1 15 51 ....
3 8 64 8 6 64 16

y y y y   
        

   

1 77 ,
8 192

y  y2 

2 3
3 2 1 77(1 2 ) (4 5 ) ,

8 192
y y y



     y2 

(a)  (1.02)2 (b)  (c)  (0.97)4

(d)  4 7.60 [Hint : (7.60)1/3 = (80.4)1/3]

(e)  4 82 [Hint : 
1

1 1 4
4 4 1(82) (81 1) 3 1

81
 

    
 

]

(f)  
1

2(24)


[Hint : 
1 1

2 2(24) (25 1)
 

  ]
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z2 

(a)  (3 + 2z)-5 (b) (1 + 3z)
2
3 (15z)2

(c)  
2 / 31 (1 )

(1 ) 1
z z
z z

  

  
[Hint : LHS   

1 21 1
2 3

1(1 ) (1 )
2

z z

z z

  

  

  ]

(d)  
1
3 2

4

(1 ) (11 5 )
16

z z
z

  









f(x) g(x) 
( )
( )

f x
g x
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  g(x)

( )
( )

f x
g x

I

( )
( )

f x
g x  g(x) (ax +b), a   0 

(ax + b) 
A

ax b
 

A 

3
( 3) ( 6)

x
x x 

 

3 A B
( 3) ( 6) 3 6

x
x x x x

 
   

  

  
3 A( 6) B (x +3)

( 3) ( 6) ( 3) ( 6)
x x

x x x x
 


   

   3x = A(x  6) + B(x + 3) .....(1)

x = 6  

3(6) = B (6 + 3) 18B 2
9
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x = 3 

3(3) = A(3 6)

9A 1
9


 



3 1 2

( 3) ( 6) 3 6
x

x x x x
 

   

2 1
(2 3) ( 1)

x
x x



 
 

2 1 A B
(2 3) ( 1) 2 3 1

x
x x x x


 

   

2 1 A( 1) +  B(2  + 3)
(2 3) ( 1) (2 3) ( 1)

x x x
x x x x

 
 

   

  2x  1 = A (x  1) + B (2x + 3) ...(1)

x = 1 

2(1)  1 = A(0) + B(2 + 3)

  5B = 1   B = 
1
5

x = 
3

2


  

3 32 1 A 1 B(0)
2 2
    

      
   

5 84 A A =
2 5
 

    
 

    
2 1 8 1

(2 3) ( 1) 5(2 3) 5( 1)
x

x x x x
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- II
( )
( )

f x
g x

 g(x) 

g(x) (ax + b)n nN 

1 2
2

AA A ....
( ) ( )

n
nax b ax b ax b

  
  

 n 

A1, A2, ... An 

2
1

( 1) ( 2)
x

x x


 
 

: 2 2
1 A B C

1 2( 1) ( 2) ( 2)
x

x xx x x


  
   

 

2

2 2
1 A( 2) B( 1) ( 2) C( 1)

( 1) ( 2) ( 1) ( 2)
x x x x x

x x x x
      


   

  x 1 = A(x + 2)2 + B(x + 1) (x + 2) + C(x + 1)  ......... (1)

x =  2 

2 1 = A(0) + B(0) + C(2 + 1)

  C = 3   C = 3

x = 1 

1 1 = A(1 + 2)2 + B(0) + C(0)

   2 = A    A = 2

x2 

A + B = 0

   B = A   B = (2)   B = 2

2 3
1 2 2 3

1 2( 1) ( 2) ( 2)
x

x xx x x
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3
1

(2 )x x
  

: 3 2 3
1 A B C D

2(2 ) x xx x x x
   


 

2 3

3 3
1 A( ) (2 ) B (2 ) C(2 ) D

(2 ) (2 )
x x x x x x

x x x x
     


 

     Ax2(2 + x) + Bx(2 + x) + C(2 + x) + Dx3 = 1 ... (1)

x = 0 

A(0) + B(0) + C(2) + D(0) = 1   C = 
1
2

x = 2  

A(0) + B(0) + C(0) + D(-2)3 = 1   D =  
1

8


x3

A + D = 0    A =  D = 
1
8

x2 

2A + B = 0     B = 2 A = 2 1 1
8 4

 
 

 

3 2 3
1 1 1 1 1

8 8( 2)( 2) 4 2x xx x x x
    



2

3
5 7

( 3)
x x

x
 


 

:
2

3 2 3
5 7 A B C

3( 3) ( 3) ( 3)
x x

xx x x
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- II
2 2

3 3
5 7 A( 3) B( 3) C

( 3) ( 3)
x x x x

x x
     

 
 

       x2 + 5x + 7 = Ax2 + (B  6A) x + (9A  3B + C) ....(1)

A = 1, B  6 A = 5, 9A  3B + C = 7

A = 1, B = 11, C = 31

2

3 3 3
5 7 1 11 31

3( 3) ( 3) ( 3)
x x

xx x x
 

   
  

x  3 = y  x = y + 3 
2 2

3 3
5 7 (y +3) 5( 3) 7

( 3)
x x y

x y
    

 


     
2

3
(  + 11 31y y

y




2 3
1 11 31
y y y

  

2 3
1 11 31

3 ( 3) ( 3)x x x
  

  

5 6
(2 ) (1 )

x
x x
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2
4

( 4) ( 1)
x

x x


 

3
2 3

( 1)
x

x




2 1
( 1) ( 1)

x x
x x 

 

 

3
1

( )x x a

III

( )
( )

f x
g x

 g(x) ax2 + bx + c 

g(x) ax2 + bx + c

2
A Bx

ax bx c


 

2

3
5 2x
x x




 

2

3 2
5 2 A A C

1
x x

xx x x
 

 
 

2 2

2 2
5 2 A( 1) (B C)
( 1) ( 1)
x x x x

x x x x
   


 

  5x2 + 2 + A(x2 + 1) + (Bx + C) x .... 

x = 0 

5(0) + 2 = A   A = 2

x2 

5 = A + B
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- II  5 = 2 + B   B = 3
x 

0 = C

  
2

3 2
5 2 2 3

1
x x

xx x x


 
 

2
3 1

(1 ) ( 2)
x

x x x


  
 

2 2
3 1 A B C

2(1 ) ( 2) 1
x x

xx x x x x
 

 
    

 

 
2

2 2
3 1 A(1 ) + (B C) (2 )

(1 ) ( 2) (1 ) ( 2)
x x x x x

x x x x x x
    


     

  3x  1 = A(1x + x2) + (Bx + C)(2 + x) ...(1)

x = 2 

3(2) 1 = A(1 + 2 + 4) + [B(2) + C] (0)

   7 = 7A    A = 1

x2 

A + B = 0   B = A =  (1)  = 1

x = 0 

1 = A + 2C

   2C = 1 A = 1 (1) = 0

  C = 0

 2 2
3 1 1

2(1 ) (2 ) 1
x x

xx x x x x
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I.

2

2
1

( 4) ( 2)
x

x x


 

2

2 2
1

( 1)
x

x x


 

2

2
3

( 2) ( 1)
x

x x


 

Partial Fractions

 Resolve   5 6
(2 )(1 )

x
x x


 
   into partial fractions

Solution: Let   5 A B
(2 )(1 ) 2 1

a b
x x x x


 
   

5x + 6  A(1  x) + B(2 + x)

x = 1   5(1)  + 6 = B(2 + 1)

11 = 3B   B = 
11
3

x = 2   5(2)  + 6 = A(1  (2)) + 0

4 = 3A    A = 
4

3


5 6 4 / 3 11/ 3
(2 )(1 ) 2 1

x
x x x x
 

  
   

4 11
3(2 ) 3(1 )x x
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 Resolve  3

2 3
( 1)

x
x



 into partial fraction.

Solution:  3
2 3
( 1)

x
x




Let  x  1 = y    x = y + 1

3 3
2( 1) 3 2 5y y

y y
  

 

2 3
2
y y


 

2 3
2

( 1) ( 1)n n


 
 

= (x  1)2 (x  1)3.



n > 1 P(n) 
i P(1) 
ii P(k) P(k + 1), k   IN 

 n 

(x + y)n = nC0 xn + nC1 xn1 y + nC2 xn2y2 + .. + nCn1 xyn1 + nCn yn..



(1 + a)n =  nC0 + nC1 a + nC2 a2 + .... + nCn1 an1 + nCn an.

 (x + y)n nCr xnr yr (1 + a)n 
 nCr ar, n 0 < r < n 

 (x + y)n n 
n 
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 r, | x | < 1 

(1 + x)n = 1 + rx + 
3( 1) ( 1)( 2) ......

2 ! 3!
r r r r rx x  

 

r 

 (x +y)n = rx + r xr1 y + 2 2 3 3( 1) ( 1)( 2) ......
2 ! 3!

r rr r r r rx y x y   
 

r 1y
x

   

 r (ax + by)n  1by
ax

  1ax
by

  

( )
( )

f x
g x

g(x)

g(x)
( )
( )

f x
g x

 

ax + b
A

ax b

2. (ax +b)n, a   0
1 2

2
AA A ....

( ) ( )
n

nax b ax b ax b
  

  

n(>1)   N

3. a x2 +bx + c, a   0 2
A Bx

ax bx c


 

4. (ax2 +bx + c)n, a   0
1 1 2 2
2 2 2

A B A B ....
( )

x x
ax bx c ax bx c

 
 

   

2
A

( )
n n

n
x B

ax bx c
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 http://www.wikipedia.org

 http://mathworld.wolfram.com

(a)  n   2n

(b)  a, b (a + b)n > an + bn,  n > 2

(c)  r > 1, a 

a + ar + ar2 + ... + a rn1 = 
( 1)

1

na r
r





(d)   x    IN (x2n1) (x + 1) 

(e) 2n1 + 1,  11 

      [Hint : 102k+1 = 102 [(102k1 + 1)  99]

(f)   (4.102n + 9.102n1 + 5), 99   

(g)  . n  n(n2  1), 

       [n  P(2k+1) 2k + 3 
P(2k+3) ]

(h) . x > 0 (1 + x)n > 1 + nx

(i)  . f, g x f + g   0 f 2n1+ g2n1) f + g
n   IN

(a)  (3x + 2y)5 (b)  (P  2)8 (c)  (1  x)8

(d)  
621

3
x 

 
 

(e)  
61

2
x x

x
 

 
 

(f)  (3x  y2)
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(g)  

42 2
4
x

x
 

 
 

(h)   
7

2
3

1x
x

 
 

 
(i)   

5
3

2
1x
x

 
 

 

 (j)  
4

3
2

1 x
x

 
 

 

(r + 1)  

(a)  (3x  y2)n (b)  3 1 n

x
x

 
 

 

(a) (12x)7  ; r = 2 

(b)  
61

2
x

x
 

 
 

 ; 

(c)  (3x  4y)6   ; (d)  
11

2 1y
y

 
 

 
 ; 

(e) (x3  y3)12  ; (f)  (1  3 x2)10 ; 

(g) ( 3x  4y)6  ; (h)  (x  2y)6 ; r

x (1 + x)n r Tr 

r(r + 1) Tr + 2 = (n  r + 1) (n  r) x2 Tr  

[Hint : Tr = nCr1 . xr1  Tr+2 = nCr+1 xr+1]

x (1 + 2x)10 xr1 kr

kr+2 4kr r 

[Hint : kr = 10Cr1 2
r1 kr+2 = 10Cr+1 2

r+1]

(1 + a)n A.P (n  IN ) n 

[Hint : nC5   nC4 = nC6  nC5 ]

(1 + y + y2)4 

[Hint : (1 + y + y2)4 = {(1 + y) + y2]4
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(a)  (1  x)4,  | x | < 1 (b)  3
1 , | | 1

(1 )
x

x




(c)   (3  z)4, | z | < 3 (d)   3/ 2
1 1, | |

3(1 3 )
x

x




10. x, y (x  2y)3 

x (x  3y)1/2 

y 

(a)  4
1

(2 )y
(b) (3  y)2/3

(a) (b)  (1.03)-3

(c)  3 26
1 1
3 3[Hint : (26) (27 1) ] 

(d) 7 13
1 1
7 7[Hint : (127) (128 1) ] 

(e) 5 35
1 1
5 5[Hint : (35) {32 3) ] 

(f)    5 31
1 1
5 5[Hint : (31) {32 1) ] 

(g)  3 1001
1 1
3 3[Hint : (1001) (1000 1) ] 

y2 y 

(a)  
3

2 2(1 5 ) (1 2 )y y


  (b)  

1
3 2 2

3/ 2
(1 4 ) (1 2 )

(4 )
y y

y

 



(c)  
5 / 31 3 (1 )

4
y y

y
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(1 + x)n = 1 + nx + 
( 1)
2 !

n n 
  x2 + ... + xn n = 0 

(1 + x)0 = 1 + 0 + 0 + ... + x0 . i.e  1 = 1 + 1  

(1  4y)2 (1  2y)1/2 y3

(1 + x + x2 + x3 + ... )  (1  x + x2  x3 + ... ) = 1 + x2 + x4 + x6 + ..... 

[Hint : LHS = (1  x)1 (1 + x)1 = (1  x2)1].

(b), (e), (f) a n

c

d f

P(1) : 13 + 5.1

P(2) : 23 + 5.2

P(k) : k3 + 5k

P(k + 1) : (k + 1)3 + 5(k + 1)

(a)  P(1) : 2 > 2

    P(k) : 2k > k + 1

    P(k + 1) : 2k+1 > k + 2
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- II(b)  P(1) : 1 + x >  1 + x

    P(k) : (1 + x)k >  1 + kx

    P(k + 1) : (1 + x)k+1 >  1 + (k + 1)x

(c)  P(1) : 

    P(k) : k(k + 1) (k + 2) 

    P(k + 1): (k + 1) (k + 2) (k +3)  

(d)  P(1) : (x  y) (x  y)

    P(k) : (xk  yk) (x  y)

    P(k + 1): (xk + 1  yk + 1) (x  y)

(e)  P(1) : ab = ab

   P(k) : (ab)k = akbk

   P(k + 1) : (ab)k+1 = ak+1 . bk+1

(f)  P(1) : 
1 1 7
5 3 15
 

    P(k) : 
5 3 7

5 3 15
k k k

   

    P(k + 1): 
5 3( 1) ( 1) 7( 1)

5 3 15
k k k  

 

(a)   P(1) : 1 1
1 2 2




    P(2) : 
1 1 2

1 2 2 3 3
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    P(k) :  
1 1 1....

1 2 2 3 ( 1) 1
k

k k k
   

   

    P(k+1) : 
1 1 1 1....

1 2 ( 1) ( 1)( 2) 2
k

k k k k k


   
    

(b)  P(1) : 1 = 12

    P(2) : 1 + 3 = 22

    P(k) : 1 + 3 + 5 + .... + (2k  1) = k2

    P(k + 1) : 1 + 3 + 5 +.... + (2k  1) + [2(k + 1)1] = (k + 1)2

(c)  P(1) : 1  2 < 1(2)2

    P(2) : (1 2) + (2 3) < 2(3)2

    P(k) : (1 2) + (2 3) +  .... + k(k  1) <  k(k + 1)2

    P(k + 1) : (1 2) + (2 3) +.... + (k  1)(k + 2) < (k + 1)(k + 2)2

(d)  P(1) : 
1 1

1 3 3




    P(2) : 
1 1 2

1 3 3 5 5
 

 

    P(k) : 
1 1 1.....

1 3 3 5 (2 1)(2 1) 2 1
k

k k k
   

    

    P(k + 1) : 
1 1 1 1.....

1 3 3 5 (2 1)(2 3) 2 3
k

k k k


   
    

(a)  8a3 + 12a2b + 6ab2 + b3

(b) x12  18x10y + 135x8y2  540x6y3 + 1215x4y4  1458x2y5 + 729y6
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- II(c) 256a4  1280a3b + 2400a2b2  2000ab3 + 625b4

(d)  1 1 2 2 2 2( 1) ....
2!

n n n n n n n nn na x na x by a x b y b y   
   

(a) 1  7x + 21x2  35x3 + 35x4  21x5 + 7x6  x7

(b)  
2 3 4 5 6 7

2 3 4 5 6 7
7 21 35 35 21 71 x x x x x x x
y y y y y y y

      

(c) 1 + 10x + 40x2 + 80x3 + 80x4 + 32x5

3. (a) 
5 4 3 2 2 3 4 55 5 5 5

243 162 54 36 48 32
a a b a b a b ab b

    

(b)   7 42187 25515 127575x x x  

2 5 8 11 14
354375 590625 590625 328125 78125

x x x x x
   

(c) 4 2
2 4

4 14 6x x
x x

   

(d)  
5 3 3 5

5 3 3 55 10 10 5x x x y y y
y xy y x x

    

(i)  104060401

(ii) 96059601

(iii) 1.061208

(iv) 0.941192
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(a) C 2n n r n r r
r x y 

(b) 2 2C 2 ( 1)n n r n r r
r a  

(c)  C ( 1)n r r
r a

(d)  2C 3n n r r
r x 

2. (a)  1792y5

(b)  15120x4

(c)  14784a5b6

(d)  20

(e)  35x

(a)   8064 x5y5

(b)  121120
81

x

(c)   20

(d)  252x10

2. (a) 35a4b3, 35a3b4

(b) 4032a5b4, 2016a4b5

(c)  4 3 3 4105 140,
4 3

x y x y
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- II
(d) 4 7

462 462,
x x

(a)   1 + 3p + 6p2 + 10p3 + .....

(b) 1 + 4x + 2x2 + ...

(c) 1  6z + 3z2 + 4z3 + ....

2. (a)  21 4 20 ....
9 243 6561

x x  

(b) 
2

3 4 5
1 3 3 ....

8 16 16
x x

a a a
  

(c)  
1 1
7 7

2
2 43 1 ....

21 147
y

y y
 
   

 

3. (a) (i) 
2

5 6 7
1 5 151 : ......

2 32 64 128
x x x
y y y y
   

  (ii) 
2

5 6 7
2 1 10 601 : ......y y y
x x x x

   

(b)   4 / 3 7 / 3 10 / 3 21 : 3 8(3) 56(3) ......
2

y y y     

(a)   1.041

(b)   0.971

(c)  1.130
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(d)  1.968

(e)  3.009

(f) 0.204

2. (a) 
1 10

243 729
z



(b) 1 + 12z

(c)  
51
6
z



(d) 
1040961

192
z

11 4
3(1 ) 3(2 )x x


 

1 1 1
2( 2) 2( 2) 1x x x

 
  

2 3
2 5

( 1) ( 1)x x


 

2
3 1 1

4( 1) 4( 1) 2( 1)x x x
 

  

3 2 2 3 3
1 1 1 1

( )a x a x ax a x a
  



2
3 6 5

8( 2)8( 4)
x

xx
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- II
2 2 2

1
1 ( 1)

x
x x x x


   

2
1 4 8

5( 2) 5( 1)
x

x x



 

a 243x5 + 810x4y + 1080x3y2 + 720x2y3 + 240xy4 + 32y5

(b) p8  8p7q + 28p6q2  56p5q3 + 70p4q4  56p3q5 + 28p2q6  8pq7 + q8

(c) 1  8x + 28x2  56x3 + 70x4  56x5 + 28x6  8x7 + x8

(d) 2 3 4 5 620 160 80 64 641 4
3 27 27 81 729

x x x x x x     

(e) 6 4 2
2 4 6

15 5 15 3 13
4 2 16 16 64

x x x
x x x

     

(f)  243x5  405x4y + 270x3y4  90x2y6 + 15xy8  y10

(g) 
8 5

2
4

3 8 16
256 8 2
x x x

x x
   

(h) 14 9 4
6 11 16 21

35 35 21 7 17 21x x x
x x x x x

      

(i)  14 9 4
6 11 16 21

35 35 21 7 17 21x x x
x x x x x

      

(j)  2 7 12
8 3

1 4 6 4x x x
x x

   

3. (a)  (1)r nCr3
nr xnr y2r (b) nCr x3n4r

4. (a) 84x2 (b) 
5
2

c 34560 x3y3
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(d) 462y7,462 y4

(e) 220x27y9

(f)  61236x10

(g) 34560x2y4

(h)  (2)r1  6Cr1 x7r yr1

(i)  2r2 8Cr2 xr2

6. 5 7.7,  14

8. 1 + 4y + 10y2 + 16y3 + 19y4 + 16y5 + 10y6 + 4y7 + y8

9. (a)  1 + 4x + 10x2 + ....

(b)  1  3x + 6x2  10x3 + .....

(c)  21 4 10 .....
81 243 729

z z  

(d) 2 39 135 9451 .....
2 8 16

x x x   

2

3 4 5
2 1 6 241 : .....y y y
x x x x

   

2

2
11 : .....

3 3 6 3 24 3
x x x
y y y y y y
   

  

(a)   
2 31 5 5 ... | | 2

16 8 32 32
y y y y    

(b) 
2

2 / 3 2 / 3 2 / 3
1 2 5 ....., | | 3

3 9 3 81 3
x x y   
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ABC  

i

ii
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367

311  Vol - I  (TOSS)

 - II

XOX',
YOY'  

origin
O

XOX' X-
YOY' 

Y-

P Y- P x X-
P y O A OA

X x O B OB, y y 
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x, y P 
x, y P(x, y) 

Q(a, b) a, b Q x, y 

x, y y, x x  y = 0

XOX', YOY'
Quadrants

x > 0,  y > 0

x < 0,  y > 0

x < 0,  y < 0

x > 0,  y < 0
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P(x1, y1),
Q(x2, y2)  
PQ 

XX' 
p(x, y) l

Q l R
QR 

PQR 

    PR = M1M2

= OM2  OM1

= x2  x1

QR= QM2  RM2

= QM2  PM1

= ON2  ON1

= y2  y1

   PQ2 = PR2 + QR2

= (x2  x1)
2 + (y2  y1)

2

  PQ = 2 2
2 1 2 1( ) ( )x x y y  

O(0, 0) P(x, y) 2 2OP x y 
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i A(14, 3)  B(10, 6) ii M(1, 2) N(0, 6)

i 2 2
2 1 2 1( ) ( )x x y y  

x1 = 14,    y1 = 3

x2 = 10,    y2 = 6

A B 2 2(10 14) (6 3)  

2 2( 4) (3)  

16 9 

25

A B 

ii x1 = 1,  y1 = 2,  x2 = 0,  y2 = 6

M N 2 2(0 ( 1)) ( 6 2)     

21 ( 8) 1 64 65     

M N 65

P(1, 1),  Q(2, 3) R(2, 6) 

PQ2 = (2 + 1)2 + (3 + 1)2 = 32 + 42 = 9 + 6 = 25

QR2 = (4)2 + (3)2 = 16 + 9 = 25

RP2 = 12 + (7)2 = 1 + 49 = 50

PQ2 + QR2 = 25 + 25 = 50 = RP2

 PQR 
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 - IIA(1, 2),  B(4, 5)  C(1, 0) 

2 2AB (4 1) (5 2)   

18

AB 3 2

2 2BC ( 1 4) (0 5)    

50

5 2

     AC = 2 2( 1 1) (0 2)   

= 4 4

= 2 2

 AB + AC  =   3 2 2 2

= 5 2
=  BC

AB + AC =  BC 
A, B, C A, B, C 

(2a, 4a),  (2a, 6a) (2 3 , 5 )a a a

2a

(2a, 4a),  (2a, 6a) 

(2 3 , 5 )a a a

2AB 0 (2 ) 2a a  

2 2BC ( 3 ) ( )a a  

2 23 2a a a  

2 2AC ( 3 ) ( ) 2a a a  
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 AB + BC > AC

BC + AC > AB  

AB + AC > BC AB = BC = AC = 2a

  A,  B, C  2a

a b a a b b

a b

a (3, 3) (3, 3) (0, 0)

b (0, a) (a, b) (0, 0)   (ab = 0 )

a (3, 6) (, 4) (4, 8)        b (0, 3) (0, 4) (0, 6)

a (0, 1) (, 3) (6, 7)  (8, 3) 

b (3, 2) (, 1) (3, 4)  (0, 1) 

l P(x1, y1) Q(x2, y2)

R(x, y) PQ R m1 : m2  

R  x y 
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 - IIP, Q  R XX' PL, QN RM
L, M, N XX' RT QN  

PV QN 

PQ R m1 : m2

   R,  PQ   1

2

PR
RQ

m
m



RPS  QRT 

RPS = QRT  PS||RT  

0RSP = QTR 90  

RPS ~ QRT  AAA 

PR RS PS= =
RQ QT RT

 i

PS = LM

     = OM  OL

     = x  x1.

RT = MN = ON  OM

    =  x2  x.

RS = RM  SM

      =  y  y1

QT = QN  TN

      =  y2  y.

(i) 

1 1 1

2 2 2

m x x y y
m x x y y

 
 

 

 m1(x2  x) = m2(x  x1)

m1(y2  y) = m2(y  y1)
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1 2 2 1

1 2

m x m xx
m m


 


  1 2 2 1m y m yy

m n





R 1 2 2 1 1 2 2 1

1 2
,m x m x m y m y

m m m n
  
 

  

PQ  R  

m1 = m2 = 1 R, PQ 

 1 2 1 2,
2 2

x x y y  
 
 

R, PQ   

R 

P, Q R 
XX' 

PL, QN RM 
PS RM,

QT   RM.

RPS ~ RQT

RP PS RS= =
RQ QT RT

1 1 1

2 2 2

m x x y y
m x x y y

 
 

 

 m1 (x  x2) = m2(x  x1)

m1 (y  y2) = m2(y  y1)

1 2 2 1

1 2

m x m xx
m m






1 2 2 1

1 2

m y m yy
m m








375

311  Vol - I  (TOSS)

 - II

1 2 2 1 1 2 2 1

1 2 1 2
,m x m x m y m y

m m m m
  
 

  

P(x, y)  

2( 3) 3(4) 6
2 3 5

x  
 



2(5) 3( 2) 4
2 3 5

y  
 



P (6/5, 4/5)

Q(x', y') 

2( 3) 3(4) 18
2 3

x  
  



2(5) 3( 2) 16
2 3

y  
  



(16, 16).

A B

A, B  P k : 1 

  P 
3 1 16 4,

1 1
k k

k k
   

 
  

P (3, 2)

3 1 3 3 1 3( 1) 3 3
1

k k k k
k
 

        


 3k + 1 = 3k + 3

  k 
1
3



 P 
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ABCD
A, B, C, D.  AB, BC, CD DA E, F, G, H

EFGH 

AB, BC, CD  DA  E, F, G, H
  E, F, G  H 

1 2 4 1 2 0 1 1 0 3 1 2, , , ,
2 2 2 2 2 2
           

    
    

1 3 4 2,
2 2
  

 
 

1 5E ,
2 2
 

 
 

F(1, 0),  3 1G ,
2 2

 
 
 

H

EG  

1 3 5 1
1 32 2 2 2, ,

2 2 2 2

 
     

   
  

 

FH  

1 2 0 3 1 3, ,
2 2 2 2

     
   

   

EFGH

a b

a
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A(x1, y1), B(x2, y2)  C(x3, y3)

XX' AL, BM, CN 

ABC 

 BMLA  

   +  ALNC  

  BMNC  

1 1 1(BM+AL)ML (AL+CN)LN (BM+CN)MN
2 2 2

  

 2 1 1 2 1 3 3 1 2 3 3 2
1 1 1( ) ( )( ) ( )( )
2 2 2

y y x x y y x x y y x x        

 1 2 2 1 2 3 3 2 3 1 3 3
1 ( ) ( ) ( )
2

x y x y x y x y x y x y     

 1 2 3 2 3 1 3 1 2
1 ( ) ( ) ( )
2

x y y x y y x y y     
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ABC 
1 1

2 2

3 3

1
1 1
2

1

x y
x y
x y

A(3, 4), B(6, 2) C(4, 5) 

ABC 

3 4 1
6 2 1
4 5 1



 

 
1 3( 2 5) 4(6 4) 1( 30 8)
2

       

 
1 699 40 38
2 2

    

ABC 
69
2

(1, k), (4, 3) (9, 7) 
k

 
1 1

1 4 3 1
2

9 7 1

k




 
1 3 7 (4 9) 1(28 27)
2

k      

 
1 10 13 1
2

k   

 
1 9 13
2

k  
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 - II9 13 15
2

k 


9  13k = 30

 13k = 39

k = 3.

a b
c a, 0 a

A B 5C ,
2

k 
 
 

ABC  

3
2 k 

(5, 4) (5, 4) (5, 4)  

A(x1, y1), B(x2, y2), C(x3, y3)  ABC

i.e., 1 2 1 1 2 3 3 2 3 1 1 3
1 0
2

x y x y x y x y x y x y     

i.e., 1 2 1 1 2 3 3 2 3 1 1 3x y x y x y x y x y x y    
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1 1

2 2

3 3

1
1 0
1

x y
x y
x y



A(a, b+c), B(b, c+a) C(c, a + b) 

ABC  
1

1 1
2

1

a b c
b c a
c a b



 



1
1 1
2

1

a b c b c
a b c c a
a b c a b

  

   

  

1 1
1 ( ) 1 1 0
2

1 1

b c
a b c c a

a b



    



(1, 5), (k, 1), (4, 11) k 

1 5 1
1 1 1
2

4 11 1
k

1 [ 10 5 20 11 4]
2

k k     

1 [6 6] 3 3
2

k k   

  3k + 3 = 0   k = 1.

  k = 1
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 - II

(a, 0), (0, b)  
1 1 1
a b
 

a b a1 b1 a  a1, b  b1
a1b = ab1 

k k 

(k, 22k)  (k + 1, 2k)  (4  k, 62k) k 

AB X-  

X- 

X- 
X- O

a b
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a b

a b

a b

b a
Tan  

Tan  

X-  Tan  

m m = Tan 

X-

AB BA 

AB Tan 

BA Tan  = Tan 
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 - IIX-

1800 300 = 1500

m = 

= Tan300)

   = Tan 
1
3


Y

900 600

m = 

= Tan600)

   = cot 

   = tan 
1
3


AB 
A,  B 
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a

AB  XAB

AB  tan 450 = 1

b

AB  XAB 

AB  tan 1350 = tan (1800  450).

=  tan 450

= 1

X i) 600   ii) 1500  

Y

X
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 - II

A(x1, y1) B(x2, y2) A B
 A B

M M

(A) MAB 

2 1

2 1

MBtan tan ( MAB)
AM

y y
x x


    


(B) (b)   MAB

2 1

1 2

( )MBtan tan ( MAB)
MA

y y
x x

 
     



2 1

2 1

y y
x x





A(x1, y1), B(x2, y2) m

  
2 1

2 1

y ym
x x
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x1 = x2 m Y

X

3

X

m m

 tan  = m.

A(6, 3)  B(4, 10) 

x y1),  (x2, y2)
2 1

2 1

y y
x x




x1 = 6,  y1 = 3,  x2 = 4,  y2 = 6

10 3 7
4 6 2


  


(3, 6)  (x, 4) 
x 

2 1

2 1

y y
x x




4 6 2
3 3x x

 
 

 

2 2
3x


 



2 2 6 2 6 2x x      

        x = 2.
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A(6, 8) B (4, 14) 

A(6, 12) B(x, 8) 
x 

A( B(2, y) 4
3



y 

A( B(0, 4) C ABC  B 

AC 

A( B( C( D(

i AB CD 

ii BC AD 

l1 l2 
m1 m2

1

2

l1 l2 

1 2

   tan 1  = tan 2
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   m1 = m2

l1 l2 

i.e.,  m1 = m2   tan 1 = tan 2

  1 = 2 (00 <  < 1800)

  l1 || l2

 m1 = m2.

l1 l2 m1 m2

 1 2 

a b

l1
  l2 

 2 = 900 + 1    or 1 = 900 + 2

 tan 2 = tan (90 + 1) or tan 1 = tan(900 + 2)

 tan 2 = cot 1)    or tan 1 = cot 2

 tan 2 =  
1

1
tan




      or tan 1 = 
2

1
tan
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 - II

tan 1 tan 2 = 

or                  m1 m2 = 

l1  l2 

i.e.,          m1 m2 = 1

 tan 1 tan 2 = 

tan 1 
2

1
tan




cot 2 tan(900 + 


 1   900 + 





900 +  


l1
  l2

m1 m2 

A(5, 6)  B(2, 3) 

C(9, 2) D(6, 5) 

AB 3 6 3 1
2 5 3
 

  
 

CD 
5 2 3 1

6 9 3
  

  
 

AB, CD  

  AB || CD.

A(2, 5)  B(2, 5) 

L(6, 3) M(1, 1) 
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m1 = AB 5 5 10 5
2 2 4 2
 

  
  

m2 = LM 1 3 2
1 6 5


 


m1m2 
5 2 1

2 5


   

A(4, 4), B(3, 5)  C(1, 1) 

AB =  m1 
5 4 1
3 4


  


BC  =  m2 
1 5 3
1 3 2

 
 
 

AC =  m3 
1 4 1
1 4

 
 
 

m1   m3  = 1

 AB   AC

 ABC 

A(3, y), B(2, 7)  C(1, 4) D(0, 6) 

y 

AB =  m1 
7 4 7
2 3

y
  



CD  =  m2 
6 4 2
0 1


 


m1   m2  = 1

(y  7)   2 = 1

2Y  14 = 1

2Y = 13   y 
13
2
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(2, 3) (4, 1) 

i (7, 1) (0, 3) 

ii (4, 5) (0, 2) 

(4, 1) (2, 3) 

(5, 7) (0, 2) (1, 3) (4, x)

x 

A(2, 7), B(1, 0), C(4, 3) D(1, 2) ABCD 

ABCD 

 A(6, 1),  B(5, 0)  C(2, 3)

(k, 9) (2, 7) (2, 2) (6, 4)

k 

(4, 1), (2, 4), (4, 0) 

(2, 3) 

A(3, 3), B(1, 4) C(5, 2) ABC M 

N AB AC MN BC 

 MN = 
1
2 BC 

L X- A Y- B 
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(i) OA X- X-

(ii) OB Y- Y-

(iii) OA, OB 

(iv) AB AB

(v) A (a, 0) B (0, b) 

X- y = 0 
x X-

Y- x = 0 
y Y-

X-  Y-

X- Y- a, b 

Y- c 
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 - II2x + 3y = 6 X- Y-

2x + 3y = 6 .... (1)

(i) x = 0 

y = 2 

Y-

Y = 0 (i) 

2x = 6     x = 3   

X-

X- Y-

i x + 3y = 6 (ii)  7x + 3y = 2 (iii)  1
2 2
x y
a b
 

(iv) ax + by = c (v)  2 8
2
y x  (vi)   

2 7
3 3
y x
 

(i) 
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(ii) X- X-

(iii)
c

(a)

(b)

(x, y) 
(x, y) 

P(4, 3) Q(7, 11) 
R R(x, y) 

2 2 2 2PR ( 4) ( 3) 8 6 25x y x y x y        

2 2 2 2QR ( 7) ( 1) 14 22 170x y x y x y        

  PR = QR

2 2 2 28 6 25 14 22 170x y x y x y x y        
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 - II
x2 + y2  8x  6y + 25 = x2 + y2  14x  22y + 170

 6x + 16y  145 = 0

R P, Q 

(i) (x, y) 

(ii) x y 

(iii) x  y 

(iv)

(a, 0)  (a, 0)  

P(x, y) 

A(a, 0) B(a, 0) 

PA = 3PB

PA2 = 9PB2

 (x + a)2 + y2 = 9[(x  a)2 + y2)]

 x2 + 2ax + a2 + y2 = 9[x2  2ax + a2 + y2]

 8x2  20ax + 8a2 + 8y2 = 0

2x2 + 2y2  5ax + 2a2 = 0
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(0, 2), (0, 2)  

 P(x, y) 

A(0, 2) B(0, 2)

PA + PB = 6

2 2 2 2( 2) ( 2) 6x y x y     

2 2 2 24 4 4 4 6x y y x y y       

2 2 2 24 4 6 4 4x y y x y y       

2 2 2 2 2 24 4 36 4 4 12 4 4x y y x y y x y y           

2 28 36 12 4 4y x y y      

2 22 9 3 4 4y x y y    

(2y + 9)2  = 9(x2 + y2 + 4y + 4)

4y2 + 36y + 81 = 9x2 + 9y2 + 36y + 36

9x2 + 4y2 = 45.

A(3, 1)  B(2, 4) ABC 

C 3x  4y = 8 
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 - IIABC C(a, b) 

C(a, b) 

3a  4b = 8     .... (i)

ABC G(h, k) 

3 2 1 4,
3 3

a bh k   
 

 a = 3h  1 b = 3k  5

a, b 

3(3h  1)   4(3k 5) = 8

 3h  4k + 3 = 0

3x  4y + 3 = 0

y2 = ax  (2, 2) 

(8, 6) 'b' 

(2, 2) 

y2 = ax

(2)2 = 2a    a = 2

y2 = 2x 

(8, 6) 

 b2 = 2 8

 b2 = 16        b = +4

 b = +4
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(3, 4) (4, 6) 

(4, 2) X-

(4, 1) (1, 5) 
P 

A(2, 3) B(0, 2) PAB 

P 

(2, 3) (3, 4) 

P 

(3, 0) (3, 0) 

x2 + y2  6x + 8y  36 = 0 (h, 0)

h 

3 , 2
2

 
    y2 = ax  (b, 6) 

b 

X, Y
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(i) ii

iii

Translation nof axes

OX, OY
 

 

O        O' = (h, k) 

O X , O Y   
 

 O X , O Y   
 

 O' 

  OX, OY
 

 x, y O X , O Y   
 

 x'

y' P 
 

 

  

 

Y Y' P

O'

O

M

N
X

X'

L
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O'L = k,  OL = h

x = ON = OL + LN

= OL + O'M

= h + x'

y = PN = PM + MN

= PM + O'L

= y' + k

x = x' + h, y = y' + k

    x' = x  h, y' = y  h

n, k

i P(x, y) P(x  h, y  k) 

ii f(x, y) = 0 f(x' + h, y' + k) = 0 



(h, k) = (3, 5)

x, y) = x', y'

(x', y') = (x  h, y  k) = (2  (3), 4  5)

= (5, 1)

x2 + 4xy + 6y2 = 0 

(h, k) = (3, 1) 

x = x' + 3, y = y' + 1 
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 - IIx' + 3)2 + 4 (x' + 3) (y' + 1) + 6(y' + 1)2 = 0

x'2 + 4 x' y' + 6 y'2 + 10 x' + 24y' + 27 = 0

Rotation Axes) 

''

OX, OY
 

P = (x, y) OX , OY 
 

 

'O' '' 

P(x', y') 

 

 
 

 

Y
Y' P



O

MN

X

X'

L Q
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'' 

XOX = YOY =  

P OX,OX
 

 L, M 

LPM = XOX = 

M PL  N 

 x = OL = OQ  LQ

= OQ  NM

= OM cos   PM sin 

= x' cos   y' sin  ...(1)

y = PL = PN  NL

= PN  MQ

= PM cos   OM sin 

= y' cos   x' sin  ...(2)

x = x' cos   y' sin 

y = x' sin   y' cos  ...(3)

x', y' 

x' = x cos  + y sin 

y' = x sin  + y cos  ...(4)
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 - IIx' y'

x cos sin 

y sin  cos 

''  

i) P(x, y) 

P(x', y') = P(x cos  + y sin ,  x sin  + y cos )  

ii) f(x, y) = 0 

   f(x' cos y' sin   x' sin  y' cos ) = 0 

 600  P(1, 2)

P(x, y) = (1, 2) P 

x', y'

x' = (1) cos 600 + 2 (sin 600) 
1 3 2 3 12
2 2 2


   

y' = (1) sin 600 + 2 cos 600 
3 1 3 22

2 2 2
 

   
 

P 2 3 1 3 2,
2 2
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original system

 (h, k) = (1, 6) ; (x' y') = (3, 5)

x, y

x = x' + h = 3 + 1 = 4

y = y' + k = 5 + 6 = 11

= 

 600  P 

P 

(x', y') = (3, 4) ;  = 600

P x, y

  x = x' cos   y' sin 

x = 3 cos 600  4 sin 600

3 4 3 3 4 3
2 2 2


  

y = x' sin  + y'cos 

   = 3sin 600 + 4 cos 600

   = 3 1 3 3 43 4
2 2 2

   
        

P 

3 4 3 3 3 4,
2 2
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ax2 + 2hxy + by2 + 2gx + 2fy + c = 0   h2   ab 

2 2,hf bg gh af
ab h ab h

  
 

  
 

ax2 + by2 + 2gx + 2fy + c = 0,   a  0  

,g f
a b
  

 
 

xy h = 0

h = 0 ,g f
a b
  

 
 

 

a b ax2 + 2hxy + by2 = 0  xy 

11 2Tan
2

h
a b

  
 

 
 

P 

i P 

ii P 

(i) (2, 4) (ii)  (3, 2) (iii)  (0, 3)
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4x2 + 9y2  8x + 36y + 4 = 0 

i)  (0, 5) (ii)  (2, 4) (iii)  

x2 + 3xy  2y2 + 17x  7y  11 = 0

P 

P 

4


 3x2 + 10xy + 3y2 = 9

(x1, y1) (x2, y2)

2 2
2 1 2 1( ) ( )x x y y  

(x1, y1) (x2, y2) m1 : m2

1 2 2 1 2 2 2 1

1 2 1 2
,m x m x m y m y

m m m m
  
   

(x1, y1) (x2, y2) m1 : m2

1 2 2 1 2 2 2 1

1 2
,m x m x m y m y

m m m n
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 - II(x1, y1) (x2, y2)

1 2 1 2,
2 2

x x y y  
  

(x1, y1), (x2, y2)  (x3, y3)

1 2 2 1 2 3 3 2 3 1 1 3
1 [( ) ( ) ( )]
2

x y x y x y x y x y x y    

ABC 

X-  m = Tan 

A(x1, y1), B(x2, y2)  (m)  

2 1
2

2 1

y y
m

x x





m1 m2 m1 = m2

X- A Y- B 

OA   X- OB Y-

h, k)  

i P x, y (x  h, y  k)

ii) f(x, y) = 0,  f(x' + h, y' + k = 0 

'' 

i P (x, y), (x', y') = (x cos  + y sin ,  x sin + y cos

) 

(ii) f(x, y) = 0, f(x' cos   y' sin , x' sin  + y' cos ) = 0
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http : //www.wikipedia.org

http:// math world . wolfram.com

a (2, 0) (1, cot )      (b)  (sinA, cos A)   (sin B, cos B)

a (3, 2), (3, 2)  (0, 3) (b)  (3, 2), (3, 2)   (3, 0)

(3, 5) (6, 8) 

a (1, 2), (2, 3),  (3, 4) (b)  (c, a), (c + a, a), (c  a, a)

a (2, 5), (2, 3) (1, 0)

(b) (a, b + c), (b, c + a)   (c, a + b)

(3, 12), (7, 6) (x, a) x

(4, 3), (5, 6), (0, 7) (3,  6) 

a (1, 2), (4, 2) (b)  (4,  6), ( 2,  5)

(3, y), (2, 7) (1, 4), (0, 6) 

y
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 - II(4, 4), (3, 5) (2, 7) 

i (2, 3), (8, 5) (5, 4) ii (5, 1), (1, 1) (11, 4)

A(2, 3), B(3, 5) ABCD 

i BC 

ii CD  

iii DA  

(7, 3),  (3, 0), (0, 4)  (4, 1) 

i 2x  3y = 8 ii 3x  7y + 9 = 0 iii 3
2
yx  

(2, 4) Y- 

(a + b, a  b) (a  b, a + b) 

A(a, 0), B(a, 0) 3|PA| = 2|PB| 

P 

(1, 2) (3, 4) 
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(a)  58 (b)  2 22( )a b

(a)  1 , 4
2

 
  

(b)  (2, 5)   (1, 4)

(a)  (2,  6)   
5 13, , 4,
3 3

   
      

(a)  25
2

  (b)  12 (c)
2

2
a

  

5
3

k    80    41
2

  

k =  3   1 , 1
2

k  

(i)   3 (ii)  1
3

   3

3

3   5   7
3

   5
3
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1
3

  14
3

  10
3

k 

  (i)  X- Y- 

 (ii)  X- 
2
7 Y- 2

3
(iii)  X- 2a Y- 2b

(iv)  X- 
c
a Y- 

c
b

(v)  X- 4 Y- 16

(vi)  X- 
21
3

 Y- 21

14x  4y + 27 = 0

x2  8x  4y + 20 = 0

3x2 + 3y2  38y + 87 = 0

x  2y = 2

x2 + y2 + x  7y + 11 = 0
20x2 + 36y2 < 405

3 3 5   27
2

(i)  (2, 3) (ii)   (6, 0)

(i)  (6, 9) (ii)  (1, 7) (iii)  (4, 8)
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(1, 4)

(1, 2)

(i)  
5 5 3,
2 2

 
  
 

(ii)   (2 3, 1 2 3)  (iii)   (0, 0)

x2 + 3xy  2y2 + 4x  y  20 = 0

1 7,
2 2
 

 
 

8x2  2y2 = 9

(a)  cosec  (b)  
A B2sin

2


3 3,
2 2

 
  

(a) (b) a2 

51 5
3

a

(a)  0 (b)  1
6



y = 3  (ii)  

(i)  1
8

 (ii)  8 (iii)   1
8



(i)  4 (ii)  3 (iii)   3

y2  8y  4x + 20 = 0 x  y = 0

5x2 + 5y2  26ax + 5a2 = 0

2x2 + 2y2  8x  12y + 5 = 0
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i ii iii
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i

ii X Y

iii

X-
Y X-

Y-
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 - IIb- y = b X b

y = b X
X b  

y = b X b 

b > 0 X X || 

b < 0 X

b = 0 X

c X Y
 x = c 

c Y 

c > 0 Y 

c < 0 Y c = 0 Y 

i X ii  Y

y = b 

b =
y 

ii Y x = c

c = 2 
x 

i X

ii Y
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i X y = b

b = 3

y = 3 

ii Y x = c

c = 2 

x = 2 

a X-

b Y-

c X-

x x 

a X 

b Y

X

Y
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x y x, y

x y 

  

a y

b

c

d

e x 

f x 

A

AB X  Y- D OD

OD = c OY Y

OD = c AB, OX'  T  AB P(x, y)

PM   OX 



418

 - II
311  Vol - I  (TOSS)

OM = x, MP = y

DN   MP 

DNP 

NP M P MNtan
DN OM


  

ODtan
OM

y 
 

tan y c
x


 

x tan  = y  c   y = x tan  + c

      tan  = m( )

y = mx + c

AB  

c = 0 y = mx + c m 
y = mx

c = 0;  m = 0 X
 y = 0

c 0;  m = 0 X
y = c 

Y 0

m = 4;  c = 0

y = mx + c

y = 4x 
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 - II8x + 3y = 5 Y

8x + 3y = 5

8 5
3 3

y x  

y = mx + c 

8
3

m  
5
3

c 

8
3



Y
5
3

X Y

0tan120 ( 2)y x  

3 2y x 

3 2 0y x  

m = tan 1200 c = 2

  Y 

(B)  

A(x1, y1) m 

P(x, y) A

A(x1, y1) P(x, y)

(tan )
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1

1
tan y ym

x x


  


AP  m 

1

1

y ym
x x


 




y  y1 = m(x  x1)

Y m A(x1, y1) 

Y

x1 x = x1 

2
3

x1 = 2;  y1 = 1; 

2
3

m

2( 1) ( 2)
3

y x   

21 ( 2)
3

y x   

2 7
3 3

y x  

(C) 

A(x1, y1)  B(x2, y2)
m  



421

311  Vol - I  (TOSS)

 - II2 1
2 1

2 1
( )y ym x x

x x


 


2 1
1 1

2 1
( )y yy y x x

x x


  


(x1, y1) (x2, y2) 

1
2 1

1
2 1

( )y yy y x x
x x


  


...(i)

x1 = 3; y1 = 7,  x2 = 2, y2 = 5

(i)

5 77 ( 3)
2 3

y x 
  

 

27 ( 3)
5

y x  


2x + 5y + 29 = 0

(D)

a,
b 

PQ X
A Y B 

OA = a;  OB = b 
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A (a, 0) B (0, b) 

A B 

00 ( )
0
by x a

a


  


( )by x a
a


  1y x
b a


 

1x y
a b
  a, b 

X- Y

X a = 5

Y b = 3

1x y
a b
 

1
5 3
x y
 


3x  5y  15 = 0

X a

Y- a 

1x y
a a
 


x  y = a (i)
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 - IIi

3  4 = a a = 1

x   y = 1

x   y +1 = 0.

X

X

y  y1 = m(x  x1)

y  1 = 0[x  (1)]

y  1 = 0 

 3x  2y + 12 = 0 

3x  2y =  12

 12 

1
4 6
x y

 


a =   4;  b = 6

 X Y

P(x1, y1) 

AB  CD P(x1, y1)

PM OX

  OM = x1,  MP = y1

  OC = 2x1,  OD = 2y1  
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1
1

2 2
x y
x y
 

1 1
2.x y

x y
 

(E) 

P 
X  
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 - IIi X a Y b AB 

O AB OP 
POB   i

P cos Pseca
a

     

P sin P cosecb
b
    

AB  

1
Psec P cosec

x y
 

 

  x cos  + y sin  = P

x cos  + y sin  = P.

ii P cos(180 ) cos
a
    

   a = P sec  b = P cosec .

AB  1x y
a b
 



x cos  + y sin  = P.

P,

X


2
X

x cos  + y sin  = P
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P = 2 ;   = 1350 

2
2 2
x y
 

 x + y   2 = 0

x  y   2 = 0 

X X

 = 300;   P = 6

 x cos 300 + y sin 300 = 6

3 1 6
2 2

x y
   

        
3 12x y 

(F) 

Q(x1, y1) X  

1 1

cos sin
x x y y r 

 
 

(x, y)

Q(x1, y1) | r | 

AB Q(x1, y1) X ''

P(x, y) QP = r

QL, PM X

QN PM
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 - IIPNQ 

QN PNcos , sin
QP QP

   

QN  = LM = ON  OL

= x  x1,

   PN = PM  MN = PM  QL

         = y  y1

1 1cos , sinx x y y
r r
 

   

1 1

cos sin
x x y y r 

 
 



P(x, y) (x = x1 + r cos ,  y = y1 + r sin ) 
(x1 + r cos ,  y1 + r sin ) 
r r

x = x1 + r cos ,  y = y1 + r sin 

r

A X

A 

x1 = 1,  y1 = 2 = 300

 

0 0
1 2

cos30 sin 30
x y 



1 2
13
22

x y 
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AP = 2,   r = 2

1 2 213
22

x y 
 

3 1, 1x y    

P  3 1, 1  .

X
2x  3y + 9 = 0 

X

0 0
1 2

cos 45 sin 45
x y r 

 

1 2
1 1
2 2

x y r 
 

1 , 2
2 2

r r 
  

 

2x  3y + 9 = 0 

2 1 3 2 9 0
2 2

r r   
       

   

2 6 9 0
2

r
   

5 2r 

5 2
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 - II

Y

b 4x + 3y = 6  

X Y
1
3

3x  6y = 12 Y

a

b A B C D ABCD  

X Y

X, Y

X
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a, b 

P 2 2 2
1 1 1

P a b
 

A X
A P

x  y Ax + By + C = 0 

A B

C 

A = 0 B   0 

By + C = 0

C
B

y  

X

Y 
C
B



B = 0 A   0 

A   0 B   0 

A C
B B

y x  

A
B

 Y  
C
B
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 - II
Ax + By + C = 0 

x  y Ax + By + C = 0 
      Y

Ax + By + C = 0  

By  =  Ax  C

A C
B B

y x   B   0 

A
B

 Y = 
C
B

 .

x + 7y  4 = 0

x + 7y  4 = 0

y = x  4

1 4
7 7

y x  

x + 4y  3 = 0 Y

 

x + 4y  3 = 0

4y =   x + 3
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1 3
4 4

y x  

1
4

 Y 3
4

x y 
Ax + By  C = 0 ...(i)

i
Ax + By =  C

A B 1
C C
x y
 

 

1
C C
A B

x y
 

   
    
   

A   0, B   0

X = 
C
A



Y =  
C
B



3x + 5y = 7

3x + 5y = 7

3 5 1
7 7

x y 

1
7 7
3 5

x y
 

   
   
   

 X 
7
3

Y
7
5
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 - II3x  2y = 5 x y

3x  2y = 5

3 2 1
5 5

x y 

1
5 5
3 2

x y
 

   
   

   

  x 5
3



y 5
2

 

x  y 

Ax + By  + C = 0 ...(i)  

i

Ax + By =  C



Ax + By = C ...(ii)

(A)2 + (B)2 = 1 

2 2

1

A B
 



 ii

2 2 2 2 2 2

A By C

A B A B A B

x
  

  
...(iii)
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i C

i C < 0 ii

ii C > 0 iii iii

 

2 2 2 2 2 2

A By C

A B A B A B

x
   

  

2 2

|C|

A B




X

2 2

Acos
A B

 




2 2

Bsin
A B

 
   

  



C > 0 

C < 0 

C = 0 

 

A  B x y 

x y 
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 - II
y = mx + c,  1x y

a b
  x cos  +

y sin  = P  x y
b  mx  c = 0,                                 bx + ay  ab = 0  x

cos + y sin P = 0 x y 

x y 

3 7 0x y  

3 7 0x y   ...(i)

i

Ax + By + C = 0

A = 1  B 3

2 2A B 2 

i

3 7 0
2 2 2
x y  

1 3 7 0
2 2 2

x y
  

           

4 4 7cos sin
3 3 2

x y 
 

cos , sin  

3 2 0x y  

3 2 0x y  



436

 - II
311  Vol - I  (TOSS)

2 2( 3) ( 1) 

3 1 1 0
2 2

x y  

3 1 1
2 2

x y  

3 1 1
2 2

x y  

5 5cos sin 1
6 6

x y 
 

cos 
sin 





3x + 4y = 12 

3x + 4y = 12 

3x + 4y = 12

112 12
3 4

x y
 

 x y 

A(4, 0) B(0, 3)

 AB  32,
2

 
 
 

32,
2
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 - II1 1( )y y m x x  

1

3 1
2 ( 3)
2 3

y y x


  


11 ( 3)
2

y x   

2(y  1) + (x  3) = 0

2y  2 + x  3 = 0

x  2y  5 = 0

2 1
1 1

2 1
( )y yy y x x

x x


  


9 77 ( 8)
6 8

y x
  



   y  7  =  (x  8)

  x  y  = 15

1
15 15
x y
 

C(5, 1) D(1, 3)

3 11 ( 5)
1 5

y x 
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41 ( 5)
6

y x
  

3y  3 = 2x  10

2x  3y + 7 = 0

A(3, 4)  B(7, 8) i

A(3, 4)  B(7, 8) i  : 1 
P 

7 3 8 4,
1 1

    
 
    

P i

7 3 8 42 3 7 0
1 1

      
     

      

 14 + 6 + 24 + 12 + 7 + 7 = 0

 45  + 25 = 0 
5
9

  



10.3.5

: a1x + b1y + c1 = 0,  a2x + b2y + c2 = 0 




















1221

1221

1221

1221
baba
acac,

baba
cbcb

:  a1x + b1y + c1 = 0 ...(1)

 a2x + b2y + c2 = 0 ...(2)
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 - II

A(x1,  y1)

B(x2, y2)

l

m

P

ax + by + c = 0

. 10.10

1 2
1 2 2 1

1 2
0a a a b a b

b b
 

   

 P(, ) 

a1 + b1 + c1 = 0 ...(3)

a2 + b2 + c2 = 0 ...(4)

                    l

b1 c1 a1 b1

b2 c2 a2 b2

1 2 2 1 1 2 2 1 1 2 2 1

1
b c b c c a c a a b a b

 
  

  

1 2 2 1 1 2 2 1

1 2 2 1 1 2 2 1
,b c b c c a c a

a b a b a b a b
 

    
 

    1 2 2 1 1 2 2 1

1 2 2 1 1 2 2 1
( , ) ,b c b c c a c a

a b a b a b a b
  

      

10.3.6 :  A(x1,  y1), B(x2, y2) 

ax + by + c = 0 

  (ax1 + by1 + c) : (ax2 + by2 + c)

:  AB   

ax  + by + c = 0   
P l : m

2 1 2 1P ,lx mx ly my
l m l m
  

  
  

P  ax + by + c = 0 

2 1 2 1 0lx mx ly mya b c
l m l m
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  a(lx2 + mx1) + b(ly2 + my1) + c(l + m) = 0

l(ax2 + by2 + c) + m(ax1 + by1+ c) = 0

 l : m =  (ax1 + by1 + c) : (ax2 + by2+ c)

:

(i) AB X-  - y1 : y2

(ii) AB Y--  - x1 : x2

10.3.7  

10.3.7(1)  

 : a1x + b1y + c1 = 0, a2x + b2y + c2 = 0, a3x + b3y + c3 

a1(b2c3  b3c2) + b1(c2a3  c3a2) + c1(a2b3  a3b2) = 0

:     a1x + b1y + c1 = 0 ...(1)

a2x + b2y + c2 = 0 ...(2)

a3x + b3y + c3  = 0 ...(3)

(2)  (3) 

2 3 3 2 2 3 3 2

2 3 3 2 2 3 3 2
P ,b c b c c a c a

a b a b a b a b
  
 

  

   P  (1)

2 3 3 2 2 3 3 2
1 1 1

2 3 3 2 2 3 3 2
0b c b c c a c aa b c

a b a b a b a b
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 - II a1(b2c3  b3c2) + b1(c2a3  c3a2) + c1(a2b3  a3b2)  = 0

1 1 1

2 2 2

3 3 3

0
a b c
a b c
a b c

 

10.3.8  

 :  L1
  a1x + b1y + c1 = 0,  L2

  a2x + b2y + c2 = 0 

(i) 1L1 + 2L2 = 0  1, 2 2 2
1 2 0   

L1 = 0, L2 = 0 

(ii) L1 = 0, L2 = 0 

 1L1 + 2L2 = 0 (1, 2 2 2
1 2 0    )

.

10.3.9

10.3.9(1) : 

: A(x1, y1), B(x2, y2), C(x3, y3) 

BC, CA, AB D, E, F 

2 3 2 3D ,
2 2

x x y y  
   

 

 1 3 1 3E ,
2 2

x x y y  
  
 

 1 2 1 2F ,
2 2

x x y y  
  
 

  AD


 = 2 3 1

2 3 1

2
2

y y y
x x x
 

 

A

EF

G

B D C
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AD


 2 3 1
1 1

2 3 1

2 ( )
2

y y yy y x x
x x x
 

  
 

  (y  y1) (x2 + x3  2x1) = (y2 + y3  2y1) (x  x1)

  L1   (x  x1) (y2 + y3  2y1) (y  y1) (x2 + x3  2x1) = 0

BE, CF
 

 L2  0, L3 

L2   (x  x2) (y3 + y1  2y2) (y  y2) (x3 + x1  2x2) = 0

L3   (x  x3) (y1 + y2  2y3) (y  y3) (x1 + x2  2x3) = 0

  1.L1 + 1.L2 + 1.L3 = 0

  1L1 + 2L2 + 3L3 = 0   1 = 2 = 3 = 1

   L1   0,  L2   0, L3 0 

 G  ABC .

10.3.9(2)

 : 

: A(x1, y1),  B(x2, y2), C(x3, y3) 

ABC A, B, C BC , AC ,  AB

 AD, BE ,  CF

BC   
3 2

3 2

y y
x x




AD BC

AD    3 2

3 2

( )x x
y y





A 

AD   3 2
1 1

3 2

( ) ( )x xy y x x
y y


   


A

P
E

O

DB C
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 - II  (y  y1) (y3  y2) = (x3  x2) (x  x1)

   L1    (x  x1) (x3  x2) + (y  y1) (y3  y2) = 0

 B, C 

L2    (x  x2) (x1  x3) + (y  y2) (y1  y3) = 0

L3    (x  x3) (x1  x2) + (y  y3) (y1  y2) = 0

   1.L1 + 1.L2 + 1.L3 = 0

  1L1 + 2L2 + 3L3 = 0   1 = 2 = 3 = 1

 L1   0,  L2   0, L3 0 

 ABC  "O" 

10.3.9(3)

 : .

: A(x1, y1),  B(x2, y2), C(x3, y3)  

BC, CA, AB   D, E, F

 BC, CA, AB  S

2 3 2 3D ,
2 2

x x y y  
   

 

1 3 1 3E ,
2 2

x x y y  
  
 

1 2 1 2F ,
2 2

x x y y  
  
 

BC  3 2

3 2

y y
x x





BC  3 2

3 2

( )x x
y y

 




A

EF

S

DB C
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BC SD

 2 3 3 2 2 3

3 2

( )
2 2

y y x x x xy x
y y

    
    

  2y(y3  y2)  (y2 + y3) (y3  y2) = 2x (x3  x2)  (x3  x2) (x2  x3)

  L1   2x(x2  x3)  2y(y2 + y3) 
2 2 2 2
2 3 2 3( ) ( ) 0x x y y    

AC,  AB   SE, SF

 L2   2x(x3  x1)  2y(y3 + y1) 
2 2 2 2
3 2 3 1( ) ( ) 0x x y y    

 L3   2x(x1  x2)  2y(y1  y2) 
2 2 2 2
1 2 1 2( ) ( ) 0x x y y    

 1.L1 + 1.L2 + 1.L3 = 0

  1 = 2 = 3 = 1



 10.25(1): x  3y + 6 = 0, 2x + 3y  10 = 0 

:   p(, ) 

 3+ 6 = 0,  2 + 3  10 = 0

                   l

3 6 1 3

3 10 2 3

1 12 22,
30 18 12 10 3 6 9 9
 

      
  

 P  
4 22,
3 9

 
 
 

.
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 - II 10.25(ii):  x  p  = 0, y + 2 = 0  3x + 2y + 5 = 0

P 

:   x  p  = 0, y + 2 = 0, 3x + 2y + 5 = 0 

1 0
0 1 2 0
3 2 5

p
 

  1(5  4) + 0(0  6) + p(0  3) = 0


1
3

p 

 10.25(iii)

 (a)  A(2, 3), B(3, 6) AB  X-

(b) A(2, 3), B(3, 6) AB  Y-

(a) AB  X-

y1 : y2

= (3) : (6)

= 1 : 2

(b) AB  Y--

 x1 : x2

= 2 : 3.

 10.25(iv)  (2, 7)  (1, 3)

3x  4y  7 = 0  

: (2, 7), (1, 3)  3x  4y  7 = 0



446

 - II
311  Vol - I  (TOSS)

= [3(2)  4(7)  7]  :  [3(1)  4(3)  7]

=  (6 + 28  7) :  (3  12  7)

= 27 : 22

= 27 : 22

 10.25(v) (2, 3), (2, 1), (4, 0) 

:  A(2, 3), B(2, 1), C(4, 0) 

 BC, CA D, E

1 3D 3, , E 1,
2 2
   

   
   

BC
 0 1 1

4 2 2


 


   SD


 2  SD BC
 



SD


 

1 2( 3)
2

y x  

  4x + 2y  11 = 0 ...(1)

AC


 = 
0 3 1
4 2 2
 




   AC


 +2  SE AC
 



SE


  
3 2( 1)
2

y x  

 4x  2y  1 = 0 ...(2)

(1)  (2) 3 5,
2 2

x y   S = 
3 5,
2 2

 
 
 

.

A(2, 3)

D

E

B(2, 1) C(4, 0)

S
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 - II 10.25(vi)  (2, 1), (6, 1), (2, 5) 

.

:   A(2, 1), B(6, 1), C(2, 5) 

A, B BC


,  AC


  AD


, BE


BC


 = 
5 1 3
2 6 2
 




AD


 BC


 AD


  = 
2
3

AD


y + 1 = 
2
3 (x + 2)

  2x  3y + 1 = 0 ...(1)

AC


 = 
5 1 3
2 6 2

 

 





BE AC,
 

 BE


  = 
2
3



BE


  y + 1 = 
2
3

 (x  6)

2x + 3y  9 = 0 ...(2)

(1)  (2) 
52,
3

x y 

  O =  
52,
3

 
 
 

.

x y Ax + By + C = 0 

2x + 5y + 3 = 0 

A(2, 1)

B(6, 1) C(2, 5)D

O

E
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x y 

a y = mx + C (b)  3y = 3x + 8 (c) 3x  2y + 12 = 0

3x  2y + 12 = 0 AB  

x cos  + y sin  = P 

a 3x  4y + 10 = 0 (b)  3x  4y = 0

2x  y + 3 = 0 x  4y  7 = 0 

8. 2x  3y + k = 0,  3x  4y + 3 = 0   8x 11y  33 = 0

k 

9. 3x  y  5 = 0,   x  2y  4 = 0  

10. (1, 3), (3, 5),  (5, 1) .

11. (5, 7), (13, 2), (5, 6) .



m1 m2 

AB CD  

y = m1x + c1  y = m2x + c2

AB CD  P 

1XEB  2XFD  
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 - IITan 1 = m1  Tan 2 = m2

AB CD

EPF  

1 = 2 + 

 = 1 
Tan  = Tan (1 

1 2

1 2

tan tantan
1 tan tan

  
 

  

1 2

1 2
tan

1
m m

m m


 




1 2

1 2
0

1
m m

m m





1 2

1 2
0

1
m m

m m





1 2

1 2
0

1
m m

m m





m1 = m2 

1 2

1 21
m m

m m



i.e., m1m2 = 1 
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7x  y = 1 6x  y = 11 

7x  y = 1; 6x  y = 11  

y = 7x  1,  y = 6x  11

m1 = 7,  m2 = 6;  m1, m2 

7 6 1tan
1 42 43


  



1tan
43

 

 1 1tan .
43



x + y + 1 = 0 2x  y  1 = 0 

y =  x  1;  y = 2x  1

m1 =  1;  m2 = 2. m1, m2  

1 2

1 2

1 2tan 3
1 1 ( 1)(2)
m m

m m
  

   
  

  tan  = 3

         = tan3.

y = 3x  5  3x  4 = y 

y = 3x  5  m1 = 3

y = 3x  4  m2 = 3
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 - II
y = 3x 1

3
y x

 y = 3x m1 = 3

1
3

y x m2 = 
1
3



m1 m2 = 13 1
3

  

A1x  + B1y + C1 = 0  ...(i)

A2x  + B2y + C2 = 0  ...(ii)

i ii

1 1

1 1

A C
B B

y x  
2 2

2 2

A C
B B

y x  

m1 m2 

1 2

1 2
tan

1
m m

m m


 


2 1 1 2

1 2 1 2

A B A Btan
A A B B


 



i A2B1  A1B2 = 0
A1B2  A2B1 = 0

1 1

2 2

A B
0

A B


ii A1A2 + B1B2 = 0 
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x  7y + 12 = 0 x  7y + 6 = 0 

A1 = 1,  B1 = 7, A2 = 1 B2 = 7

1 1

2 2

A B
A B

1 7
1( 7) (1)( 7) 0

1 7


    




2x  5y  8 = 0; 5x  2y  3 = 0  

A1 = 2,   B1 = 5, A2 = 5 B2 =  2

A1A2 + B1B2 

y = m1x + C1  Ax + By + C = 0

a b

4x + y = 3 4
2 7
x y 

a A1x + B1y + C1 = 0, A2x + B2y + C2 = 0 

i ii

b x  3y = 7 2x  6y  16 = 0 

c x = y + 1 x =   y  1 
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 - IIAx + By + C = 0 P(x1, y1) 

l X Y R Q 

PM = d  PM L

M  (x2, y2)  

 2 2
1 2 1 2( ) ( )d x x y y   

 M l 

 Ax2 + By2 + C = 0

C = (Ax3 + By2)   ...(ii)

R Q 

C ,0
A

 
 
 

C0,
B

 
 

 

QR 

C0 AB
C B0
B



  

 

PM 2 1

2 1

y y
x x





PM QR

2 1

2 1

A 1
B

y y
x x
  

    
  

2 1

2 1

B
A

y y
x x





...(iii)

iii
 2 2

1 2 1 21 2 1 2
2 2

( ) ( )

A B A B

x x y yx x y y    
 


...(iv)
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1 2 1 2 1 2 1 2
2 2

A( ) B( )
A B A B

x x y y x x y y    
 


...(v)

iv v

 2 2
1 2 1 2 1 2 1 2

2 22 2

( ) ( ) A( ) B( )
A + B(A B )

x x y y x x y y     




1 1 2 2
2 22 2

(A B ) (A B )
A + B(A B )

x y x yd   



i

1 1
2 2

A B C

(A + B )

x y 
ii

1 1
2 2

A B C

A + B

x yd  


Ax + By + C = 0 

2 2 2 2

A(0) B(0) C C

A + B A + B

 


X- 1x y
a b
  a

x

X- (x, 0) 

bx + ay  ab = 0 (x, 0) 

1
2 2

.0bx a aba
a b

 
 



 2 2
1

ax b a b
b

   

  X  2 2 , 0a b a b
b
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 - II10.5.1

:  ax + by + c1 = 0, ax + by + c2 = 0  

1 2
2 2

| |c c

a b





 :

L1 : ax + by + c1 = 0 

P(x1, y1) 

L2 : ax + by + c2 = 0 

L1 = 0, L2 = 0 

 PM

P(x1, y1)  L2 = 0 

1 1 2
2 2

| |ax by c

a b

 




1 1 1 2 1
2 2

| |ax by c c c

a b

   




1 2
2 2

| |c c

a b






(  P(x1, y1)  L1 = 0 i.e., ax1 + by1 + c1 = 0)

   1 2
2 2

| |c c

a b




.

10.5.2

: P(x1, y1) ax + by + c = 0 

Q(h, k) 

1 1 1 1
2 2

( )h x k y ax by c
a b a b
   

  


 

P(x1, y1)

M

O

Y

X

L2 = 0

L1s = 0

X'

Ys' . 10.18
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 : P(x1, y1)  ax + by + c = 0  Q(h, k)

Q(h, k)   ax + by + c = 0

0ah bk c    ...(1)

(ax + by + c = 0 )

 PQ


1  .

1

1
1k ya

b h x


  


1 1h x k y
a b
 

 


1 1h x k y

a b
 

   ...(2) 

  h = x1 + a,  k = y1 + b

(1) 

 a(x1 + a) + b(y1 + b) + c = 0

1 1
2 2

( )ax by c
a b
 

   


...(3)

(2)  (3) 

1 1 1 1
2 2

( )h x k y ax by c
a b a b
   

   


10.5.3

 : ax + by + c = 0 P(x1, y1)

Q(h, k) 1 1 1 1
2 2

2( )h x k y ax by c
a b a b
   

  


P(x1, y1)

Q(h, k)

ax + by + c = 0

. 10.19
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 - II: ax + by + c = 0 

P(x1, y1) 

Q(h, k)  

  PQ   R 

1 1R ,
2 2

h x k y  
  
 

  R  L = ax + by + c = 0 

1 1 0;
2 2

h x k ya b c    
     

   

ah + by + 2c =   (ax1 + by1) ...(1)

  (ax + by + c = 0 )    PQ


 = 1

1

1
1y ka

b x h


  


1 1h x k y
a b
 

  ...(2)


1 1h x k y

a b
 

   1 1,x a k y b     

(1) 

a(x1  + a) + b(y1 + bl) + 2c = (ax1 + by1)

1 1
2 2

2( )ax by c
a b

  
 



(2), (3)  1 1 1 1
2 2

2( )h x k y ax by c
a b a b
   

  


.

 10.32(i) : x  2y + 3 = 0,  4x  8y  4 = 0 

:  x  2y + 3 = 0

  4x  8y  4 = 0  x  2y   1 = 0

P(x1, y1)

Q(h, k)

ax + by + c = 0

 10.20
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 c1 = 3, c2 = 1, a = 1,  b = 2

= 2 1
2 2

| |c c

a b





2 2

| 1 3 | 4
51 ( 2)

 
 

 

 10.32(ii) (1, 3)  5x  y  18 = 0 

: (1, 3) 5x  y  18 = 0 Q(h, k) 

2 2
1 3 (5( 1) (3) 18)

5 1 5 ( 1)
h k    

   
  

  
1 3 ( 26)

5 1 26
h k  

  


   h + 1 = 5,  k  3 = 1

   h = 4,   k = 2

  (h, k)  = (4, 2).

 10.32(iii) : 3x + 4y + 5 = 0 (3, 4)  

: 3x + 4y + 5 = 0 (3, 4) Q(h, k) 

2 2
3 4 2(3 3 4 4 5)

3 4 3 4
h k      

  


3 4 60 12
3 4 25 5

h k   
   

36 483 , 4
5 5

h k 
     

21 28,
5 5

h k 
   

   =  
21 28,
5 5
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 - II

3x + 2y + 4 = 0

Y 1x y
a b
 

b

Y 3y = 12 

3x + 7y + 14 = 0 

X 1
4 4
x y
 

6. (4, 1)  3x  4y + 12 = 0 

7. (4, 5)  (2, 3) 

8. 4x  5y + 8 = 0 (2, 3) 

9.

(i)  3x  4y = 12,  3x  4y = 7

(ii)  3y  5x + 4 = 0,  10x  6y  9 = 0
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Ax + By + C = 0

Ax + By + C = 0 ...(i)

Ax + By + C = 0 ii

i ii

1 1
1

BA K
A B

 

 A1 = AK1,   B1 = BK1

A1 B1 i

AK1x + BK1y + C1 = 0

Ax + By + 1

1

C
K

 = 0

Ax + By + K = 0

1

1

CK
K

 ...(iii)

ii iii

i x y ii

2x + 3y + 6 = 0

i x y

ii
 2x + 3y + K= 0 
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 - IIK = 0

K = 8

 2x + 3y = 8.

  Ax + By + C = 0 

A1x + B1y + C1 = 0 ..(i)

Ax + By + C = 0 ...(ii)

i ii

AA1 + BB1 = 0

1 1
1

A B K
B A


  

A1 = BK1  B1 = AK1

A1 B1 i

1

1

CB A 0
K

x y  

B A K 0x y  
1

1

CK =
K

...(iii)

iii ii

i x y 

ii

iii K
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2x + 3y + 6 = 0 

3x  2y + K = 0 ...(i)

i

K K = 1

3x  2y + 1 = 0.

(x2, y2) yy1 = 2a1(x + x1)  

yy1 = 2ax  2ax1 = 0 ...(i)

i

2ay + xy1 + C = 0

(a2, y2) 

 2ay + xy1 + C = 0

  C = 2ay2  x2y1

2a(y  y2) + y1(x  x2) = 0

3x + y = 2 

y = 2x + 3 

x + y +1 = 0
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 - IIx + y = 3 

2a(x + 2) + 3y = 0

3x + 4y = 2 X

2x  3y + 7 = 0 X

(a cos3 , a sin3) x sec  + y cosec  = a 
x cos  y sin  = a cos   

X
a b Y

A, B, C (a, 0), (a, b) 
(0, b)

  AC  = 2 2( 0) (0 )a b  

2 2a b 

OB = 2 2( 0) (0 )a b    2 2a b 

  AC = OB

 AC, OB 
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O(0, 0) (a, 0) (a, 0)

Y (0, a) 

BQ  1
0 1

0
a m

a


  


AQ 2
0 1

0
a m

a


   


m1 m2 = 1

  AQ BQ 

P(a cos , a sin ) 

PB 1
sin sin

cos 1 cos
a m

a a
 

  
  

PA 2
0 sin sin

cos 1 cos
a m

a a
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 - II

1 2
sin sin.

1 cos 1 cos
m m      

    
      

2

2
sin

1 cos
 


 

= 1.

 PA PB 

BPA 

OAB a, 0

,
2
a a 

 
 

C D AB OB 

C 
3 ,
4 2
a a 

 
 

D ,
4 2
a a 

 
 

OC 
2 23

4 2
a a   
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29 13
16 4 4

a a a
  

AD  
2 2

4 2
a aa a   

      
   

13
4
a



OC = AD 

O(0, 0),
A(a, 0) B(b, c) 

C D OB 
AB 

 C ,
2 2
b c 

 
 



467

311  Vol - I  (TOSS)

 - II
D ,

2 2
a b c 

 
 

CD  2 2 0

2 2

c c

a b b








OA X = 0

 CD OA 

CD 
2 2

2 2 2 2 2
a b b c c a   

       
   

OA = a

1CD OA.
2

 

OX OY 

2a 2b

OA = OC = a OD = OB = b

2 2 2 2AD OA OD a b   

2 2AB OB OA 

    2 2a b             

2 2BC CDa b  

AB = BC = CD = DA

 ABCD
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ABC BC 'D' AB2 + AC2 = 2(AD2 +
BD2)



 x, y 
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 - II



x, y 

L1   a1x + b1y + c1 = 0,  L2 = a2x + b2y + c2 = 0   

L1 L2 = 0,   (a1x + b1y + c2) (a2x + b2y + c2) = 0 

L1 = 0   L2 = 0  

L1 L2 = 0 L1 L2= 0 

L1L2= 0  L1= 0, L2 = 0  

6 x2 + 11xy  10y2   (3x  2y) (2x + 5y)  6 x2 + 111xy  10y2 = 0
  3x  2y = 0, 2x + 5y = 0  

Similarly,  we consider the euqation (3x  2y 1) = 0

&  2x  3y + 1 = 0

Since (3x  2y 1)  (2x  3y + 1)    6x2  5xy  6y2 + x + 5y 

1 = 0,  the equation     6x2  5xy  6y2 + x + 5y  1 = 0  represents the

pair of straight lines  3x  2y 1 = 0  and   2x  3y + 1 = 0

a, b, h H   ax2 + 2hxy + by2 = 0
x, y 

S   ax2 + 2hxy + by2 + 2gx + 2fy + c = 0 x, y 
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i a, b, h H   ax2 + 2hxy + by2 = 0 
h2 > ab

ii h2 > ab    H   (l1x + m1y) (l2x + m2y) 
l1 l2 = a,  m1 m2 = b,   l1m2 + l2m1 = 2h 

10.8.3  Angle between pair of lines

ax2 + 2hxy + by2 = 0  
 

2 2
cos

( ) 4

a b
a b h


 

 

i h2 = ab H   ax2 + 2hxy + by2 = 0
H = 0  cos  = 0

  a + b = 0 (x2, y2 

ii H = 0  

2 2

2 2

2 2Tan , Sin
( ) 4

h ab h ab
a b a b h

 
   

  

3x2  4xy + 1y2 = 0

a x2 + 2h xy + b y2 = 0 a = 3, b = 1,

h = 
4 2
2

   



471

311  Vol - I  (TOSS)

 - II2 2 4 (3)(1)2 2 1 1Tan
3 1 4 2

h ab
a b


    

 

 1 1= Tan
2

  
 
 

L1   a1x + b1y + c1 = c,  L2   a2x + b2y + c2 = 0
 L1 = 0, L2 = 0 

1 1 1 2 2 2
2 2 2 2
1 1 2 2

a x b y c a x b y c

a b a b

   
 

 

5x + y + 3 = 0,  x + 5y + 2 = 0 

5 3 5 2
26 26

x y x y      
   

   

  5x + 5 + 3 + (x + 5y + 2) = 0

 6x + 6y + 5 = 0,  4x  4y + 1 = 0

i 12x2 + 25xy + 12y2 = 0

ii 4x2  7xy  11y2 = 0

iii x2  2xy sec + y2 = 0

iv x2 + 2xy cot  y2 = 0
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(ax + by)2 = c(bx  ay)2, c > 0 ax

+ by + k = 0 

i 2y2  xy  6x2 = 0,  x + y + 4 = 0

ii 3x2  4xy + y2 = 0, 2x  y = 6

x, y S   ax2 + 2hxy + by2 + 2gx + 2fy +

c = 0 

(i) abc + 2fgh  af2  bg2  ch2 = 0

ii h2 > ab, g2 > ac, f 2 > bc

ax2 + 2hxy + by2 + 2gx + 2fy + c = 0 

ax2 + 2hxy + by2 = 0 

S   ax2 + 2hxy + by2 + 2gx + 2fy + c = 0

H   ax2 + 2hxy + by2 = 0 

S = 0 

2
1 1

2 2

2Cos Tan , 0
( ) 4

a b h ab a b
a ba b h

 
    
     

       

2
1 2Tan , 0h ab a b

a b

 
     

  

, 0
2

a b
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 - II   S = 0 h2 = ab a + b = 0 

h2 > ab 

S   ax2 + 2hxy + by2 + 2gx + 2fy + c = 0  

i h2 = ab ii a f 2 = b g2

iii
2

2
( )

g ac
a a b






2
2

( )
f bc

b a b





S   ax2 + 2hxy + by2 + 2gx + 2fy + c = 0 
g = f = c = 0

S   ax2 + 2hxy + by2 + 2gx + 2fy + c = 0 

2 2,hf bg gh af
ab h ab h

  
 

  

3x2 + 7xy + 2y2 + 5x + 5y + 2 = 0 

:

a = 3,  b = 2  c = 2

2f = 5   f = 5/2
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2g = 5   g = 5/2
2h = 7   h = 7/2

 2 2,hf bg gh af
ab h ab h

  
 

  

2

7 5 5. 2.
2 2 2

496
4

hf bg
ab h





 

35 20 15 3
24 49 25 5

 
  

 

2

5 7 5. 3.
2 2 2

496
4

gh af
ab h





 

35 30 5 1
24 49 25 5

 
  

 


3 1,

5 5
  

  
 

x2  y2 + 2x + 2y + k = 0 k 

: x, y 
a = 1 g = 1
b = 1 h = 0
c = k f = 1

= abc + 2fgh  af 2  bg2  ch2 = 0

1(1)(k) + 2(1) (1) (0)  1(1)2  (1) (1)2

 k(0)2 = 0

 k 1 + 1 = 0

                     k = 0
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2 x2 + k xy  6y2 + 3x + y + 1 = 0 k 

k  

: x, y 

a = 2, 2f = 1   f  = 
1
2

b = 6, 2g = 3   g = 
3
2

c = 1, 2h = k   h = 2
k

abc + 2fgh  af 2  bg2  ch2 = 0

21 3 1 912 2 2 6 0
2 2 2 4 4 4

k k       
           

       

 48 + 3k 2 + 54  k2 = 0

k2 + 3k + 4 = 0 =  k2  3k  4 = 0

(k  4) (k + 1) = 0

k = 4 (or)  1

k = 1 

 2 2,hf bg gh af
ab h ab h

  
 

  

2

1 1 3. ( 6) 1 36 35 52 2 2
1 49 49 72( 6)
4

hf bg
ab h
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2

3 1 12
3 4 12 2 2

1 49 712
4

gh af
ab h

   
           

  

5 1,
7 7
 

  
 

1
2 2

| |cos
( ) 4

a b

a b h
 


 

1 1
2

| 2 6 | 4cos cos
65(2 6) 4

   
   

  

ii k = 4 

2

1 32 6
1 9 52 2

12 4 16 8
hf bg
ab h

 
      

  

2

3 1(2) 2. 2 12 2
12 4 16 8

gh af
ab h




   
  

P  
5 1,
8 8

 
   
 

2 2

| |cos
( ) 4

a b

a b h


 

 

          2

| 2 6 |

(2 6) 16




 

4 1
4 5 5

 

        
1 1cos

5
  .
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 - II

x2  y2  x + 3y  2 = 0  

i 9 x2  6xy + y2 + 18x  6y + 8 = 0

ii x2  + 2 3  xy + 3y2  3x  3 3  y  4 = 0

2(x2  y2) + 3xy + 7x + 9y + 5 = 0 

ax2 + 3xy  2 y2  5x + 5y + 8 = 0 'a' 

ax2 + 2hxy  ay2 = 0  

10.8.8 x, y 

ax2 + 2hxy + by2 + 2gx + 2fy + c = 0 ...(i)

lx + my + n = 0,  (n   0)  (1) i

A, B

AB


  1lx my
n





...(2)
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A

B

O XX'

Y'

Y

(1)  (2) 

(1)  ax2 + 2hxy + by2 + 2gx(1) + 2fy(1) + c(1)2 = 0 

2
2 22 2

1
lx myax hxy by gx  

     
 

2

2 0
1 1

lx my lx myfy c    
     

    
 ...(3)

2 22 0a x h xy b y     

  
2

2
2 ,gl cla a
n n

   

    
gm f l clmh h
n n n

    

    
2

2
2 fm cmb b

n n
   

 (3) OA


, OB


 

 10.47: 2 0x y    x2  xy + y2 + 3x + 3y  2 = 0

:   x2  xy + y2 + 3x + 3y  2 = 0 ...(i)

   2 0x y    ...(ii)

 A,B

.

OA


, OB


A

B

O XX'

Y'

Y
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 - II(2)   1 1
2

x 


(1) 

x2  xy + y2 + 3x + 3y  2 = 0

x2  xy + y2 + 3x (1) + 3y   2(1)2 = 0

x2  xy + y2 + 3x 3
2 2

x y x yy    
   

   

2

2 0
2

x y 
  

 

2 2
2 2 2 23 3 ( 2 ) 0

2
x yx xy y x xy y

      

  i.e.,  2 23 2 3 0x xy y  

 OA


, OB


.

x2  y2  OA


, OB


 10.48: 2x + 3y = k  3x2  xy + 3y2 + 2x  3y + 4=0

: 3x2  xy + 3y2 + 2x  3y + 4 = 0 ...(1)

2x + 3y = k ...(2)

A, B 

OA


, OB


 

A

B

O XX'

Y'

Y



480

 - II
311  Vol - I  (TOSS)

(2)    
2 3 1x y

k




(1) 

3x2  xy + 3y2 + 2x(1)  3y (1) + 4(1)2 = 0

3x2  xy + 3y2 + 2x
2 3 2 33x y x yy

k k
    

   
   

22 34 0x y
k
 

  
 

2 2 2 2
2 2

2
4 9 4 9 123 3 4 0x y x y xyx xy y

k k
   

      
 

2 2
2 2 2

4 16 48 9 363 1 3 0x xy y
k kk k k

     
             

     

 OA


, OB


 

   OA


, OB


x2  + y2  = 0

2 2
4 16 9 363 3 0
k kk k

     

3k2 + 4k + 16 + 3k2  9k + 36 = 0

6k2  5k + 52 = 0

 10.10

1. 3x y + 1 = 0 x2  2xy + y2 + 2x + 2y  5 = 0 

2.  x y = k 2x2  2xy + 3y2 + 2x y   1 = 0 

k
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 - II3. x2 + y2 = a2  lx + my = 1 

4. 3x y = 2 7x2  4xy + 8y2 + 2x  4y  8 = 0 

Y- x = a X
y = b

Y- 'C' m Y = mx + C

A(x1, y1) m
y = mx + C

A(x1, y1) B(x2, y2)

2 1
1 1

2 1
( )y yy y x x

x x


  


X Y a, b 

1x y
a b
 

p 
x

x cos  + y sin  = p.

1 1

cos sin
x x y y r 

 
 

r 

A(x1, y1) P(x, y)
X 
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x y 
A B 

Ax + By + C = 0 

i = 
A
B



ii X
C
A

 

iii Y
C
B

 

iv
2 2

|C|

(A +B )


v

2 2 2 2

A| Bcos ; sin
A +B A +B

   
 

C > 0 

C < 0 

C = 0 

m1, m2 

1 2

1 2
tan

1
m m

m m


 


i m1 = m2 

ii m1m2 = 1 

   B

2 1 1 2

1 2 1 2

A B A Btan
A A B B
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 - II
i A1B2  A2B1 = 0 1 1

2 2

A B
0

A B


ii A1A2  B1B2 = 0 

(x1, y1) Ax + By + C = 0 

1 1
2 2

A B C

A B

x yd  




Ax + By + C = 0 
Ax + By + K = 0

Ax + By + C = 0 
Bx  Ay + K = 0

http : //www.wikipedia.org

http:// math world . wolfram.com

Y

a

b

a

b
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(a, 0) (0, b) (3a, 2b) 

ABC A(1, 4),  B(2, 3) C(1, 2) 

a A 

b A 

c BC 

A(2, 1) X 6


2x + 3y + 7 = 0 

X Y a b

(2 3) 5y x   (2 3) 5y x  

2x + 3y = 4 3x  2y = 7 

12(x + 6) = 5(y  2) 

3x + 4y + 5 = 0 

2x + 3y = 4 4x + 6y = 20 

4x  3y = 7 

(a cos3, b sin3) x sec  + y cosec  = a
x cos  y cosec  = a cos 2

a
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 - IIb

c 'a' 
23

4
a

d ABC G O OA2

+ OB2 + OC2 = GA2 + GB2 + GC2 + 30G2

e

(a)  2.  (a)  1 (b) 1 (c)  1

7 4. 20 5.(a)  y = 4 (b)  x  = 3

6. x = 5 7. y + 7 = 0

(a)  y = 2x  2 (b) = Y-

3 3 1y x   =
1 ,
2  Y-

3x + 7y = 7 5. y = x + 1;  x + y  3 = 0 6. 3x  2y = 0

7. (a) x + y = 1 (b) AC = 2x  y  4 = 0

     BD   = 2x  11y + 66 = 0

8. x  2 = 0,  x  3y + 6 = 9  5x  3y  2 = 0

9. 2x + 3y = 6 10. 3x + y = 6 11. 3x + 4y = 11

12. 2 2x y 

14. 2 1
1 1
2 2

x y 


1 12 , 1
2 2
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A B

2 3
5 5

y x
 

a X
C

m


 ; YY = C

b X
8

3


 ; YY
8
7



c X ; Y

2 13 1
Psec P cosec

x x
 

 

a
3 4 2 0
5 4

x y    b
3 4 0

4
y

x
  

K = 7, 9.  (2, 1) 10.  S = (8, 10) 11. O = (3, 2)

(a) 1
A
B

m 
 (b) Am1 = B

1 7tan
6

  
   

 

(a) (i) 
1 2

1 2

A A=
B B (ii) A1A2 + B1B2 = 0

b c

16=
13

d 2.  2 20, b a a b
a

 
  

 
3. 

320,
3
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 - II
4.

14
58 5. 

3 (4 5), 0
4

 
 

 

6.
8 21.
5 5

 
 
 

7.   3x  4y = 18

8.
74 133,
41 41

 
   9.  

1
2 34

3x + y + 2 = 0

2.  y = 2x + 2

3. x  y = 3

4.  y = x

5. 3x  2ay = 6(a  1)

7. 2x  3y + 6 = 0

 10.8

1. (i)  1 24cos
25

  (ii)  
1 7cos

232
  
 
 

(iii)  

(iv)  2


3. (i)  
20 44 56, ,
9 9 3

 
 

 
(ii)  (0, -4), 36

 10.9

1. x + y  2 = 0, x  y + 1 = 0

2. (i)  
2
5

(ii)   
5
2
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3.
11 3,
5 5

 
 
 

4. 2 5.  2


 10.10

(1)
1 13cos

193
  
 
 

(2) + 1

(3) a2 (l2 + m2) = 2

(4) 900

(a)  4x + 3y + 9 = 0 (b)  x  8y  24 = 0

2. (a) 3x  5y  37 = 0 (b) 5x  8y  60 = 0

4. (a) 13x  y  9 = 0 (b) 3x  y + 1 = 0

(c) 3x  y  4 = 0

5. 3 2 3x y  

6. 2x + 3y + 13 = 0

7. bx + ay = ab

8.  2


9. 2


10.  
98
13 11. 

9
5

12.
6
13 13. 

7
5
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i

ii
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 C   'a'  h, k
P(x,  y) 

X- CM, PN  PN  CL 

CL = MN = ON  OM = x  h

   PL = PN  LN

       = PN  CM

       = Y  K

CLP 

C L2 + PL2 = CP2

     (x  h)2 + (Y  K)2 = a2 ...(1)
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x, y
h, k 'a' 

i

ii)   X-

iii  X-

iv

v X-

vi Y-

vii

i

h2 + k2 = a2

x2 + y2  2hx  2ky = 0 .

ii K = 0

(x  h)2 + y2 = a2
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iii K = 0 h = + a

x2 + y2 + 2ax = 0

iv h = 0 = K

x2 + y2 = a2

v K = 0  

x2 + y2  2hx  2ay + h2 = 0
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vi h = a

x2 + y2  2ax  2ky + k2 = 0

vii h = k = a  

 

x2 + y2  2ax  2ay + a2 = 0

h = 3; k = 4, a = 6

 (x  3)2 + (y + 4)2 = 62

x2 + y2  6x + 8y  11 = 0

(x + 1)2 + (y  1)2 = 4

(x + 1)2 + (y  1)2 = 4 (x  h)2 + (y  k) = a2 

h = 1, k = 1; a2 = 4

 h = 1;  k = 1, a = 2

 1, 1
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h, k r  

(x  h)2 + (y  k)2 = r2 ....

x2 + y2  2gx  2ky + h2 + k2  r2 = 0

x2 + y2  2gx  2fy + c = 0

 (x2 + 2gx  g2) + (y2   2fy + f 2) = g2  f 2  c

 
2

2 2 2 2( ) ( )x g y f g f c      

 
2

2 2 2 2[ ( )] [ ( )]x g y f g f c         ... (4)

 (x  h)2  (y  k)2 = r2

2 2, ,h g k f r g f c     

g, f ) 2 2g f c 

x    y

x2 + y2 + 2gx + 2fy + c = 0  

i) x, y    x2  y2   

ii xy  

(iii) X-

x2 + y2 + 2gx + c = 0  ( y -  )
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(iv) Y-

x2 + y2 + 2fy + c = 0  (   x -  )

x2   y2  

45x2 + 45y2  60x + 36y + 9 = 0  



2 2 4 4 19 0
5 5 45

x y x y    

x2 + y2 + 2gx + 2fy + c = 0   

2 2 19; ,
3 5 45

g f c   

   
2 2,
3 5

 
 

 
   2 2 41

15
g f c  

:  x2 + y2 + 2gx + 2fy + c = 0  

1 + 2g + c = 0

36  12 f + c = 0

25 + 6g + 8f + c = 0

2g + 12f = 35

6g + 20f = 11
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71
4

g      47
8

f   

g   c 

69
2

c 

g,  f   c  

4x2 + 4y2  142x + 47y + 138 = 0

X-

:  X K = a  

x2 + y2  2hx  2ay + h2 = 0

(1, 2)  

       h2  2h + 4a + 5 = 0

       h2  6h + 8a + 25 = 0

'a'  

 h2 + 2h 15  

h = 3   h = 5

'a'  

'a'   h  
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x2 + y2   6x + 4y + 9 = 0

x2 + y2 + 10x + 20y + 25 = 0

A(x1, y1)   B(x2, y2)   AB  

P(x, y)   AP, BP  
  

   AP  BP

AP    BP  

AP   1

1

y y
x x





BP   2

2

y y
x x






1 2

1 2
1y y y y

x x x x
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 - II(x  x1) (x  x2) + (y  y1) (y  y2) = 0

:    x1 = 0;  y1 = 0;  x2 = 2 ;  y2 = 4

(x  0) (x  2) + (y  0) [y  (4)] = 0

x2  2x + y2 + 4y = 0

     x2 + y2  2x + 4y = 0

Y = mx  x2 + y2  2ax = 0 

2 2
2 2,

1 1
a am
m m

 
 
  

2 2
2 2( 0) ( 0) 0

1 1
a amx x y y
m m

   
        

    

   2 2
2 2

2 2 0
1 1

a amx y x y
m m

   
 

(1 + m2) x2 + (1 + m2) y2  2ax  2amy = 0
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P(x, y)  

'r'  

P   OX   PM  

PM  OX

OM = x;  MP = y   OP 

    XOP      OP = r  

x = OM = r cos 

y = MP = r sin 

x = r cos ,   y = r sin   
''  

h, k x = h + rcos,
y = k + r sin   [0, 2]

i)  (x  1)2 + (y + 2)2 = 9 ii (x  2)  (x  4) + (y  3) (y  1) = 0
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 - II(x  1)2 + (y + 2)2 = 32

= 

   

x = 1 + 3 cos  ;  y = 2 + 3 sin 

ii

x2 + y2  2x  2y  11 = 0

    13

    

x = 1 +  13  cos ,  y = 1 +  13  sin 

 11.9 : X-  (2, 3),  (4, 5) 
.

: X-
x2 + y2 + 2gx + c = 0 ...(1)

 (2, 3) 
4g + c + 13 = 0 ...(2)
 (4, 5) 

8g + c + 41 = 0 ...(3)

(2)   (3) 
7 67,
3 3

g c   

 3x2 + 3y2  14x  67 = 0  .

 11.10 : (2, 3),  (4,  5) 
4x + 3y + 1 = 0 

: 
x2 + y2  2gx  2fy + c = 0 ...(1) 
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(2, 3)    4g  6f + c + 13 = 0 ...(2)

 (4, 5)   8g + 10f  + c + 41 = 0 ...(3)

 (g, f ),  4x + 3y + 1 = 0 

 4g  3f  + 1 = 0 ...(4)

(2), (3)   (4)   g = 1,   f  = 1, c = 23

x2 + y2 + 2x  2y  23 = 0

 11.11 : (1, 6) (5, 2) (7, 0)   (1, c) 
c  

: A(1, 6), B(5, 2),  C(7, 0)    D(1, c) 

A, B, C 

x2 + y2  2gx  2fy + c = 0  ...(1)

 A(1, 6), B(5, 2),  C(7, 0) 

2g  12f  + c + 37 = 0 ...(2)

10g  4f  + c + 29 = 0 ...(3)

14g  c + 49 = 0 ...(4)

(2), (3)    (4)   g =  3, f = 2, c =  7

 A, B, C  

x2 + y2  6x  4y  7 = 0 

A, B, C, D    D(1, c)  A, B, C 

i.e.,  (1)2 + c2  6(1) + 4(1)  7 = 0

c2 + 4c = 0

c = 0,  c = 4.
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 - II

(2, 3)   4

a x2 + y2 + 3x  y = 6

b 4x2 + 4y2  2x  3y  6 = 0

Y-

a (x  1)2 + (y + 1)2 = 4

(b) 4x2 + 4y2  2x  2y  3 = 0

(c)  (x  1) (x  1)  +  (y  1) (y  1) = 0

7. (4, 1), (6, 5)    4x + y  16 = 0 

.

8. (2, 0), (0, 1), (4, 5)   (0, c)  c

.



504

 - II
311  Vol - I  (TOSS)

(i) x2 + y2 + 2gx + 2fy + c   S 

S   x2 + y2 + 2gx + 2fy + c.

(ii) xxi + yyi + g(x + xi) + f(y + yi) + c    Si 

S1   xx1 + yy1 + g(x + x1) + f(y + y1) + c,

S2   xx2 + yy2 + g(x + x2) + f(y + y2) + c.

(iii) xi xj + yiyj + g(xi + xj) + f(yi + yj) + c   Sij   i, j = 1, 2, 3, ...).

S12  =  x1x2 + y1y2 + g(x1 + x2) + f(y1 + y2) + c.

S11  =  x12 + y12 + 2gx1 + 2fy1 + c.

(i) (  11.1)

(ii) (

 11.2)

(iii)  (  11.3).  

  Y

O
X

 11.1
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 - II

   11.2        11.3

 :   S = 0  P(x1, y1) 

(i) P    S111 < 0.

(ii) P    S111 = 0.

(iii) P    S111 > 0.

 : S   x2 + y2 + 2gx + 2fy + c = 0  

P(x1, y1)   C(g, f )    r =  cfg  22

(i) P 

 CP < r   (   20.4)

 CP2 < r2.

 (x1 + g)2 + (y1 + f )2 < g2 + f 2  c

 x12 + y12 + 2gx1 + 2fy1 + c < 0

 S11 < 0.

 

  Y

O
X 

  Y

O
X

 

 

C

 Y

O
X

P

 11.4
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(ii) P 

 CP = r   (   11.5)

 CP2 = r2

 (x1 + g)2 + (y1 + f )2 = g2 + f 2  c

 x12 + y12 + 2gx1 + 2fy1 + c = 0

 S11 = 0.
 11.5

(iii) P 

 CP > r   (   11.6)

 CP2 > r2

 (x1 + g)2 + (y1 + f )2 > g2 + f 2  c

 x12 + y12 + 2gx1 + 2fy1 + c > 0

 S11 > 0.
 11.6

x2 + y2 4x + 6y  3 = 0  (2, 3) 

(x1, y1) = (2, 3) ,  g = 2,  f = 3, C = 3

  S11 =  
2 2
1 1 1 12 2 Cx y gx fy   

         =  (2)2 + (3)2 + 4(2) + 6(3)  3
         = 20.

S11 > 0  

 P 

Q. P, Q    PQ


 

 

 Y

O X

P

 

 

C

Y

O X

P
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 - II

 11.7  11.8

Q  Q   P   PQ


    P 

( . 11.8).

: S = x2 + y2 +  2gx +  2fy + c =  0    P(x1, y1) 

S1  =  0

Proof:     x2  +  y2  +  2gx  +  2fy  +  c  =  0

  'x' 

2 2 2 2 0dy dyx y g f
dx dx

   

dy x g
dx y f


  



  S  P(x1,  y1) 

1

1p

x gdy
dx y f

 
  

 

S = 0  P(x1, y1)

1
1 1

1
( )x gy y x x

y f


   


  xx1 + yy1 + g(x + x1) +  f (y +  y1) + c = 
2 2
1 1 12 2x y gx fy c   

   S1  =  S11

  S1 = 0    (  P(x1, y1)  S = 0  )

 

 

Q

 Y

O
X

 

 

  Y

O
X
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: x2 + y2 =  r2     P(x1, y1) 

xx1  +  yy1   r2  =  0.

S = 0  P

P 

T PT  

P 

S = 0  P(x1, y1)

11S .

 11.9

C r 
 S = 0 

 P(x1, y1) 
CP2  r2   S = 0 

P 11.10,
11.11, 11.12.

 

 

P

C

 Y

O
X

r
 

 

C

 Y

O
X

r

 11.11  11.12

 

 

P

T

 Y

O
X

 

 
P

C

 Y

O
X

r

 11.10
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P x y

 P

S = 0 P x y S (CP2  r2 = S11)

 : x2 + y2 + 8x  2y + 1 = 0 .  (2, 3)  

(2, 3) 11S

2 2(2) ( 3) 8(2) 2( 3) 1      

36

= 6

 x2 + y2  4x + 3y  K = 0  

K  S11 = 3

 (1)2 + (1)2  4(1) + 3(1) + K = 3

 1 + 1  4  + 3 + K = 3

 1 +  K = 3

  K = 2.

11.15 : s  = x2  +  y2     8x  +  4y     5  =  0    P(1,  2)

.

:   s  = x2  +  y2     8x  +  4y     5  =  0

P(1,  2)  S1 =  0

xx1  +  yy1     4(x  +  x1)  +  2(y  +  y1)   5  =  0

x(1)  +  y(2)   4(x  +  1)  +  2(y  +  2)   5  =  0

3x     4y  + 5 =  0
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 S = 0,     L = 0

(i)

11.13).

(ii)

11.14).

(iii)

  L = 0   S = 0 

11.15).

.

 

 

 2

 Y

O
X

L

 1

 

  Y

O
X

L

 

  Y

O X

L
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 - II  y = mx + c 

(i) 2
2

2

1
r

m
c




 x2 + y2 = r2  

(ii) 2
2

2

1
r

m
c




  x2 + y2 = r2 

(iii)  2
2

2

1
r

m
c




  x2 + y2 = r2 

(iv)  y = mx + c     x2 + y2 = r2 

21c r m         x2 + y2 = r2  

   21y mx r m   .

(v)  y = mx + c  x2 + y2 + 2gx + 2fy + c  = 0 

2( ) 1y f m x g r m    

 P 

 P 

P 

(   11.16).

  11.16

 

 

P 

 Y

O X

P

C

P 
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S   x2 + y2 + 2gx + 2fy + c = 0        ... (1)

P(x1, y1) 

(x x1)  (y1 + f ) (y  y1) (x1 + g) = 0.

 :   C   C = (g, f ),   P 


gx
fy






1

1CP   
gx
fy






1

1CP

 P(x1, y1) 

)(
)(
)()( 1

1

1
1 xx

gx
fyyy 






 (x  x1) (y1 + f )  (y  y1) (x1 + g) = 0

x2 + y2 = r2  P(x1, y1)     xy1  yx1 = 0.

 :  x2 + y2  4x  6y  3 = 0  (1, 2) 

:  

2g  =  4  g = 2

2f   =  6  f  = 3;

 x1  =    1, y1 =   2.

(1, 2)  

(x  x1) (y1  f ) (y  y1) (x1  g) = 0

  (x  1) (2  3) (y  2) (1  2) = 0

 (x  1) (1) (y  2) ( 1) = 0

 x  1 +  y  2  = 0
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 - II x y  1 = 0

   x2 + y2  4x  6y  3 = 0  (1, 2) 

x  y  1 = 0.

:  x2 + y2 = 16  (,6) 

x2 y2  r2   P(x1, y1)   xy1 yx1 

x2 y2 

x(6)  y(5) = 0.

            6x + 5y = 0

 11.18:  x2 + y2  4x + 6y  12 = 0  x + 2y  8 = 0 

.

   g = 2,  f = 3,   4 9 12 5r    

 m = 
1
2


  x + 2y  8 = 0

2( ) 1y f m x g r m    

1 13 ( 2) 5 1
2 4

y x
    

i.e.,  2 4 5 5 0x y    .

 11.19 :   x2 + y2  8x  4y  16 = 0   3x  y  4 = 0 

   C = 4, 2)

   16 4 16 6r    
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d = C(4, 2)  3x  y + 4 = 0

2 2

3( 4) 2 4 10 10
103 ( 1)

  
  

 

    AB =  2 22 2 36 10r d  

   2 26.

 S = 0 

P(x1, y1)  S = 0 

A,  B 

AB    S = 0   P  

(  11.17)

P x y

 :  S = x2 + y2 + 2gx + 2fy + c = 0   P(x1, y1) 

S = 0   P  S1 = 0.

 

 

C

 Y

O  X

P
A

B
P 
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 - II
S = 0  

P.  P  S = 0

 Q,  R    S = 0  
Q,  R 

P 

11.18).

 :  S = 0  P(x1, y1)  S1 = 0.

 : 2 2 2x y r  lx + my + n = 0 (n   0) 

  is  
2 2
,r l r m

n n
 
  
 

: x2 + y2 = r2   lx + my + n = 0 ...(1)

 p(x1, y1) 

   x2 + y2 = r2   p(x1, y1) 

xx1 + yy1  r2 = 0 ...(2)

(1), (2) 

   
2

1 1x y r
l m n


 

2 2

1 1,r l r mx y
n n

 
  

x2 + y2 = r2   lx + my + n = 0  (n   0)

2 2

1 1( , ) ,r l r mp x y
n n

  
   
 

 

 

C

 Y

O X

P

A

P 

R
R1Q1

Q2
Q3
Q4

R2R3
R4

Q
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:  S   = x2 + y2 + 2gx + 2fy + c = 0   lx + my + n = 0

(n   0) 
2 2

,lr mrg f
lg mf n lg mf n

 
         

11.8.3

S  = x2 + y2 + 2gx + 2fy + c = 0  P   Q   P, Q

P   Q  Q  P 

: S = 0   P(x1, y1),  Q(x2, y2) 

 S12 = 0.

11.8.4

S = 0     P,  Q   P 

Q   S = 0  .

:  S  = x2 + y2 + 2gx + 2fy + c = 0  

 l1x + m1y + n1 = 0,  l2x + m2y + n2 = 0 

    r2(l1l2 + m1m2)

  = (l1g + m1 f  n1) (l2g + m2 f  n2)

 x2 + y2  4x  2y  12 = 0   A

S = 0   P S1 = 0.

    x2 + y2  4x  2y  12 =  0  A

S1 = 0.

 x(4) + y(2)  2(x + 4)  1(y + 2)  12 = 0

 4x + 2y  2x  + 8  y  2  12  = 0

 6x +  y 6  = 0.
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 - II x2 + y2  2x  6y  6 = 0   P

S1 = 0

 x(6) + y(1)  1(x + 6)  3(y  1)  6 = 0

 6x  y  x   6  3y  3  6  = 0

 5x + 2y 15  = 0.

: x2 + y2 = 24  3x + 4y  12 = 0 

 x2 + y2 = 24  3x + 4y  12 = 0

2 2
,r l r mp

n n
  

   
 

 r2 = 24,  l = 3,  m = 4,  n = 12

     p = 
24 3 24 4,
12 12

    
 

  

     = (6, 8).

:  x2 + y2  5x + 8y + 6 = 0   x  2y + 22 = 0 

  = 
2 2

,lr mrg f
lg mf n lg mf n

 
         

  g  = 
5 ,
2

   f = 4,   
25 6516 6
4 4

r    

    l = 1,  m = 2,  n = 22

= 

65 651 ( 2)5 4 4, 45 52 1 ( 2) 4 22 1 ( 2) 4 22
2 2

 
   

    
          
 

       = (2, 3).
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:  x2 + y2 = 24   (4, 2), (3, 6) 

 S = x2 + y2  24 = 0

p(x1, y1)  = (4, 2), Q(x2, y2) = (3, 6)

  S12 = x1x2 + y1y2  24

= 4 3 + (2)   6  24

= 12 + 12  24

= 0

   (4, 2), (3, 6) 

: x2 + y2  2x + 2y  1 = 0   (2, 3), (k, 1) 

 k .

Let S = x2 + y2  2x + 2y  1 = 0

S = 0   (2, 3), (k, 1)    S12 = 0

x1x2 + y1y2  (x1 + x2) + (y1 + y2)  1 = 0

2   k + 3   1  (2 + k) + (3  1)  1 = 0

2k  3  2  k + 2  1 = 0

    k  4 = 0

   k = 4.

:  x2 + y2  4x + 3y  1 = 0   2x + y + 12 = 0,

kx  3y  10 = 0   k .

  x2 + y2  4x + 3y  1 = 0

3 9 292, , 4 1
2 4 4

g f r      

 2x + y + 12 = 0,  kx  3y  10 = 0

  l1 = 2,  m1 = 1, l2 = k1, m2 = 3, n2 = 10
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 - II
2

1 2 1 2 1 1 1 2 2 2( ) ( )( )r l l m m l g m f n l g m f n     

29 3(2 3) 4 12 2 10
4 2 2

k k   
         

  

29 29 4 11(2 3)
4 2 2

kk     
    

  

2k  3 = 4k  11

   2k = 8

  k = 4.

 L   S = 0,

S' = 0 
L    S = 0, S' = 0 

( 11.19).
 

  Y

O X

S = 0

S' = 0
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,

S = 0, S' = 0   C1, C2   r1, r2
 C1  C2  1 2C C  

(i) C1C2 > r1 + r2

 

  Y

O
X

 

  Y

O
X

 y

C1 C2

  O X
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 - II(ii) C1C2 = r1 + r2

(iii) |r1  r2|  < C1C2 < r1 + r2

(iv) C1C2 =  |r1  r2|

(v) C1C2 <   |r1  r2|

 

  Y

O X

C1

C2

r2
r1

P

 

  Y

O X

C1
C2

 

  Y

O
X

C1 C2
P

 

  Y

O X

C 1

C 2
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C1C2 = 0 

 x2 + y2  8x  6y  21 = 0   x2 + y2  2y  15 = 0  

x2 + y2  8x  6y  21 = 0 ...(1)

             x2 + y2  2y  15 = 0 ...(2) 

 C1, C2  r1, r2 

C1 = (4, 3),   C2 = (0, 1), r1 = 2,  r2 = 4.

2 2
1 2C C (4 0) (3 1) 16 4 20 2 5.        

 |r1  r2| = |2  4| = 2,

r1 + r2 = 6

|r1  r2| = < C1C2 < r1 + r2

 4 20 36 

 x2 + y2  14x  6y  33 = 0     x2 + y2  30x  2y  1 = 0

C1 = (7, 3),   C2 = (15, 1), r1 = 5,  r2 = 15.

2 2
1 2C C (7 15) ( 3 1) 10 5     

 r1  r2  = 20

 

  Y

O
X

C1

C2
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 - II
1 2 1 2C C r r   1 2 1 2C C 500 400r r  

(i) S   x2 + y2  2x  8y  4 = 0;  P(1, 3)

(ii) S   x2 + y2  6x  4y + 9  = 0; P(1, 2)

(iii) S   x2 + y2  4x  2y  11 = 0; P(2, 5).

2. P 

(i) S   x2 + y2  6x + 4y  12; P = (1, 1)

(ii) S   x2 + y2  6x + 8y  96; P = (1, 2)

(iii) S   x2 + y2  2x + 6y  5;  P = (2, 3)

3. (2, 5)   x2 + y2  5x + 4y + k = 0 

37     k 

4. x2 + y2  6x + 4y + 12 = 0,   5x + 12y  4 = 0 

5. S = 0  P 

(i) S   x2 + y2  6x + 4y  12; P = (1, 1)

(ii) S   x2 + y2  4x  6y  11; P = (3, 4).
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6. S = 0  P 

(i) S   x2 + y2  22x  4y  25; P = (1, 2)

(ii) S   x2 + y2  10x  2y  6; P = (3, 5).

7. x2 + y2  5x + 4y  2 = 0  

8. x2 + y2  10x  10y + 25 = 0  

9.

(i) x2 + y2  2x  4y  4 = 0 (ii) x2 + y2  6x  6y  14 = 0

x2 + y2  4x  6y  3 = 0 x2 + y2  2x  4y  4 = 0

10. x2 + y2  8x  2y  8 = 0   x + y + 1 = 0 

11. x + y + 1 = 0  x2 + y2  3x  7y  14 = 0 

12. x2 + y2  4x  6y  12 = 0   2x + 3y + 11 = 0, 2x  2y  1 = 0

13. x2 + y2 = 17   (4, k)    (2, 3) 

k .
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1 2T PT

S = 0,  S' = 0 P, Q P, Q

i C C

ii d = C1C2

iii r1 r2

iv 

cos  =
21

2
2

2
1

2

2 rr
rrd 

 

 Y

O X

T1

P

T2
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P

  

 

 

w ‹ ²#  ‹ ¬æ~ ¡Å ö~ Y

 

°  (PT PT

T T

T PT = 

C PC = C PT  T PC

= + 

= 

C PC

C C = C P + C P  C P C P cosC PC

d = r + r  r r cos 

 cos  =
21

2
2

2
1

2

2 rr
rrd 

x2 + y2 + 2gx + 2fy + c = 0 ...(1)

  x2 + y2 + 2g'x + 2f 'y + c' = 0 ...(2)

'' 

2 2 2 2

2 2cos
2. .

c c gg ff

g f c g f c

    
 

     

x + y + gx + fy + c =

x + y + g'x + f 'y + c' = 

 

  y

O X

P
r2

C2T 2
C1 T 1

Q

r1
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 - II cos =


cfgcfg

ffggcc





22222

22
 =

 gg' + ff ' = c + c'.



2 gg' + ff ' = c + c'.

x + y  x =  (1)    x + y  x + y + 4 =

g = 1,  f = 0, c = 0, g' = 2, f ' = 3, c' = 4



2 2 2 2

0 4 (2)( 1)( 2) (2)(0)(3)cos
2. ( 1) (0) 0 . ( 2) (3) 4

    
  

     

0 4 4 0
2. 1 0 0. 4 9 4

   


    

0
2. 1. 9



 .
2


x + y  x + 4y + 3=  (1)

   x + y  x  y + K =

K 

g = 1,  f = 2, c = 3, g' = 3, f ' = 1, c' = k.

2(gg' + ff ') = c + c'.
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 2[(1) (3) + (2) (1)] = 3 + k.

2[3  2] = 3 + k.

2(5) = 3 + k

10 = 3 + k

 k = 10  3

   k = 13.

11.31: (1, 1)  x2 + y2   8x   2y + 16 = 0 

x2 + y2  4x  4y  1 = 0 

 

x2 + y2  2gx  2fy + c = 0  ...(1) 

 (1, 1) 

2g + 2f  c  2 = 0 ...(2)

 x2 + y2  8gx  2y +  16 = 0 

   8g   2f   c   16 = 0

  8g   2f + c + 16 = 0 ...(3)

 x2 + y2  4x  4y  1 = 0 

 4g   4f  = c   1

  4g   4f + c  1 = 0 ...(4)

(2), (3)   (4)

7 23, , 5.
3 6

g f c    

  3(x2 + y2)  14x + 23y  15 = 0.

 11.32:  x2 + y2  4x + 2y  7 = 0 
(2, 3) 
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x2 + y2  2gx + 2fy  c = 0 ...(1) 

  (  g,  f ) = (2, 3)

  g = 2,   f = 3.

 x2 + y2  4x + 2y  7 = 0  

  2g(2)  + 2f (1) = c  7

 4g + 2f = c  7

4(2) + 2(3) = c  7

   c = 9.

  x2 + y2  4x  6y  9 = 0

P 

P 

(i) S   x2 + y2 + 2gx + 2fy + c = 0 ...(1)

S'   x2 + y2 + 2g'x + 2f 'y + c' = 0

S  S' = 0

2(g  g')x + 2( f  f ')y + (c  c') = 0

ii S  S' = 0

x2, y2 
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x2 + y2 + 4x  2y + 5 = 0,  x2 + y2  6x  4y + 2 = 0

S  S' = 0

 (x2 + y2 + 4x  2y + 5)   (x2 + y2   6x   4y + 2) = 0

 x2 + y2 + 4x  2y + 5y   x2  y2   6x  4y  2 = 0

 10x + 2y + 3 = 0.

2x2 + 2y2 + 6x  2y  8 = 0,  3x2 +  3y2  9x  12y + 6 = 0

x2 + y2 + 3x  y  4 = 0,   x2 + y2   3x   4y + 2 = 0

S  S' = 0

 (3 +3)x + (1  4)y + (4  2) = 0  6x  3y  6 = 0.

11.11.2  

 (i) 

 11.35 : x2 + y2 = 4,  x2 + y2  3x = 4,  x2 + y2  4y = 4.

:     x2 + y2  4 = 0 ...(1)

 x2 + y2  3x  4 = 0 ...(2)
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 - II x2 + y2  4y  4 = 0 ...(3)

(1), (2) 

3x = 0      x = 0 ... (4)

(2), (3) 

3x + 4y = 0 ...(5)

(4), (5)  x = 0,  y = 0

   (0, 0).

i

ii

(i) A B

ii

A

B
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S = 0, S' = 0 S +  S  S' = 0

S = 0 S' =

L  S S' = 0      

S +  L =

S +  L =

S +  L  S +  L = 0

    L = 0

 L = 0   

S = 0 S' = 0 S +  S  S' = 0

S +  S  S' = 0, S = 0, S' = 0

S = 0 S' = 0      

SS' = 0 S = 0, S' = 0

x2 + y2 + 8x  4y + 6 = 0,  x2 + y2  4x  2y + 1 = 0

(x2 + y2 + 8x  4y + 6) (4x + 2y  5) = 0 [  S +  (S  S') = 0]



[(1)2 + (0)2 + 8(1)  4(0) + 6] + [4(1) + 2(0) + 5] = 0
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 - II(1 + 0  8  0 + 6) + (4 + 0 + 5) = 0

1 + (1) = 0

= 1

(x2 + y2 + 8x  4y + 6) + 1(4x + 2y + 5) = 0

x2 + y2 + 12x  2y + 11 = 0

x2 + y2  2x  2y  1 = 0,  x2 +  y2  8x  6y  = 0

(x2 + y2  2x  2y  1) +  (10x + 8y  1) = 0    [S + (S  S') = 0]



[(1)2 + (2)2  2(1) + 2(2) + 1] + [(1) + 8(2)  1] = 0

(1 + 4 + 2  4 + 1) + (10  16 + 1) = 0

     4 ( 5) 0   

5 4   

4 .
5

 

x2 + y2  2x  2y  1
4
5 (10x + 8y + 1) = 0

x2 + y2  2x  2y  1 + 4 10x + 8y  1 = 0

x2 + 5y2  10x  10y  5  40x + 32y  4 = 0

 x2 + 5y2  50x  42y  9 = 0
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x2 + y2 + 2x + c = 0   c

x2 + y2 + 2y  c = 0  

i x2 + y2  2x + 4y + 4 = 0, x2 + y2  3x + 4y + 1 = 0

ii x2 + y2  12x  6y + 41 = 0, x2 + y2  4x + 6y  59 = 0

(iii) x2 + y2  4x  14y + 28 = 0, x2 + y2  4x  5 = 0

K 

i x2 + y2  12x  6y + 41 = 0, x2 + y2  kx + 6y  59 = 0

ii x2 + y2  6x  8y + 12 = 0, x2 + y2  4x  6y  k = 0

(iii) x2 + y2  4x  8 = 0, x2 + y2  16y  k = 0
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i x2 + y2  2x + 4y + 3 = 0, x2 + y2  6x  2y  13 = 0

ii x2 + y2  2x  4y + 4 = 0, x2 + y2  3x + 4y  1 = 0

(iii) x2 + y2  4x  2y  11 = 0, x2 + y2  4x  8y + 11 = 0

i x2 + y2  8x + 6y + 4 = 0, x2 + y2  6x  2y  2 = 0

ii x2 + y2  2x  4y  1 = 0, x2 + y2  10x  2y  6 = 0

(iii) x2 + y2  4x  6y  7 = 0, 4(x2 + y2) + 8x  12y  9 = 0

i x2 + y2  6x + 4y  2 = 0, x2 + y2  8x  2y  1 = 0

ii x2 + y2  10x  2y  8 = 0, x2 + y2  6x  4y  6 = 0

(iii) x2 + y2  2x  8y  2 = 0, x2 + y2 + 4x  10y  4 = 0

x2 + y2  7x + 12  = 0, x2 + y2  8x  12 = 0 

x2 + y2  6x + 4y  16  = 0, x2 + y2  2x  y = 0 

8.

(i) x2 + y2  2x + 6y = 0,  x2 + y2  4x  2y + 6 = 0

x2 + y2  12x + 2y + 3 = 0

(ii) x2 + y2  4x  6y + 5 = 0,  x2 + y2  2x  7y  1 = 0,

x2 + y2  6x  2y = 0

9. (2, 0), (0, 2)  2x2 + 2y2 + 5x  6y + 4 = 0
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(x  h)2 + (y  k)2 = a2

h, k 'a'.

x2 + y2  2gx + 2fy  c = 0.

g, f)  =  2 2g f c 

x1, y1 )  x2, y2) 

(x  x1) (x  x2)  + (y  y1) (y  y2) = 0.

'a'  

x = a cos , y = a sin 

h, k) 

x = h + a cos    y = k + a sin 

S = 0  P(x1, y1)   S11 <  0.

S = 0  P(x1, y1)   S11 >  0.

S = 0  P(x1, y1)   S11 =  0.

S = 0  P(x1, y1)  S11.

P(x1, y1)   S = 0  11S

S = 0  (x1, y1)  S1 =  0.

S = 0  (x1, y1) 

(x  x1) (y1 + f )  (y  y1) (x1 + g) = 0
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 - IIS = 0  P(x1, y1)  S1 =  0.

S = 0  P  S1 =  0.

S = 0, S' = 0   C1, C2  r1, r2

(i) C1C2  > r1 + r2    :  

(ii) C1C2  = r1 + r2    :  

(iii) |r1  r2| < C1C2  < r1 + r2    :  

(iv) C1C2  = |r1  r2|    :  

(v) C1C2  < |r1  r2|    :  

(vi) C1C2  = 0    :  

x2 + y2 + 2gx + 2fy + c S 

x2 + y2 + 2g'x + 2f 'y + c' S' 

S = 0,  S' = 0.  C1, C2

r1, r2  C1C2 = d,   

2 2 2
1 2

1 2
cos

2
d r r

r r
 

 

S = 0,  S' = 0 

2 2 2 2

2 2cos
2 .

c c gg ff

g f c g f c

    
 

     

S = 0,  S' = 0 
2(gg' + ff ')  = c + c'
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P  P 

S = 0,  S' = 0 S  S' = 0 

S = 0,   S' = 0 S + S' = 0(  )

S = 0,  S' = 0 

x2 + y2 + 2x + c = 0 (  

x2 + y2 + 2y  c = 0 (  

 http://www.wikipedia.org

 http://mathworld.wolfram.com

1.

x2 + y2 + 4x  6y = 0 

(a)  x2 + y2 = 3

(b)  x2 + y2  4x + 6y = 12
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1. (a)   x2 + y2 = 9

(b)   x2 + y2 + 4x  6y  3 = 0

2. (a)  
3 37; 1 ;
2 2

 
 
 

(b)  
1 3 109, ;
4 8 8

 
 

 

3. x2 + y2  2x  2y = 0

4. x2 + y2  2x  2y + 1= 0

5. x2 + y2  9y  14 = 0

6. (a)   1 2cosx      and  1 2siny    

(b)  
1 7 1 7cos sin
4 8 4 8

x y       

(c)   2 cosx    and  2 siny  

7. x2 + y2  6x  8y  15 = 0

8. c = 
14
3

i S11 < 0  'P'  

ii S11 < 0  'P' 

iii S11 < 0  'P' 

2. (i)  0 (ii)  69 (iii) 22

3. K = 2
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5. (i)  4x  3y + 7 = 0 (ii)  x + y  7 = 0

6. (i) y = 2 (ii)  2x + y  11 = 0

7. 5x  14y  16 = 0

8. 4x + 7y  30 = 0

9. (i)  (ii) 

10. 2 7 11. (2, 3) 13. K = 3

1. (i)  2


(ii)  4


(iii)  3


2. (i) + 4 (ii)   24 (iii)  8

4. (i)   14x + 4y + 6 = 0 (ii)  8x + 6y + 5 = 0 (iii)  8x + 12y  19 = 0

5. (i) (x2 + y2  6x + 4y  2) + (2x + 2y  3) = 0.

(ii) (x2 + y2  10x + 2y  8) + (4x  2y  2) = 0.

(iii) (x2 + y2  2x  8y  2) + (2x  2y  6) = 0.

6. 2(x2 + y2) + 25x + 24 = 0 7. 3x2 + 3y2 + 4x = 0

8. (i) 
30,
4

 
 
 

(ii)  
7 11,
6 6

 
 
 

9. 7(x2 + y2)  8x  8y  12 = 0

1. x2 + y2  8x + 12y + 3 = 0

2. Centre (2, 3);  Radius =  3

3. x2 + y2 = 1.

4. (a)   3 cos , 3 sinx y    (b)   2 5cos , 2 5sinx y      
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:

i

ii

iii
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:

"e" 

 'S' 





 'e' 

(i)  e < 1   (ii)  e = 1    (iii)  e > 1  

:
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S ZK P S 

SK 'e'

SK e : 1 e < 1

A A'

SA = e. AK

SA' = e.A'K

A A'

(e < 1)

AA' 2a

AA' 'C' 

i.e.  CA = CA' = a

SA + SA' = e.AK + e.A' K

AA' = e(CK  CA + A' C + CK)

2a = e 2 CK
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 - II
CK = 

a
e

SA'  SA = e (A'K  AK)

(SC + CA')  (CA  CS) = e.A'A

2 CS = e.2a

CS = ae

C

CAX X- C CX CY Y-

 S ae, 0 ax
e



P x, y)

SP PM  ZK

SP = e.PM

SP2 = e2 . PM2

SN2 + NP2 = e2 . (NK)2

(CN  CS)2 + NP2 = e2 . (CK  CN)2

(x  ae)2 + y2 = e2  
2a x

e
 

 
 

x2 (1  e2) + y2 = a2 (1  e2)

2 2

2 2 2 1
(1 )

x y
a a e

 


(a2 (1  e2)

a2 (1  e2) = b2 

2 2

2 2 1x y
a b
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: A A'
'2a'

: BB'

:

: LL'

: ax
c

 

:
2

2
21 be

a
   'e'

1
2

e  x  y =

3 

P(h, k)

e.

    SP2 = e2 . PM2

P M)

(h  1)2 + (k + 1)2 
21 3

4 1 1
h k  

  
 

7(h2  k2) + 2kx  10h + 10k + 7 = 0

P 7(x2  y2) + 2xy  10x + 10y + 7 = 0
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 - II3x2 + 4y2 = 12

2 2
1

4 3
x y

 

a2 = 4; b2 = 3

i
2

2
2

3 1 11 1
4 4 2

be e
a

      

ii ( ( , 0))a e

iii = 2a = 2 2 = 4

 2 2 3 2 3b   

a 2
3

b

c
1
3
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[ ]

S ZZ'

ZZ' SK A

SA = AK

A

A
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 - IIAX X- A AX AY Y-

 KS= 2a     AS = AK = a

A S a, 0

P(x, y)

PN  AS

AN = x NP = y

SP PM  ZZ'



SP = PM

SP2  = PM2

(x  a)2 + (y  0)2 = (x + a)2

   PM = NK = NA + AK = x + a

(x  a)2  (x + a)2 =  y2

y2 = 4ax

(i

ii a, 0

iii X- Y = 0

iv x + a = 0

v = 4a
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(i a, 0 x  a = 0

(ii 0, a y + a = 0

(iii 0, a y  a = 0

(i y2 = 4ax
(ii x2 = 4ay
(iii x2 = 4ay

Forms y2 = 4ax y2 = 4ax x2 = 4ay x2 = 4ay

(a, 0) (a, 0) (0, a) (0, a)

x = a x = a y = a y = a

a 4a 4a 4a
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 - II
2x + y  1 = 0 

:  S(0, 0) 

ZZ' 2x + y 1 = 0 P(x, y) 
PM 

SP = PM

SP2 = PM2

2
2 2

2 2

(2 1)

2 1

x yx y  
 



5x2 + 5y2 = 4x2 + y2 + 1 + 4xy  2y  4x

x2 + 4y2  4xy + 2y + 4x  1  0

x  4y + 3 = 0 

x  4y + 3 = 0



2
2 2

2 2

4 3( 2) ( 3)
1 4

x yx y
   

     
  

 16 x2 + y2 + 8xy  74x  78y + 212 = 0

a, b 1x y
a b
   

3x + 4y = 1 
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 : 

(i) S   y2  4ax

(ii) S1  yy1  2a(x + x1)

(iii) S12   y1y2  2a(x1 + x2)

(iv) 2
11 1 1S 4 .y ax 

 : S   0  (x1, y1), (x2, y2)  

S1 + S2 = S12.

 : 2S 4 0y ax     P(x1, y1), Q(x2, y2) 

S11= 0, S22 = 0.

S1 + S2 = S12

{y y1  2a(x + x1)} + {y y2  2a(x + x2)} = y1y2  2a(x1 + x2)

(x1, y1) S11 + S12  = S12.

  0 + S12 = S12.

S1 + S2 = S12 (x1, y1)

S1 + S2 = S12 (x2, y2) 

  P(x1, y1), Q(x2, y2) S1 + S2 = S12.

 PQ  S1 + S2 = S12.
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 - II : S = 0  P(x1, y1) S1 = 0.

 : 04S 2  axy  P(x1, y1), Q(x2, y2) 

S11 = 0, S22 = 0.

 PQ 

S1 + S2 = S12 ...(1)

 Q, P  [  (x2, y2)  (x1, y1) ] PQ

P P  

P Q

P  

.S)SS( 12PQ21PQ 
 LtLt

S1 + S1 = S11[(x2, y2)   (x1, y1) S2 S1, S12   S111 ]

2S1 = 0     S1 = 0.

 04S 2  axy P(x1, y1) 

.0)(2S 111  xxayy

y1/x1

:  S = 0  P(x1, y1) 

.xx
a

yyy )(
2

)( 1
1

1 

 :  y2  4ax = 0  P(x1, y1) 

.0)(2S 111  xxayy

 P  
1

2
y
a



554

 - II
311  Vol - I  (TOSS)

 P  .
2

1

a
y



P(x1, y1) (y  y1) = ).(
2 1

1 xx
a

y


y2 = 8x 

(a, 2a) = (2, 4)

S1 = 0  

yy1 = 4(x + x1)

4y = 4(x + 2)

  x + y + 2 = 0.  

y2 = 6x  (2, 3) 

m1, m2 

1
1 2

1

3 .
2

ym m
x
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 - II :  S = 0 (x1, y1) 

S1 = 0.

: 04S 2  axy   P(x1, y1)

P(x1, y1) Q(x2, y2),  R(x3, y3) 

Q(x2, y2)    yy2  2a(x + x2) = 0  ( 12.7)

 P(x1, y1)  y1y2  2a(x1 + x2) = 0         ... (1)

 R(x3 y3)  yy3  2a(x + x3) = 0  P(x1, y1) 

y1y3  2a (x1 + x3) = 0        ... (2)

(1) , (2) 0)(2S 111  xxayy Q(x2, y2), R(x3, y3) 

  S = 0 P  QR   S1 = 0.

  :  S = 0  P(x1, y1) S1 = 0.

 : 2S 4 0y ax     P(x1, y1) 


P(x1, y1)

Q

R
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Q

D

E

P

R

S

P D, E 

D, E Q(h, k) 

  S = 0  Q(h, k) 

DE ,   yk  2a(x + h) = 0  P(x1,

y1) 

 y1k  2a(x1 + h) = 0.

yy1  2a (x + x1) = 0

Q(h, k) 

  S = 0  P(x1, y1) 

S1 = 0.

1.   P S = 0  P 

2. P   P S = 0 P 

3.  P S = 0 P 

4.

5. y2 = 4ax lx + my + n = 0 .2, 






 

l
am

l
n

 :    lx + my + n = 0 (l 0)        ... (1)

   y2 = 4ax        ... (2)

  P(x1, y1) 

S = 0  P  yy1 = 2a(x + x1)

( ) 2ax  yy1 + 2ax1 = 0        ... (3)
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 - II(1), (3) 

l
amy

l
nx

ax
n

y
m

a
l 2,

22 11
11







  S = 0   (x1, y1) = .2, 






 

l
am

l
n

y2 = 4x 2x + 3y  4 = 0

2,n am
l l
  

 
 

4 2(1)(3),
2 2
  

  
 

=   (2, 3).

1. y2 = 12x  A(1, +3) 

y2 = 6x  R(2, 5) 

y2 = 4x  

y2 = 36x  (1, 4) 

y2 = 8x  4x + 2y + 8 = 0  

i)
2 2

2 2 1x y
a b

   y = mx + c

c2 = a2m2 + b2
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ii)
2 2

2 2 1 0x y
a b

    (x1, y1), (x2, y2)  

S1 + S2 = S12

1 1 2 2
1 22 2 2 2S 1 0; S 1 0x x y y x x y y

a b a b
       

1 2 1 2
12 2 2S 1 0.x x y y

a b
   

iii)
2 2

2 2 1 0x y
a b

    P(x1, y1)

1 1
2 2 1 0x x yy

a b
  

iv)
2 2

2 2S 1 0x y
a b

     

P(x1, y1) 

2 2
2 2

1 1
1 1

( 0, 0)a x b y a b x y
x y

    

Y

Y'

P(x1, y1)

XX'
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 - II
9x2 + 4y2 = 20  

4 , 1
3
 

 
 

 

9 x2 + 4y2 = 20 

9x x1 + 4 y y1 = 20

(x1, y1) = (4/3, 1)

49 4 (1) 20 3 5 0
3

x y x y 
      

 

4 , 1
3
 

 
 

2 2
2 2

1 1

a x b y a b
x y

  

(20 / 9) 5 20 5 3 9 5
( 4 / 3) 1 9

x y x y     


4x2 + 9 y2 = 20 x + ky 5 = 0 k 

2 2
1

5 (20 / 9)
x y

 

a2 = 5,  b2 = 
20
9

   x + ky  5 = 0 5(1)2 + 
20
9  k2 = (5)2

  45 + 20 k2 = 225   20k2 = 180   k2 = 9   K = + 3   [ a2 l2 +
b2 m2 = n2]

 12.10 : Find the equation of the ellipse referred to its centre whose

minor axis is equal to the distance between the foci and whose latus rectum

is 10.

Let the required equation of ellipse be
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2 2

2 2 1x y
a b

   (a > b)

2b = 2ac
22 10b

a


b = ac b2 = 5a

but b2 = a2 (1  c2)

b2 = a2  (ac)2

b2 = a2  b2

2b2 = a2

2(5a) = a2

     a = 10

 12.11 : X, Y -  

4 2  

  
2 2

2 2 1 ( )x y a b
a b

    

2
22 4 2b b a

a
  

 S = (ac, 0),  S1 = (ac, 0) is

2ac = 4 2

 ac = 2 2

 b2 = a2 (c2)   2a = a2  (ac)2 = a2  8

a2  2a  8 = 0

(a  4) (a + 2) = 0

a = 4 (a > 0)
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 - IIb2 = 2a = 2(4) = 8

   
2 2

1
16 8
x y

 

(or)        x2 + 2y2 = 16.

 12.12 : 

 

  
2 2

2 2 1x y
a b

   (a > b)

 = 
1
2

22 1 ( ) 2
2

b ab b a
a

  

     2 2 2 2 24 4 (1 )b a a e a    

2 21 1 31 1
4 4 4

e e      

    
3 .

2
e 

x2 + 2y2  4x + 12y + 14 = 0 

x2 + 3y2  3 4x + y  K = 0 K

x2 + 8y2  33
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2 2

2 2 1 0x y
a b

     P(x1, y1) 

2 2

2 2 1 0x y
a b

    P  

2 2

2 2 1 0x x y y
a b

  

   
2 2

2 2 1 0x y
a b

    (x1, y1) 

2 2

2 2 1 0x x y y
a b

    

  
2 2

2 2 1 0x y
a b

    lx + my + n = 0  
2 2

,a l b m
n n

  
 
 

 
2 2

2 2S 1 0x y
a b

     l1x + m1y + n1 = 0 l2x + m2y + n2 = 0

a2 l1 l2 + b2 m1 m2 = n1 n2 .

x2 + 4y2  x  16y  10  ...(1)

 x  y  2  0

P(x1 y1) 

P(x1, y1) 

xx1 + 4yy1  (x + x1)  8 (y + y1)  10 = 0

   x(x1 1) + 4y (y1 2)  (x1 + 8y1 + 10) = 0 ...(2)
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 - II1 1 1 11 4( 2) ( 8 10)
1 1 2

x y x y k    
  



  x1 = k + 1, y1 = 4
k

+ 2, x1 + 8y + 10 = 2k ...(3)

x1 y1 

81 8 10 2
4

kk k  
     

 

   k + 1 + 2(k + 8) + 10 = 2k   k = 27

  x1 = 26, y1 = 
35
4  P = 

3526,
4

 
 
 

5x2 + 7y2 = 8  5x + 7y + 8 = 0 

3x2 + 4y2 = 12 21x  16y  12 = 0  

a P(x1, y1) S11 > 0 

S11 < 0 S11 = 0 

b)
2

, bae
a

 
  
 

 
22b

a



564

 - II
311  Vol - I  (TOSS)

2 2

2 2 1 0x y
a b

    P(x1, y1) 

1 1
2 2 1 0x x y y

a b
  

2 2

2 2 1 0x y
a b

    Y = mx + c c2

= a2m2  b2.

9
2

 5
4

 
2

2 22 9 5 9 25 9, 1
2 4 4 16 4

b a ae b a
a

 
       

 

  a = 4, b2 = 9   
2 2

1
16 9
x y

 

2 2
1

36 16
x y

   

2 2
2 2 36 16 52 1336; 16

6 6 3
a ba b e

a
 

      

( , 0) ( 2 13, 0)ae   .

S = 0  P(x1, y1) S = 0  
P(x1, y1) S1 = 0

S = 0  lx + my + n = 0 
2 2

,a l b m
n n

 
 
 

2 2

2 2 1x y
a b

   l1x + m1y + n1 = 0, l2x +

m2y + n2 = 0
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 - II2 2

2 2S 1 0x y
a b

     l1x + m1y + n1 = 0; l2x +

m2y + n2 = 0

S = 0  L = 0 P(x1, y1) 

1 1
1 2 2S 1 0x x y y

a b
   

S1 = 0, L = 0 S = 0 P(x1, y1) (

2 2
1 1 1 1

1 12 2
1 1 1

1 1

1 ,x y a l b mx y
n n na b

l m


   



S = 0 L = 0 
2 2

1 1

1 1
,a l b m

n n
 
 
 

 L' = 0 

( S = 0  L = 0, L' = 0 

2
2 2

1 1 2
2

1 1
0

a l l b m m n
n n


  

 a2 l1l2  b2 m1m2 = n1n2   

2 2

2 2 1x y
a b

    

6 6
2 2 2

2 2 ( )a b a b
a b
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i

ii

iii

iv 'e' 

v

LSL' 

  
2 2

2 2 1x y
a b

 

i = 2a ii = 2b

iii ax
c

  iv (+ ae, 0)

v
2

2
21 

be
a

 y2 = 4ax

i

ii a, 0

iii y = 0

iv x + a = 0

v = 4a



567

311  Vol - I  (TOSS)

 - II

i y2 =  4ax

ii x2 = 4ay

iii x2 = 4ay

y2 = 4ax 

S = 0 P(x1, y1) S1 = 0.

S = 0 P(x1, y1) 

1
1 1( ) ( )

2
yy y x x
a


  

S = 0  P(x1, y1) S1 = 0.

S = 0 P(x1, y1) S1 = 0.

y2 = 4ax  lx + my + n = 0 (l   0)  2,n am
l l

 
 
 

2 2

2 2 1x y
a b

 

y = mn + c c2 = a2m2 + b2

1 1
2 2 1 0x x y y

a b
  

 
2 2

2 2

1 1

a x b y a b
x y

  

S1 = 0 1 1
2 2 1 0x x y y

a b
  

2 2

2 2 1x y
a b

  ( )p 
cos sin 1x y
a b

 
 



568

 - II
311  Vol - I  (TOSS)

2 2

2 2 1 0x y
a b

   ( )p 

2 2

cos sin
a x b y a b  
 

2
, bae

a
 
  
 

22b
a

2 2

2 2 1 0x y
a b

    P(x1, y1) 

1 1
2 2 1 0xx yy

a b
  

S = 0 lx + my + n = 0 
2 2

,a l b m
n n

 
 
 

 http:// www.wikipedia.org

 http:// mathworld.wolfram.com.

1.

a x + y = 0 e = 
1
2  

b x  y + 3 = 0  e = 
1
2  

a 4x2 + 9y2 = 1 b 25 x2 + 4y2 = 100

8, 2 y  2x + 9 = 0 
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 - II

(a)   20x2 + 36y2 = 405  (b)  x2 + 2y2 = 100

c 8x2  9y2 = 1152

3
2

(ax  by)2  2a3 x  2b3y + a4 + a2 b2 + b4 = 0

16x2  9y2  94 x  142y  24 xy + 324 = 0

6x  3y + 6 = 0

2. 5x + 3y  25 = 0

3. 2x + 2y + 2 = 0

4. 4

5. (2, 2).

y + 1  0,  x  2 = 0

K = + 7

x  16y + 33 = 0,  16x + y + 44 = 0.
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(a)   7x2 + 7y2  2xy  16y + 8 = 0

b 7x2 + 7y2  2xy + 10x  10y + 7 = 0

a
5 5, 0 ;

6 3
 
  
 

b   210, 21 ;
5



x2 + 4y2  4xy + 116x  2y + 259 = 0
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 - III

x, y

x, y
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 - III

O
O 

XOX', YOY', ZOZ'

O
XOX', YOY', ZOZ'

X
Y Z

OX, OY, OZ 
OX', OY', OZ' 
X Y 

XY- XOY

YOZ ZOX  

XOY, YOZ, ZOX 
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P P XY PL 
XY L 

L  OY LA OX A 

OA = x, AL = y, LP = z  P x, y, z

P OA, OB, OC OP 
OA, OB, OC x, y, z P 

. 47.4 

i P x OA P YZ 

ii P y OB P ZX 

iii P z OC P XY 

 P YZ, ZX, XY P x,
y, z 

 P x, y, z
P x, y, z

P 

OXYZ, OX' YZ, OXY' Z, OXYZ',

OXY' Z', OX' YZ', OX' Y' Z, OX' Y' Z'.

P P 
P 

P a, b, c a, b, c a, b, c a, b, c

a, b, c a, b, c a, b, c a, b, c
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 - IIIXOY a, b, 0

YOZ 0, b, c

ZOX a, 0, c

X, Y, Z 

a, 0, 0 0, b, 0 0, 0, c

O P x, y, z OP

 OXYZ  

x 

 OX' YZ 

x, y z 

 OX' YY' Z 

y x, z 

 OX'  Y Z' 

 OX' YY' Z' 
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P(x1, y1, z1),  Q(x2, y2, z2)  

PQ  PMSNRLKQ 

PK KQ 

PKQ K

  PQ2 = PK2 + KQ2

PKL L

  PK2 = KL2 + PL2

= MP2 + PL2  (  KL = MP)

  PQ2 = MP2 + PL2  + KQ2 ...(i)

MP, PL, KQ 

P YOZ x1

Q, M  YOZ x2

  MP = |x2  x1|

PL = |y2  y1|;  KQ = |z2  z1|

(i)  
 PQ2 = (x2  x1)

2  + (y2  y1)
2  + (z2  z1)

2  ..... (i)  

2 2 2
2 1 2 1 2 1|PQ| = ( ) ( ) ( )x x y y z z    
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 - IIIP

Q(x2, y2, z2) x2 = y2 = z2 = 0

2 2 2
1 1 1|OP| = ( 0) ( 0) ( 0)x y z    

2 2 2
1 1 1x y z  

 P(x, y, z) O 

2 2 2| OP | x y z  

P(2, 5, 4), Q(8, 2, 6) 

2 2 2|PQ| (8 2) (2 5) ( 6 4)      

36 9 4  

49 7 

(2, 4, 3)   

A(2, 4, 3) B  C    

2 2 2| AB | (4 2) ( 3 4) ( 2 3)       

36 49 1 86   

2 2 2| BC | ( 3 4) ( 2 3) (4 2)       

49 1 36 86   

2 2 2| CA | ( 2 3) (4 2) ( 3 4)       

1 36 49 86   

  |AB| = |BC| = |CA|,  ABC 
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a A 1, 2, 3 B 1, 4, 5 C 5, 4, 0

b 2, 3, 3 1, 2, 4 3, 8, 2

2 2 2| AB | (1 1) (4 2) (5 3)     

         4 4 4 12 2 3 3.464      (

2 2 2| BC | (5 1) (4 4) (0 5)     

          41 6.4  (

2 2 2| AC | (5 1) (4 2) (0 3)     

          49 7  (

|AB| + |BC| = 3.464 + 6.4 = 9.864 > |AC|

ie  |AB| + |BC|  > |AC|

|BC| + |AC| > |AB|,  |AB| + |AC| > |BC|

ie 

 

b P(2, 3, 3), Q(1, 2, 4);  R(3, 8, 2)

2 2 2| PQ | (1 2) (2 3) (4 3)     

         27 3 3 

2 2 2| QR | (3 1) ( 8 2) (2 4)      

108 6 3 

2 2 2| PR | (3 2) ( 8 3) (2 3)      

27 3 3 

|PQ| + |PR| 3 3 3 3 6 3 | QR |   
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AB2 = (2  1)2 +  (3  2)2 + ( 4 + 2)2 = 6

BC2 = (3  2)2 +  (4  3)2 + ( 3 + 4)2 = 3

AC2 = (3 1)2 +  (4  2)2 + ( 3 + 2)2 = 9

AB2 + BC2 = 6 + 3 = 9 = AC2

ABC



A B C D

2 2 2AB (2 0) (3 4) ( 1 1)      

       9 3 

2 2 2BC (4 2) (5 3) (0 1)     

       9 3 

2 2 2CD (2 4) (6 5) (2 0)     

       9 3 

2 2 2DA (0 2) (4 6) (1 2)     

       9 3 

AB = BC = CD = DA

AC2 = (4  0)2 + (5  4)2 + (0  1)2

       = 18

AB2 + BC2 = 9 + 9 = 18 = AC2

 B = 900

 ABCD  AB = BC = CD = DA;  B = 900

 ABCD 
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a (4, 3, 6);  (2, 1, 3)

b (3, 1, 2);  (3, 1, 2)

c ;  (1, 1, 1)

1 a, 5, 1 a 

a, b, c b, c, a c, a, b

0, 7, 10 1 4, 9, 6

1, 2 2, 3 2, 4, 1 4, 5, 6

4, 2, 10, 10) (4, 4, 10) 

a 3, 2, 4 1, 5, 9 1, 8, 14

b 1 2 7

c 4 3 6
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P(x1, y1, z1), Q(x2, y2, z2) PQ 

PQ R(x, y, z) l : m  

P, R, Q XY- PL, RN, QM 

LA, NC, MB OX 

AC = OC  OA = x  x1

BC = OB  OC = x2  x

AC LN PR
CB NM RQ

l
m

  

   ie     1

2

x x l
x x m





ie  mx  mx1 = lx2  lx

ie   (l + m)x  =  lx2 + mx1

2 1lx mxx
l m


 


OY, OZ 
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2 1 2 1;ly my lz mzy z
l m l m
 

 
 

  R  2 1 2 1 2 1, ,lx mx ly my lz mz
l m l m l m
   

 
   

l
m

  PR
RQ 1




R 2 1 2 1 2 1, , ; 1 0
1 1 1

x x y y z z      
   

      

 PQ 
PQ R  

 R PQ  
R PQ

R PQ  : 1 

PQ l : m 

2 1 2 1 2 1, ,lx mx ly my lz mz
l m l m l m
   

 
   

PQ

1 2 1 2 1 2, ,
2 2 2

x x y y z z   
 
 

A B AB P(x, y, z) 
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 - III2( 4) 1.2 2.5 1( 4)2; 2
2 1 2 1

x y   
     

 

2( 6) 1.3 3
2 1

z  
  



 P  

P Q R(x, y, z) PQ 

R(x, y, z) PQ 

2.1 3( 1) 2( 1) 3( 3)5; 7
2 3 2 3

x y    
     

 

2.2 3.2 2
2 3

z 
 



 

XY- 

l : m 

7 2 3 3 5, ,l m l m l m
l m l m l m
   

 
   

XY- 
Z- 

i.e.,   
3 5 0l m
l m





i.e.,  3l + 5m = 0

i.e.,  3l = 5m

  
5

3
l
m


 

XY- 
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YZ

YZ
130, , 2
5

 
 
 

P(x1, y1, z1);  Q(x2, y2, z2) 
R PR Q 

A A 

l, m 
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AB  X, Y, Z , ,  cos , cos
, cos  AB l, m, n 

l = cos ,  m = cos ,  n = cos 

X- Y, Z

  X - cos 00,
cos 900,  cos 900

Y

 Z

OP cos , cos , cos   i.e., l, m, n  

0OLP OMP ONP 90  

OLP  

OLcos
OP

l   

OMcos
OP

m   

ONcos
OP

n   

  l. OP = OL ; m . OP = OM;  n . OP = ON

OP2(l2 + m2 + n2) = OL2 + OM2 + ON2

    =  OP2
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  l 2 + m2 + n2 = 1

i.e.,   cos2 + cos2 + cos2   = 1.

a, b, c l, m, n a, b,
c 

l, m, n a, b, c a, b, c 
l, m, n 

2 2 2

2 2 2 2 2 2

1l m n l m n
a b c a b c a b c

 
     

   

2 2 2 2 2 2 2 2 2

1; ;a bl m n
a b c a b c a b c
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PQ PA, AN, NQ 
PA, AN, NQ PQ PQ

PA, AN, NQ

P(x1, y1, z1), Q(x2, y2, z2) 

l, m, n 
PQ

P, Q 
PQ 

PA = x2  x1;  AN = y2  y1;
NQ = z2  z1,

PA, AN, NQ X, Y,
Z
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l, m, n  PA, AN, NQ 
l(x2  x1), m(y2  y1); n(z2  z1)

PQ  PA, AN, NQ 

 l(x2  x1) +  m(y2  y1) + n(z2  z1).

P(x1, y1, z1),  Q(x2, y2, z2) X L, M

OL = x1, OM = x2

X PQ 

=  LM  = OM  OL

= x2  x1

PQ l, m, n
X PQ 

l . PQ

  l . PQ = x2  x1

 Y, Z PQ 

m . PQ  = y2  y1

n  . PQ = z2  z1 

2 1 2 1 2 1 PQx x y y z z
l m n
  

   

(x1, y1, z1),  (x2, y2, z2) x2  x1,  y2

 y1, z2  z1.
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 = = 

cos2 + cos2 + cos2 = 1

3cos2

1cos
3

 

1 1 1, ,
3 3 3

  



= 300;  = 450;   = 600

cos2300 + cos2450 + cos2600 = 
2 2 23 1 1

2 22
     

          

3 1 1 6 1
4 2 4 4

    

cos2 + cos2 + cos2  = 1



 l, m, n

2 2 2

6 6 ;
76 2 3

l    
  2 2 2

2 2 ;
76 2 3

m    
 

2 2 2

3 3
76 2 3

n    
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6 2 3, ,
7 7 7

6 2 3, ,
7 7 7
  

YZ, ZX, XY

X, Y, Z 

 l, m, n

8 2, 2 5, 6 + 4

= 6, 3, 2

2 2 26 ( 3) ( 2) 7     


6 3 2, ,
7 7 7

  6 3 2, ,
7 7 7


2 2 2( 2) 2 1 3   


2 2 1, ,

3 3 3


2 2 1 4(5 3) (4 3) (3 5)
3 3 3 3
 

     



591

311  Vol - I  (TOSS)

 - III


4
3

a b

a b

i ii

P(4, 2, 5),  Q(2, 1, 3) 

l1, m1, n1 l2, m2, n2

O OP, OQ  

OP, OQ 

P x1, y1, z1

XY- PL - 
X- LA 

OQ  OP OQ
OA, AL, LP 
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i.e.,     OP cos  = l2(x1  0) + m2(y1  0) + n2(z1  0)

= l2x1 + m2y1 + n2z1 ...(i)

x1 X- OP  

=  l1 . OP

y1  m1 . OP ;  z1 = n1 . OP ...(ii)

(i) , (ii) 

OP cos  = OP (l1l2 + m1m2 + n1n2)

cos  =  l1l2 + m1m2 + n1n2 ...(iii)

a1, b1, c1 a2, b2, c2

1 2 1 2 1 2
2 2 2 2 2 2
1 1 1 2 2 2

cos
.

a a b b c c

a b c a b c

 
  

   

OP, OQ  

cos = cos 900 = 0

 l1l2 + m1m2 + n1n2 = 0

OP, OQ 

1 1 1

2 2 2

l m n
l m n

 

OP || OQ, O OP, OQ 

 sin  = 0

sin2  = 1  cos2 

=   1  (l1l2 + m1m2 + n1n2)
2

=  2 2 2 2 2 2 2
1 1 1 2 2 2 1 2 1 2 1 2( ) ( ) ( )l m n l m n l l m m n n      
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1 2 2 1 1 2 2 1 1 2 1 2( ) ( ) ( )l m l m m n m n n l l n    

1 2 2 1 1 2 2 1 1 2 1 2sin 0 0; 0; 0l m l m m n m n n l n l        

1 1 1

2 2 2

l m n
l m n

  

a l1, m1, n1 l2, m2, n2

i l1l2+ m1m2 +  n1n2 = 0

ii 1 1 1

2 2 2

l m n
l m n

 

b a1, b1, c1 a2, b2, c2

a1a2 +  b1b2 +  c1c2 =  0

1 1 1
1 1 12 2 2 2 2 2 2 2 2

1 1 1 1 1 1 1 1 1

, ,a b cl m n
a b c a b c a b c

  
     

c a1, b1, c1 a2, b2, c2

1 1 1

2 2 2

a b c
a b c

 



2 2 2 2 2 2

( 1).0 0( 1) 1.1 1cos
2( 1) 0 1 . 0 ( 1) 1
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2 2 3 2 2 2

5( 3) ( 12).4 (13).5cos
5 ( 12) 13 . ( 3) 4 5

   
  

     

15 48 65
338 50

  
 

2 1
6513 2 .5 2

   


1cos
65

 

1 1cos
65

  
    

 

( 3 1, 3 1, 4)  

A B C D

a
2 2 1 2 2 1, , ; , ,
3 3 3 3 3 3

  

b 3 4 0 4 3 0, , ; , ,
5 5 5 5 5 5
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 O  P(x, y, z)

A, B, C  

OA = x, OB = y, OC = z

x, y, z x, y, z

P(x1, y1, z1),  Q(x2, y2, z2) 

2 2 2
2 1 2 1 2 1PQ ( ) ( ) ( )x x y y z z     

P 2 2 2
1 1 1x y z 

P(x1, y1, z1),  Q(x2, y2, z2) l : m

a

2 1 2 1 2 1, ,lx mx ly my lz mz
l m l m l m
   

 
   

b

2 1 2 1 2 1, ,lx mx ly my lz mz
l m l m l m
   

 
   

PQ  

1 2 1 2 1 2, ,
2 2 2

x x y y z z   
 
 

l, m, n l2 + m2 + n2 = 1

l, m, n 
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(x1, y1, z1), (x2, y2, z2)  

x2  x1, y2  y1, z2  z1,

l, m, n P(x1, y1, z1), Q(x2, y2, z2) 

l (x2  x1) + m(y2  y1) + n(z2  z1)

P(x1, y1, z1), Q(x2, y2, z2) 

2 1 2 1 2 1 PQx x y y z z
l m n
  

  

l1, m1, n1;  l2, m2, n2 

cos  = l1l2 + m1m2 + n1n2

a

l1l2 + m1m2 + n1n2 

b

1 1 1

2 2 2

l m n
l m n

 

a1, b1, c1 ;  a2, b2, c2  

1 2 1 2 1 2
2 2 2 2 2 2
1 1 1 2 2 2

cos
.

a a b b c c

a b c a b c

 
  

   

a1a2 +  b1b2 + c1c2 = 0

1 1 1

2 2 2

a b c
a b c

 

http : //www.wikipedia.org

http ://www. mathworld.wolfram.com
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 - III

P(3, 2, 4), Q(5, 4, 6), R(9, 8, 10)
Q PR 

A(3, 2, 0), B(5, 3, 2), C(9, 6, 3) BAC
AD, BC D D 

D BC AB : AC 

A(6, 3, 2), B(5, 1, 4), C(3, 4, 7), D(0, 2, 5) i AB 
CD ii CD AB 

ABCD  A(3, 4, 7), B(5, 3, 2),
C(1, 2, 3)  D 

(a) OX'YZ (b)  OXYZ' (c) OX'YZ'

(d) OXY'Z  (e) OXYZ'

(a) 7 (b)  2 5 (c) 3
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(1, 3, 2) 2. 
13 6 13, , ; (5,18, 17)
5 5 5

 
 

 

3. 2 : 3 6.  (2x2  x1, 2y2  y1, 2z2  z1)

(a)  
3 1 2, ,
14 14 14

   (b)
1 1 1, ,
3 3 3

  

(a)  (0, 5, 6), (3, 0, 6), (3, 5, 0)

(b)  (3, 0, 0),  (0, 5, 0), (0, 0, 6)

3. (a)  
1 2 2, ,
3 3 3

      (b)
6 2 3, ,
7 7 7

  

4.
30
7 5. 

7
3

3


a b

38 57 17, ,
16 16 16
 
 
 

1 1 2, ,
6 6 6

  1 1 2, ,
6 6 6


1 1 1, , ; 4
3 3 3

  

i
13
7 ii

13
3
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 - III
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(i) ABCD; FGHE

(ii) AFED; BGHC

(iii) ABGF; DCHE

(i) AB, DC, EH, FG

(ii) AD, BC, GH, FE

(iii) AF, BG, CH, DE

x, y, z 
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x, y, z 

ax + by + cz + d = 0

ax + by + cz + d = 0  ... (1)

(1) P(x1, y1, z1),  P(x2, y2, z2)  

ax1 + by1 + cz1 + d = 0 .... (2)

ax2 + by2 + cz2 + d = 0 .... (3)

m n 

a(mx2 + nx1) + b(my2 + ny1) + c(mz2 + nz1) + d(m + n) = 0

(m + n)

2 1 2 1 2 1 0mx nx my ny mz nza b c d
m n m n m n
       

               
.... (4)

PQ m : n 

PQ  

PQ 

   

ax + by + cz + d = 0

 

ax + by + cz + d = 0
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ax + by + cz + d = 0

a, b, c, d 

d   0 d 

1 0a b cx y z
d d d

   

A; B; Ca b c
d d d
  

Ax + By + Cz + 1 = 0

ax + by + cz + d = 0     .... (1)

P(x1, y1, z1)

ax1 + by1 + cz1 + d = 0 .... (2)

a(x  x1) + b(y  y1) + c(z  z1) = 0
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 - III(x1, y1, z1) 

a(x  x1) + b(y  y1) + c(z  z1) = 0 .... (3)

a, b, c

a, b, c

(1, 3, 2) 

a(x  x1) + b(y  y1) + c(z  z1) = 0

a(x  1) + b(y + 3) + c(z  2) = 0

ax + by + cz + (a + 3b  2c) = 0

(3, 0, 2) 

a(x  x1) + b(y  y1) + c(z  z1) = 0

a(x  3) + b(y  0) + c(z + 2) = 0

ax + by + cz + (3a + 2c) = 0

(2, 2, 4), (5, 2, 1)  

A

(2, 2, 4)

P

1:2

B

(5, 2, 1)
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AP
PB 2




1 5+2 2 1 2 2 2 1 1 2 4P , ,
1 2 1 2 1 2

        
     

        =  (3, 2, 3)

P 

a(x  3) + b(y  2) + c(z  3) = 0

ax + by + cz + (3a  2b  3c) = 0

(x1, y1, z1) (x2, y2, z2)

(x1, y1, z1), (x2, y2, z2),  (x3, y3, z3) 
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a(x  x1) + b(y  y1) + c(z  z1) = 0        .... (1)

(x2, y2, z2), (x3, y3, z3) 

a(x2  x1) + b(y2  y1) + c(z2  z1) = 0        .... (2)

a(x3  x1) + b(y3  y1) + c(z3  z1) = 0        .... (3)

a, b, c 

1 1 1

2 1 2 1 2 1

3 1 3 1 3 1

0
x x y y z z
x x y y z z
x x y y z z

  

   

  

A, B, C OA, OB, OC
a, b, c 

a, b, c 

OA = a, OB = b, OC = c

 A = (a,0, 0), B = (0, b, 0), C = (0, 0,  c)

0 0
0 0 0 0 0
0 0 0 0

x a y z
a b
a c

  

   

  

0 0
0

x a y z
a b
a c
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i.e., (x  a) (bc 0) y(ac 0) + z(0 + ab) = 0

i.e., bcx + acy + abz = abc.

 abc 

1x y z
a b c
  

0 2 3
2 0 0 2 3 3 0
2 0 3 2 0 3

x y z  

   

  

i.e.,

2 3
2 2 0 0
2 1 3

x y z 

 



i.e., x(6  0) (y 2) (60) + (z  3)(2 + 4) = 0

i.e., 6x + 6(y 2) + 6(z  3) = 0

i.e., 6x + 6y  + 6z 30 = 0

i.e., x + y + z = 5.

x = y + z 

a(x  2) + b(y  2) + c(z  0) = 0 ... (i)

a(2  2) + b(0  2) + c(2  0) = 0
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 - III0.a  2b + 2c = 0

0.a  b +  c = 0 ... (ii)

a(4  2) + b(3  2) + c(1  0) = 0

i.e., 2a  b + c = 0           ... (iii)

(ii), (iii) 

1 1 0 1

  1 1 2 1

1 1 2 0 0 2
a b c

 
   

1 1 1
a b c

 


(i)  
1(x  2) + 1(y  2) + 1.z = 0

i.e.,  x + 2 + y  2 + z = 0

i.e.,    x =  y + z.

4x  5y + 6z  60 = 0 

4x  5y + 6z  60 = 0

i.e., 4x  5y + 6z = 60

1
15 12 10
x y z
  

i.e., 1
15 ( 12) 10
x y z
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(a) (2, 2, 1), (3, 4, 2), (7, 0, 6)

(b) (2, 3, 3), (1, 1, 2), (1, 1, 4)

(c) (2, 2, 2), (3, 1, 1), (6, 4, 6)

4x

+ 2y  13z = 5  

2x + 3y + 4z = 24 

O  ABC ON  

ON = p

ON l, m, n 

A, B, C  P(x, y, z) P XY PL 

L OX LM 

OM = x, ML = y, LP = z

ON OM, ML, LP ON OP 

l(x  0) + m(y  0) + n(z  0) = p

i.e., lx + my + nz = p.
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 - III
.

ON 

l = cos , m = cos ,  n = cos 

x cos  + y cos  + z cos = p 

lx + my + nz = p

x, y, z  

p, 

ax + by + cz + d = 0       .... (1)

lx + my + nz = p 

ax + by + cz = d  

a, b, c 
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2 2 2 2 2 2 2 2 2
, ,a b c

a b c a b c a b c
  

     

p d

2 2 2a b c 

2 2 2 2 2 2 2 2 2 2 2 2

a b c dx y z
a b c a b c a b c a b c


     

       

ax + by + cz + d = 0 

2 2 2

| |d

a b c



 

ax + by + cz + d = 0 

2 2 2a b c  

d + 

(i) 2x  3y + 4z  5 = 0, (ii)  2x + 6y  3z + 5 = 0

(i)  2x  3y + 4z  5 = 0

i.e., 2x  3y + 4z = 5

2 2 22 ( 3) 4 29   

2 3 4 5
29 29 29 29
x y z
  



611

311  Vol - I  (TOSS)

 - III5
29



    (ii) 2x + 6y  3z + 5 = 0

i.e., 2x + 6y  3z = 5

i.e., 2x  6y + 3z = 5

2 2 2( 2) ( 6) 3 49 7     

2 6 3 5
7 7 7 7
x y z

   

5 .
7



O P P 

P 

a(x  4) + b(y + 2) + c(z + 5) = 0

OP 

4  0, 2  0, 5 0

= 4, 2, 5

OP 

 a = 4, b = 2,c = 5



4(x  4)  2(y + 2)  5(z + 5) = 0
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i.e., 4x  16  2y  4  5z  25 = 0

i.e., 4x  2y   5z  = 45

(i) 4x + 12y  6z  28 = 0 (ii)   3y + 4z + 3 = 0

A, B, C ABC

 (a, b, c) 3x y z
a b c
  

P, Q, R PQR 

a1x + b1y + cz1 + d1 = 0

a2x + b2y + c2z + d2 = 0

l 

n1,  n2 
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 - III
1 1 1

2 2 2 2 2 2 2 2 2
1 1 1 1 1 1 1 1 1

, ,a b c

a b c a b c a b c
  

     

2 2 2
2 2 2 2 2 2 2 2 2
2 2 2 2 2 2 2 2 2

, ,a b c

a b c a b c a b c
  

     

1 2 1 2 1 2
2 2 2 2 2 2
1 1 1 2 2 2

cos a a b b c c

a b c a b c

 
   

    

cos  

 = 90o,  cos = cos

90o = 0

 a1x + b1y + c1z + d1 = 0

a2x + b2y + c2z + d2 = 0

a1a2 + b1b2 + c1c2 = 0

1 1 1

2 2 2

a b c
a b c

  

 a1x + b1y + c1z + d1 = 0

a2x + b2y + c2z + d2 = 0

1 1 1

2 2 2

a b c
a b c

 

 ax + by + cz + d = 0 

ax + by + cz + k =0.   k 
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3x + 2y  6z + 7 = 0

2x + 3y + 2z 5 = 0

a1 = 3, b1 = 2, c1 = 6

a2 = 2, b2 = 3, c2 = 2



2 2 2 2 2 2

3.2 2.3 ( 6).2cos 0
3 2 ( 6) 2 3 2

  
  

     

 = 90o



x  3y + 4z  1 = 0 

x  3y + 4z  1 = 0  

x  3y + 4z + k = 0

3  3  8 + k = 0, i.e.,  k = 8

 x  3y + 4z + 8 = 0

3x  y  z + 5 = 0

a(x + 1) + b(y  2) + c(z  3) = 0           .... (i)

a(2 + 1) + b(3  2) + c(4  3) = 0
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 - III3a  5b + c = 0          .... (ii)

(i)  3x  + y  z + 5 = 0  

 3a  + b  c  = 0          .... (iii)

(ii), (iii) 

4 6 18 2 3 9
a b c a b c
    



2(x + 1) + 3(y  2) + 9(z  3) = 0

i.e., 2x + 3y + 9z = 31

x + 2y  z = 1,  3x  4y + z = 5

a(x  2) + b(y  1) + c(z  5) = 0           .... (i)

x + 2y  z = 1,  3x  4y + z = 5

a.1 + b.2 + c(1) = 0

a.3 + b(4) + c.1 = 0

i.e., a + 2b  c = 0 ... (ii)

3a  4b + c = 0            ... (iii)

(ii),  (iii) 

2 4 3 1 4 6
a b c

 
    

2 4 10
a b c
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1 2 5
a b c
 

(i) a, b, c 

1(x  2) + 2(y + 1) + 5(z  5) = 0

i.e., x + 2y + 5z  25 = 0

(i) 2x  y + z = 6;  x + y + 2z = 3
(ii) 3x  2y + z + 17 = 0;  4x + 3y  6z + 25 = 0

(i) x +2y + 2z = 0;  2x + y  2z = 0

(ii) 3x + 4y  5z = 9;  2x + 6y + 6z = 7

2x + 3y 6z + 7 = 0 

x +2y + 2z = 5 

x +2y + 2z = 0;  2x + y  2z = 0 

(x1, y1, z1)

x cos  + y cos + z cos = p, (p > 0)

| x1 cos  + y1 cos + z1 cos  p|
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 - IIIP(x1, y1, z1) 

P x cos  + y cos + z cos = p 

... (i)

x cos  + y cos + z cos = p' ... (ii)

p'  (ii) 

(x1, y1, z1) 

x1 cos  + y1 cos + z1 cos = p'

P (i) p p'

=  p (x1 cos  + y1 cos + z1 cos )

P p 

p' p = x1 cos  + y1 cos + z1 cos  p

(x1, y1, z1) x cos  + y cos + z cos = p 

| x1 cos  + y1 cos + z1 cos  p|

ax + by + cz + d = 0

2 2 2
0ax by cz d

a b c

  


 

(x1, y1, z1) ax + by + cz + d = 0 

1 1 1
2 2 2

0ax by cz d

a b c
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a1x + b1y + c1z + d1 = 0

a2x + b2y + c2z + d2 = 0

P(x1, y1, z1)

P 

1 1 1 1 1 1 1 2 2 2 2 2 2 2
2 2 2 2 2 2
1 1 1 2 2 2

a x b y c z d a x b y c z d

a b c a b c

     
 

   



1 1 1 1 2 2 2 2
2 2 2 2 2 2
1 1 1 2 2 2

a x b y c z d a x b y c z d

a b c a b c

     
 

   
... (i)



3x  2y  + 5z + 17 = 0 

2 2 2

3.1 2.2 5.3 17 31
383 ( 2) 5

  
 

  

x 2y + 3z  6 = 0

       2x  4y + 6z + 17 = 0

x 2y + 3z  6 = 0          .... (i)

2x  4y + 6z + 17 = 0        .... (ii)

1 ( 2) 3
2 ( 4) 6
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 - III
i.e.,

1 1 1

2 2 2

a b c
a b c

 

(i),  (ii) 

(i) 

= 

2 2 2

2.6 4.0 6.0 17 29 29
56 2 142 ( 4) 6

  
  

  

3x  2y + 6z + 8 = 0;  2x  y + 2z + 3 = 0 

2 2 2 2 2 2

3 2 6 8 2 2 3

3 ( 2) 6 2 ( 1) 2

x y z x y z     
 

     

i.e.,
3 2 6 8 2 2 3

7 3
x y z x y z     

 

i.e., 9x  6y + 18z + 24 =  + (14x  7y + 14z + 21)

9x  6y + 18z + 24 =  (14x  7y + 14z + 21)

i.e., 5x  y  4z = 3;  23x  13y + 32z + 45 = 0

(i) 5x  2y + 3z + 11 = 0.

(ii) 2x  3y + 3z + 27 = 0.

3x + y  z  7 = 0. 6x + 2y  2z + 11 = 0. 
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(i) 2x + y  2z = 4; 2x  3y + 6z + 2 = 0.

(ii) 3x  4y + 12z = 26; x + 2y  2z  = 9.

(iii) x + 2y + 2z  9 = 0; 4x  3y + 12z + 13 = 0.

A = a1x + b1y + c1z + d1 = 0 .... (i)

B = a2x + b2y + c2z + d2 = 0 .... (ii)

 AB = 0

i.e., (a1x + b1y + c1z + d1) (a2x + b2y + c2z + d2) = 0 .... (iii)

(i), (ii) (iii) 

A = 0,  B = 0 AB = 0 

AB = 0 x, y, z 

x, y, z 

x, y, z 

ax2  + by2 + cz2  + 2hxy + 2fyz + 2gzx = 0 ... (A)
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abc  + 2fgh  af 2  bg2  ch2  = 0

2 2 22
tan

f g h ab bc ca
a b c

    
 

 

8x2  3y2  10z2  + 10xy + 17yz + 2xz = 0

a = 8; b = 3;      c = 10; h = 5,   f = 17/2; g = 1

 abc  + 2fgh  af 2  bg2  ch2

2
2 217 178( 3)( 10) 2. .1.5 8 3.1 10.5

2 2
 

       
 

=  240 + 85  578 + 3 + 250

=  578  578 = 0





2 2 22
tan

f g h bc ca ab
a b c

    
 

 

2892 1 25 24 30 80
4

5

    




2 689 689
5 4 5

   

1 689tan
5
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2x2  6y2  12z2  + 18yz + 2zx + xy = 0 

6x2 + 4y2  10z2  + 3yz + 4zx  11xy = 0 

x, y, z 

8x2  3y2  10z2  + 10xy + 17yz + 2xz .... (i)

(i) z = 0 

8x2  3y2 + 10xy

= 8x2 + 10xy  3y2

=  8x2 + 12xy  2xy   3y2

=  4x(2x + 3y)  y(2x + 3y)

=  (2x + 3y)(4x  y) ... (A)

(i) y = 0 

8x2 + 2xz  10z2

= 8x2 + 10xz  8xz  10z2

=  2x(4x + 5z)  2z(4x + 5z)

=  (4x + 5z)(2x  2z) ... (B)
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 - III(i) x = 0 

 3y2  10z2 + 17yz

= 3y2  17yz  + 10z2

=  3y2  15yz  2yz + 10z2

=  3y(y  5z)  2z(y  5z)

=  (y  5z) (3y  2z) ... (C)

(A), (B), (C) (i) 

(2x + 3y  2z); (4x  y + 5z)

8x2  3y2  10z2  + 10xy + 17yz + 2xz

  (4x   y + 5z) (2x + 3y   2z)

x, y, z  

(i) (A) (2x + 3y) (B) (2x  2z) 

2x (2x + 3y  2z).  

(A) (4x  y), (B)  (4x + 5z)

(4x  y + 5z)

(ii) 8x2  3y2  10z2  + 10xy + 17yz + 2xz = 0

4x  y + 5z = 0; 2x + 3y  2z = 0

(iii)



624

 - III
311  Vol - I  (TOSS)

A cos , cos ,

cos  

YOZ A A1 

A1 = A cos 

ZX A A2 

XY A A3 

A2 = A cos 

A3 = A cos 

 2 2 2 2 2 2 2 2 2
1 2 3A +A +A A cos A cos A cos    

     = A2(cos2  + cos2  + cos2 )

      = A2

ABC A(x1, y1, z1) B(x2, y2, z2) C(x3, y3, z3) 

  xy yz zx 

xy A, B, C 

(x1, y1, 0),   (x2, y2,  0),  (x3, y3,  0)

1 1

2 2

3 3

1
1 1
2

1
xy

x y
x y
x y

 

(x1, y1) (x2, y2), (x3, y3)
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1 1 1 1

2 2 2 2

3 3 3 3

1 1
1 1 ; 1
2

1 1
yz zx

y z z x
y z z x
y z z x

   

     
2 2 22

xy yz zx       

2 2 2
1 1 1 1 1 1

2 2 2 2 2 2

3 3 3 3 3 3

1 1 1
1 1 1 1
4

1 1 1

x y y z z x
x y y z z x
x y y z z x

 
 

   
 
 

1 5 1
1 11 2 1 [1(2 2) 5(1 3) 1(2 6)]
2 2

3 2 1
xy       

=  3
5 2 1

1 12 3 1 [5( 3 1) 2(2 2) 1( 2 6)]
2 2

2 1 1
yz          



= 3

2 1 1
1 13 1 1 [2(1 3) 1( 3 1) 1( 9 1)]
2 2

1 3 1
zx          



= 5

2 2 2 2
xy yz zx       

= 9 + 9 + 25 = 43

43 
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(i) (2, 5, 3), (1, 7, 4), (2, 3, 5)

(ii) (3, 0, 1), (4, 1, 1), (3, 2, 2)

(iii) (a, 0, 0), (0, b, 0), (0, 0, c)

ax + by + cz + d = 0

(x1, y1, z1) 

a(x  x1) + b(y  y1) + c(z  z1) = 0

Ax + By + Cz + 1 = 0

(x1, y1, z1), (x2, y2, z2), (x3, y3, z3) 

1 1 1

2 1 2 1 2 1

3 1 3 1 3 1

0
x x y y z z
x x y y z z
x x y y z z

  

   

  

1x y z
a b c
  

 lx + my + nz = p ;  l, m, n  
 P 
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 - IIIa1x + b1y + c1z + d1 = 0;  a2x + b2y + c2z + d2 = 0 

1 2 1 2 1 2
2 2 2 2 2 2
1 1 1 2 2 2

cos a a b b c c

a b c a b c

 
 

    

a1a2 + b1b2 + c1c2 = 0

1 1 1

2 2 2

a b c
a b c

 

(x1, y1, z1) x cos  + y cos + z cos = p 

| x1 cos  + y1 cos + z1 cos  p|

a1x + b1y + c1z + d1 = 0;  a2x + b2y + c2z + d2 = 0 

1 1 1 1 2 2 2 2
2 2 2 2 2 2
1 1 1 2 2 2

a x b y c z d a x b y c z d

a b c a b c

     
 

   

ax2 + by2 + cz2  + zhxy + 2fyz + 2gzx = 0 

abc  + 2fgh  af 2  bg2  ch2  = 0

(x1, y1, z1), (x2, y2, z2), (x3, y3, z3) 

2 2 2
1 1 1 1 1 1

2 2 2 2 2 2

3 3 3 3 3 3

1 1 1
1 1 1 1
4

1 1 1

x y y z z x
x y y z z x
x y y z z x
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http : //www.wikipedia.org

http ://www. mathworld.wolfram.com

x + y + 2z = 9;  2x  y + z = 15 

3x  5y + 8z  2 = 0;  12x  20y + 32z + 9 = 0  

3x  2y + kz  1 = 0;  x + ky + 5z + 2 = 0 k 

2x  3y  5z = 7 

2x  y + 2z + 3 = 0;  3x  2y + 6z + 8 = 0 

6x2  12y2 + 4z2 + xy + 13yz  14xz = 0
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ax + by + cz = 0 ax + by + c(z +2) = 0

a(x  5) + b(y + 7) + c(z  3) = 0

1 2 1 2 1 2 0
2 2 2

x x y y z za x b y c z       
               

a(x  2) + b(y  2) + c(z + 3) = 0

(a)  5x + 2y  3z   17 = 0;   (b) 3x  y + z = 0

(c)  x + 2y  z = 4

1
2 3 4
x y z
  

(i)   4 12 6 2
14 14 14

x y z
   (ii)  3 4 3

5 5 5
y z  

x  3y + z  11 = 0

x  2y + z  6 = 0 4x + 3y  2z = 36

(i)  3


(ii)  2


2x + 3y + 6z  = 7

2x + 2y  3z + 3 = 0 2x  2y + z = 0
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(i)  30
38

(ii)  6
22

25
2 11

(i)  10x  y + 2z  11 = 0; 4x + 8y  16z  17 = 0

(ii) 4x + 38y  62z  39 = 0; 22x + 14y + 10z  195 = 0

(iii) 25x + 17y + 62z  78 = 0; x + 35y  10z  156 = 0

1 16cos
21

  
   2



(i) 11 (ii) 
14
2

(iii) 2 2 2 2 2 21
2

a b b c c a   

a(x + 2) + b(y  5) + c(z  4) = 0 a(x  2) + b(y  3) + c(z  4) = 0
2x + 3y  3z  5 = 0 5x  7y + 11z + 4 = 0

x + 2y + z  = 6
3


k = 1 18
38

5x  y  4z  3 = 0;  23x  13y + 32z + 45 = 0

3x  4y  z = 0;  2x + 3y  4z = 0;  1 2cos
26. 29

  
 
 

1 77
2
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C

A 

A
c.m
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 - IIIA  c.m
A c.m/sec

A c.m P  

c.m/
sec A

l  
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15.2  

 A, B  AB 
 A, B)   A  B directed line

segment 

|AB| = a AB 
 AB 

Null Vector

AA , BB
 

O

a


b


a

 b


AB


CD


B

A

a
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AB


BA


BA AB 
 

AB, AD
 

AC


A 

AB, CD
 

EF


AB


DC


15.3.7 
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15.3.8 

a b)  c)   

d)  e) f) 

  (g) (h) (i) 
  (j)

a d f
b c e

a N

b  30 

:
N

W E

S

30 km
600
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c.m

a

            (b)   70 

OB


OA


AB


OA


+ AB


= OB


a


+ b


 = OB


 = c
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a


b


a


+ b


a


b


a


+ b


a


+ b


+ c


+ d


AB BC CD DE   
   

AC CD DE  
  

AD DE 
 

AE


AE


OABC

OA AB OB 
  

AB OC
 

OA OC OB  
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OAa 
 

a


AO


AO


OA
 OA AO a 

  
AO


= 

AO


( ) Oa a  
  

a


b


a


b


a


b


a


b


= a


+ b


OA


 = a


OABC

CB


 = a


BA


 = b


CA CB BA a b    
    

15.4.6  

  a, b 

a + b = b + a 

  a, b, c 

(a + b) + c = a + (b + c) 

 a    a + 0


 = 0 + a = a

: 
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ABCD
O

OA


OB, OC
 

OD


ABC

O OA


OB


OC


 OX, OY, OZ 
O(0, 0, 0)  (x, y, z) 

P

 OP 
OP P

r 

OP 

2 2 2OP | |r x y z   


P(x, y, z)
Z

X'

XY

Y'

Z'
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 P(x, y, z)  OP = r X, Y, Z  

r , ,   cos
, cos , cos   r  l,
m, n 

P  X, Y, Z A, B, C

cos
| |

x
r r

 


cos y
r

  cos z
r

 

x, y, z (lr, mr, nr) 

l, m, n  lr, mr, nr  r

a, b, c 

     r2 = x2 + y2 + z2

 = l2r2 + m2r2 + n2r2

 = r2(l2 + m2 + n2) 

 l2 + m2 + n2 = 1 2 2 2 1a b c  

P(x, y, z)

Z

Y

X

O

r

O
x

P

|r| = r

900
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a


x (  0) | x |

a


 | a


x > 0

a


x < 0

x a


a


O

O


. O Ox 
 

O . Oa 
 

a


b


x, y

i x(y a


) = (xy) a


(v)   (x) a  = x(a ) = (x a )

ii x a


 + y a


 = (x + y) a


iii x a


 + x b


 = x a


+ b


iv O a


 + O Ox 
 

a


= x b


x )

a


b


necessay amd sifficient x a


+ y b


= O


x y

:

: a


b


l a


= lb


a


+ l b


= O


 x = 1 y = l
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 - III x a


+ y b


= O


:

x a


+ y b


= O


0x  0y 

0y 

X xy b a b a
y

     
   

b


a


: a


b


x = 0

y = 0 x a


+ y b


= O


a


'x'

i
 
â ii 

 
â

i x a


= 
 
â X |a


| 
 
â = 

 
â

1
 

ˆ| |
x

a
 

ii x a


= 
 
â x | a


| 
 
â = 

 
â

1
 

ˆ| |
x

a
  

a


b


( 2)c x a b  
  

(2 1)d x a b  
  

x

b


O c


 d y c
 

y

(2 1) ( 2)x a b y x a y b    
   

 (yx  2y  2x  1) a


 + (y + 1) b


 = 0.
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a


b


yx  2y  2x  1 = 0
y + 1) = 0

y 1 1
3

x 
5
3

c a b  
  

5
3

d a b 
  

c


d


A B a


+3b


3 a


+b


AB


'O' A, B OA , OB
 

AB 


A

AB OB OA 
  

(3 ) (2 3 )a b a b   
   

(3 2) (1 3) 2a b a b     
   

P, Q, R 2a b
 

2 3a b
 

7b


PQ 


P

(2 3 ) ( 2 )a b a b   
   

5a b 
 

i

QR


= R Q

7 (2 3 )b a b   
  

7 2 3b a b   
  

2 10a b  
 

2[ 5 ]a b  
 

ii

i , ii
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 - IIIPQ 2QR 
 

PQ || QR
 

PQ


QR


  P, Q, R

A B a


b


AB


i a


ii b


A, B, C, D a


b


a


b


2a b
 

DB


AC


n


y

p


q


5 6 , 7 8a b a b 
   

3 20a b
 

a


b


OA


OB


O'. a


b


c


O

c OC


a


b


OC
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 c la mb 
  

c


a


b


a


b


c la mb 
  

OX, OY
 
ˆ ˆ,i j

 
ˆ ˆ,i j r


 

ˆ ˆr x i y j 


r


O
OM = x ON = y x, y

OM, ON
 

r


OM


ON


r
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 - III, ,i j k

r


, ,i j k OP


= r


r x i y j z k  
  

ˆ ˆ,x i y j
 

ˆz k r


x, y, z



r


, ,i j k

2 2 2r x y 


OP2 = OA2 + OB2 + OC2

2 2 2 2r x y z  


r


| r


|

2 2| |r x y 


2 2 2| |r x y z  


a


b


c


d


a


b


c


d x a yb zc  
   

Linear Combination of Vectors

a1, a2, a3, ... an  x1, x2, ... xn 

x1a1 + x2a2 + x3a3 + .... + xnan  a1, a2, a3 ... an .
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a, b, c a, b, c) r

r = xa + yb + zc  (x, y, z) 

 x, y, z (a, b, c)  r 

OX


OY


i j

OP OX OY

 OP OM + ON
  

0 010cos30 10sin 30 .i j 
 

3 110 10
2 2

i j 

5 3 5i j 

 5 3

2 , 3a b a b 
   

4a b
 

4 ( 2 ) (3 )a b x a b y a b    
     

x y

( 3 ) ( 2 )x y a x y b    
 

a


b


x + 3y = 1 2x + y = 4
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7

x 


6
7

y 

2a b
 

3a b


4a b
 

1r i j k  
   

2 2 4 3r i j k  
   

a 1r


b 2r


c 1 2r r
 

d 1 2r r
 

a 2 2 2
1| | | | 1 ( 1) 1 3r i j k       
   

b 2 2 2
2| | 2 ( 4) ( 3) 29r      


c 1 2

 
ˆ ˆ ˆ

 
ˆ ˆ ˆ ˆ ˆ ˆ( ) (2 4 3 ) 3 5 2r r i j k i j k i j k         

 

2 2 2
1 2

 
ˆ

 
ˆ ˆ| | |3 5 2 | 3 ( 5) ( 2)r r i j k        

 

d 1 2

 
ˆ ˆ ˆ

 
ˆ ˆ ˆ ˆ ˆ ˆ( ) (2 4 3 ) 3 4r r i j k i j k i j k          

 

2 2 2
1 2

 
ˆ

 
ˆ ˆ| | | 3 4 | ( 1) 3 4 26r r i j k         

 

 
ˆ

 
ˆ ˆ3 2 4a i j k  

  
ˆ

 
ˆ ˆ 2b i j k  



:
 

ˆ ˆ
 

ˆ ˆ ˆ ˆR (3 2 4 ) ( 2 )a b i j k i j k       
  

 
ˆ

 
ˆ ˆ4 3 2i j k  

R


| R |


2 2 2| R | 4 3 ( 2) 29    




R 1 4 3 2
 

ˆ ˆ
 

ˆ ˆ ˆ ˆ(4 3 2 )
| R | 29 29 29 29

i j k i j k      
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a


b


a


b


 
ˆ ˆ

 
ˆ ˆ ˆ ˆ2 3 , 2 2r i j k s i j k     

 
r s
 

: 
 

ˆ ˆ
 

ˆ ˆ ˆ ˆ( 2 3 ) (2 2 )r s i j k i j k      
 

 
ˆ

 
ˆ ˆ3 5i j k   

 2 2 2| | ( 1) (3) ( 5) 35r s      
 

 | |r s
 

1 1 3 5( 3 5 )
35 35 35 35

i j k i j k
      

3a i j k  


3 2b i j k  


2 3a b
 

2 3 2( 3 ) 3(3 2 )a b i j k i j k      
 

(2 6 2 ) (9 6 3 )i j k i j k     
 

ˆ11 i k 

 | 2 3a b
 

|  = 2 2(11) ( 1) 122  

 (2 3 )a b
 

11 1
122 122

i k 

a


b


c


4 2 2 , 2 4 2a b c a b c    
     

2 2 4a b c  
  

:

2 2 4 (4 2 2 )a b c x a b c     
     

 + y ( 2 4 2 )a b c  
  

x y a


b


c
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 - III4x  y = 2, 2x + 4y = 2, 2x 2y = 4

x = 1 y = 1

2 2 4 ( 1) (4 2 2 ) ( 1) ( 2 4 2 )a b c a b c a b c           
       



16:  A(2i  j + k), B(i  3j  5k), C(3i  4j  4k) 

:

  AB = (1  2)i + (3 + 1)j + (5 1)k = i  2j  6k

  BC = (3  1)i + (4 + 3)j + (4 5)k = 2i  j  k

CA = (2  3)i + (1 + 4)j + (1 4)k = i  3j  5k

|AB|2 = |BC|2 + |CA|2 .

17:   3i  2j  k,  2i + 3j  4k,

i + j + 2k  4i + 5j + k =
146
17


.

:

OA = 3i  2j  k

OB = 2i  3j  4k

OC = i  j k

OD = 4i + 5j + k

 AB = i + 5j  3k

AC = 4i + 3j + 3k

AD = i + 7j + ( + 1) k

A, B, C, D are coplanar  [AB  AC AD] = 0
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[AB . AC . AD]  =  
1 5 3
4 3 3 0

1 7 1

 

 

 

1(3 + 3  21)  5(4  4  3)  3(28  3) = 0

 3 + 18 + 20 + 35 + 93 = 0

17 = 146

146
17


 

a


b


c


r


| OA | 4,| OB | 3 

| OC | 5. OP


OA , OB, OC
  

1 2

 
ˆ ˆ

 
ˆ ˆ ˆ ˆ4 4 , 2 2 3r i j k r i j k      

 
3

 
ˆ

 
ˆ ˆ3r i j k  



1 2 3| | 7r r r  
  

 
ˆ

 
ˆ ˆ2 4 5a i j k  

  
ˆ

 
ˆ ˆ2 3b i j k  



a i j k  
  

ˆ
 

ˆ ˆb i j k  


3 2a b
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3 7 4 ,3 2a b c a b c   
     

2a b c 
  

a


b


c


'O' P OPr 
 

m : n

O A B a


b


OA a
 

OB b
 

AB P m : n

AP (or) AP PB
PB

m n m
n

 
 

(OP OA) (OB OP)n m  
   

( ) OP OB OAm n m n  
  

OB OAOP m n
m n





 

mb n ar
m n





 

'O' P r
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1 ,m m n
n
   AB P

a


b


1 ( )
2

a b
 

P

11

ma b a kbnr m k
n




 




   

, 1mk k
n

  

ii a


b


k : 1

AB P m : n

na mbr
n m





 

[ :  m : n]

x


y


r


3 2 1 (3 2 )
3 2 5
x yr x y

  


   

A B 2x y
 

2x y
 

AB

:  AB
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 - III( 2 ) (2 )
2

x y x y  


   

3 1
2 2

x y 
 

ABC A, B C

a


b


c


ABC

ABC BC D

ABC G D, AD

AG : GD = 2 : 1

D
2

b c


 

 G

2 1 .
2
2 1

b c a





  

3
a b c 



  

A B a


b


AB

C (i) 1 1:
2 3

(ii)  2 : 3 C

P( ) , Q( )p q
 

C D c


d


CD
P Q
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a b
a b
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+ c
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)  b


 
r = a + yb, t   R.

(ii) A(x1 y1 z1)  b
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  i i ix x y y z z
l m n
  

 

(iii) A(a), B(b)  

r = (1  t) a


 + tb


,  t  R.

(iv) A(a)  b, c 
r = a + tb + sc,  t, s  R.

(v) A(a), B(b)  C 
   r = (1  t)a + tb + sc t, s  R.

(vi) A(a), B(b), C(c) 

(1 )r t s a tb sc    
 , t, s  R.

 
ˆ

 
ˆ ˆ3 2 6a i j k  

  
ˆ

 
ˆ ˆ4 3b i j k  


a


b


a


b


 
ˆ ˆ

 
ˆ ˆ ˆ ˆ(3 2 6 ) (4 3 )a b i j k i j k      

 

3 4 2 ( 3) ( 6) 1       

 
ˆ ˆ

 
ˆ ˆ ˆ ˆ[ 1i i j j k k     

 
ˆ ˆ
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O a
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b
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a
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 | a


|  |b


|  sin 
 
n̂ n

a
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n̂ a


b
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a b b a   
   

0a b 
  

 
ˆ ˆ

 
ˆ ˆ ˆ ˆ 0i i j j k k     



 
ˆ ˆ ˆ

 
ˆ ˆ ˆ ˆ ˆ, ,i j k j k i k i j     

 
ˆ ˆ ˆ
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0a b 
  

a


= b


= 0 a


||b


a


b


O


 O


 
n̂ 0a b 

  

( )a b c a b a c     
      

a
 

ˆ
 

ˆ ˆ3 2 3i j k 

 
ˆ

 
ˆ ˆ2 3 4i j k 

b
 

ˆ
 

ˆ ˆ2 3i j k 

 
ˆ

 
ˆ ˆ3 2i j k 

a, b  |a| |b| cos   
a, b a  . b 

i a . b 

ii a . a  = |a| |a|  cos = |a|2 a2 

a, b 

i a . b = b . a 

ii (la) . b = a . (lb) = l(a . b) l  R

iii (la) . (m.b) = lm (a . b)  l, m   R

iv (a) . (b) = a . (b) =  (a . b)

v (a) . (b) = a . b

i i, j, k

i, j, k

i . i =  j . j = k . k = 1,  i . j = 0,  j . k = 0,  k . i = 0.
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 - IIIii i, j, k

a = a1i + a2j + a3k, b = b1i + b2j + b3k   a . b = a1b1 + a2b2 + a3b3

iii a, b  a, b 

1 .cos
| || |

a b
a b

  
   

 
1 1 1 2 2 3 3

2 2 2 2 2 2
1 2 3 1 2 3

cos a b a b a b

a a a b b b

  
  
     

iv a, b a1b1 + a2b2 + a3b3 = 0.

O AB  

 OA = a OB = a 

OP = r P 

PA . PB = (a  r) . (a  r) = (a2  r2) = 0

(|a| = |r| = )

0PAB 90 

ABC a, b, c A, B, C 

i)  a2 = b2 + c2  2abc cos A ii)  a = b cos C  + c cos B.

 

A B

P

Qa a

r
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OABC  OB, CA

OA = a, OC = c OB = a + c,  CA = a  c

OB2 + CA2 = |a + c|2 + |a  c|2 = (a2 + 2ac + c2) + (a2  2ac + c2)

    =  2|a|2 + 2|c|2

    =  OA2 + AB2 + CB2 + OC2  (OA  BC, OC = AB).

ON = P ON 
n r . n = P

(i  
r . n = 0

(ii
lx

+ my + nz = P.

(iii A(a) 

(r . a) . n = 0.

C

O B

B

PN

rn

O
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C' a > 0 CP
= a P C 'a' a = 0 

i C(c) 'a'

|r  c| = a
r2  2(r . c) + c2 = a2

ii
r2  2r . c = 0

iii
r2 = a2 

|r| = a

iv

(x  x1)
2 + (y  y1)

2 + (z  z1)
2 = a2

v A(a), B(b) (r  a) . (r  b)
= 0 
r2  r.(a + b) + a . b = 0

n1, n2 1, 2 n1, n2

1, 2 1, 2  cos
= n1. n2.

|a| = 11 |b| = 23 |a  b| = 30 a, b 
|a+b| 

|a  b| = 30 a, b  

C

P

A

cr

a
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|a  b|2 = 900

a2  2a.b cos  + b2 = 900

| 2 |   2 11.23 cos  + 529 = 900

650  506 cos  = 900

506 cos  = 650  900 = 250

506 cos  = 250

       cos  = 250

250 125cos
506 253


   

1 125cos
253

  
    

 

|a + b|2 = a2 + 2a . b cos  + b2

= |2| + 2 11 23 cos  + 529

125121 2 11 23 529
253

 
      

 

|a + b|2 = 400

  |a + b|  = 20.

a = i + 2j + 3k, b = 3i + j + 2k a.b a,
b 

a . b = (i + 2j + 3k) (3i + j + 2k) = 3 + 2 + 6 = 11

2 2 2 2 2 2| | 1 2 3 ; | | 3 1 2a b     

    = 14 = 14

1. 11 11 11cos cos
| || | 14 1414 14

a b
a b

  
       

 

i  3j + 5k,  2i  j  k 
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 - IIIi  3j + 5k 2i  j  k = 

  3  5 = 0

(2 + 5) (  1) = 0 
5

2


  

2i  j + k,  i  j  5k, 3i  4j  4k  

A, B, C 

AB = i  2j   6k,  BC = 2i  j + k

CA = i + 3j + 5k

 BC. CA = 2 3 + 5 = 0

 0C 90 

BC.BA 6cos B
|BC| |BA| 41

 

AB.AC 35cos A
|AB| |AC| 41

 

ABCD AB = 3i + 2j + 2k,  AD = i  2k

AC = AB + BC

= (3i  2j + 2k) + (i  2k)

AC = 4i  2j

BD = 2i + 2j  4k

AC, BD 

AC.BD 8 4 3cos
|AC| |BD| 20 24 10

  
   

D C

BA



3i  2j + 2k

 

B

AC
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A(1, 3, 1),  B(2, 4, 1) 

a = i  3j  K,  b = 2i + 4j + K

A(a),  B(b) 

(r  a) . (r  b) = 0

r2  r .(a + b) + a . b = 0

r2  r . (3i + j)  11 = 0

(x  1)(x  2) + (y + 3) (y  4) + (z + 1) (z  1) = 0

x2 + y2 + z2  3x  y  11 = 0.

i  j  k,  4i  j  2k 

r . (2i  j + 2k) = 3,  r . (3i + 6j + k) = 4

a = 3i j  2k,  b = 2i  j

a, b a b
a, b a, b a

b a b  a, b 
n, (a, b, n)  a b (|a|

|b| sin )n 

a, b, c i) a (b + c) =  a b + a c

ii) (a + b) c  =  a c + b c
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 - III(i, j, k) 

i i = j j = k k

 i j  k, j k  i k i = j

i, j, k

i a = a1i + a2 j + a3k, b = b1i + b2 j + b3k  

a b = (a2b3  a3b2) i  (a1b3  a3b1)j + (a1b2  a2b1)k

ii 1 2 3

1 2 3

i j k
a b a a a

b b b
 

iii a = a1i + a2 j + a3k, b = b1i + b2 j + b3k  

2
2 3 3 2

2 2
1 1

( )
sin

a b a b

a b

 


 

iv a, b 

 |a b|2 = (a . a) (b . b)  (a . b)2 = a2b2  (a .b)2

(v a, b a, b 

( )
| |

a b
a b

 



i OABC 

ii ABC A, B, C a, b, c 
1 ( )
2

b c c a a b    
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A, B, C, D 

ABCD 1 (AC BD)
2



 a = 2i  3j + 5k,  b = i + 4j + 2k i) a b 
ii)  a, b 

i)  2 3 5 26 9 5
1 4 2

i j k
a b i j k      



ii a, b 

1 ( 26 9 5 )
| | 782
a b i j k
a b


      


a = i + 2j + 3k,   b = 3i + 5j  k 

a, b

       = a, b 

1
2

a b 

1 2 3 17 10
3 5 1

i j k
a b i j k     



1
2

a b 
390
2



a = 2i   j + k,   b = 3i + 4j  k  

sin 

2 1 1 3 5 11
3 4 1

i j k
a b i j k      
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 - III| | 6, | | 26, | | 155a b a b   

| | 155 155sin
| || | 1566 26
a b
a b


   

a = 2i  j + k,  b = i  3j  5k  |a b|

i + j + k, 2i + j + 3k 

a  2j  k, b =  i + k 

3i + 4j, 5i + 7j  

a, b |a| = |b| = 5, (a, b) = 450 a  2b,
3a + 2b 

a, b, c  a b c a, b, c 

[abc] [a b c] [a b c]

a b c OA = a, OB = b, OC = c 

OA, OB, OC 

V 

i (a, b, c) a b c = V

ii (a, b, c) a b c = V

a, b, c 

a b c  = b c a  = c a b 

[a b c] = [b c a] = [c a b]
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a, b, c a b c  = a . (b c  

a, b, c 

[a b c] = 0

A, B, C, D  

          [AB AC AD] = 0

(i, j, k) 

a = a1i + a2 j + a3k,  b = b1i + b2 j + b3k, c = c1i + c2 j + c3k

1 2 3

1 2 3

1 2 3

[ ]
a a a

abc b b b
c c c



a = a1i + a2 j + a3k,  b = b1i + b2 j + b3k, c = c1i + c2 j + c3k    a,

b, c 
1 2 3

1 2 3

1 2 3

0
a a a
b b b
c c c



a, b, c   
1
6

a b c

A, B, C, D   
1 DA DB DC
6



A(a)  b, c 

a, [ r b c] = [a b c]

A(a) B(b) c 

[ r b c] + [ r c a] = [a b c]
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 - IIIA(a) B(b) C(c) 

[ r b c] + [ r c a]  + [r a b] =  [a b c]

r  = a +  tb,  t   R r . c = q  

                [r b c] = [ a b c]

L1, L2 r = a + tb, r = c + sd, t, s 

R 
| ( ).( ) |

| |
a c b d

b d
 



a, b, c a b c 

i a, b, c 

a b c = (a . c)b  (b . c)a

ii a b c  = (a . c)b  (a . b)c

a b c = a (b  c)    a, c 

b a, c 

a b c = a (b  c)
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a, b, c, d 

i a b c d = 
. .
. .

a c a d
b c b d

ii a b a b a b = a2b2  a b

a, b, c, d 

a b c d = [a c d]b [b c d]a

a, b, c  r  

[ ] [ ] [ ]
[ ] [ ] [ ]
bcr car abrr a b c
abc abc abc

  

a = 2i -  j + k,  b = i + 2 j - 3k, c = 3i + pj + 5k

[a b c] =  0

2 1 1
1 2 3 0
3 5p



  

 2(10 + 3p) + 1(5 + 9) + (p  6) = 0

 20 + 6p + 14 + p  6 = 0

 p  = 4

2i  3j ,  i +  j  k,  3i  k  

2 3 0
[ ] 1 1 1

3 0 1
a b c
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 - III =  2(1  0) + 3(1 + 3)

 =  2 + 6 =  4

 V =  |[a  b  c]|  =  4

a,  b, c   a  2b  + 3c,  2a + 3b  

4c, a  3b + 5c   

 = a  2b + 3c,  =  2a + 3b  4c,  = a  3b + 5c  

1 2 3
[ ] 2 3 4 [ ]

1 3 5
abc



   



1 2 3
2 3 4 1(15 12) 2( 10 4) 3(6 3)

1 3 5



        



  0    , ,  

a = i + j + k,  b = 2i  j + 3k, c = i  j,  d = 6i + 2j + 3k  
b c c a a b d 

1 1 1
[ ] 2 1 3

1 1 0
a bc  



  = 1(0 + 3)  1(0  3) + 1(2 + 1) = 5

d . a = (6i + 2j + 3k) . (i + j + k) = 6 + 2 + 3 = 11

d . b = 19; d.c = 4
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d = x(b c) + y(ca) + z(ab)

. . ., ,
[ ] [ ] [ ]
d a d b a cx y z
abc abc abc

  

11 19 4; ;
5 5 5

x y z  

11 19 4(3 3 ) ( 2 ) (4 3 )
5 5 5

d i j k i j k i j k          

r = (6i + 2j + 2k) + t(i  2j + 2k)

r = (4i  k) + s(3i  2i  2k) 

A(6, 2, 2)  b = (i  2j + 2k) 

c(4, 0, 1) d = 3i  2j  2k 

| [A ] |c b d
b d

10 2 3
[A ] 1 2 2 108

3 2 2
c b d

  

   

 

1 2 2 8 8 4
3 2 2

i j k
b d i j k     

 

|b  d| = 12

| [A ] | 108 9
| | 12

c b d
b d
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 - III

i + j + k,  i  j, i + 2j + k 

[i  j   jk  k  i]  

(i  2j + 3k)  (2i  j  k ) . ( j + k) 

a, b, c [2a  b + 3c,  a + b  2c, a + b  3c] = [abc]



a, b, c 2a + 3b   c, a  2b + 3c, 3a + 4b   2c, a  6b

+ 6c 

A = (1, 2, 1) B = (4, 0, 3),  C = (1, 2, 1), D = (2, 4, 5) 

AB, CD  

a = i  2j  3k,  b = 2i + j  k,  c = i + 3j  2k a ( b c) 

(a b) c 

a = i  2j  3k,  b = 2i + j  k,  c = i + j  2k |(a b) c|,   |a (b

c)| 





 'a' AB
 A B

| AB | a


 a


a


a
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 a


a
 
â

 

ˆ
| |
aa
a






 O


O







 a


x x a


a


| x | a


x > 0 x < 0





 a


b


  m : n

,na mb na mb
m n m n
 

 

   

 a


b


2
a b
 

 a


b
  

ˆ| | | | sina b a b n   
   

a


b
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 - III a


b
  

ˆ| | | | sina b a b n  
   

 a


b


 
n̂ a


b


 a, b a . b = b . a

 i . i = j . j = k . k = 1;  i.j = j.k = k.i = 0

 a = a1i + a2 j + a3k;   b = b1i + b2 j + b3k  a.b = a1a2 + b1b2 +
c1c2.

 a, b a1b1 + a2b2 + a3b3 = 0


1 .cos

| || |
a b

a b
  

   
 

1 1 1 2 2 3 3

1 2 3 1 2 3
cos a b a b a b

a a a b b b

  

   
     

 (r  a) . n = 0

 cos  = n1.n2.

 a  b = (|a| |b| sin )n

 i, j, k i i = j   j = k   k = 0  i  j = k,  j  k
= i, k  i = j  

  
2

2 3 2 2
2 2
1 1

( )
sin

a b a b

za zb

 
 

 a, b 
( )

| |
a b

a b
 





1 (AC BD)
2

 

 r = a+tb,  r = c + sd   t, s   R | ( ).( ) |
| |

a c b d
b d

 



 a, b, c 

(a b) c = (a . c) b  (b . c)a

a (b c) = (a . c)b  (a . b)c
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a, b, c, d 

i
. .

( ) . ( )
. .

a c a d
a b c d

b c b d
  

ii ( ) ( ) [ ] [ ]a b c d acd a bcd c    

 http://www.wikipedia.org

 http://mathworld.wolfram.com

a


b


c


a b c b

 c


a


a

 b

 c


x y x a

  yb



= O


a


b


ABCD CD M BD


AM


BM


MC


a


b


 a


b


I

II III

a


b


 (2 )x a b 
 

( 3)y a x b 
 

x y 

a


b


3a x b
  2(1 )

3
x a b 
 

x 
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 - III2 3a i j yk  


6 2b xi j k  


x, y 

a


 b


3 5 8a i j k  


4b i j k   


6 3 2a i j k   


a


3 2 , 2 4i j k i j k    

P

F1 2 3 , F2 3 2 2i j k i j k      
 

F3 3 2i j k  


(a)

(b)

a


b


c


( 2 ) , (2 3 )a b c a b c   
     

( 3 2 )a b c  
  

(d) (b)
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O


O


b


a


i a


a


ii b


b


DB b a 
  

AC 2 3a b 
  

| | | | if 0y n y n y 
 

| | if 0y n y  


vector

0 if 0y 

,p xq x
 

is a non zero scalar..
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 - III

c x a yb 
  

x, y
 

ˆ ˆ3 4r i j 


 
ˆ

 
ˆ ˆOP 4 3 5i j k  

 1
 

ˆ
 

ˆ ˆ(3 6 2 )
7

i j k 

1 5 5
 

ˆ
 

ˆ ˆ
51 51 51

i j k 

i
1 (2 3 )
5

a b
 

ii 3 2a b
 

1 (4 3 )
7

p q
  1 1(2 ), ( 2 )

3 3
c d c d 
   

a 2


b 1 1cos
14

  
 
 

= 3

2. 1 2cos
3 46

  
 
 

3. r2  (i + 3j  2k) . r  10 = 0.

1. 210

2. 1 (2 )
6

i j k  
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41
2

50 2

1.
1
6 2.  

= 3

4
3 5 14, 54

0a b c  
   

BD = BM- MC, = AM = BM+2MC
     

i a


b


a


b


i a


b


ii a


b


x = 4, y = 2

x = 2 

4, 1, | | 14, | | 2 14x y a b    
 

| | 6, | | 14a b a b   
   

6 3 2
 

ˆ
 

ˆ ˆ
7 7 7

i j k  

1
 

ˆ
 

ˆ ˆ( 2 2 )
3

i j k  

 
ˆ ˆ2 ; 5i j
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 (TOSS)

 :

(i)

(ii)  A, B  C

 - A

( ) 102 = 20 M

1. 3 - 4i .

2. x3  6x2 + 9x  4 = 0  1, 1,  

.

3. (6, 3)  (4, 10) .

4.  x2 + 8y2 = 33  (1, 2) 

.

5. 2x  y + z = 6  x + y + 2z = 3 .

6. 6y x  , x  R 

7. y = Tan 3x .
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8.
2

0

1Lt
x

x

e
x


 .

9.
3/222

2 1 0.d y dy
dxdx

  
    

   

 

10.  P(X = 1) = P(X = 2)  P(X = 5)

.

 - B

( ) 84 = 32 M

11.  1 1 1 ....
4 1 4 7 7 10

  
  

 n 

=  
3 1

n
n 

, n   N 

12. (2x + 3)7 

13. 2x  3y + k = 0, 3x  4y  13 = 0  8x  11y  33 = 0 

  k  

14. a, b, c 3a  7b  4c, 3a  2b + c 

a + b + 2c 

15. 1 13 5cos sin sin
5 13

     
    

    

16. y = log(sec x + tan x)  dy
dx

.
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17.

18. A, B  P(A) = 0.8, P(B) = 0.6, P(A   B) =

0.5   (i)  P(A   B) (ii) AP
B

 
 
 

 

 - C

( )   68 = 48 M

19. 3
2 2

2 2 ( )
2 2

a b c a a
b b c a b a b c
c c c a b

 

    

 

 

20.  (1, 6), (5, 2), (7, 0), (1, C)  C 

.

21. r = (6i + 2j + 2k) + t(i  2j + 2k)  r = (4i  k) + s(3i  2j

+ 2k) 

22. cot A + cot B + cot C = 
2 2 2

4
a b c 


 

23. 2
1

1
dx

x x 
  

24.

x i 5 7 9 10 12 15 16

f i 2 4 5 8 4 2 3
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