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‹¬OH©~¡â ‹¬OY¼�°

=°#=ò ‹¬‚¬ì[ ‹¬OMì¼ ‹¬q°ux x~¡ÞzOKÇ_ÈO ̂ ¥Þ~Œ ‹¬OMì¼ =¼=‹¬Ö�#° KÇ̂ Î=_ÈO ã‡!~¡Oa#OKŒ=ò.  ̀ Ç~¡°"Œ Ç̀
'0Ñ J<Í ‹¬OY¼#° KÍió, „¬î~ŒâOH›=ò� ‹¬q°ux x~¡ÞzOKŒO.  ̀ Ç~¡°"Œ Ç̀ ̂ Î‰×…Õ |°°}‹¬OY¼�#° x~¡ÞzOKŒO.  D
q #̂Î=òQê ‹¬OMì¼=¼=‹¬Ö#° „¬î~ŒâOH›=ò�° =°i†Çò „¬î~¡â ‹¬OY¼� =~¡ä›½ q‹¬ëiOKŒO.

p Ó q ~¡¶„¬O…Õ Q®� ‹¬=°‹¬¼�#° ª!k#OKÇ@O HË‹¬O „¬î~¡â‹¬OMì¼ =¼=‹¬Ö…Õ JH›~¡}©†Ç° ‹¬OY¼�#° KÍ~Œó=ò.
Ç̀~¡°"Œ Ç̀ JxßO\÷ †³òH›ø ‡Ú_È=ô�ä›½ ‹¬O|Ok#Oz# Hù� Ç̀�#° JH›~¡}©†Ç° ‹¬OMì¼=¼=‹¬Ö…Õ<Í ̀ ³�°„¬…è=ò Hê=ô# D
JH›~¡}©†Ç° ‹¬OMì¼ =¼=‹¬Ö#° =°~¡…ì H›~¡}©†Ç° ‹¬OMì¼ =¼=‹¬Ö =~¡ä›½ q‹¬ëiOzuq°.  JH›~¡}©†Ç°, =°i†Çò H›~¡}©†Ç°
‹¬OY¼�#° H›e„² "Œ‹¬ë= ‹¬OY¼�° JO\ì~¡°.  x2 + 1 = 0  …è̂ ¥ x2 = −1 J<Í ‹¬g°H›~¡}=ò#° Ç̀$„²ë„¬iKÍ "Œ‹¬ë=
‹¬OY¼�° …è=ô Hê=ô#, W@°=O\÷ ‹¬g°H›~¡}ìxH÷ ª! #̂Î#�#° =°kO„¬ô KÍ†Ç°_¨xH÷ g�°Qê "Œ‹¬ë= ‹¬OMì¼ =¼=‹¬Ö#°
=°~¡…ì ‹¬OH©~¡â ‹¬OMì¼ =¼=‹¬Ö J<Í ãHù Ç̀ë =¼=‹¬Öä›½ q‹¬ëiOKŒ=ò.  D ‡!~”¡=ò #O Î̂° Jƒ#ì¼‹¬ä›½�°, ‹¬OH©~¡â ‹¬OY¼�
Q®°iOz =°i†Çò ‹¬OH©~¡â ‹¬OY¼�Ì„á, cr†Ç° „¬iãH÷†Ç°�#° Q®°iOz ä›Æ½}âOQê ̀ ³�°‹¬°HùO\ì~¡°.

�HÆê¼�° :
‡!~”¡¼„¬~”¡#O =�# g°~¡° D ãH÷Ok q+¬†Ç¶�#° J~¡ÖO KÍ‹¬°HËQ®�~¡°.
� "Œ‹¬ë= ‹¬OY¼ =¼=‹¬Ö#°, ‹¬OH©~¡â ‹¬OMì¼ =¼=‹¬Öä›½  q‹¬ëiO„¬ KÍ†Ç°=�‹²# J=‹¬~¡=ò#° q=iO„¬Q®�~¡°.
� ‹¬OH©~¡â ‹¬OY¼#° x~¡ÞzOz, ̂ ¥xH÷ ̀ ÇQ®° L^¥‚¬ì~¡}�° WK³ó Î̂~¡°.
� ï~O_È° ‹¬OH©~¡â ‹¬OY¼� ‹¬=¶# Ç̀Þ=ò#ä›½ x†Ç°=¶xß ̀ ³�°„¬Q®�~¡°.
� ‹¬OH©~¡â ‹¬OY¼� †³òH›ø ‹¬O†ÇòQêàxß ³̀�°„¬Q®�~¡°.
� ‹¬OH©~¡â ‹¬OY¼� †³òH›ø =¶„¬=ò =°i†Çò J†Ç¶=°=ò�#° x~¡ÞzOKÇQ®�~¡°.
� ‹¬OH©~¡â ‹¬OY¼#° ̂ Î$=~¡¶„¬O…Õ ̀ ³�æQ®�~¡°.
� ‹¬=°‹¬¼�#° ª!k#OKÇ°@ Hù~¡ä›½ ãH÷Ok ‹¬OH©~¡â ‹¬OY¼� ̂ #Î~Œà�#° L„¬†³¶yª!ë~¡°.

(i) |z| = 0  ⇔  z = 0 =°i†Çò  z
1
 = z

2
 ⇒  |z

1
| = |z

2
|

(ii) |z| = |−z| = | |z

(iii) |z
1
 + z

2
| < |z

1
| + |z

2
|

(iv) |z
1
 . z

2
|  = |z

1
| . |z

2
|

(v) 1 1
2

2 2

| |
, ( 0).

| |

z z
z

z z
= ≠

(vi) 2 1 & 1i i= − = −

‹¬OH©~¡â ‹¬OY¼�°
1

=¶_È¶¼…˜ Ð I
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‹¬OH©~¡â ‹¬OY¼�°

I. Ju‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (1 =¶~¡°ø)

� a ib+  ~¡¶„¬O…Õ ã"Œ†Ç°Q®� ‹¬OY¼�#° ‹¬OH©~¡â ‹¬OY¼�° JO\ì~¡°. ,a b  �° "Œ‹¬ë= ‹¬OY¼�° =°i†Çò

1i = − .

1. D ãH÷Ok "Œ\÷x i  x L„¬†³¶yOz ‹¬¶H©ÆàH›iOKÇO_&.

)i 36− )ii  25, 4− )iii  27− )iv  13−

ª( *̂Î# :

)i 36 36 1 6i− = × − =

)ii 25 4 1 5 2 10i i× × − = × × =

)iii − = × − = × =27 27 1 9 3 3 3 i i

)iv − = × − =13 13 1 13 i

2. ãH÷Ok "Œ\÷x a+ib ~¡¶„¬O…Õ ã"Œ†Ç°O_&.

)i 5 2) 3i− 3) 0

ª( *̂Î# :

)i ( )5 5 0 i= +

)ii ( )3 0 3i i− = + −

)iii ( )0 0 0 i= +

3. ãH÷Ok ‹¬OH©~¡â ‹¬OY¼� ‹¬O†ÇòQ®àO H›#°HËøO_&.

)i  3 4i− )ii  2i  )iii ( )
2

2 i+ )iv
1

2

i +

ª( *̂Î# :

)i 3 4z i= −  J~ò Í̀ z  †³òH›ø ‹¬O†ÇòQ®àO = +3 4z i

)ii 2z i= Hê=ô# ‹¬O†ÇòQ®àO = −2z i

)iii ( )
2 22 4 4 4 1 4 3 4z i i i i i= + = + + = − + = +

3 4z i= +  Hê=ô# ( )= − = −
23 4 1z i i

)iv
+ − +

= = + ⇒ = − =
1 1 1 1 1 1

2 2 2 2 2 2

i i
z i z i
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‹¬OH©~¡â ‹¬OY¼�°

4. ãH÷Ok "Œ\÷ =¶„¬O�#° H›#°HùøO_&.

)i  1 i+ )ii 2π )iii 0 )iv  
1

2
i

ª( *̂Î# :

‹¬¶KÇ# : z x iy= + J~ò Í̀ z†³òH›ø =¶„¬O = +
2 2z x y  JQ®°#°.

)i = +1z i  Hê=ô# 1 1 2z = + =

)ii ( )= π = π + ⇒2 2 0z i z =¶„¬O

( )
2

2 0 2z = π + = π

)iii = = + ⇒ = + =0 0 0 0 0 0 0z i z

)iv
1 1 1 1

0 0
2 2 4 2

z z z
i i

= ⇒ = + ⇒ = + =

5. ãH÷Ok "Œ\÷ ‹¬O†ÇòQêà�° H›#°HËøO_&.

)i  2i− )ii 5 3i− − )iii  2− )iv  ( )
2

2 i− +

ª( *̂Î# :

)i = − ⇒ = +2 2z i z i

)ii 5 3 5 3z i z i= − − ⇒ = − +

)iii = − ⇒ = − + ⇒ = −2 2 0. 2z z i z

)iv ( )
2 22 4 4 4 1 4 3 4z i i i i i− − + = + − = − − = −

∴ = +3 4z i

6. ãH÷Ok ‹¬OH©~¡â ‹¬OY¼� =¶„¬O H›#°HËøO_&.

)i  3 )ii  ( ) ( )1 2i i+ − )iii 2 3i− )iv  4 5i+

ª( *̂Î# :

)i 3

3 3 0z or z i= = +

z a bi= +  J~ò#KË  2 2z a b= +
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‹¬OH©~¡â ‹¬OY¼�°

( ) ( )⇒ = + = + = = =
2 2 23 0 , 3 0 3 9 3z i z

Hê=ô# = 3z

)ii ( ) ( )1 2i i+ −

( ) ( )1 2 2 1 2 3z i i i i i= + − = + + − = +

( ) ( )
2 2

3 1 9 1 10z = + = + =

Hê=ô# 10z =

)iii 2 3i−

2 3z i= −  J#°Hùx#

( )
222 3 4 9 13z = + − = + =

Hê=ô# 13z =

)iv +4 5 i

= +4 5 z i  J#°Hùx#

( ) ( )= + = + =
22

4 5 16 5 21z

Hê=ô#, 21z =

7. ‹¬¶H©ÆàH›iOKÇO_&.

)i ( ) ( )+ + −2 5 5 2i i )ii
2 2

3 6

i i+ −
+ )iii ( ) ( )1 1 6i i+ − −

)iv ( ) ( )2 3 2 7i i− − − −

ª( *̂Î# :

)i ( ) ( )+ + −2 5 5 2i i ( ) ( )2 5 5 2 i= + + −

)ii
2 2

3 6

i i+ −
+

+ + − +
= = = + +

4 2 2 6 1 1
1  (or) = (6 )

6 6 6 6

i i i
i

i

)iii ( ) ( )1 1 6i i+ − − 1 1 6 7i i i= + − + =
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)iv ( ) ( )2 3 2 7i i− − − − ( ) ( )2 3 2 7 2 2 7 3i i i= − + + = + + −

8. 1z = 5 +i  =°i†Çò 2z =6+ 2i  J~ò#

)i  1 2z z+ )ii  2 1z z+ )iii  1 2z z− )iv 2 1z z−

)v  2 2 2 1z z z z+ = +  JQ®°<Œ? vi) 1 2 2 1z z z z− = −  JQ®°<Œ?

ª( *̂Î# :

)i 1 2z z+ 5 6 2 11 3i i i= + + + = +

)ii 2 1z z+ ( ) ( ) ( ) ( )6 2 5 1 6 5 2 11 3i i i i= + + + = + + + = +

)iii 1 2z z− ( ) ( ) ( ) ( )5 6 2 5 6 2 1i i i i i= + − + = − + − = − − ( )1 1 i= − + −

)iv 2 1z z− ( ) ( ) ( ) ( )6 2 5 6 5 2 1 1i i i i= + − + = − + − = +

)v (1) =°i†Çò, (2) #°O_o 1 2 2 1z z z z+ = + JQ®°#°.

)vi (3), (4)� #°O_o 1 2 2 1z z z z− ≠ − JQ®°#°.

9. ãH÷Ok "Œ\÷H÷ ‹¬OH›�# q…Õ=¶xß H›#°HËøO_&.

)i 12 7i− )ii 4 3i−

ª( *̂Î# :

)i 12 7i− ‹¬OH›�# q…Õ=°O ( )12 7 12 7i i− = − +

)ii 4 3i−  ‹¬OH›�# q…Õ=°O ( )4 3 4 3i i− − = − +

10. 3 2i−  =KÇ°ó@ä›½ − +15 4i  H÷ Ug° H›�‡(e?

ª! #̂Î# : 15 4i− +  H÷ x iy+  H›�‡!e J#°Hùx#

( ) ( )15 4 3 2x iy i i+ + − + = −

( ) ( ) ( )15 4 3 2x y i i− + + = + −

W~¡°"³á„¬ô…ì ‡é�óQê,

15 3 18 & 4 2 6x x y y− = ⇒ = + = − ⇒ = −

( )18 6x iy i∴ + = + −  H›�‡!e.

11. ãH÷Ok "Œ\÷H÷ "Œ‹¬ë=, H›eæ Ç̀ ƒ*ìQê�#° H›#°HËøO_&.

)i 2 7i+ )ii  3 0i+ )iii
1

2
− )iv 5i )v  

1

2 3i+



6 Q®}÷̀ ÇO ‹¬“_™ "³°\©i†Ç°…̃
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ª( *̂Î# :

)i 2 7i+ …Õ "Œ.ƒì 2= , H›eæ Ç̀ ƒ#ìQ®O 7=

)ii 3 0i+ …Õ "Œ.ƒì 3=  H›eæ Ç̀ ƒ#ìQ®O 0=

)iii
1

2
− …Õ "Œ.ƒì 

1

2

−
= , H›.ƒì 0=

)iv 5i…Õ "Œ.ƒì 0=  , H›.ƒì « 5

)v
1

2 3i+ ( )2

1 2 3 2 3 2 3 2 3

2 3 2 3 4 9 134 9

i i i i

i i i

− − − −
= × = = =

+ − +−

2 3

13 13
i

 
+  
 

…Õ "Œ.ƒì 
2

13
= ,=°i†Çò H›.ƒ#ì 

3

13
=

12. ‹¬¶H©ÆàH›iOKÇO_&.

)i 3. 27− − )ii 3, 4. 72− − − )iii 15 83 5 1i i− +

ª( *̂Î# :

)i 3. 27− − 23 27 3 3 3 9 9i i i i i= × ⇒ × ⇒ = −

)ii − × − × × −3 4 36 2

− × − × × × −3 4 6 6 2

3 2 6 2i i i⇒ × ×

⇒ →⇒ −
212 6 . 12 6.i i i

2 1i∴ = −

)iii 15 83 5 1i i− + ( ) ( ) ( )
7 4

2 23 5 1i i i= − +

( ) ( )
7 4

3 1 5 1 1i= − − − +

( ) ( )3 1 5 1 1 3 4i i= − − + = − −

( )4 3 i= − + −

13. "Œ‹¬ë=, H›eæ Ç̀ ƒ*ìQê�#° ãH›=° †ÇòQêà�°Qê Wzó# ãH÷Ok "Œ\÷x ‹¬OH©~¡â ‹¬OY¼�°Qê ã"Œ†Çò=ò.

)i ( )3, 5z − )ii ( )0, 4z − )iii  ( )8,z π
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ª( *̂Î# :

)i ( )− ⇒ = −3, 5 3 5z z i

)ii ( )0, 4 4z z i− ⇒ = −

)iii ( )8, 8z z iπ ⇒ = + π

14. ãH÷Ok "Œ\÷ ‹¬O†ÇòQêà�° H›#°HËøO_&.

)i  1 2i− )ii   1 2i− − )iii  6 2i−    )iv  4i

ª( *̂Î# :

)i = − ⇒ = +1 2 1 2z i z i

)ii = − − ⇒ = − +1 2 1 2z i z i

)iii = − ⇒ = +6 2 6 2z i z i

)iv = ⇒ = −4 4z i z i

15. ãH÷Ok "Œ\÷ =¶„¬O�#° H›#°HËøO_&.

)i 1 i− )ii 3 i+ π )iii
3

2
i− )iv 2 3i− +

ª( *̂Î# :

)i ( )
221 1 1 1 1 2z i z= − ⇒ = + − = + =

)ii 2 2 23 3 9z i z= + π ⇒ = + π = + π

)iii

2
23 3 3

0
2 2 2

z i z
− − 

= ⇒ = + = 
 

)iv ( ) ( )
22

2 3 2 3 4 3 7z i z= − + ⇒ = − + = + =
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II. ‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (2 =¶~¡°ø�°)

1. 3 3 1010 6 12i i i+ −  ‹¬¶H©ÆàH›iO„¬ô=ò.

���� ����ª ^ Î#  :  WH›ø_È = −
2 1i

( ) ( ) ( )+ −
6 52 2 210 . 6 . 12i i i i i

( ) ( ) ( )− + − − −
6 5

10 1 . 6 1 . 12 1i i

( )10 6.1. 12 1i i− + − −

10 6 12 12 4i i i− + + ⇒ −

2. ∀ ∈ N /m m  †³òH›ø Jxß ‹¬‚¬ì[ q�°=�ä›½ + + +
+ + + =

1 2 3 0m m m mi i i i  Jx KÇ¶„¬O_&.

ª( *̂Î# :

+ + +
2 3. . .m m m mi i i i i i i .m n m na a a+

=

( )+ + +
2 31 .mi i i i

( )( )+ + − + =−
2 21 1 .                1mi i i i i

( ) ( )+ − − = =1 1 0 0m mi i i i

3. ãH÷Ok ‹¬OH©~¡â ‹¬OY¼�#° P~Œ¾O_£ ̀ Ç�O…Õ Q®°iëOKÇO_&.

)a )i  2 oi+  )ii  3 oi− + , )iii  0 0i− )iv  3 oi−

)b )i  0 2i+  )ii  0 3i− , )iii  4i )iv  5i−

)c )i  2 5i+  =°i†Çò2 7i− )ii  3 4i− =°i†Çò 4 3i− +

)iii  7 2i− + =°i†Çò2 7i− )iv  2 9i− − =°i†Çò 4 i− +

)d )i  1 i+ =°i†Çò 1 i− − )ii  6 5i+ =°i†Çò 6 5i− −

)iii  3 4i− + =°i†Çò1 i− )iv  3 4i− +  =°i†Çò 3 4i− −

)e )i  1 i+ =°i†Çò1 i− )ii  3 4i− + =°i†Çò 3 4i− −

)iii  6 7i− =°i†Çò6 7i+ )iv  5 i− −  =°i†Çò 5 i− +
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ª( *̂Î# :

(a)

(b)

(c)

(–4,1)
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‹¬OH©~¡â ‹¬OY¼�°

(d)

(e)

(–3,–4)

(1,–1)
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4. ãH÷Ok ‹¬OH©~¡â ‹¬OY¼�ä›½ =z z #° ‹¬iKÇ¶_ÈO_&.

)i 6 8i− + )ii  3 7i− −

ª( *̂Î# :

)i = − + ⇒ = − −6 8 6 8z i z i

( )
2 26 8 36 64 100 10z∴ = − + = + = =

  ( ) ( )= − + − = + = =
2 26 8 36 64 100 10z

∴ =z z

)ii = − − ⇒ = − +3 7 3 7z i z i

  ( ) ( )2 23 7 9 49 58z = − + − = + =

  ( ) ( )= − + = + =
2 23 7 9 49 58z

∴ =z z

5. ãH÷Ok ‹¬OH©~¡â ‹¬OY¼�ä›½ z z= − #° ‹¬iKÇ¶_ÈO_&.

)i  14 i+ )ii  11 2i−

ª( *̂Î# :

)i 14 i+ ( )14 14z i i⇒ − = − + = − −

2 214 1 196 1 197z∴ = + = + =

 ( ) ( )2 214 1 196 1 197z− = − + − = + =

z z∴ = −

)ii 11 2i−  Ì„á ‹¬=°‹¬¼ =¶ki.

6. ãH÷Ok ‹¬OH©~¡â ‹¬OY¼�ä›½ = − = −z z z  #° ‹¬iKÇ¶_ÈO_&.

)i  2 3i− )ii  6 i− − )iii  7 2i−

ª( *̂Î# : Ì„á ‹¬=°‹¬¼� =¶ki KÍÀ‹ë = − = −z z z  JQ®°#°.
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7. ( ) ( ){ } ( ) ( )3 7 5 2 3 7 5 7i i i i+ − + = + − +   Jx KÇ¶„¬ô=ò.

ª( *̂Î# :

( ) ( ){ } { } { }3 7 5 2 3 7 5 2 2 5 2 5i i i i i i+ − + = + − − = − + = − − ... (1)

( ) ( ) ( ) ( )3 7 5 2 3 7 5 2i i i i+ − + = − − −

3 7 5 2 2 5i i i= − − + = − − .........(2)

1, 2 � #°O_o x~¡¶„²̀ ÇO.

8. ‹¬OH©~¡â ‹¬OY¼ ( ) ( )1 4 3i i+ −  =¶„¬=ò#° H›#°HËøO_&.

ª( *̂Î# :

( ) ( ) ( ) ( )21 4 3 4 3 4 3 4 3 1z i i i i i i= + − = − + − = + − −

4 3 7z i z i= + + ⇒ = +

∴=¶„¬O 2 27 1 49 1 50 5 2z = + = + = =

<Ë\˜: ï~O_È° ‹¬OH©~¡â ‹¬OY¼� ƒ#ìQê‚¬ð~¡O.

1 2,z a bi z c di= + = +

1
2 2 2 2

2

z a bi ac bd bc ad
i

z c di c d c d

+ + −
= = +

+ + +

9. 3 i+ #° 4 2i−  KÍ ƒ*ìyOKÇ°=ò.

ª( *̂Î# : 
( ) ( )

( )

( ) ( )

( )
2 22 2

3 4 1 2 1 4 3 23 2

4 2 4 2 4 2

i

i

× + × − × − × −+
= +

− + − + −

− +
= + = + = +

+ +

12 2 4 6 10 10 1 1

16 4 16 4 20 20 2 2

i
i i

10.
2

3

i
z

i

+
=

−
J~ò Í̀ z  q�°= ZO Ç̀?

ª( *̂Î# : 1

2

22 4 1 5 1

3 3 9 1 10 2

iz i

z i i

++ +
= = = = =

− − +



Q®}÷̀ ÇO ‹¬“_™ "³°\©i†Ç°…̃ 13
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11

2 2

zz

z z
=∵

<Ë\˜ : z a bi= + H÷ Q®°}ìHê~¡ q…Õ=°O 1z x iy−
= +  J~ò Í̀

1

2 2 2 2

a b
z x iy i

a b a b

− −
= + = +

+ +

11. 2 4z i= − H÷ Q®°}Hê~¡ q…Õ=°O H›#°HËøO_&.

ª( *̂Î# : 2 4z i= − H÷ Q®°}Hê~¡ q…Õ=°O

( )

( )

( )

1

2 22 2

42 2 4 2 4

4 16 4 16 20 202 4 2 4
z i i− − −

= + = = = +
+ ++ − + −

1 1 1

10 5
z i−

∴ = +

12. ãH÷Ok "Œ\÷x ‹¬¶H©ÆàH›iOKÇO_&.

)i ( ) ( )1 2 2i i+ − )ii ( )
2

2 1+ )iii ( ) ( ) ( )3 1 1i i i+ − − +

)iv ( ) ( )2 3 1 2i i+ ÷ − )v ( )1 2 1i i+ ÷ + )iv ( ) ( )1 0 3 7i i+ ÷ +

ª( *̂Î# :

)i ( ) ( )1 2 2i i+ − ( )22 2 2 2i i i= − + −

( ) ( ) ( )2 2 2 1 2 1 2 2 2 1 2z i i⇒ = + − − − = + − +

( ) ( )2 2 2 2 1z i∴ = + + −

)ii ( )
2

2 1+ ( )
2 22 2 2 2 1 2 2 1 2 2i i i i= + + = − + = +

)iii ( ) ( ) ( )3 1 1i i i+ − − +

( ) ( )[ ] ( ) ( )23 1 3 1 2 1 3 2z i i i i i i i i = + − + + − = + − + + = +
 

( )26 2 6 2 1 2 6z i i z i i∴ = + ⇒ = + − = − +
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)iv

( ) ( )( )

( )

( ) ( )

( )
2 22 2

2 1 3 2 3 1 2 22 3

1 2 1 2 1 2

i
z i

i

 × + − × − × −+  = = +
−  + − + − 

2 6 3 4 4 7

1 4 1 4 5 5
z i i

− + −   
∴ = + = +   

+ +   

( )
1

4 7
5

z i∴ = − +

<Ë\̃: 2 2 2 2

a bi ac bd bc ad
i

c di c d c d

  + + −
= +  

+ + +  
∵

)v
( ) ( ) ( ) ( )

2 2 2 2

1 1 2 1 2 1 1 11 2

1 1 1 1 1

i
z i

i

× + × × − ×+
= = +

+ + +

[ ]
1 2 2 1 3 1 1

3
2 2 2 2 2

i z i z i
+ −

⇒ + ⇒ = + ⇒ = +

)vi

( ) ( )

( )

( ) ( )
2 2 22

1 3 0 7 0 3 1 71 0

3 7 3 73 7

i
z z i

i

× + × × − ×+
= ⇒ = +

+ ++

3 0 0 7 3 7

9 49 9 49 58 58
z i z i

+ −
= + ⇒ = −

+ +

[ ]
1

3 7
58

z i∴ = −

13. ãH÷Ok ‹¬OH©~¡â ‹¬OY¼� †³òH›ø Q®°}Hê~¡ q…Õ=¶xß ä›#°HËøO_&.

)i 3 4i− )ii 3 7i+ )iii
3 5

2 3

i

i

+

−

‹¬¶KÇ#: z a ib= +  H÷ Q®°}Hê~¡ q…Õ=°=ò − −
= +

+ +

1

2 2 2 2
.

a b
z i

a b a b

ª( *̂Î# :

)i

( )

( )

( )

1 1

2 22 2

43 3 4
3 4

9 16 9 163 4 3 4
z i z i z i− −− −

= − ⇒ = + ⇒ = +
+ ++ − + −

( )1 13 4 1
( ) 3 4

25 25 25
z i or z i− −

∴ = + = +
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)ii

( )

( )

( )

1

2 22 2

73 3 7
3 7

3 49 3 49
3 7 3 7

z i z i− − −
= + ⇒ = + = +

+ +
+ +

( )1 13 7 1
( ) 3 7

52 52 52
z i or z i− −−

∴ = + = −

)iii
( ) ( )

( )

( ) ( )

( )
2 22 2

3 2 5 3 5 2 3 33 5

2 3 2 3 2 3

i
z z i

i

× + × − × − × −+
= ⇒ = +

− + − + −

6 15 10 9 9 19

4 9 4 9 13 13
z i z i

− + −
= + ⇒ = +

+ +

∴Q®°}Hê~¡ q…Õ=°O 1

199

1313
81 36181 361

169 169169 169

z i−

+ − −  
 

= +
   

++   
   

( )− −

−
− −− − −

= + ⇒ = × + × = +
+ +

1 1

9 19
2479 169 19 169 11713 13

81 361 81 361 13 442 13 442 442 442

169 169

z i z i i

    ( )= − −
1

9 19
34

i

14. 17 6 3 27 6 3 2 1i i i i− + − +  #° a ib+  ~¡¶„¬O…Õ ã"Œ†Çò=ò.

ª( *̂Î# : ( ) ( )
8 3

2 2 2 27 . 6 3 . 2 1z i i i i i i= − + − +

( ) ( ) ( ) ( )
8 3

7 1 . 6 1 3 2 1 1= − − − + − − − +z i i

( ) ( ) ( )7 1 6 1 3 2 1= − − + − + +z i i

7 6 3 3; 9 4z i i z i= + − + = +

15. ãH÷Ok "Œ\÷H÷ ,x y q�°=�#° H›#°HËøO_&.

)i  7 2 9x iy i i− + − = − )ii  2 3 4 9x yi i+ = −  )iii  3 7 9x yi i− = +

ª( *̂Î# :

)i 7 2 9x iy i i− + − = −
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− = − − + ⇒ − = +9 7 2 2x iy i i x iy i

2 2, 1x iy i x y− = + ⇒ = = −

)ii 2 3 4 9x yi i+ = −

2 4 2;3 9 3x x y y= ⇒ = = − ⇒ = −

)iii 3 7 9x yi i− = +

7; 3 9 7. 3x y x y= − = ⇒ = = −

16. ãH÷Ok "Œ\÷x ‹¬¶H©ÆàH›iOKÇO_&.

)i  ( ) ( ) ( )+ − − + − +3 1 1i i i )ii  
1 2 3

2
7 7 7

i i i
     

+ − − + −     
     

ª( *̂Î# :

)i 3 1 1z i i i= + − + − + , 3 2 1 3z i i i z i= − + + + ⇒ = +

)ii ( )
1 2 3 1 3 2

2 1 1 2
7 7 7 7 7 7

z i i i z i
 

= + − + + − ⇒ = + − + + − 
 

2 2
0

7 7
z i z∴ = + ⇒ =

17. ãH÷Ok "Œ\÷H÷ ‹¬OH›�#, Q®°}# q…Õ=¶�° H›#°HËøO_&.

)i  3 7i− )ii  11 2i− )iii  3 2i+    )iv  
1 5

1

i

i

+

−

ª( *̂Î# :

)i 3 7i− - zJ~ò Í̀ zä›½ ‹¬OH›�# q…Õ=°O − = − +3 7z i , zä›½ Q®°}# q…Õ=°O

( )

( )

( )

1

2 22 2

73 3 7

58 583 7 3 7
z i

i

− − −
= + ⇒ +

+ − + −

)ii 11 2z i z= − ⇒ ä›½ ‹¬OH›�# q…Õ=°O 11 2z i− = − + , zä›½ Q®°}# q…Õ=°O

( )

( )

( )

− −− −
= + ⇒ = +

+ − + −

1 1

2 22 2

211 11 2

125 12511 2 11 2
z i z i

)iii 3 2z i= + J~ò`Í z ä›½ ‹¬OH ›�# q…Õ=°O − = − −3 2 ,z i z ä›½ Q®°}Hê~¡ q…Õ=°O

( )1 23 3 2

3 4 3 4 7 7
z i i− − ++ + −

= + = +
+ +
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)iv

21 5 1 5 1 1 5 5

1 1 1 1 1

i i i i i i
z z z

i i i

+ + + + + +
= ⇒ = × ⇒ =

− − + +

1 6 5 4 6
2 3

2 2 2

i i
z z z i

+ − −
= ⇒ = + ⇒ = − +

z∴  ä›½ ‹¬OH›�# q…Õ=°O ( )2 3 2 3z i i− = − − + = + −

Q®°}Hê~¡ q…Õ=°O ( )1 132 2 3

4 9 4 9 13 13
z i z i− −− +− − −

− − − = + ⇒ = +
+ +

18. ãH÷Ok ‹¬OH©~¡â ‹¬OY¼� =¶„¬=ò�#° H›#°HËøO_&.

)i
1

3

i

i

+

−
)ii  

5 2

2 3

i

i

+

+

)iii ( ) ( )3 2 1i i+ − )iv  ( ) ( )3 21 3 2 3i i i− − + +

ª( *̂Î# :

)i

21 3 3 3

3 3 9 1

i i i i i
z z

i i

+ + + + +
= × ⇒ =

− + +

4 3 1 2 4

10 10 10

i
z i z

+ −
= = + =

∴=¶„¬O 
2 2

2 4 4 16 20 1

10 10 100 100 100 5
z

   
= + = + = =   

   

)ii Ì„á =¶ki

)iii ( ) ( ) 23 2 1 3 3 2 2z i i z i i i= + − ⇒ = − + −

∴ = − + ⇒ = −3 2 5z i z i

∴ =¶„¬O 25 1 26z = + =

)iv ( ) ( )3 21 3 2 3z i i i= − − + + 3 2 4 32 3 6 3 9z i i i i i⇒ = − + + + − −

4 3 26 5 9 3z i i i i= − + − +

( ) ( )
2

2 26 5 1 9 3z i i i i= − − − +



18 Q®}÷̀ ÇO ‹¬“_™ "³°\©i†Ç°…̃

‹¬OH©~¡â ‹¬OY¼�°

( ) ( )= − − − − − +
2

6 1 5 1 1 9 3z i i

6 5 9 2z i i= + − +

8 4z i= −

∴=¶„¬O ( )
228 4 64 16 80 4 5z = + − = + = =

19. ãH÷O Î̂ Wzó# ‹¬OH©~¡â ‹¬OY¼�ä›  1 2 2 1z z z z= #° ‹¬iKÇ¶_È°=ò.

)i 1 23 2 , 1 5z i z i= − = − )ii 1 23 7 , 3z i z i= − = −

ª( *̂Î# :

)i 1 23 2 , 1 5z i z i= − = −

( ) ( ) 2
1 2. 3 2 1 5 3 15 2 10z z i i i i i= − − = − − +

( )1 2. 3 17 10 1 3 17 10 7 17z z i i i= − + − = − − = − − ( )2 1i = −

( ) ( )
2 2

1 2 7 17 49 289 338z z∴ = − + − = + = ....(1)

( )
22

2 1 5 1 25 26z∴ = + − = + =

( )∴ = + − = + =
22

1 3 2 9 4 13z

2 1 26 13 26 13 338z z∴ = × = × = ....(2)

∴(1), (2) � #°O_o 1 2 2 1z z z z=  x~¡¶„²̀ ÇO.

)ii Ì„á …ÿH›ø =¶ki.

20. ãH÷Ok ‹¬OH©~¡â ‹¬OY¼�ä›½ 
11

2 2

zz

z z
= x ‹¬iKÇ¶_ÈO_&.

)i  1 21 3 , 2 5z i z i= + = + )ii  1 22 5 , 3 4z i z i= − + = −
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‹¬OH©~¡â ‹¬OY¼�°

ª( *̂Î# :

( )2
1

2
2

2 15 11 3 2 5 2 5 6 15

2 5 2 5 4 254 25

iz i i i i i

z i i i

+ − −+ − − + −
= × = =

+ − +−

2 2
1 1

2 2

17 17 1 289 1 290 10

29 29 29 89 1 841 29

z zi

z z

+ +   
∴ = ⇒ = + = = =   

+   
.. (1)

1 21 9 10, 4 25 29z z= + = = + =

1

2

10 10

2929

z

z
∴ = = .... (2)

(1), (2) � #°O_o 
11

2 2

zz

z z
= x~¡¶„²̀ ÇO.

III. n~¡É ‹¬=¶ �̂¥# ã„¬‰×ß�° (5 =¶~¡°ø�°)

1. 1 24 3 ; 3 2z i z i= + = −  =°i†Çò 3 5z i= + J~ò#KË ( )1 2 3 1 2 1 3z z z z z z z+ = +  x ‹¬iKÇ¶_È°=ò.

ª( *̂Î# :

( ) ( )2 3 3 2 5 8z z i i i+ = − + + = −

( ) ( ) ( ) 2
2 3 4 3 8 32 4 24 3zz z z i i i i i∴ + = + − = − + −  = −∵

2( 1)i

( )1 2 3 32 20 3 35 20z z z i i⇒ + = + + = +

( )1 2 3 35 20z z z i∴ + = + .... (1)

( ) ( ) 2
1 2 4 3 3 2 12 8 9 6z z i i i i i= + − = − + −

1 2 12 6 18z z i i= + + = +

( ) ( ) 2
1 3 4 3 5 20 4 15 3z z i i i i i= + + = + + +

1 3 1 320 19 3 17 19z z i z z i= + − ⇒ = +
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‹¬OH©~¡â ‹¬OY¼�°

1 2 1 3 1 2 1 318 17 19 35 20z z z z i i z z z z i∴ + = + + + ⇒ + = + ... (2)

(1), (2) � #°O_o ( )1 2 3 1 2 2 3z z z z z z z+ = +  x~¡¶„²̀ ÇO.

2. 1 22 , 2z i z i= + = − +  =°i†Çò 3 2z i= − J~ò#KË ( ) ( )1 2 3 1 2 3z z z z z z=  x ‹¬iKÇ¶_ÈO_&.

ª( *̂Î# :

( ) ( ) 2
1 2 2 2 4 2 2z z i i i i i= + − + = − + − +

1 2 4 1 5z z = − − = −

( ) ( )1 2 3 5 2 10 5z z z i i∴ = − − = − + .. (1)

( ) ( ) 2
2 3. 2 2 4 2 2z z i i i i i= − + − = − + + −

2 3 2 3. 4 4 1 3 4z z i z z i= − + + ⇒ = − +

( ) ( ) ( ) 2
1 2 3 2 3 4 6 8 3 4z z z i i i i i= + − + = − + − +

( ) ( )1 2 3 6 5 4 1z z z i= − + + −

( )1 2 3 10 5z z z i= − + ... (2)

1, 2 � #°O_o

( ) ( )1 2 3 1 2 3z z z z z z= x~¡¶„²̀ ÇO.

---



Q®}÷̀ ÇO ‹¬“_™ "³°\©i†Ç°…̃ 21

=~¡¾ ‹¬g°H›~¡}=ò�°

ï~O_È= „¬i=¶} cr†Ç° ‹¬g°H›~¡}=ò †³òH›ø ª� �̂¥~¡} ~¡¶„¬=ò#°  ax
2 + bx + c = 0, a ≠  0 Qê

ã"Œª�ë=°x Q®°~¡°ëä›½ ̀ ³KÇ°óHËO_..  nxx 'x' …Õ =~¡¾ ‹¬g°H›~¡}=ò JO\ì~¡°.  Q®°}H›=ò 'a' #° "³ò Î̂\÷ …è̂ ¥ ã„¬̂ �¥#
Q®°}H›=°x†Çò,  'b' x ï~O_È= …è̂ ¥ =° �̂Î¼ Q®°}H›=°x†Çò,  'c' x ‹²Ö~¡„¬̂ Î=ò …è̂ ¥ =ü_È= Q®°}H›=°x†Çò JO\ì~¡°.

L^¥‚¬ì~¡}ä›½ : 7x
2 + 2x + 5 = 0,  

25 1
1 0.

2 2
+ + =x x   3x

2 −  x = 0,  
2 1

0,
2

+ =x 2
2 7 0+ =x x  ?° =~¡¾

‹¬g°H›~¡}=ò?°
D ‡�~”¡=ò #O Î̂° "Œ‹¬ë= =°i†Çò ‹¬OH©~¡â Q®°}Hê?`Ë ä›E_.# =~¡¾ ‹¬g°H›~¡}ì?#° Z…ì ª�k�OKÇ=…ÿ<Ë

KÇióª�ë=ò.  =~¡¾ ‹¬g°H›~¡}=ò, =ü…ì?°, Q®°}Hê? =° �̂Î¼ ‹¬O|O �̂Î=ò#° ~Œ|_È̀ Œ=ò.  WOH›#¶ '1'  †³òH›ø „¦¬°#
=ü…ì?#° H›#°Qùx, g\÷ ^¥Þ~Œ ‹¬=°‹¬¼?#° ª�k�ª�ë=ò.

�HÆê¼�°:

� ï~O_È= „¬i=¶}ìar†Ç° ‹¬g°H›~¡}O †³òH›ø ª� �̂¥~¡} ~¡¶„¬O + + = ≠
2 0, 0ax bx c a

� nxx ' 'x  …Õ =~¡¾ ‹¬g°H›~¡}O JO\ì~¡°.

Q®°}H›O ' 'a #° "³ò Î̂@ …è̂ ¥ ã„¬̂ �¥# Q®°}H›O Jx†Çò, ' 'b x ï~O_È= …è̂ ¥ =° �̂Î¼ Q®°}H›O Jx, ' 'c x
‹²Ö~¡„¬̂ ÎO …è̂ ¥ =ü_È= Q®°}H›O Jx JO\ì~¡°.

� ,α β?° =ü…ì?°Qê Q®? =~¡¾ ‹¬g°H›~¡}O. ( ) ( )− α − β =. 0x x

� Hê~¡}ìOH› „¬̂ Îœu# =~¡¾ ‹¬g°H›~¡} ª� �̂Î#

� ‹¬¶ã Ç̀ ‹¬‚¬ð†Ç°O`Ë =~¡¾ ‹¬g°H›~¡} ª� �̂Î# .

� 2 0ax bx c+ + = †³òH › ø ‹ ¬g°H ›~ ¡}ìxH ÷ ,α β ?° =ü…ì?° J~ò`Í 
2 4

2

b b ac

a

− + −
α = ,

2 4

2

b b ac

a

− − −
β =  …è̂ ¥ ,

2 2

b D b D

a a

− + − −
α = β =

� WKÇó@ 2 4D b ac= − x =~¡¾ ‹¬g°H›~¡} qKÇH÷Æ}÷ JO\ì~¡°.

=~¡¾ ‹¬g°H›~¡}=ò�°
2
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=~¡¾ ‹¬g°H›~¡}=ò�°

� 0D > J~ò Í̀ =~¡¾ ‹¬g°H›~¡}ìxH÷ "Œ‹¬ë= =°i†Çò J‹¬=¶# =ü…ì?° =ôO\ì~ò.

� 0D = J~ò Í̀ ‹¬g°H›~¡}ìxH÷ =ü…ì?° ‹¬=¶#O.

� 0D <  J~ò Í̀ ‹¬g°H›~¡}ìxH÷ ‹¬O†ÇòQ®à ‹¬OH©~¡â (H›eæ Ç̀) =ü…ì?° =ôO\ì~ò.

� =~¡¾ ‹¬g°H›~¡} =ü…ì?° =°i†Çò Q®°}Hê? =° �̂Î¼ ‹¬O|O �̂ÎO.

2 0ax bx c+ + =  =~ ¡ ¾  ‹ ¬g °H ›~ ¡}O =ü…ì?° , ,α β  J=ô` Ç¶ 
2 4

2

b b ac

a

− + −
α = ,

2 4

2

b b ac

a

− − −
β =  Hê=ô#

1) =ü…ì? "³ò Ç̀ëO 
b

a

−
α + β = =  x  Q®°}H›O / 2x  Q®°}H›O.

2) =ü…ì? ?|œO 
c

a
αβ = =  ‹²Ö~¡„¬̂ ÎO / 2x  Q®°}H›O.

� 1 †³òH›ø „¦¬°# =ü…ì?°

� 1 †³òH›ø „¦¬°# =ü…ì?#° 1, 2,w w Qê Q®°iëª�ëO.

WH›ø_È − − +
= +

1 3. 1 3.
( )

2 2 2

i i
w or

− − −
= −

2 1 3. 1 3.
( )

2 2 2

i i
w or

∴ WH›ø_È 21 0w w+ + =  =°i†Çò 3 1w =

� ‹¬OH©~¡â =ü…ì…ÿá# 2,w w ?° XH›̂ ¥xHùH›\÷ ‹¬O†ÇòQêà?°.
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=~¡¾ ‹¬g°H›~¡}=ò�°

II. ‹¬Þ�æ ‹¬=¶ 
̂¥# ã„¬‰×ß�° (2 =¶~¡°ø�°)

1. Hê~¡}ìOH› qƒ�’[# „¬̂ Îœu ^¥Þ~Œ 26 5 6 0x x+ − = #° ª(k�OKÇ°=ò.

ª( �̂Î# :
2 26 5 6 0 6 9 4 6 0x x x x x+ − = ⇒ + − − = Qê ã"Œ†Ç°=KÇ°ó.

( ) ( )+ − + =3 2 3 2 2 3 0x x x

( ) ( )2 3 3 2 0x x+ − =  …è̂ ¥

2 3 0x + =  …è̂ ¥ 3 2 0x − =

2 3x = − …è̂ ¥ 3 2x =

3

2
x

−
∴ =  …è̂ ¥

2

3
x =

∴ =ü…ì?° 
3 2

,
2 3

−

2. ãH÷Ok =~¡¾ ‹¬g°H›~¡}ì�#° Hê~¡}ìOH› qƒ�’[# „¬̂ Îœu ^¥Þ~Œ ª(k�OKÇO_0.

)i 23 10 8 3 0x x+ + = )ii   2 22 0x ax a b− + − =

)iii
2 1 0

ab c
x x

c ab
+ − − = )iv   2 4 2 6 0x x− + =

ª( �̂Î# :

)i 23 10 8 3 0x x+ + =

23 6 4 8 3 0x x x+ + + =

( ) ( )+ + + =3 2 3 4 2 3 0x x x

( ) ( )2 3 3 4 0x x+ + =

( )2 3 0x + =  …è̂ ¥ ( )3 4 0x + =

2 3x∴ = −  …è̂ ¥
4

3 4
3

x x
−

= − ⇒ =

∴ =ü…ì?° 
4

2 3 ,  2 3,  
3

−
− −
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=~¡¾ ‹¬g°H›~¡}=ò�°

)ii − + − =
2 22 0x ax a b

( ) ( )2 2 0x a b x a b x a b− + − − + − =

( )( ) ( ) ( )( )− + − − − + = 0x x a b a b x a b

( )( ) ( )( ) 0x a b x a b− + − − =

( ) 0x a b− + =  …è̂ ¥ ( ) 0x a b− − =

( )x a b∴ = + …è̂ ¥ x a b= −

∴ =ü…ì?° ,a b a b+ −

)iii 2 1 0
ab c

x x
c ab

 
+ − − = 
 

2 1 0
ab c

x x x
c ab

+ − − =

   
+ − + =   

   
0

ab c ab
x x x

c ab c

0
c ab

x x
ab c

  
− + =  

  

( )
c ab

x or x
ab c

∴ = = −

∴ =ü…ì?° ,
c ab

ab c
−

)iv 2 4 2 6 0x x− + =

− − + =
2 3 2 2 6 0x x x

( ) ( )3 2 2 3 2 0x x x− − − =

( ) ( )3 2 2 0x x− − =
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=~¡¾ ‹¬g°H›~¡}=ò�°

3 2 0 ( ) 2 0x or x− = − =

3 2 ( ) 2x or x= =

∴  =ü…ì?° 3 2, 2

3. ãH÷Ok ‹¬g°H›~¡}ì�#° ‹¬¶ã Ç̀O L„¬†³¶yOz ª(k�OKÇO_0.

)i 22 3 3 0x x− + = )ii 2 2 1 0x x− + − =

)iii 24 5 3 0x x− + − = )iv 23 2 5 0x x+ + =

ª( �̂Î# :

)i 22 3 3 0x x− + =  †³òH›ø =ü…ì?°

− ± −
=

2 4

2

b b ac
x

a
WH›ø_È 2, 3, 3a b c= = − =

( )
2

3 3 4 2 3

2 2
x

± − × ×
=

×

3 9 24 3 15 3 15

4 4 4

i
x x x

± − ± − ±
= ⇒ = ⇒ =

)ii − + − =
2 2. 1 0x x  WH›ø_È 1, 2, 1a b c= − = = −

( )
2

2 2 4 1 1

2 1
x

− ± − × − × −
=

× −

2 2 4

2
x

− ± −
=

−

2 2

2
x

− ± −
=

−

2 2

2

i
x

− ±
∴ =

−

( )2 1 1
,

2 2

i i
x x

− ± ±
= =

−

)iii 24 5 3 0x x− + − =  WH›ø_È 4, 5, 3a b c= − = = −
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=~¡¾ ‹¬g°H›~¡}=ò�°

=ü…ì?° 
2 4

2

b b ac
x

a

− ± −
=

( )− ± − × − × −
=

× −

2
5 5 4 4 3

2 4
x

5 5 48 5 43

8 8
x x

− ± − − ± −
= ⇒ =

− −

( )
− ± + ±

=
−

5 43. 5 43.

8 8

i i
x or

)iv + + =
23 2. 5 0x x  WH›ø_È 3, 2, 5a b c= = =

2 4

2

b b ac
x

a

− ± −
∴ =

( )− ± − × × − ± −
= ⇒ =

×

2
2 2 4 3 5 2 2 60

2 3 6
x x

2 58 2 58

6 6

i
x x

− ± − − ±
∴ = ⇒ =

4. K †³òH›ø U q�°=ä›½ ( )2 2 1 2 3 2 0y K y K− + + + =  ‹¬g°H›~¡}O ‹¬=¶# =ü…ì�° H›e¾ LO@°Ok.

ª( �̂Î# :

WH›ø_È ( ) ( )= = − + = +1, 2 1 2 , 3 2a b K c K

‹¬g°H›~¡} =ü…ì?° ‹¬=¶#"³°Ø̀ Í 2 4 0b ac− = Hê=ô#

( ) ( ) ( )
2

2 1 2 4 1 3 2 0K K − + − + = 

( ) ( )24 1 4 4 4 3 2 0K K K+ + − + =

21 4 4 3 2 0K K K+ + − − =

24 2 2 0K K+ − =
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=~¡¾ ‹¬g°H›~¡}=ò�°

22 1 0K K+ − =

22 2 1 0K K K+ − − =

( ) ( )2 1 1 1 0K K K+ − + =

( ) ( )
1

1 2 1 0 1,
2

K K K K+ − = ⇒ = − =

5. ( ) ( ) ( ) ( ) ( ) ( ) 0x a x b x b x c x c x a− − + − − + − − =  ‹¬g°H›~¡}O =ü…ì�° Z�Á„¬ôæ_È¶ "Œ‹¬ë"Œ�° Jx,
=°i†Çò a b c= =  J~ò# ‹¬O Î̂~¡ÄLO…Õ Ç̀„¬æ, =ü…ì�° ‹¬=¶#O Hê=x KÇ¶„¬O_0.

ª( �̂Î# :

( ) ( ) ( ) ( ) ( ) ( ) 0x a x b x b x c x c x a− − + − − + − − =

( ) ( ) ( )2 2 2 0x a b x ab x b c x bc x c a x ca− + + + − + + + − + + =

( ) ( )23 2 0x a b c x ab bc ca− + + + + + =

∴ qKÇH÷Æ}÷ 2 4b ac∆ = −

( ) ( )
2

2 4 3a b c ab bc ca ⇒ ∆ = − + + − × + + 

( ) ( )2 2 24 2 2 2 12a b c ab bc ca ab bc ca+ + + + + − + +

( ) ( ) ( )2 2 24 8 12a b c ab bc ca ab bc ca+ + + + + − + +

( ) ( )2 2 24 4a b c ab bc ca+ + − + +

6. 23 5 9 0x x− + =  ‹¬g°H›~¡} =ü…ì�° ,α βJ~ò#

)i 2 2
α + β )ii 2 2

1 1
+

α β
  q?°=?° H›#°HËøO_..

ª( �̂Î# :

23 5 9 0x x− + =  =ü…ì?° ,α βHê=ô# =ü…ì? "³ò Ç̀ëO ( )5 5

3 3

b

a

− −−
α + β = = =

=ü…ì? ?|œO ( )
9

. 3
3

c
or

a
α β = =
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=~¡¾ ‹¬g°H›~¡}=ò�°

)i ( )
22 2 2α + β = α + β − αβ

2
5 9 25 18 25 54

2.
3 3 9 3 9

− 
= − ⇒ − = 
 

2 2 29

9

−
∴α + β =

)ii 2 2

1 1
+

α β

2 2

2 2

β + α
=

α β

( )

2

2 2 2 2

29
1 1 29 9 299

9 81 819

3

2 −
α + β − −

= + = = = × =
α β αβ  

 
 

7. 23 4 1 0y y+ + =  ‹¬g°H›~¡}O =ü…ì�° ,α βJ~ò# 2 2,α β �° =ü…ì�°Qê H›ey# =~¡¾ ‹¬g°H›~¡}O

xiàOKÇO_0.

ª( �̂Î# :

Î̂̀ Çë ‹¬g°H›~¡}ìxH÷ ,α β?° =ü…ì?° Hê=ô#

4

3

b

a

− −
α + β = =  =°i†Çò αβ = =

1

3

c

a

‹¬¶KÇ# : ,α β?° =ü…ì?°Qê Q®? =~¡¾ ‹¬g°H›~¡}O

( )2 0x x− α + β + αβ =

2 2,∴α β  =ü…ì?°Qê Q®? =~¡¾ ‹¬g°H›~¡}O

( )2 2 2 2 2 0x x− α + β + α β =

( ) ( ) − α + β − αβ + αβ =
  

2 22 2 0x x

 −     
 − − + =     
       

2 2
2 4 1 1

2 0
3 3 3

x x



Q®}÷̀ ÇO ‹¬“_™ "³°\©i†Ç°…̃ 29

=~¡¾ ‹¬g°H›~¡}=ò�°

1 
− − + = 
 

2 6 2 1
0

9 3 9
x x

2 16 6 1
0

9 9
x x

− 
− + = 
 

2 10 1
0

9 9
x x− + =

∴ ‹¬g°H›~¡}O 29 10 1 0x x− + =

8. 2 0ay by c+ + =  =ü…ì�° ,α β  J~ò Í̀ ãH÷Ok q�°=�° H›#°HËøO_0.

)i 2 2

1 1
+

α β
)ii 4 4

1 1
+

α β

ª( �̂Î# :

Î̂̀ Çë ‹¬g°H›~¡} =ü…ì?° ,α β  Hê=ô# & .
b c

a a

−
α + β = α β =

)i 2 2

1 1
+

α β

( )

( )

22 2

2 2 2

2α + β − αββ + α
= =

α β αβ

2 2 2

2 2

2 2 2 2 2

2 2

2 2
2

1 1

b c b c b ac

a a aa a

c cc

a a a

− 
− − − 
 ⇒ + = = =

α β  
 
 

2

2 2 2

1 1 2b ac

c

−
∴ + =

α β

)ii
( )

( )

α + β − α β
β + α

+ = =
α β α β αβ

2
2 2 2 2

4 4

4 4 4 4 4

21 1

( ) ( )

( )

2
2 2

4

2 2 α + β − αβ − αβ
  

αβ
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 − 
 − − 
   ⇒

2
2 2

2

4

4

2
2

b c c

a a a

c

a

2
2 2

2 2

4

4

2 2b ca c

a a

c

a

 −
− 

  ⇒

( )
2

2
2 4

4 2 4

2 2b ac c a

a a c

 
− 

⇒ − × 
 
 

( )
2

2 2 2

4

2 2b ac a c

c

 
− − 

 
 
 

9. 25 6 3 0x x− + =  =ü…ì�° ,α β  J~ò<Œ ãH÷O Î̂ Wzó# =ü…ì�° H›e¾# =~¡¾ ‹¬g°H›~¡}O xiàOKÇO_0.

)i 2 2,α β )ii 3 3,α β αβ

ª( �̂Î# :

Î̂̀ Çë ‹¬g°H›~¡}ìxH÷ ,α β?° =ü…ì…ÿá̀ Í 
6 3

,
5 5

α + β = αβ =

)i 2 2,α β ?° =ü…ì?°Qê Q®? =~¡¾ ‹¬g°H›~¡}O.

( )2 2 2 2 2 0x x− α + β + α β =

( )( ) ( )
2 22 2 0x x− α + β − αβ + αβ =

2 2
2 6 3 3

2 0
5 5 5

x x
       − − + =            
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2 36 6 9
0

25 25 25
x x

 
− − + = 
 

2 36 30 9
0

25 25
x x

− 
− + = 
 

225 6 9 0x x− + =  Hê=?‹²# ‹¬g°H›~¡}O.

)ii 3 3,α β αβ  =ü…ì?°Qê Q®? =~¡¾ ‹¬g°H›~¡}O.

 − α β + αβ + α β αβ =
 

2 3 3 3 3. 0x x

( )2 2 2 4 4 0x x − αβ α + β + α β =
  

4
2 3 6 3

0
5 25 5

x x
    

− + =    
    

... (1) #°O_.

2 18 81
0

125 625
x x

 
− + = 
 

2625 90 81 0x x− + =

10. 2 0ay by c+ + =  =ü…ì�° 3:4 x+¬æuë…Õ  =ô#ßKË 212 49b ac=  Jx KÇ¶„¬ô=ò.

ª( �̂Î# :

=ü…ì?° 3 ,4K K J~ò#

=ü…ì? "³ò Ç̀ëO : 
− −

+ = ⇒ = ⇒ =

2
2

2
3 4 7

49

b b b
K K K K

a a a

=ü…ì? ?|œO : × = ⇒ =
23 4 12

c c
K K K

a a
.. (1)

2

12

c
K

a
= ....... (2)

1, 2 ? #°O_. 
2

2

2
12 49

1249

b c
b ac

aa
= ⇒ =
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11. 2 0px qx p− + =  ‹¬g°H›~¡}O XH› =ü�O K J~ò# ï~O_Ë =ü�O 1K + JQ®°#°.

ª( �̂Î# :

∴ =ü…ì? "³ò Ç̀ëO 1 2 1
q q q p

K K K
p p p

−
+ + = ⇒ = − ⇒ .. (1)

( )
2

2

24

q p
K

p

−
⇒ = ... (2)

=ü…ì? ?|œO ( )1 1
p

K K
p

+ = =

2 1K K+ =

( ) ( )
2

2
1

24

q p q p

pp

− −
+ =

( ) ( )
2

2

2
1

4

q p q p p

p

− + −
=

+ − + − =
2 2 2 22 2 2 4q p pq pq p p

2 25 0q p∴ − =

III. n~¡É‹¬=¶ 
̂¥# ã„¬‰×ß�°  ( 5 =¶~¡°ø�°)

12. ãH÷Ok „¦¬°# ‹¬g°H›~¡}ì�#° ª(k�OKÇO_0.

)i 3 27x = )ii 3 27x = − )iii 3 64x = )iv 3 64x = −

ª( �̂Î# :

)i 3 27x =
3 3 327 0 3 0x x⇒ = = ⇒ − =

( ) ( )2 23 3 3 0x x x− + + =

( ) ( )23 3 9 0x x x− + + =

3 0x∴ − =  =°i†Çò 2 3 9 0x x+ + =
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3x⇒ =  =°i†Çò 
2 4

2

b b ac
x

a

− ± −
=

3 9 4 9

2 1
x

− ± − ×
=

×

3 9 36 3 27

2 2
x x

− ± − − ± −
= ⇒ =

− ± × − ±
∴ = ⇒

3 9 3 3 3 3.

2 2

i i
x

∴ =ü…ì?° − ±
= ⇒ =

23 3 3.
3. 3,3 ,3

2

i
x x w w

)ii 3 3 3 327 27 0 3 0x x x= − ⇒ + = ⇒ + =

( ) ( )23 3 9 0x x x+ − + =

3 0x⇒ + =  =°i†Çò 2 3 9 0x x− + =

3x = −  =°i†Çò ± − ±
= ⇒ =

3 9 36 3 3 3.

2 2

i
x x

∴=ü…ì?° 23, 3 , 3w w− − −

)iii 3 64x =

3 64 0x − = , 3 34 0x − =

( ) ( )2 24 4 4 0x x x− + + =

( ) ( )24 4 16 0x x x− + + =

4 0x∴ − =  =°i†Çò 2 4 16 0x x+ + =

4x∴ =  =°i†Çò 4 16 64

2
x

− ± −
=
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4 48

2
x

− ± −
=

− ±
= ⇒ =

24 4 3.
4 ,4

2

i
x x w w

∴ =ü…ì?° 24 ,4w w

)iv 3 64x = −

3 3 364 0 4 0x x+ = ⇒ + =

( ) ( )24 4 16 0x x x+ − + =

4 0x + =  =°i†Çò 2 4 16 0x x− + =

4x∴ = −
4 4 16 64

2
x

− ± −
=

± − ±
= ⇒ =

4 48 4 4 3.

2 2

i
x x

∴ =ü…ì?° 24, 4 , 4w w− − −

13. 21, ,w w �° 1 †³òH›ø „¦¬°# =ü…ì�° J~ò<Œ..

)i ( ) ( ) ( ) ( )+ + + + =
2 4 81 1 1 1 1w w w w

)ii ( ) ( ) ( ) ( )− − − − =
2 4 81 1 1 1 9w w w w

)iii ( ) ( )− + − = −
44 21 1 1w w

)iv ( )− =
3

31 8w

)v ( ) ( )− + + = + − =
6 6

2 21 1 64w w w w w

)vi ( ) ( )+ + = + + = −
1616 2 21 1 1w w w w Jx KÇ¶„¬O_..
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ª( �̂Î# :

)i ( ) ( ) ( ) ( )+ + + +
2 4 81 1 1 1w w w w

( ) ( ) ( ) ( )
2

2 3 3 21 . 1 .w w w w w w
 

− − + + 
 

( ) ( ) ( )( )23 21 1 1 .w w w+ +

( ) ( ) ( )2 21 1w w− +

2 4w w⇒ − −

  2 3.w w w− −
21 0w w+ + = ,  3 1w = ?#° L„¬†³¶yOz

  2w w− − 1=

)ii ( ) ( ) ( ) ( )− − − − =
2 4 81 1 1 1 9w w w w

LHS = ( ) ( ) ( ) ( )
2

2 3 3 21 1 1 . 1 .w w w w w w
 

− − − − 
 

( ) ( ) ( ) ( )2 21 1 1 1w w w w− − − − ( )3 1w =∵

( ) ( )
22 21 1w w− −

( ) ( )2 4 21 2 1 2w w w w+ − + −

( ) ( )2 3 21 3 1 . 2w w w w w w+ + − + −

( ) ( )2 20 3 1 3w w w w− + + − 21 0w w+ + =∵

( ) ( )2 33 0 3 9 9.1 9w w w− − ⇒ = = RHS

)iii ( ) ( )− + − = −
44 21 1 1w w

ª� �̂Î# : ( ) ( )
44 21 1LHS w w= + + +



36 Q®}÷̀ ÇO ‹¬“_™ "³°\©i†Ç°…̃

=~¡¾ ‹¬g°H›~¡}=ò�°

( ) ( )
4 4

2 2 21 1w w w w w w⇒ + + − + + + −

⇒ ( ) ( )
4 420 0w w− + −

⇒ +
8 4w w

⇒ ( ) ( )
2 23 2 3 2. . 1 . 1.w w w w w w+ ⇒ + 3 1w =∵

2 1 1 0 1 1w w RHS⇒ + + − ⇒ − = − =

)iv ( )
3

31 8+ =w

ª� �̂Î# : ( )
3 31 1 2 8+ = =

)v ( ) ( )− + + = + − =
6 6

2 21 1 64w w w w w

( ) ( )
6 6

2 21 1 2w w w w w− + = + + −

( ) ( )
26 6 30 2 64. 64w w w⇒ − ⇒ =

( )
2

64 1 64⇒ ⇒

( )
6

21 64w w∴ − + =

W Í̂ q �̂ÎOQê ( )
6

21 64w w+ − =  =KÇ°ó#°.

)vi ( ) ( )+ + = + + = −
1616 2 21 1 1w w w w

( ) ( )
1616 2 2 21 1 1w w w w w w+ + = + + − + = −

( ) ( )
16 10

2 32 3 20 .w w w w w w w⇒ − + = + = +
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( )
10 2 21 . 1 1 0 1 1w w w w⇒ + = + + − ⇒ − = −

W Í̂ q �̂ÎOQê ( )
16

2 21 1w w+ + = −  Jx KÇ¶„¬=KÇ°ó.

14. ( ) ( )2 2 22 2 1 0a b x a b x+ + + + =  =~¡¾ ‹¬g°H›~¡} =ü…ì�° 0a ≠  J~ò# H›eæ`Œ�° JxKÇ¶„¬O_0.

ª( �̂Î# : Î̂̀ Çë ‹¬g°H›~¡} qKÇH÷Æ}÷ 2 4b ac∆ = −

( ) ( ) ( )
2 2 22 4 2 1a b a b  + − +    

( ) ( )2 2 24 2a b a b + − +
  

2 2 2 24 2 2 2a b ab a b + + − −
 

2 24 2a b ab − − +
 

2 24 2a b ab − + −
 

( )
2

4 a b− −

o<  Hê=ô# a b≠ J~ò Í̀ Î̂̀ Çë ‹¬g°H›~¡}O =ü…ì?° H›eæ`Œ?°.

15. ( )2 2 1 0ax b x+ + =  †³òH›ø =ü…ì�° H›eæ`Œ�° J~ò#„¬ôæ_È° ( )2bx b c x c a b+ − = + − †³òH›ø

=ü…ì�° Z�Á„¬ôæ_È¶ "Œ‹¬ë"Œ�° Jx KÇ¶„¬O_0.

ª( �̂Î# : ( )2 22 1 0 2 0ax b x ax bx b+ + = ⇒ + + =

=ü…ì?° H›eæ`Œ?° Hê=ô# 0∆ < Hê=ô# 2 4 0b ac− <

24 4 0b ab− <

24 4 0ab b− > .. (1)

W„¬ôæ_È° ( ) ( )2 0bx b c x b c a+ − + − − =  †³òH›ø q?°H÷Æ}÷  ( ) ( )
2

4b c b b c a− − − −

2 2 22 4 4 4b c bc b bc ab+ − − + +
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2 2 22 4 4b c bc b ab+ + − +

( ) ( )2 24 4b c ab b+ + − 0> (1)  #°O_..

∵ qKÇH÷Æ}÷ 0> Hê=ô# ( ) ( )2 0bx b c x b c a+ − + − − =

†³òH›ø =ü…ì?° "Œ‹¬ë"Œ?° JQ®°#°.

16. 22 6 5 0x x− + =  =ü…ì�° α β,  �° J~ò<Œ ãH÷O Î̂ W=Þ|_0# =ü…ì�°Qê Q®ey# =~¡¾ ‹¬g°H›~¡}ì�#°
H›#°Qù#°=ò.

)i ,
α β

β α
)ii

1
α +

β
, 

1
β +

α
)iii

2 2

2 2

1 1
,α + β +
α β

ª( �̂Î# : 22 6 5 0x x− + =  =ü…ì?° α β,  Hê=ô#

( )6
3

2

b

a

− −−
α + β = = =

αβ = =
5

2

c

a
... (1)

)i

2 2
α β α + β

+ =
β α αβ

( )

2

2
6 5

2
2 2 2

5

2

αβ

 
− α + β − αβ  

= =

36 10 36 20
16 2 84 2 4

5 5 4 5 5

2 2

−
−

= = = × = ... (1)

∴ ,
α β

β α
 =ü…ì?°Qê Q®? =~¡¾ ‹¬g°H›~¡}O.

2x - (=ü?=ò? "³ò Ç̀ëO) x +  =ü…ì? ?|œO 0=

2 8
1 0

5
x x

 
− + = 
 

25 8 5 0x x⇒ − + =  Hê=?‹²# ‹¬g°H›~¡}O.
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)ii
1

α +
β
 { 

1
β +

α
( )

1 1
⇒ α + β + +

α β

( )
( )

6
6 6 212 3

52 5 5

2

α + β
α + β + = + = + =

αβ ... (1)

1 1 1 5 2 25 20 4
1 1 20

2 5 10

  + + 
α + β + = αβ + + + = + + =   

β α αβ  

1 1 49

10

   
∴ α + β + =   

β α  
... (2)

1 1
,∴α + β +

β α
?° =ü…ì?°Qê Q®? =~¡¾ ‹¬g°H›~¡}O.

2 1 1 1 1
0x x

     
− α + + β + + α + β + =    

β α β α    

2 221 49
0 10 42 49 0

5 10
x x x x

 
− + = ⇒ − + = 
 

)iii α + β + +
α β

2 2

2 2

1 1
( )

2 2
2

2 2
2

 β + α = α + β − αβ +     α β  

( )

( )

22

2

26 5
2

2 2

   α + β − αβ    = − + 
    αβ   

 
  

= − + −  
    

 

5
2.

36 10 36 2
254 2 4

4

[ ] ( )
 − 

− + × ⇒ α + β + + = −      α β 

2 2

2 2

36 20 4 1 1 20 116
9 5

4 25 25 25
.. (1)

( )
2 2 4 4

2 2

2 2 2 2 2 2

1 1
1 1 2

  α β α + β
α + β + = + + + = +  α β β α α β 

( ) ( )( )
( )

22 2 2 22 2 2 2

2 2 2

2 22
2 2

 
α + β − αβ − α βα + β − α β  

 ⇒ + = +
 α β αβ
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2 2
36 10 25 16 50

2
4 2 4 4 4

2 2
25 25

4 4

    
 − − −   

    ⇒ + = +
 
 
  

  − −    ⇒ + = +  
 
 

256 50 256 200

16 4 162 2
25 25

4 4

56 4 14 64
2 2

16 25 25 25
⇒ + × = + = ... (2)

( )2 2

2 2

1 1
,
 

∴ α + β +  α β 
?° =ü…ì?°Qê Q®? =~¡¾ ‹¬g°H›~¡}O.

( ) ( )
      

− α + β + + + α + β + =         α β α β         

2 2 2 2 2

2 2 2 2

1 1 1 1
. 0x x

2 116 64
0

25 25
x x

 
⇒ − + = 

 

225 116 64 0x x− + =

∴ Hê=?‹²# ‹¬g°H›~¡}O : 225 116 64 0x x− + =

17. 21, ,w w  �° 1 †³òH›ø „¦¬°# =ü…ì…ÿá# ãH÷O Î̂ "Œ\÷x ~¡°A=ô KÍ†Çò=ò.

)i ( ) ( ) ( ) ( )2 10 112 2 2 2 49w w w w− − − − =

)ii ( ) ( ) ( )2 3 3x y xw y xw y x y− − − = −

<Ë\̃ : 21 0w w+ + =   =°i†Çò 3 1w =

ª( �̂Î# :

)i ( ) ( ) ( ) ( )2 10 112 2 2 2w w w w− − − −

( ) ( ) ( ) ( )
3 3

2 3 3 22 2 2 . 2 .w w w w w w
   

− − − −   
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[ ]2 3 24 2 2 2 2w w w w w   − − + − −
   

2 2 34 2 2 1 4 2 2w w w w w   − − + − − +
   

( ) ( )2 25 2 5 2w w w w   − + − +
      

( ) ( )2 25 2 1 1 5 2 1 1w w w w   − + + − − + + −
      

( ) ( )5 2 1 5 2 1   − − − −   

[ ][ ]+ +5 2 5 2

7.7 49=

)ii ( ) ( ) ( )2 3 3x y xw y xw y x y− − − = −

ª� �̂Î#: LHS =

( ) 2 3 2 2x y x w xyw xyw y − − − +
 

( ) ( ) ( )2 2 21x y x xy w w y − − + +  

( ) ( )2 2 21 1x y x xy w w y − − + + − +
  

( ) ( )2 21x y x xy y − − − +
 

( ) 2 2 3 3x y x xy y x y − + + = −
  RHS=

18. 2,x a b y aw bw= + = +  =°i†Çò 2z aw bw= +  J~ò#KË ãH÷Ok "Œ\÷x ~¡°A=ô KÍ†Ç°O_0.

)i 2 2 2 6x y z ab+ + = )ii 3 3xyz a b= +

ª( �̂Î# :

)i 2 2 2x y z+ +

( ) ( ) ( )
2 22 2 2a b aw bw aw bw= + + + + +

( ) ( )⇒ + + + + + + +
2 2 2 2 4 3 2 4 2 2 32 2a b a w b w abw a w b w abw
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( ) ( ) ( )2 2 2 2 3 3 2 3 2 2 3. 2 . 2a b a w b w w abw a w w b w abw⇒ + + + + + + +

( ) ( ) ( )2 2 2 2 2 2 22 2a b a w b w ab a w b w ab⇒ + + + + + + +

2 2 2 2 2 2 2 22 2 2a b ab a w b w ab a w b w ab⇒ + + + + + + + +

( ) ( )2 2 2 21 1 6a w w b w w ab⇒ + + + + + +

( ) ( )2 20 0 6a b ab⇒ + +

6ab⇒ RHS=

)ii LHS xyz=

( ) ( ) ( )2 2a b aw bw aw bw+ + +

( ) ( )+ + + +
2 3 2 4 2 3a b a w abw abw b w

( ) ( )( )+ + + +
2 2 3 2 31 .a b a abw abw w b w

( ) ( )2 2 2a b a abw abw b+ + + +

( ) ( )( )2 2 2a b a ab w w b+ + + +

( ) ( )( )2 2 21 1a b a ab w w b+ + + + − +

( ) ( ) + + − +
 

2 20 1a b a ab b

( ) ( )2 2 3 3a b a ab b a b+ − − = + RHS=
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= ¶ãuH›� °

P~¡Û~Ÿ öH…è J#° ãa\÷+¹ Q®}÷̀ Ç ‰§G"Í̀ Çë 19= ‰×̀ Œaœ (1821Ð1895) =° ,̂Î¼ Hê0O…Õ '=¶ãuH›0°Ñ J<Í XH› ãHù Ç̀ë
qƒ,ìQêxß ‹¬$+²»OKŒ_È°.  W Ç̀_È° ‹¬=°HêeH› ‹¬g°H›~¡}ì0 =¼=‹¬Ö#° =¶ãuHê ~¡¶„¬O…Õ ‹¬¶zOKŒ_È°.  J„¬æ\÷ #°Op,
W„¬æ\÷ =~¡ä›½ Q®}÷̀ Ç ‰§GO…Õ '=¶ãuHê"Œ Î̂OÑ XH› =òY¼"³°Ø# qƒ,ìQ®OQê ‹²Ö~¡„¬_X#k.  =¶ãuH›0#°, öQ"£°kŠ†Ç°s,
Y~¡°ó0ä›½ ‹¬O|Ok,Oz# ã Î̂=¼=ò, L„¬Ð„¦¬0=ò0ä›½ ‹¬O|Ok,Oz# |_³û\˜ ... "³ò Î̂0Q®° "Œx…Õ "Œ_È° Ç̀°<Œß~¡°.
PiÖH› ‰§G"Í̀ Çë0°, =¶ãuH›0#° ªfO„¦²°H› Q®}ìOHê0…Õ, W<£„¬ô\˜ Ð J=ô\˜„¬ô\˜ „¬\÷“H›0…Õ =°i†Çò JO Ç̀~¡ Ð
„¬iã‰×=° J~¡Ö‰§GO…Õ#¶ "Œ_È° Ç̀°<Œß~¡°.

‹¬=°HêeH› ‹¬g°H›~¡}ì0 =¼=‹¬Ö#° ªfk,OKÇ°@ä›½, =¶ãuH›0#° qªfë~¡OQê "Œ_È° Ç̀°<Œß~¡°.  ö~v†Ç° Hê~¡¼ãH›=°
q ,̂¥#=ò †³òH›ø P ,̂¥~¡=ò, =¶ãuHê c[Q®}÷̀ ÇO…Õ L#ßk.  =¶ãuH›0 †³òH›ø qx†³¶Q®=ò Q®}÷̀ Ç‰§GO…Õ<Í QêH›,
W Ç̀~¡ ‹¬|ûä›½“…ÿá# ƒ,ºuH› ‰§GO, ~¡ªf†Ç°# ‰§GO, WO[hiOQ·, ö~v†Ç° ã‡éãQêq°OQ· q ,̂¥#=ò "³ò Î̂0Q®° "Œx…Õ
H›0 Î̂°.

D ‡f~”¡=ò #O Î̂°, =°#=ò qq ,̂Î ~¡Hê…ÿá# =¶ãuH›0#° =°i†Çò =¶ãuH›0Ì„á c[Q®}÷̀ Ç „¬iãH÷†Ç°0#°
Q®°iOz KÇióªfë=ò.

�HÆê¼�° :

D ‡f~”¡¼ „¬~”¡#=ò =0# g°~¡° ãH÷Ok q+¬†Ç¶0#° J~¡ÖO KÍ‹¬°HËQ®0~¡°.

� =¶ãuH›#° x~¡ÞzOKÇ°@, =¶ãuH› Ç̀~¡Q®u =°i†Çò "Œ\÷H÷ L^¥‚¬ì~¡}0° W=ÞQ®0~¡°.

� qq ,̂Î ~¡Hê…ÿá# =¶ãuH›0#° x~¡ÞzOz, "Œ\÷H÷ L^¥‚¬ì~¡}0° WKÇ°ó@, (KÇ̀ Ç°~¡ã‹¬, n~¡ÉKÇ̀ Ç°~¡ã‹¬, †Çüx\˜
( Ç̀̀ Ç�=°) ‰×́ #¼, ã„¬̂ ,¥# qH›~¡â, J_È°Û=~¡°‹¬, x0°=ô =~¡°‹¬ =¶ãuH›0°).

� ï~O_È° =¶ãuH›0 ‹¬=¶# Ç̀Þ=ò#ä›½ x†Ç°=¶0#° ̀ ³0°„¬Q®0~¡°.

� =¶ãuHê =¼ Ç̀¼†Ç°=ò#° x~¡Þzªfë~¡°.

� ªÏ+¬»= =°i†Çò JªÏ+¬»= =¶ãuH›0#° x~¡ÞzOz, L^¥‚¬ì~¡}0° Wªfë~¡°.

� XöH ̀ Ç~¡Q®uH÷ K³Ok# ï~O_È° =¶ãuH›0 ‹¬OH›0# =°i†Çò =¼=H›0#=ò0#° H›#°QùO\ì~¡°.

� =¶ãuH›#° XH› Jk‰×KÍ Q®°}÷OKÇQ®0~¡°.

� ï~O_È° =¶ãuH›0 0|œ=ò#ä›½ x†Ç¶=°xß ³̀0°„¬Q®0~¡°.

� ªf ,̂Î¼=°~ò# ‹¬O Î̂~ŒÄ�0…Õ ï~O_È° =¶ãuH›0#° Q®°}÷ªfë~¡°.

=¶ãuH›�°
3
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I. Ju‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (1 =¶~¡°ø)
1. A  = ° i† Çò B  J# °  W Î̂í~¡°  q ^¥¼~¡° Ö�°  = ü_ È°  „¬sH ›Æ�… Õ ª&k(Oz#  = ¶~ ¡° ø �# °   ã H ÷Ok „¬\÷“H ›… Õ WK Œó ~¡° .

nxx ï~O_ È°  q (̂¥�° Q ê = ¶ã uH ê ~¡¶„¬O… Õ ³̀�° æ = ò.

„¬sH›Æ 1 „¬sH›Æ 2 „¬sH›Æ 3

A 56 65 71

B 29 37 57

["Œ|°:
2 3

3 2

56 29
56 65 71

, 65 37
29 37 57

71 57×
×

 
   
   
    

2. ,x y  = ° i† Çò z  J# °  = ü_ È°  ‹¬O‹¬Ö�°  = ~¡° ‹¬Q ê 40,  35,  25 ã @ ä ›½ ø � ~Œˆ ×¤ … Õ_ ÈÁ# °  = ° i† Çò 10,  5,  8
ã @ ä ›½ ø � W‹¬° H › … Õ_ ÈÁ# °  X H › H êOã \ìä ›“~¡° ä ›½  „¬O„²# q. nxx = ¶ã u ~¡¶„¬O… Õ,  ï~O_ È°  q (̂¥�° Q ê ³̀�° æ = ò.

["Œ|° :
2 3

3 2

40 10
40 35 25

35 05
10 05 08

25 08×
×

 
   
   
    

3. P  J#°  ä›½@°O| O…Õ 4Q®°~¡° „¬ô ~¡°+¬µ�°, 6Q®°~¡° ã‹Ôë�° =°i†Çò 3 =°Ok „²�Á�°  =ô<Œß~¡°. QJ<Í ä›½ @°O|O…Õ
4Q ®° ~¡°  „¬ô ~¡° +¬µ�° ,  3 = ° Ok ã ‹Ôë�°  = ° i† Çò 5 =° Ok „²�° Á�°  = ô <Œß~¡° . D Î̂̀ ŒëO‰ §xß 2 3× Ç̀~¡Q ®u
= ¶ã uH ›�° Q ê ³̀�æ O_ Z.

["Œ|°:
2 3

4 6 3

4 3 5
×

 
 
 

4. ã H ÷Ok = ¶ã uH ›… Õ Z xß = ü�H ê�°  H ›�= ô .

)i 2 3× )ii 3 4×  =¶ãuH› )iii 4 2× =¶ãuH› )iv 6 2× =¶ãuH›

)v a b× =¶ãuH› )vi m n× =¶ãuH›

["Œ|°0° :

)i 2 3 6× =  =ü0Hê0° )ii 3 4 12× =  =ü0Hê0°

)iii 4 2 8× = =ü0Hê0° )iv 6 2 12× = =ü0Hê0°

)v a b ab× = =ü0Hê0° )vi m n mn× = =ü0Hê0°
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5. ã H ÷Ok = ü�H ê� ‹¬OY¼# °  H ›ey#  = ¶ã uH ›�# °  Z xß ~¡H ê� Ç̀~¡Q ®̀ Ç° �°  Q ®� = ¶ã uH ›�° Q ê ã "Œ† Ç° = K Ç° ó .

1) 8 =ü0Hê0° 2) 5 =ü0Hê0° 3) 12 =ü0Hê0° 4) 16 =ü0Hê0°

["Œ|°0° :

1) 1 8; 2 4; 4 2; 8 1× × × × 2) 1 5; 5 1;× ×

3) 1 12; 2 6;3 4; 4 3; 6 2; 12 1× × × × × × 4) 1 16; 2 8; 4 4; 8 2; 16 1× × × × ×

6.

5 1 8 0 5

7 6 7 4 6

3 9 3 3 9

4 4 8 1 1

A

 
 
 =
 −
 
 

 J~ò<Œ

Z) J_È°Û=~¡°‹¬0 ‹¬OY¼ =  4 a) x0°=ô =~¡°‹¬0 ‹¬OY¼ =  5

‹²) =¶ãuH› A  Ç̀~¡Q®u 4 5= × _X) A …Õ =¶ãuH›0 ‹¬OY¼ =  20

W) =ü0H›O = = = − = =14 23 34 45 330; 7; 3; 1; 3a a a a a

7. i − =  J_ È° Û=~¡°‹¬, j − =  x�°= ô  = ~¡° ‹¬… Õx =ü�Hê�°  ãH ÷O Î̂ W= Þ| _ Û̈~ò. ã „¬u ‹¬O Î̂~¡Ä eO… Õ 3 3× Ç̀~¡Q®u
= ¶ãuH ›#°  xiàOK ÇO_ Z.

)a i j− )b

2i

j
)c

( )
2

2

2

i j+
)d 3 2j i−

["Œ|°0°: )a

0 1 2

1 0 1

2 1 0

− − 
 

− 
  

)b

1 1
1 .

2 3

4
4 2

3

9
9 3

2

 
 
 
 
 
 
 
  

)c

 
 
 
 
 
 
 

9 25 49

2 2 2

8 18 32

25 49 81

2 2 2

)d

1 4 7

1 2 5

3 0 3

 
 
− 
 − 
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8. i − =  J_ È° Û= ~¡° ‹¬,  j − =  x�° = ô  = ~¡° ‹¬… Õx = ü�H ê�° ã H ÷O Î̂ WK Œó = ò. ã „¬u ‹¬O Î̂~¡Ä eO… Õ 3 2× Ç̀~¡Q ®u
= ¶ãuH ›#°  xiàOK ÇO_ Z.

)a  3i j+ )b  5. .i j )c  ji     )d  + − 2i j

["Œ|°0° :

)a

4 7

5 8

6 9

 
 
 
  

)b

5 10

10 20

15 30

 
 
 
  

)c

1 1

2 4

3 9

 
 
 
  

)d

0 1

1 2

2 3

 
 
 
  

9.
7 2

2 3
A

 
=  
 

J~ò#  ã H ÷Ok "Œ\÷x H ›# ° H Ë ø O_ Z.

)a 4A )b  A− )c
1

2
A )d

3

2
A

["Œ|°0° :

)a
7 2 28 8

4 4
2 3 8 11

A
   

= =   
   

)b  
7 2 7 2

2 3 2 3
A

− −   
− = − =   

− −   

)c

7
1

7 21 1 2

2 3 32 2
1

2

A

 
  

= =   
  
  

)d

21
3

7 23 3 2

2 3 92 2
3

2

A

 
  

= =   
  
  

10.
0 1 2

3 1 4
A

− 
=  
 

J~ò Í̀ ã H ÷Ok "Œ\÷x H ›#° H Ë ø O_ Z.

)a 5A )b  3A− )c
1

3
A )d

1

2
A−

["Œ|°0° :

)a
0 1 2 0 5 10

5 5
3 1 4 15 5 20

A
− −   

= =   
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)b  
0 1 2 0 3 6

3 3
3 1 4 9 3 12

A
− −   

− = − =   
− − −   

)c

 
− − 

= =   
  
  

1 2
0

0 1 21 1 3 3

3 1 4 1 43 3
1

3 3

A

)d

1
0 1

0 1 21 1 2

3 1 4 3 12 2
2

2 2

A

 
− − 

− = − =   
   − − −
  

11. A  † ³òH ›ø  = ¼`Œ¼= ° O 'A  # °  H ›# ° H Ë ø O_ Z.

)a
2 1

4 3
A

− 
=  
 

)b  4 10 9

6 8 7
A

 
=  
 

)c

1 2

4 1

6 9

A

− 
 

= − 
  

)d  
1 0 0

0 1 0

0 0 1

A

 
 

=  
  

["Œ|°0° :

)a
 

=  
− 

1 2 4

1 3
A )b

 
 

=  
  

1

4 6

10 8

9 7

A

)c 1 1 4 6

2 1 9
A

− 
=  

− − 
)d  1

1 0 0

0 1 0

0 0 1

A

 
 

=  
  

12. U Í̂x = ¶ã uH › A ä ›½  ( )
1

1A A= Jx x~¡¶„²OK Ç° = ò.

1 2

3 4
A

 
=  
 

 J~ò<Œ ( )
1

1 11 2 1 2

3 4 3 4
A A A

   
= ⇒ = =   
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13. ã H ÷Ok = ¶ã uH ›�°  Jxß† Çò ªÏ +¬“=  = ¶ã uH ›�°  Jx KÇ¶„¬ô = ò.

)a
2 4

4 3

− 
 
− 

)b

1 1 2

1 2 3

2 3 4

− 
 
− − 
 − 

)c  

 
 
 
  

a b c

b d e

c e f

)d

1 0 0

0 1 0

0 0 0

 
 
 
  

<Ë\˜ : 1A A=  J~ò Í̀ A #° ªÏ+¬“= =¶ãuH› JO Î̂°~¡°.

["Œ|°0° :

)a
12 4 2 4

4 3 4 3
A A A

− −   
= ⇒ = =   

− −   
∴ A ªÏ+¬“=O

)b
1

1 1 2 1 1 2

1 2 3 1 2 3

2 3 4 2 3 4

A A A

− −   
   

= − − ⇒ = − − =   
   − −   

∴ A ªÏ+¬“=O

)c
1

a b c a b c

A b d e A b d e A

c e f c e f

   
   

= ⇒ = =   
      

∴ A ªÏ+¬“=O

)d
1

1 0 0 1 0 0

0 1 0 0 1 0

0 0 0 0 0 0

A A A

   
   

= ⇒ = =   
      

∴ A ªÏ+¬“=O

14. ã H ÷Ok = ¶ã uH ›�xß† Çò,  ã „¬u ªÏ +¬“=  = ¶ã uH ›�°  Jx K Ç¶„¬ô = ò.

)a
0 3

3 0

− 
 
 

)b

0 4

0 2

4 2 0

i

i i

i

 
 
− − 
 − − + 

)c

0 2 0

2 0 4

0 4 0

− 
 
 
 − 

)d

0 1 7

1 0 5

7 5 0

− 
 
 
 − − 
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<Ë\̃ : A  XH› KÇ̀ Ç°~¡ã‹¬ =¶ãuH› J=ô Ç̀¶ 1A A= − J~ò Í̀ A #° ã„¬uªÏ+¬“= =¶ãuH› JO Î̂°~¡°.

["Œ|°0° :

)a
10 3 0 3 0 3

3 0 3 0 3 0
A A A

− −     
= ⇒ = = − = −     

−     

1A A∴ = − Hê=ô# A  ã„¬u ªÏ+¬“= =¶OãuH› JQ®°#°.

)b
1

0 4 0 4

0 2 0 2

4 2 0 4 2 0

i i

A i i A i i

i i

− −   
   

= − − ⇒ = − +   
   − − + −   

1

0 4

0 2

4 2 0

i

A i i A

i

 
 ⇒ = − − − = − 
 − 

 Hê=ô# A  ã„¬u ªÏ+¬“= =¶OãuH›

)c
1

0 2 0 0 2 0

2 0 4 2 0 4

0 4 0 0 4 0

A A

−   
   

= ⇒ = − −   
   −   

1

0 2 0

2 0 4 ,

0 4 0

A A A

− 
 

= − = − ∴ 
 − 

 ã„¬u ªÏ+¬“= =¶OãuH›

)d

− −   
   

= ⇒ = − −   
   − −   

1

0 1 7 0 1 7

1 0 5 1 0 5

7 5 0 7 5 0

A A

− 
 ⇒ = − = − ∴ 
 − − 

1

0 1 7

1   0 5 ,  

7 5 0

A A A  ã„¬u ªÏ+¬“= =¶ãuH›

15.
3 1

5 2
A

− 
=  
 

= ° i† Çò 0 1

3 2
B

− 
=  
 

 J~ò Í̀ ã H ÷Ok "Œ\÷x H ›# ° H Ë ø O_ Z.

)a A B+ )b 2A B+ )c 3A B+ )d 2 3A B+
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["Œ|°0° :

)a
3 1 0 1 3 0 1 1 3 2

5 2 3 2 5 3 2 2 8 4
A B

− − + − − −       
+ = + = =       

+ +       

)b
3 1 0 1 6 2 0 1 6 3

2 2
5 2 3 2 10 4 3 2 13 6

A B
− − − − −         

+ = + = + =         
         

)c
3 1 0 1 3 1 0 3 3 4

3 3
5 2 3 2 5 2 9 6 14 8

A B
− − − − −         

+ = + = + =         
         

)d

3 1 0 1 6 2 0 3 6 5
2 3 2 3

5 2 3 2 10 4 9 6 19 10
A B

− − − − −         
+ = + = + =         

         

16. 2 5 3

1 4 0
P

 
=  

− 
 = ° i† Çò 1 2 3

4 1 5
Q

− 
=  

− 
 J~ò#  ã H ÷Ok "Œ\÷x H ›# ° H Ë ø O_ Z.

)a P Q− )b Q P− )c 2P Q− )d 2 3Q P−

["Œ|°0° :

)a
2 5 3 1 2 3 2 1 5 2 3 3

1 4 0 4 1 5 1 4 4 1 0 5
P Q

− − − +     
− = − =     

− − − − − +     

1 3 6

5 3 5

 
=  

− 

)b
1 2 3 2 5 3 1 2 2 5 3 3

4 1 5 1 4 0 4 1 1 4 5 0
Q p

− − − + − +     
− = − =     

− − + − − −     

1 7 6

5 3 5

− − 
=  

− − 

)c
2 5 3 1 2 3

2 2
1 4 0 4 1 5

P Q
−   

− = −   
− −   
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2 5 3 2 4 6

1 4 0 8 2 10

−   
= −   

− −   

2 2 5 4 3 6 0 1 9
2

1 8 4 2 0 10 9 2 10
P Q

− − +   
⇒ − = =   

− − − + −   

)d
1 2 3 2 5 3

2 3 2 3
4 1 5 1 4 0

Q P
−   

− = −   
− −   

2 4 6 6 15 9

8 2 10 3 12 0

−   
= −   

− −   

2 6 4 15 6 9 4 11 15
2 3

8 3 2 12 10 0 11 10 10
Q P

− − − − − − −   
⇒ − = =   

+ − − − − −   

17.
 
 

= − 
 − 

0 1

0 1

1 1

A  J~ò# ,  0A A+ = x ‹¬O Ç̀$„²ë „¬iK Íq (̂ÎOQ ê ‰ ×́ # ¼ = ¶ã uH › 0# °  H ›# ° H Ë ø O_ Z.

["Œ|° :
 
 

= = 
  

0 0

0 0 0

0 0

18.

2 1 0

1 2 3

4 0 1

A

− − 
 

=  
 − 

J~ò Í̀

)a A− )b ( )A A+ − )c ( )A A− + q0°=0° H›#°HËøO_X.

["Œ|°0° :

)a

2 1 0 2 1 0

1 2 3 1 2 3

4 0 1 4 0 1

A

− −   
   

− = − = − − −   
   − −   
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)b
( )

2 1 0 2 1 0 0 0 0

1 2 3 1 2 3 0 0 0

4 0 1 4 0 1 0 0 0

A A

− −     
     

+ − = + − − − =     
     − −     

)c

2 1 0 2 1 0 0 0 0

1 2 3 1 2 3 0 0 0

4 0 1 4 0 1 0 0 0

A A

− −     
     

− + = − − − + =     
     − −     

19. 1 9

3 2
A

 
=  
 

 = ° i† Çò 5 1

7 9
B

 
=  
 

J~ò Í̀ ã H ÷Ok = ¶ã uH ›�°  H ›# ° H Ë ø O_ Z.

)a 2A )b 3B )c 2 3A B+ )d 2 3 5 0A B+ + = J~ò Í̀

?X =

["Œ|°0° :

)a
1 9 2 18

2 2
3 2 6 4

A
   

= =   
   

)b
5 1 15 3

3 3
7 9 21 27

B
   

= =   
   

)c
     

+ = + =     
     

2 18 15 3 17 21
2 3

6 4 21 27 27 31
A B

)d + + =2 3 5 0A B X  Hê=ô#

17 21 17 31 17 21
5 0 5

27 31 27 31 27 31
x x

− −     
+ = ⇒ = − =     

− −     

17 21

5 5

27 31

5 5

x

− − 
 

∴ =  
− − 
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20.
2 0 1

4 3 2
A

− 
=  
 

 = ° i† Çò 
1 0 1

2 4 0
B

− 
=  

− 
 J~ò Í̀ ã H ÷Ok "Œ\÷x H ›# ° H Ë ø O_ Z.

)a 1A )b 1B )c A B+ )d ( )
1

A B+ )e 1 1A B+

‹¬=¶ ,̂¥<Œ0° :

)a
1

2 4
2 0 1

0 3
4 3 2

1 2

A A

 
−   

= ⇒ =   
   − 

)b
1

1 2
1 0 1

0 4
2 4 0

1 0

B B

− 
−   

= ⇒ = −   −    

)c
2 0 1 1 0 1 2 1 0 0 1 1

4 3 2 2 4 0 4 2 3 4 2 0
A B

− − − + − +     
+ = + =     

− + − +     

1 0 0

6 1 2

 
=  

− 

)d
( )

1
1 6

1 0 0
0 1

6 1 2
0 2

A B A B

 
   

+ = = + = −   −    

)e
1 1

2 4 1 2 2 1 4 2 1 6

0 3 0 4 0 0 3 4 0 1

1 2 1 0 1 1 2 0 0 2

A B

− − +       
       

+ = + − = + − = −       
       − − + +       

21. 1 4 1 2
,

2 1 3 1
A B

   
= =   

− −   
 = ° i† Çò 2 1

3 2
C

− 
=  
 

 J~ò Í̀ ã H ÷Ok "Œ\÷x H ›# ° H Ë ø O_ Z.

)a A B− )b  B C− )c  A C− )d  3 2B C− )e  A B C− −

)f 2 3A B C− −
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["Œ|°0° :

)a
1 4 1 2 1 1 4 2 0 2

2 1 3 1 2 3 1 1 5 2
A B

− −       
− = − = =       

− − − − + −       

)b
− − + −       

− = − = =       
− − − − −       

1 2 2 1 1 2 2 1 1 3

3 1 3 2 3 3 1 2 0 3
B C

)c 1 4 2 1 1 2 4 1 1 5

2 1 3 2 2 3 1 2 5 1
A C

− − + −       
− = − = =       

− − − − − −       

)d
1 2 2 1 3 6 4 2 1 8

3 2 3 2
3 1 3 2 9 3 6 4 3 7

B C
− − −         

− = − = − =         
− − −         

)e
1 4 1 2 2 1

2 1 3 1 3 2
A B C

−     
− − = − −     

− −     

1 1 2 4 2 1 2 3

2 3 3 1 1 2 8 0

− − − + −   
= =   

− − − + − −   

)f
−     

− − = − −     
− −     

1 4 1 2 2 1
2 3 2 3

2 1 3 1 3 2
A B C

2 8 1 2 6 3 2 1 6 8 2 3 5 9

4 2 3 1 9 6 4 3 9 2 1 6 16 3

− − − − + −         
= − − = =         

− − − − − + − − −         

22. ã H ÷Ok Ç̀~¡Q ®̀ Ç° �°  Q ®� = ¶ã uH ›�… Õx = ü�H ê� ‹¬OY¼ Z O Ç̀?

)a 2 1× )b 3 2× )c 3 3× )d 3 4×

‹¬=¶ ,̂¥<Œ0° :

)a 2 )b 6 )c 9 )d 12

23. ã H ÷O Î̂ W= Þ| _ Z#  aij = ü�H ê�ä ›½  3 2×  Ç̀~¡Q ®u = ¶ã uH ›# °  xiàOK ÇO_ Z.

)a = − 2aij i j )b  3aij i j= − )c  = +
3

2
aij i j
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‹¬=¶ ,̂¥<Œ0° :

)a

1 3

0 2

1 1

− − 
 

− 
 − 

)b

2 1

5 4

8 7

 
 
 
  

)c

5
4

2

7
5

2

9
6

2

 
 
 
 
 
 
 
  

24. ã H ÷Ok = ¶ã uH ›� Ç̀~¡Q ®̀ Ç° �°  Uq ?

)a

2

3

1

A

 
 

=  
 − 

)b [ ]2 3 5B = )c

2 3

1 0

0 1

C

 
 

= − 
  

)d
2 1 5

7 6 1
D

− 
=  
 

["Œ|°0° :

)a 3 1× )b 1 3× )c 3 2× )d 2 3×

25. ã H ÷Ok ‹¬O Î̂~ŒÄ e�… Õ ,x y  = ° i† Çò z  q �° = �°  H ›#° H Ë ø O_ Z.

)a
1 2

2 3 2

x y

z

   
=   

   
)b

6 5

6 6 4

x y z

x y

+   
=   

−   

)c
2 3 1 4

0 5 2

x

y y z

−   
=   

+ +   
)d

3 4

2 1 1

x y y z

z x y x

+ − −   
=   

− − −   

["Œ|°0° :

)a
1 2

2 3 2

x y

z

   
=   

   
1. 2, 3x y z⇒ = = =

)b
6 5

6 6 4

x y z

x y

+   
=   

−   

6

4

2 10

5

x y

x y

x

x

⇒ + =

− =

=

=

6

5 6

1

x y

y

y

∴ + =

+ =

=
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5, 1, 5x y z∴ = = =

)c
−   

=   
+ +   

2 3 1

0 5 2

x z

y y z 2 1 3x x⇒ − = ⇒ = ,

5 2 3y y⇒ + = ⇒ = − , 3z =

)d
3 4

2 1 1

x y y z

z x y x

+ − −   
=   

− − −   

3x y+ = , 4y z− = − , 2 1z x− = , 1y x− = −

3

1

2 2

1

x y

y x

y

y

+ =

− = −

=

=

4

1 4

5

5

y z

z

z

z

− = −

− = −

− = −

=

3

1 3

2

x y

x

x

+ =

+ =

=

2. 1, 5x y z∴ = = =

II. ‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (2 =¶~¡°ø�°)

Note : 
× ×

   = =   A ;  Bij ijm n n p
a b  J~ò Í̀ = ×AB m p .

1. [ ]= 2 0 3A  = ° i † Ç ò  
2

1
B

− 
=  
 

J ~ ò < Œ  AB  = ° i † Ç ò  BA � # °  H › # ° Q ù # ° = ò .

[ ] ( )
1 3

3 1

0

2 0 3 2 2 0 3 2 0 1

1
×

×

 
   = − = × + × − + ×  
  

AB

[ ] [ ]
1 1

0 6 0 6AB
×

= − + = −

[ ]
×

× ×

× × ×     
     

= − = − × − × − × = − −     
     × × ×     

1 3

3 1 3 3

0 0 2 0 3 0 0 0 0 0

2 . 2 3 0 2 2 2 3 2 0 4 6 0

1 1 2 1 3 1 0 2 3 0

BA

AB BA∴ ≠
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2.
0 2 2

1 3 0
A

− 
=  

− 
 = ° i† Çò 

2 3

1 1

0 2

B

 
 

= − 
 − 

J~ò#  AB  = ° i† Çò BA �# °  H ›# ° H Ë ø O_ Z.

AB BA= J= ô Ç̀° O^¥?

‹¬=¶ ,̂¥#O :

2 3
3 2

2 3
0 2 2

1 1
1 3 0

0 2

AB

×
×

 
−   

= −   −   − 

( ) ( ) ( )
2 3

0 2 2 1 2 0 0 3 2 1 2 20 2 2
1 1

1 3 0 1 2 3 1 0 0 1 3 3 1 0 2
0 2

AB

 
 × + × + − × × + × − + − −−   

= − =     − − × + × + × − × + × − + × −    − 

2 2

0 2 0 0 2 4 2 2

2 3 0 3 3 0 1 6
AB

×

+ + − +   
= =   

− + + − − + −   

2 3
3 2

2 3
0 2 2

1 1
1 3 0

0 2

BA

×
×

 
−  

= −    −  − 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2 0 3 1 2 2 3 3 2 2 3 0

1 0 1 1 1 2 1 3 1 2 1 0

0 0 2 1 0 2 2 3 0 2 2 0

 × + × − × + × × − + ×
 

= × + − × − × + − × × − + − × 
 

× + − × − × + − × × − + − × 

3 3

0 3 4 9 4 0 3 13 4

0 1 2 3 2 0 1 1 2

0 2 0 6 0 0 2 6 0

BA

×

− + − + − −   
   

= + − − + = − −   
   + − + −   

AB BA∴ ≠
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3.
a

A
b

 
=  
 

 = ° i† Çò [ ]      =B x y z  J~ò#  AB  = ° i† Çò BA �… Õ Uk = ¼= ‹²Ö̀ Ç"³¶ ̂ ¥xx H ›# ° H Ë ø O_ Z.

‹¬=¶ ,̂¥#O :

[ ] ×

 
= = 
 

1 3;        
a

A B x y z
b   AB   =¼=‹²Ö̀ ÇO.

<Ë\̃: , , ,A m n B n p× × J~ò Í̀ AB  ªf ,̂Î¼O. J„¬ô_È° AB  Ç̀~¡Q®u m p×  JQ®°#°.

[ ]
×

   
= =   
   2 3

      
a ax ay az

AB x y z
b bx by bz

[ ]
×

×

 
=  

 
1 3

2 1

      
a

BA x y z
b

 WH›ø_È BA  =¼=‹²Ö̀ ÇO Hê Î̂°.

4.
1

0
A

− 
=  
 

 = ° i† Çò 
2 0

1 3
B

 
=  

− 
J~ò#  BA x H ›# ° H Ë ø O_ Z. AB  = ¼= ‹²Ö̀ Ç= ¶?

‹¬=¶ ,̂¥#O :

× × ×

− − + −       
= = =       

− − + −       2 2 2 1 2 1

2 0 1 2 0 2

1 3 0 1 0 1
BA

× ×

−   
=    

−   2 1 2 2

1 2 0

0 1 3
AB 1 2≠ Hê=ô# AB  =¼=‹²Ö̀ ÇO Hê Î̂°.

5.
2 3

0 1
A

 
=  
 

= ° i† Çò 

0

1

2

B

 
 

= − 
  

J~ò<Œ

)a AB  =¼=‹²Ö̀ Ç=¶? ZO Î̂°=0Á )b BA  =¼=‹²Ö̀ Ç=¶¼ ZO Î̂°=0Á

‹¬=¶ ,̂¥<Œ0° :

)a A  Ç̀~¡Q®u 2 2× . B  Ç̀~¡Q®u 3 1×

A …Õx x0°=ô =~¡°‹¬0°, B…Õx J_È°Û =~¡°‹¬0° ‹¬=¶#"³°Ø̀ Í AB  ªf ,̂Î¼O. WH›ø_È ABªf ,̂Î¼O Hê Î̂°.
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)b 3 1, 2 2B A= × = ×  WH›ø_È ä›�_¨ B…Õx x0°=ô =~¡‹¬0° 1, A …Õx J_È°Û=~¡°‹¬0° 2
‹¬=¶#O Hê=ô. Hê=ô# BA ä›�_¨ ªf ,̂Î¼O Hê Î̂°.

6.
2 1

0 3
A

 
=  
 

 = ° i† Çò 1 0

2 5
B

− 
=  
 

 J~ò#  AB  = ° i† Çò BA �# °  H ›# ° H Ë ø O_ Z.

AB BA=  J= ô Ç̀° O^¥?

‹¬=¶ ,̂¥#O :
2 1 1 0 2 2 0 5 0 5

0 3 2 5 0 6 0 15 6 15
AB

− − + +       
= = =       

+ +       

1 0 2 1 2 0 1 0 2 1

2 5 0 3 4 0 2 15 4 17
BA

− − + − + − −       
= = =       

+ +       

AB BA≠

7.
2 0 5 0

,
0 1 0 1

A B
   

= =   
−   

J~ò#  AB  = ° i† Çò BA �# °  H ›# ° H Ë ø O_ Z.

AB BA=  J= ô Ç̀° O^¥?

‹¬=¶ ,̂¥#O :

2 0 5 0 10 0 0 0 10 0

0 1 0 1 0 0 0 1 0 1
AB

+ +       
= = =       

− + − −       

5 0 2 0 10 0 0 0 10 0

0 1 0 1 0 0 0 1 0 1
BA

+ +       
= = =       

− + − −       

WH›ø_È AB BA= J=ô Ç̀°Ok.

8. ã H ÷Ok "Œ\÷H ÷ x  = ° i† Çò y  q �° = �°  H ›# ° H Ë ø O_ Z.

)a
1 1 2

4 5 7

x

y

     
=     

     
)b

2 3 4

1 1 3

x

y

     
=     

− −     

‹¬=¶ ,̂¥#O :

)a
1 1 2 2

4 5 7 4 5 7

x x y

y x y

+         
= ⇒ =         

+         
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× + =

+ =

4 2

4 5 7

x y

x y

4 4 8

4 5 7

1 1

x y

x y

y y

+ =

+ =

− = ⇒ = −

2

1 2

x y

x

+ =

− =

3, 1x y∴ = = −

9. 2 0

1 0
A

 
=  
 

= ° i† Çò 0 0

3 4
B

 
=  
 

�ä ›½  0AB = x ‹¬iK Ç¶_ ÈO_ Z.

‹¬=¶ ,̂¥#O :

2 0 0 0 0 0 0 0 0 0

1 0 3 4 0 0 0 0 0 0
AB

+ +       
= = =       

+ +       

0AB∴ =

III. n~¡É ‹¬=¶ �̂¥# ã„¬‰×ß�°  ( 5 =¶~¡°ø�°)

1.
1 2 0

3 5 4

5 3 1

A

 
 

= − 
  

 = ° i † Ç ò  
2 3 1

1 0 3

1 2 3

B

− 
 

=  
  

J ~ ò #  AB  = ° i † Ç ò  BA � # °

ä›#°HËøO_Z.  AB BA=  J= ô Ç̀° O^¥?

‹¬=¶ ,̂¥#O :

1 2 0 2 3 1

3 5 4 1 0 3

5 3 1 1 2 3

AB

−   
   

= −   
      

2 2 0 3 0 0 1 6 0 4 3 7

6 5 4 9 0 8 3 15 12 3 17 24

10 3 1 15 0 2 5 9 3 14 13 17

AB

+ + − + + + + −   
   

= − + + + + − + + =   
   + + − + + + + −   

2 3 1 1 2 0 2 9 5 4 15 3 0 12 1

1 0 3 3 5 4 1 0 15 2 0 9 0 0 3

1 2 3 5 3 1 1 6 15 2 10 9 0 8 3

BA

− + + − + − +     
     

= − = + + + + + +     
     − + + + + +     
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16 8 11

16 11 3

10 21 11

BA

− − 
 

=  
  

AB BA∴ ≠

2.
2 5

1 3
A

 
=  
 

ä ›½  2 5 0A A I− + = x ‹¬iK Ç¶_ ÈO_Z. WH ›ø _ È 
1 0

0 1
I

 
=  
 

2 2 5 2 5 4 5 10 15 9 25

1 3 1 3 2 3 5 9 5 14
A

+ +       
= = =       

+ +       

2 9 25 2 5 1 0
5 5

5 14 1 3 0 1
A A I

     
∴ − + = − +     

     

9 25 10 25 1 0 9 10 1 25 25 0 0 0

5 14 5 15 0 1 5 5 0 14 15 1 0 0

− + − +         
⇒ − + = =         

− + − +         

2 5 0A A I∴ − + =

3. 1 3 2 2
,

2 1 1 1
A B

   
= =   

−   
 = ° i† Çò 

4 3

2 3
C

− 
=  

− 
 J~ò<Œ ã H ÷Ok "Œ\÷x H ›# ° H Ë ø O_ Z.

)a ( )A BC )b ( )AB C )c ( )A B C+ )d AC BC+

)e 2 2A B− )d AC BC+ )e 2 2A B− )f ( ) ( )A B A B− +

‹¬=¶ ,̂¥<Œ0° :

)a
2 2 4 3 8 4 6 6 4 0

1 1 2 3 4 2 3 3 6 6
BC

− − − +       
= = =       

− − − − + −       

( )
1 3 4 0 4 18 0 18 14 18

2 1 6 6 8 6 0 6 2 6
A BC

− + −       
= = =       

− − +       

)b
1 3 2 2 2 3 2 3 1 5

2 1 1 1 4 1 4 1 2 6
AB

− + −       
= = =       

− − +       
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( )
1 5 4 3 4 10 3 15 14 18

3 5 2 3 12 10 9 15 2 6
AB C

− − − − + −       
= = =       

− − − +       

)c ( )
1 3 2 2 3 5

2 1 1 1 1 2
A B

     
+ = + =     

−     

( )
3 5 4 3 12 10 9 15 2 6

1 2 2 3 4 4 3 6 0 3
A B C

− − − +       
+ = = =       

− − − +       

)d
1 3 4 3 4 6 3 9 2 6

2 1 2 3 8 2 6 3 6 3
AC

− − − + −       
= = =       

− − − + −       

2 2 4 3 8 4 6 6 4 0

1 1 2 3 4 2 3 3 6 6
BC

− − − +       
= = =       

− − − − + −       

2 6 4 0 2 6

6 3 6 6 0 3
AC BC

−     
+ = + =     

− −     

)e
2 1 3 1 3 1 6 3 3 7 6

2 1 2 1 2 2 6 1 4 7
A

+ +       
= = =       

+ +       

2 2 2 2 2 4 2 4 2 2 6

1 1 1 1 2 1 2 1 3 1
B

− +       
= = =       

− − − − − + −       

2 2 7 6 2 6 5 0

4 7 3 1 7 6
A B

     
− = − =     

−     

)f ( )
1 3 2 2 1 1

2 1 1 1 3 0
A B

−     
− = − =     

−     

( )
1 3 2 2 3 5

2 1 1 1 1 2
A B

     
+ = + =     

−     

( ) ( )
1 1 3 5 3 1 5 2 2 3

3 0 1 2 9 0 15 0 9 15
A B A B

− − + − + − −       
− + = = =       

+ +       
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4.
2 1 3 2

,
3 1 2 2

A B
− −   

= =   
   

 = ° i† Çò 
1 2

1 2
C

 
=  
 

 J~ò<Œ..

)a AC )b BC  0#° H›#°Qù#°=ò. AC BC= JQ®°<Œ?

)a
2 1 1 2 2 1 4 2 1 2

3 1 1 2 3 1 6 2 4 8
AC

− − −       
= = =       

+ +       

)b
3 2 1 2 3 2 6 4 1 2

2 2 1 2 2 2 4 4 4 8
BC

− − −       
= = =       

+ +       

AC BC∴ =  JQ®°#°.

5.
1 0 1 1

,
1 2 2 0

A B
− −   

= =   
−   

 = ° i† Çò 
3 8

7 1
C

 
=  

− 
J~ò Í̀ ã H ÷Ok "Œ\÷x H ›# ° H Ë ø O_ Z.

)a B C+ )b ( )A B C+ )c AB )d AC )e AB AC+

‹¬=¶ ,̂¥#O :

)a
1 1 3 8 4 7

2 0 7 1 9 1
B C

− +     
+ = + =     

− −     

)b ( )
− − + − + − −       

+ = = =       
− − − + −       

1 0 4 7 4 0 7 0 4 7

1 2 9 1 4 18 7 2 14 9
A B C

)c
1 0 1 1 1 0 1 0 1 1

1 2 2 0 1 4 1 0 3 1
AB

− − − + + −       
= = =       

− − − + − −       

)d
1 0 3 8 3 0 8 0 3 8

1 2 7 1 3 14 8 2 11 10
AC

− − + − + − −       
= = =       

− − − + −       

)e
1 1 3 8 4 7

3 1 11 10 14 9
AB BC

− − − − −     
+ = + =     

− − − −     
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6. 2 1

3 4
A

− 
=  
 

 = ° i† Çò 2 3

1 0
B

− 
=  

− 
�ä ›½  ( )

1 1 1AB B A= x ‹¬iK Ç¶_ È° = ò.

‹¬=¶ ,̂¥#O :

2 1 2 3 4 1 6 0 5 6

3 4 1 0 6 4 9 0 2 9
AB

− − + − + −       
= = =       

− − − + −       

( )
1 5 2

6 9
AB

 
∴ =  

− − 
.. (1)

1 12 1 2 3
,

3 0 1 4
B A

−   
= =   

− −   

1 1 2 1 2 3 4 1 6 4 5 2

3 0 1 4 6 0 9 0 6 9
B A

− + −       
∴ = = =       

− − − + − + − −       

∴1, 2 0 #°O_X ( )
1 1 1AB B A= JQ®°#°.

7. 1 2

2 1
A

− 
=  

− 
 = ° i† Çò 3

3
B

 
=  
 

J~ò# K Ë  AX B=  JQ ®° # @ ° Á X  # °  H ›# ° H Ë ø O_ Z.

‹¬=¶ ,̂¥#O :

−− − −     
= ⇒ = = =     

− − −−     

11 2 1 2 1 21 1

2 1 2 1 2 1det 1 4 3

AdjA
A A

A

1AX B X A B−
= ⇒ =  JQ®°#°.

1 2 3 3 6 91 1 1

2 1 3 6 3 93 3 3
X

+       
= = =       

+       

9 31

9 33
X

   
∴ = =   
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8. a b
A

c d

 
=  
 

 = °i† Çò 
1 0

0 1
I

 
=  
 

J~ò# KË  ( ) ( )2A a d A bc ad I− + = − Jx KÇ¶„¬ô= ò.

‹¬=¶ ,̂¥#O :

 + +   
 = =   
     + + 

2
2

2

a b a b a bc ab bd
A

c d c d ac dc bc d

( ) ( )
( ) ( )

( ) ( )

a a d b a da b
a d A a d

c d c a d d a d

 + + 
+ = + =   

+ +    

( )
2

2

a ad ab bd
a d A

ac dc ad d

 + +
 ⇒ + =
 + + 

( )
2 2

2

2 2

a bc ab bd a ad ab bd
A a d A

ac dc bc d ac dc ad d

   + + + +
   ∴ − + = −
   + + + +   

( ) ( )2 0 1 0

0 0 1

bc ad
A a d A bc ad

bc ad

−   
⇒ − + = = −   

−   

( ) ( )2A a d A bc ad I⇒ − + = −

9.
0 1

2 1
A

 
=  
 

 = ° i† Çò 
0 1

1 1
B

 
=  
 

 J~ò# K Ë  ã H ÷Okq  ‹¬̀ Ç¼= ¶?

)a ( )
2 2 2 2A B A B AB+ = + + )b ( )

2 2 2 2A B A B AB− = + −

)c ( ) ( ) 2 2A B A B A B+ + = −

‹¬=¶ ,̂¥#O :

)a
0 1 0 1 0 2

2 1 1 1 3 2
A B

     
+ = + =     

     

( )
2 0 2 0 2 0 6 0 4 6 4

3 2 3 2 0 6 6 4 6 10
A B

+ +       
+ = = =       

+ +       
...(1)
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2 0 1 0 1 0 2 0 1 2 1

2 1 2 1 0 1 1 1 2 3
A

+ +       
= = =       

+ +       

2 0 1 0 1 0 1 0 1 1 1

1 1 1 1 0 1 1 1 1 2
B

+ +       
= = =       

+ +       

0 1 0 1 0 1 0 1 1 1 2 2
2 2 2 2

2 1 1 1 0 1 1 1 1 2 2 4
AB

+ +         
= = = =         

+ +         

2 2 2 1 1 1 2 2 5 4
2

2 3 1 2 2 4 5 9
A B AB

       
∴ + + = + + =       

       
  .. (2)

∴1, 20 #°O_X ( )
2 2 2 2A B A B AB+ ≠ + +  (Hê Î̂°).

)b
0 1 0 1 0 0

2 1 1 1 1 0
A B

     
− = − =     

     

( )
2 0 0 0 0 0 0 0 0 0 0

1 0 1 0 0 0 0 0 0 0
A B

+ +       
∴ − = = =       

+ +       
.. (3)

2 2 2 1 1 1 2 2 1 0
2

2 3 1 2 2 4 1 1
A B AB

       
+ − = + − =       

       
...(4)

∴ 3, 4 0 #°O_X ( )
2 2 2 2A B A B AB− ≠ + −  (Hê Î̂°.)

)c ( ) ( )
0 2 0 0 0 2 0 0 2 0

2 3 1 0 0 2 0 0 2 0
A B A B

+ +       
+ − = − = =       

+ +       
..(5)

2 2 2 1 1 1 1 0

2 3 1 2 1 1
A B

     
− = − =     

     
.. (6)

∴5,60 #°O_X ( ) ( ) 2 2A B A B A B+ − ≠ −  (Hê Î̂°)
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10. .A B  = ° i† Çò C  = ¶ã uH ›�ä ›½ ..

1 3 2 1 5 6

0 2 , 1 4 7 1

5 7 3 7 4 1

A B and C

     
     

= = =     
          

( ) ( )A B C A B C+ + = + + ‹¬iKÇ¶_È°=ò.

‹¬=¶ ,̂¥#O :

1 3 2 1 3 4

0 2 1 4 1 6

5 7 3 7 8 14

A B

     
     

+ = + =     
          

2 1 5 6 7 7

1 4 7 1 8 5

3 7 4 1 7 8

B C

     
     

+ = + =     
          

( )

1 3 7 7 8 10

0 2 8 5 8 7

5 7 7 8 12 15

A B C

     
     

∴ + + = + =     
          

.. (1)

( )

3 4 5 6 8 10

1 6 7 1 8 7

8 14 4 1 12 15

A B C

     
     

+ + = + =     
          

.. (2)

1, 2 0 #°O_X ( ) ( )A B C A B C+ + = + +  JQ®°#°.

11.
1 3 4

1 3 4

1 3 4

A

− − 
 

= − 
 − − 

 J~ò<Œ 2A # °  H ›# ° H Ë ø O_Z.

2

1 3 4 1 3 4

1 3 4 1 3 4

1 3 4 1 3 4

A

− − − −   
   

= − −   
   − − − −   
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= ¶ãuH›� °

1 3 4 3 9 12 4 12 16 0 0 0

1 3 4 3 9 12 4 12 16 0 0 0 0

1 3 4 3 9 12 4 12 16 0 0 0

+ − − − + − − +   
   

= − − + + − + − = =   
   + − − − + − − +   

12.
1 1 1

,
2 1 1

x
A B

y

−   
= =   

− −   
 = ° i † Ç ò  ( )

2 2 2A B A B+ = + J ~ ò # K Ë  x = ° i † Ç ò  y

q �° =�°  H ›# °H Ë øO_Z.

1 1 1 1 0

2 1 1 2 2

x x
A B

y y

− +     
+ = + =     

− − + −     

( )
( )

( ) ( ) ( )

2
2 1 0 1 0 1 0 0 0

2 2 2 2 2 1 2 2 4

x x x
A B

y y y x y

 + +    + + +
 + = =   

+ − + −  + + − +     

2 1 1 1 1 1 2 1 1 1 0

2 1 2 1 2 2 2 1 0 1
A

− − − − + −       
= = =       

− − − − + −       

     + −
= =     

− − − +      

2
2 1 1   1

1 1   1

x x x y x
B

y y xy y y

2 2
2 2 1 0 1 1 1

0 1 1

x y x x y x
A B

xy y y xy y y

   −  + − + − −
∴ + = + =    

− − + −        

( )
2 2 2A B A B∴ + = +

( )

( ) ( )( )

  + − − +
  =  

−+ + − +    

2 1 11 0

2 1 2 4

x y xx

xy y yy x y

1 0 1x x− = ⇒ =

4 4y y= ⇒ =
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= ¶ãuH›� °

13.
8 5

2 4
A

− 
=  
 

 = ¶ã uH ›,  2 4 2 0A A I+ − =  ‹¬g °H ›~¡} ìxß Ç̀$„²ë „¬~¡° ‹¬° ëO Î̂x K Ç¶„¬O_ Z.

‹¬=¶ ,̂¥#O :

2 8 5 8 5 64 10 40 20 74 20

2 4 2 4 16 8 10 16 8 26
A

− − + − + −       
= = =       

− + + −       

8 5 32 20
4 4

2 4 8 16
A

− −   
= =   

   

1 0 2 0
2 2

0 1 0 2
I

   
= =   

   

2 74 20 32 20 2 0
4 2

8 26 8 16 0 2
A A I

− −     
+ − = + −     

−     

40 0

0 34

 
=  
 

Hê=ô# Ç̀$„²ë „¬~¡KÇ̂ Î°.

ÐÐÐ



70 Q®}÷̀ ÇO ‹¬“_™ "³°\©i†Ç°…̃

x~Œœ~¡Hê�°, "Œ\÷ J#°=~¡ë<Œ�°

� XH› KÇ̀ Ç°~¡ã‹¬ =¶ãuH› x~Œœ~¡H› x~¡ÞKÇ#O.

� XH› =¶ãuHê =ü�H›„¬ô �„¦¬ò x~ŒÖ~¡H›O, ‹¬‚¬•Q®°}ì=†Ç°"Œeß x~¡ÞzOKÇO_ÈO.

� Ç̀~¡Q®u 3 =¶ãuHê x~Œœ~¡Hêxß H›#°HËø=_ÈO.

� ö~v†Ç° ‹¬g°H›~¡}ì� =¼=‹¬Öä›½ ãöH=°~Ÿ ‹¬¶ã`Œxß ã„¬=zOz J#°=iÖOKÇ_ÈO.

<Ë\̃ :

� KÇ̀ Ç°~¡ã‹¬ =¶ãuH› ̀ Ç~¡Q®u 2 x~Œœ~¡H›O.

 
=  
 

a b
A

c d  J~ò Í̀ =¶ãuH› A  x~ŒÖ~¡H›O.

x~¡Ö A ad bc= − . nxx | |A  KÍ ‹¬¶zª>ë~¡°.

� 3= Ç̀~¡Q®u =¶ãuHê x~¡Ö~¡H›O.

 
 

=  
  

a b c

A b c a

c a b

 J~ò Í̀  =¶ãuH› A  x~¡Ö~¡H›O.

( ) ( ) ( )2 2 2| |A a bc a b b ac c ab c= − − − + −

ã„¬u KÇ̀ Ç°~¡ã‹¬ =¶ãuH›H÷ P=¶ãuHê x~Œœ~¡H›O J<Í XH› ‹¬OY¼ [ Ç̀„¬~¡óQ®�O.  D x~Œœ~¡Hê�ä›½ KŒ…ì

J#°=~¡ë<Œ�° L<Œß~ò.  "Œ\÷…Õ =òY¼"³°Ø#k ãöH=°~Ÿ ‹¬¶ã Ç̀O. ^¥xx 'nÑ KÇ�~Œ‰×Ã…ÕÁ 'nÑ ö~v†Ç°‹¬g°H›~¡}ì�
=¼=‹¬Ö#° ª>kVOKÇ_¨xH÷ "Œ_È̀ ŒO.  ^¥xx Qêãa†³°…˜ ãöH=°~Ÿ (1704Ð1752) J<Í Q®}÷̀ Ç‰§GAý_f *ìý„¬Hê~¡ÖO
<Œ=°H›~¡}O KÍ‰§~¡°.

D ‡>~”¡O…Õ x~Œœ~¡Hê� qq V̂Î  ̂ VÎ~Œà�#° H›#°Qù<Í „¬̂ Îœ̀ Ç°�#° ̀ ³�°‹¬°ä›½O\ìO.  x~Œœ~¡Hê�#° "Œ_f ãöH=°~Ÿ
‹¬¶ã Ç̀O…Õ ö~v†Ç° ‹¬g°H›~¡}ì� =¼=‹¬Ö#° ª>kVª>ëO.

�HÆê¼�° :

x~Œœ~¡Hê�°, "Œ\÷ J#°=~¡ë<Œ�°
4
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I. Ju‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (1 =¶~¡°ø)

1. ãH÷Ok "Œ\÷H÷  A H›#°HËøO_�.

Z) 
 +

=  
−  

2 3 5

2 2 3
A a) cos sin

sin cos
A

α α 
=  

− α α 

‹²) 
α + β β + α 

=  
β− α α − β 

sin sin cos cos

cos cos sin sin
A _f) 

a bi c di
A

c di a bi

+ + 
=  

− − 

[: Z) ( ) ( )| | 2 3 2 3 2 5 4 3 10 9A = + − − × = − − = −

a)  ( ) ( ) ( ) ( )( )| | cos cos sin sinA = α α − − α α

 2 2cos sin 1= α + α =

‹²) ( ) ( ) ( ) ( )| | sin sin sin sin cos cos cos cosA = α + β α − β − β − α β + α

( ) ( )= α − β − β − α
2 2 2 2| | sin sin cos cosA

2 2 2 2sin sin cos cos= α − β − β + α

( ) ( )2 2 2 2sin cos sin cos 1 1 0= α + α − β + β = − =

_f) ( ) ( ) ( ) ( )| |A a bi a bi c di c di= + − − − +

( ) ( )2 2 2 2 2 2a b i c d i= − − −

( ) ( ) ( ) ( )2 2 2 2 2 2 2 2| |a b c d A a b c d= + − + ⇒ = + − −

II. ‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (2 =¶~¡°ø�°)

1. ãH÷Ok "Œx…Õ Uq Jª# %̂¥~¡} =¶ãuH›�°?

<Ë\̃: U Í̂x =¶ãuH› †³òH›ø x~ŒÖ~¡H›O ‹¬°<Œß J~ò Í̀ ^¥xx Jª> V̂¥~¡} =¶ãuH› Jx HêH›‡é Í̀ ª> V̂¥~¡} =¶ãu
JO Î̂°~¡°.
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x~Œœ~¡Hê�°, "Œ\÷ J#°=~¡ë<Œ�°

Z)

5 5 1

5 1 1

10 7 1

 
 
− 
  

( ) ( ) ( )| | 5 1 7 5 5 10 1 35 10A = − − − − + − −

( ) ( ) ( )5 6 5 15 1 45= − − − + −

30 75 45= − + −

0= Wk Jª> V̂¥~¡} =¶ãuH›.

a)
2 3 1

3 2 1

1 8 1

A

− − 
 

=  
 − − 

( ) ( ) ( )| | 2 2 8 3 3 1 1 24 2A = − + + + + − +

( ) ( ) ( )2 10 3 4 1 22= − + + −

20 12 22 30= − + − = −

≠∵ A 0.  Wk ª> V̂¥~¡} =¶ãuH›.

‹²)
2 3 0

3 0 1

0 2 1

A

 
 

=  
  

( ) ( ) ( )| | 2 0 2 3 3 0 0 6 0A = − − − + −

( ) ( )2 2 3 3 0= − − +

4 9 13 0= − − = − ≠  Wk ª> V̂¥~¡}O.

_f)
1 2 3

3 1 2

4 1 5

A

 
 

= − 
  

( ) ( ) ( )| | 1 5 2 2 15 8 3 3 4A = − − − − + +

( ) ( ) ( )1 7 2 7 3 7= − − +

7 14 21 0= − − + = . Wk Jª> V̂¥~¡}O.
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2. "³ò Î̂\÷ J_È°Û=~¡°‹¬#° L„¬†³¶yOz ãH÷Ok x~¡Ö~¡Hê�° H›#°HËøO_f.

[: Z)

2 3 1

1 2 3

3 2 1

A

 
 

=  
  

( ) ( ) ( )| | 2 2 6 3 1 9 1 2 6A = − − − + −

( ) ( ) ( )2 4 3 8 1 4= − − − + −

8 24 4 12= − + − =

a)

2 1 5

0 3 0

4 2 1

A

− 
 

= − 
 − 

( ) ( ) ( )2| |A a df e b bf ec c be cd= − − − + −

2 2 2adf ae b f bce bae dc= − − + + −

2 2 22adf bce ae fb dc= + − − −

_f) | | 1 2 1

2 3 2

x y z

A =

( ) ( ) ( )4 3 2 2 2 3 4x y= − − − + −

( ) ( ) ( )1 0 2 1x y= − + −

x z= −

�„¦¬ò x~ŒÖ~¡H›O x~¡ÞKÇ#O :

XH› =ü�H›O =ô#ß J_È°Û =~¡°‹¬#° =°i†Çò x�°=ô =~¡°‹¬#° `ù�yOKÇQê q°y�# x~ŒÖ~¡H› q�°=#° P
=ü�H›O †³òH›ø �„¦¬ò x~ŒÖ~¡H›O JO Î̂°~¡°. nxx Mij  KÍ ‹¬¶zª>ë~¡°.

L^¥ : x~ŒÖ~¡H›O 
3 2

5 7  #O Î̂° 3 †³òH›ø �„¦¬ò x~ŒÖ~¡H›O '7Ñ
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x~Œœ~¡Hê�°, "Œ\÷ J#°=~¡ë<Œ�°

‹¬‚¬ìQ®°}ì=†Ç°==ò x~¡ÞKÇ#O :

| |A …Õx aij†³òH›ø ‹¬‚¬ìQ®°}ì=†Ç°=O :

XH› x~ŒÖ~¡H›O…Õx =ü�H›O aij  †³òH›ø ‹¬‚¬ìQ®°}ì=†Ç°=O JO>è, ^¥x �„¦¬ò x~ŒÖ~¡Hêxß ( )
+

−1
i j`Ë

Q®°}÷OKÇQê =KÇ°ó#k. nxx cijKÍ ‹¬¶zª>ëO.

=¶ãuHê x~ŒÖ~¡H›O x~¡ÞKÇ#O :

XH› =¶ãuH›…Õx U Í̂x J_ÈÛ …è̂ ¥ x�°=ô =~¡°‹¬…Õx =ü�Hê�#° "Œ\÷ ‹¬‚¬ìQ®°}ì=†Ç°=O`Ë Q®°}÷À‹ë =KÇ°ó
Q®°} �ƒìœ� "³ò Ç̀ëO P =¶ãuHê x~ŒÖ~¡H›O JO Î̂°~¡°. nxx | |A  KÍ ‹¬¶zª>ë~¡°.

3. ãH÷Ok x~ŒÖ~¡H›O…Õx ï~O_È= J_È°Û =~¡°‹¬…Õx =üHê� †³òH›ø �„¦¬ò x~ŒÖ~¡Hê�#° =°i†Çò ‹¬‚¬ìQ®°}ì=†Ç°"Œ�#°
H›#°HËøO_�.

1 2 3

4 3 6

2 7 9

−

−

[: 1) Ð4 †³òH›ø �„¦¬ò x~ŒÖ~¡H›O ( ) ( )21 2 9 7 3 18 21 39M = × − − × = + =

2) -4 †³òH›ø ‹¬‚¬ìQ®°}ì=†Ç°=O ( ) ( ) ( )
2 1

21 1 39 39 39C
+

= − = − = −

3) 3 †³òH›ø �„¦¬òx~ŒÖ~¡H›O = × − × = − =22 1 9 2 3 9 6 3M

4) 3 †³òH›ø ‹¬‚¬ìQ®°}ì=†Ç°=O ( ) ( )
+

= − = +
2 2

22 1 3 3C

5) 6 †³òH›ø �„¦¬ò x~ŒÖ~¡H›O ( ) ( )23 1 7 2 2 2 7 4 11M = × − − × = − − = −

6) 6 †³òH›ø ‹¬‚¬ìQ®°}ì=†Ç°=O ( ) ( ) ( )
2 3

1 11 11 11
+

= − − = − − =

4. ãH÷Ok x~ŒÖ~¡H›O…Õx =ü_È= x�°=ô =~¡°‹¬…Õx =ü�Hê� †³òH›ø �„¦¬ò x~ŒÖ~¡Hê�#° =°i†Çò

‹¬‚¬ìQ®°}ì=†Ç°"Œ�#° H›#°HËøO_�. 
2 3 2

1 2 1

3 1 2

.

1) =ü_Ë x�°=ô =~¡°‹¬…Õx "³ò Î̂\÷ =ü�H›O 2 †³òH›ø �„¦¬òx~ŒÖ~¡H›O

13 1 1 3 2 1 6 5M = × − × = − = −
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2) 2 †³òH›ø ‹¬‚¬ìQ®°}ì=†Ç°=O ( ) ( ) ( )
1 3

13 1 5 1 5 5C
+

= − − = − = −

3) 1 †³òH›ø �„¦¬ò x~ŒÖ~¡H›O = × − × = − = −23 2 1 3 3 2 9 7M

4) 1 †³òH›ø ‹¬‚¬ìQ®°}ì=†Ç°=O ( ) ( ) ( )
2 3

23 1 7 1 7 7C
+

= − − = − − =

5) 2 †³òH›ø �„¦¬ò x~ŒÖ~¡H›O = × − × = − =33 2 2 1 3 4 3 1M

6) 2 †³òH›ø ‹¬‚¬ìQ®°}ì=†Ç°=O ( ) ( ) ( )
3 3

33 1 1 1 1 1C
+

= − = =

5. ‹¬‚¬ìQ®°}ì=†Ç°"Œ�#° L„¬†³¶yOz ãH÷Ok x~ŒÖ~¡Hê�#° Q®}÷OKÇ°=ò.

Z)

2 1 0

1 0 2

3 4 3−

1) 2 †³òH›ø ‹¬‚¬ìQ®°}ì=†Ç°=O ( ) ( )
1 1

1 0 8 8
+

− + =

2) 1 †³òH›ø ‹¬‚¬ìQ®°}ì=†Ç°=O ( ) ( )
1 2

1 3 6 3
+

− − =

3) 0 †³òH›ø ‹¬‚¬ìQ®°}ì=†Ç°=O ( ) ( )
1 3

1 4 0 4
+

− − − = −

∴=¶ãuHê x~ŒÖ~¡H›O ( ) ( ) ( )2 8 1 3 0 4 16 3 19+ + − = + =

a)

1 0 1

0 1 1

1 1 0

−

−

−

1) Ð1 †³òH›ø ‹¬‚¬ìQ®°}ì=†Ç°=O ( ) ( )
1 1

1 0 1 1
+

− − = −

2) 0 †³òH›ø ‹¬‚¬ìQ®°}ì=†Ç°=O ( ) ( )
1 2

1 0 1 1
+

− + = −

3) 1 †³òH›ø ‹¬‚¬ìQ®°}ì=†Ç°O ( ) ( )
1 3

1 0 1 1
+

− − = −

∴ x~ŒÖ~¡H›O ( ) ( ) ( )| | 1 1 0 1 1 1 1 1 0A = − − + − + − = − =
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x~Œœ~¡Hê�°, "Œ\÷ J#°=~¡ë<Œ�°

‹²)

3 4 5

6 2 3

8 1 7

− −

1) 1 †³òH›ø ‹¬‚¬ìQ®°}ì=†Ç°O ( ) ( ) ( )
1 1

1 14 3 1 17 17
+

− + = =

2) 4 †³òH›ø ‹¬‚¬ìQ®°}ì=†Ç°O ( ) ( ) ( )
1 2

1 42 24 1 18 18
+

− − + = − − =

3) 5 †³òH›ø ‹¬‚¬ìQ®°}ì=†Ç°O ( ) ( ) ( )
1 3

1 6 16 1 32 22
+

− − − = − = −

∴ =¶ãuHê x~ŒÖ~¡H›O ( ) ( ) ( )| | 3 17 4 18 5 22 51 72 110 13A = + + − = + − =

_f)

1

1

1

a bc

b ca

c ab

1) 1 †³òH›ø ‹¬‚¬ìQ®°}ì=†Ç°=O ( ) ( )1 1 2 2 2 21 ab ac ab ac
+

− − = −

2) a  †³òH›ø ‹¬‚¬ìQ®°}ì=†Ç°=O ( ) ( )
1 2

1 ab ca ac ab
+

− − = −

3) bc  †³òH›ø ‹¬‚¬ìQ®°}ì=†Ç°=O ( ) ( )
1 3

1 c b c b
+

− − = −

∴ =¶ãuHê x~ŒÖ~¡H›O ( ) ( ) ( )= − + − + −
2 21 ab ac a ac ab bc c b

2 2 2 2 2 2ab ac a c a b bc b c⇒ − + − + −

( ) ( ) ( ) ( )2a b c b c a b c bc c b− + − − + −

( ) ( ) ( ) ( )2a b c b c a b c bc b c− + − − − −

( ) ( ) 2b c a b c a bc − + − −
 

( ) 2b c ab ac a bc − + − −
 

( ) ( ) ( ) − − + − b c a c b a c a
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( ) ( ) ( )b c c a b a c a − − − + − 

( ) ( ) ( ) ( ) ( ) ( )b c c a a b a b b c c a − − − ⇒ − − −  .

W)

b c a a

b c a b

c c a b

+

+

+

( )b c+ †³òH›ø ‹¬‚¬ìQ®°}ì=†Ç°=O ( ) ( ) ( ) ( ) ( )
+
   − + + − = + + −   

1 1
1 c a a b bc a b c a bc

a  †³òH›ø ‹¬‚¬ìQ®°}ì=†Ç°=O ( ) ( ) ( )
+

   − + − = − + −   
1 2

1 b a b cd b a b bc

a  †³òH›ø ‹¬‚¬ìQ®°}ì=†Ç°O ( ) ( )
1 3 21 bc c c a bc c ac

+   − − + = + − −   

∴ =¶ãuHê x~ŒÖ~¡H›O | |A =

( ) ( ) ( ) ( )( ) ( )2b c c a a b bc a b a b bc a bc c ac + + + − − + − + − − 

( ) ( ) ( )2 2 2 2b c ac bc a ab bc a ab b bc a bc c a + + + + − − + − + − −
 

2 2 2 2 2 2 2 2 4abc a b ab ac a c abc a b ab abc abc ac a c abc+ + + + + − − + + − − =

Z„¦¹)  ( ) ( ) ( )

+

 + = + − − − + − − + + −
 

+

2 2

1

1 1

1

a b c

b c a ab b c ca a a b c a b c c b

c a b

2 2 2 2 2 2ab b c ca a ab ac a bc b c bc⇒ + − − − − + + + − + −

| | 0A⇒ = .

6. ‹¬~¡ø‹¹ zã Ç̀O#° L„¬†³¶yOz ãH÷Ok x~ŒÖ~¡Hê�° Q®}÷OKÇO_�.

Z)

2 1 3 2 1 3 2 1

1 1 2 1 1 2 1 1

2 2 4 2 2 4 2 2

− −

− = −

− − −
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x~Œœ~¡Hê�°, "Œ\÷ J#°=~¡ë<Œ�°

∴x~ŒÖ~¡H›O q�°=

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )   + − + − − − − + − − +   2 1 4 1 2 2 3 1 2 2 1 3 2 2 2 4 1 1

( ) [ ]8 4 6 6 8 4 ⇒ − + − − + + 

[ ] [ ]10 6 4⇒ − =

a)

0 2 7 0 2 7 0 2

1 2 5 1 2 5 1

1 2 1 1 2 1 1 2

=

− − − − −

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )| | 0 2 1 2 5 1 7 1 2 1 2 7 2 5 0 1 1 2A    = − + − + − − + + −   

[ ] [ ] [ ]| | 0 10 14 14 0 2 4 16 20A⇒ = − + − − + − = + =

‹²)

1 1 1

1 1 1

1 1

a b a b a

a c a c a

b c b c b c

− − − − −

− = − −

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )| | 1 1 1 1 1 1A a c b b a c b b c c a a   = − − + − + − − + − + −   

[ ] 2 2 21 abc abc b c a = − + − − − −
 

2 2 2 1a b c= + + +

7. ‹¬~¡ø‹¹ zã Ç̀O#° L„¬†³¶yOz 2 2 22

a h g

h b f abc fgh af bg ch

g f c

= + − − −  Jx KÇ¶„¬ô=ò.

a h g a h

h b f h b

g f c g f

[ ] 2 2 2abc hgf hgf bg af ch ⇒ + + − + +
 

2 22abc fgh af bg ch2
∴ + − − −
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8. ãH÷Ok ‹¬g°H›~¡}ì�#° ' 'x  Hù~¡ä›½ ª#k%OKÇ°=ò.

Z) ( ) ( ) ( )= ⇒ − − − + − =

0 0

1 2 3 0 4 0 0 2 3 0 0 2 0

1 0 2

x

x

4 0 0x x= ⇒ =

a) ( ) ( ) ( )= ⇒ − − − + − =

3 3

3 3 0 9 3 3 9 2 3 9 6 0

2 3 3

x

x x x x

− − + + =
29 3 27 6 9 0x x x

2 23 15 18 0 5 6 0x x x x⇒ − + = ⇒ − + =

( ) ( )2 3 0 2,3x x x⇒ − − = ⇒ =

‹²) =

2 1

0 2 1 28

3 1 4

x x

( ) ( ) ( )⇒ − − − + − =
2 8 1 0 3 1 0 6 28x x

+ − =
27 3 6 28x x

+ − =
27 3 34 0x x

+ − − =
27 17 14 34 0x x x

( ) ( )+ − + =7 17 2 7 17 0x x x

( ) ( )− + =2 7 17 0x x

∴ = = −
17

2,  
7

x x

9.

43 1 6

35 7 4

17 3 2
 x Q®}÷OKÇO_�.
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( ) ( ) ( )43 14 12 1 70 68 6 105 119− − − + −

( ) ( ) ( )43 2 2 6 14− + −

86 2 84 0− − =

10. ‹¬~¡ø‹¹ „¬@O ^¥Þ~Œ ãH÷Ok =¶ãuH›�#° Q®}÷OKÇO_�.

2 1 2 2 1 2 2 1

1 2 3 1 2 3 1 2

3 1 4 3 1 4 3 1

− − −

− −

− − − − −

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )2 2 4 1 3 3 2 1 1 3 2 2 1 3 2 4 1 1   ⇒ − + − − + − − + − − + − −   

( ) ( )16 9 2 12 6 4 ⇒ − + − − + + 

( ) ( )9 22 31 ⇒ − − = − 

11.
0 1 0

2 0

1 3

x x

x

=  J~ò# ' 'x  Hù~¡ä›½ ª#k%OKÇO_�.

( ) ( ) ( )2 20 2 3 1 0 3 2 0 0x x x x x x x− − − + − = ⇒ + =

( )1 0 0, 1x x x x+ = ⇒ = = −

III. n~¡É‹¬=¶ �̂¥# ã„¬‰×ß�°  ( 5 =¶~¡°ø�°)

1. ( )

3

3 27 1

3

x x x

x x x x

x x x

+

+ = +

+

 Jx KÇ¶„¬ô=ò.

( ) ( ) ( ) ( )
2 2 2 23 3 3 3x x x x x x x x x x x     + + − − + − + − +

      

( )      ⇒ + + + − − + − + − −
     

2 2 2 2 2 23 9 6 3 3x x x x x x x x x x x x

( ) ( ) ( ) ( )23 6 9 3 3x x x x x x⇒ + + − + −
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2 2 26 9 18 27 3 3x x x x x⇒ + + + − −

( )27 27 27 1x x⇒ + ⇒ +

2. =¶ãuHê q…Õ=° „¬̂ Îœux L„¬†³¶yOz ãH÷O Î̂ ‹¬g°H›~¡} =¼=‹¬Öä›½ ª# %̂Î##° ~Œ|@°“=ò.

Z)
2 4 3

3 5

x y

x y

− =

+ =
a)

2 1

2 5 3

x y

x y

+ =

+ =

Z)
2 4 3

3 1 5

x

y

−     
=     

     

−−     
= = = = ⇒ =     
     

12 4 3
, ; ;

3 1 5

x
A X B AX B X A B

y

1 1 1 4 1 41 1 1

3 2 3 22 12 14

d b
A A

c aad bc

− −−     
= ⇒ = =     

− − −− +     

− +       
∴ = = =       

− − +       

1 1 4 3 3 20 231 1 1

3 2 5 9 10 114 14 14
A B

23 / 14 23 1
,

1 / 14 14 14

x
X x y

y

   
= = ⇒ = =   
   

3. Hê=°~ŸY „¬̂ Îœux L„¬†³¶yOz ãH÷Ok ‹¬g°H›~¡}ì�#° ª#k%OKÇO_�.

2 1x y+ =

2 5 3x y+ =

1 2 1

2 5 3

x

y

     
=     

     

1 2
5 4 1

2 5
D D= ⇒ = − =

1 1
1 2

5 6 1
3 5

D D= ⇒ = − = −



82 Q®}÷̀ ÇO ‹¬“_™ "³°\©i†Ç°…̃

x~Œœ~¡Hê�°, "Œ\÷ J#°=~¡ë<Œ�°

2 2
1 1

3 2 1
2 3

D D= ⇒ = − =

1 1
1

1

D
x

D

−
∴ = = = − 1x∴ = −

2 1
1

1

D
y

D
= = = 1y∴ =

4. ãH÷O Î̂ ‹¬g°H›~¡} =¼=‹¬Ö#° ª#k%OKÇO_�.

Z)
3 2 4

2 3

x y

x y

+ =

+ =
a)

6 3 1

2 2 3

x y

x y

− = −

+ = −

Z)
3 2 4

2 1 3

x

y

     
=     

     

1AX B X A B−
= ⇒ =

1 11 2 11

2 3 2 33 4
A A− −− −   

= ⇒ =   
− −−    

1 1 2 4 4 6 2

2 3 3 8 9 1

X
A B X

Y

− − − +         
∴ = = = = =         

− − −         

2, 1x y∴ = = −

a)
16 3 1

2 2 3

x
AX B X A B

y

−− −     
= ⇒ ≠ ⇒ =     

−     

1 2 3 2 31 1

2 6 2 612 6 18
A−    

= =   
− −+    

− − − −     
∴ = = =     

− − −     

1 2 3 1 2 91 1

2 6 3 2 1818 18
X A B

11 / 18 11 16 8
,

16 / 18 18 18 9
X X Y

−  − − −
= ⇒ = = = 

− 
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IV. "Œ¼‹¬~¡¶„¬ ‹¬=¶ �̂¥# ã„¬‰×ß�°  ( 8 =¶~¡°ø�°)

1. ( )
3

2 2

2 2

2 2

a b c a a

b b c a b a b c

c c c a b

− −

− − = + +

− −

 Jx KÇ¶„¬ô=ò.

[: →1R 1 2 3 2 2

2 2

a b c a b c a b c

R R R b b c a b

c c c a b

+ + + + + +

+ + − −

− −

( )

1 1 1

2 2

2 2

a b c b b c a b

c c c a b

+ + − −

− −

⇒ → − → −1 2 2 2 3 & C C C C C C

( ) ( )

( )

+ + + + − + +

+ + − −

0 0 1

2

0

a b c a b c a b c b

a b c c a b

( ) ( )

0 0 1

1 2

0 1

a b c a b c a b c b

c a b

⇒ + + + + + + −

− −

( ) ( ) ( ) ⇒ + + + × + + − × − 
2

1 0 1a b c a b c

( ) ( ) ( )
2 3

a b c a b c a b c⇒ + + + + + = + +

2.
1 1 1

1 1 1

1 1 1

a

b bc ca ab abc

c

+

+ = + + +

+

 Jx KÇ¶„¬ô=ò.

( ) ( ) ( ) ( ) [ ]   + + + − − + − + − −   1 1 1 1 1 1 1 1 1 1a b c c b

( )[ ] [ ] [ ]+ + + + − − + − + −1 1 1 1 1 1a b c bc c b

( ) ( )1 a b c bc c b+ + + − −

+ + + + + − −b c bc ab ac abc c b

.ab bc ca abc⇒ + + +
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3. ( )2

2

2

2

a a b a b

a b a a b ab a b

a b a b a

+ +

+ + = +

+ +

JxKÇ¶„¬O_�.

1 1 2 3R R R R→ + +

+ + +

+ +

+ +

3 3 3 3 3 3

2

2

a b a b a b

a b a a b

a b a b a

( )

1 1 1

3 3 2

2

a b a b a a b

a b a b a

+ + +

+ +

1 1 2 2 2 3&C C C C C C→ − → −

( )

0 0 1

3 2

2

a b b b a b

b b a

+ − +

−

( ) ( ) ( ) ( )2 2 2 23 1 4 3 3 9a b b b a b b b a b + − ⇒ + = +
  

4.
( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

+ + +

+ + + = −

+ + +

1 2 2 1

2 3 3 1 2

3 4 4 1

a a a

a a a

a a a

 Jx KÇ¶„¬ô=ò.

1 1 2 2 2 3&R R R R R R→ − → −

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

+ + − + + + − +

+ + − + + + − +

+ +

1 2 2 3 2 3 0

2 3 3 4 3 4 0

3 4           1

a a a a a a

a a a a a a

a a a

( ) ( )

( ) ( )

( ) ( ) ( )

2 1 3 2 3 0

3 2 4 3 4 0

3 4 4 1

a a a a a

a a a a a

a a a

+ + − − + − −

+ + − − + − −

+ + +

( )

( )

( ) ( )

( ) ( )( )

− + −

− + − ⇒ + + − + = + − − = −

+ + +

2 2 1 0

2 3 1 0 1 2 4 2 3 2 4 2 6 2

3 4 4 1

a

a a a a a

a a a
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5. 2

a b b c c a a b c

b c c a a b b c a

c a a b b c c a b

+ + +

+ + + =

+ + +

 Jx KÇ¶„¬O_�.

a b b c c a

LHS b c c a a b

c a a b b c

+ + +

= + + +

+ + +

→ + +1 1 2 3R R R R

( ) ( ) ( )2 2 2a b c a b c a b c

b c c a a b

c a a b b c

+ + + + + +

+ + +

+ + +

( )= + + + + +

+ + +

1 1 1

2 a b c b c c a a b

c a a b b c

→ − → −1 1 2 2 2 3 & C C C C C C

( ) ( )

( )

0 0 1

2 a b c b a c a a b

c b a c b c

= + + − − +

− − +

( ) ( ) ( ) ( )
2

2 1a b c b a a c c b = + + − − − −
  

( )  = + + − − + − − +
 

2 2 22 2a b c ab bc a ac c b bc

( )  = + + + + − − −
 

2 2 22 a b c ab bc ca a b c

( )3 3 22 3abc a b c⇒ − − −  ... (1)

( ) ( ) ( )2 2 22 2

a b c

RHS b c a a bc a b b ac c ab c

c a b

= = − − − + −

 − − + + −
 

3 3 32 abc a b abc abc c ( )3 3 32 3abc a b c⇒ − − − ... (2)

∴1, 2 � #°O_f x~¡¶„²̀ ÇO.
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7. X  Hù~¡ä›½ ª#k%OKÇO_�.

3 8 3 3

3 3 8 3 0

3 3 3 8

x

x

x

−

− =

−

[: 1 1 2 3R R R R→ + +

3 2 3 2 3 2

3 3 8 3 0

3 3 3 8

x x x

x

x

− − −

− =

−

( )

1 1 1

3 2 3 3 8 3 0

3 3 3 8

x x

x

− − =

−

2
3 2 0

3
x x− = ⇒ =

1 1 2 2 2 3&C C C C C C→ − → −

0 0 1

11 3 3 11 3 0

0 11 3 3 8

x x

x x

− − =

− −

− − = ⇒ − = ⇒ =

− −

0   0 1
11

3 11 11 3   1 3 0 3 11 0
3

0 1 3 8

x x x x

x

( ) ( )
11

11 3 1 0 0 11 3 0
3

x x x ∴ − − − = ⇒ − = ⇒ = 

2 11 11
, ,

3 3 3
x∴ =

8. Hê=°~ŸY ‹¬¶ã Ç̀=ò#° L„¬†³¶yOz ãH÷Ok ‹¬g°H›~¡} =¼=‹¬Öä›½ ª# %̂Î##° ~Œ|@°“=ò.
)a 2 3 1x y z+ + =

4 6 9x y z+ + =

4 3 9 5x y z+ + =
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[:

2 1 3 1

1 4 6 9

4 3 9 5

x

y

z

   
   

=   
      

2 1 3

1 4 6

4 3 9

D =
( ) ( ) ( )2 36 18 1 9 24 3 3 16= − − − + −

( ) ( ) ( )2 18 1 15 3 13= − − + −

36 15 39 12= + − =

   ∴ = 12D

1

1 1 3

9 4 6

5 3 9

D =
( ) ( ) ( )1 36 18 1 81 30 3 27 20= − − − + −

18 51 21 12= − + = −

1 12D∴ = −

2

2 1 3

1 9 6

4 5 9

D =
( ) ( ) ( )2 81 30 1 9 24 3 5 36= − − − + −

( ) ( ) ( )2 51 1 15 3 31= − − + −

102 15 93 24= + − =

2 24D∴ =

3

2 1 1

1 4 9

4 3 5

D =
( ) ( ) ( )2 20 27 1 5 36 1 3 16= − − − + −

( ) ( ) ( )2 7 1 31 1 13= − − − + −

14 31 13 4= − + − =

1 12
1

12

D
x

D

−
∴ = = = − , 2 24

2
12

D
y

D
= = = , 3 4 1

12 3

D
z

D
= = =
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)b 2 3 2 1x y z− + =

3 2x y z+ − = −

3 3x y z− + =

[:

2 3 2 1

1 3 1 2

1 1 3 3

x

y

z

−    
   

− = −   
   −    

2 3 2

1 3 1

1 1 3

D

−

= −

−
( ) ( ) ( )2 9 1 3 3 1 2 1 3= − + + + − −

( ) ( ) ( )2 8 3 4 2 4= + + −

16 12 8 20= + − =

20D∴ =

1

1 3 2

2 3 1

3 1 3

D

−

= − −

−
( ) ( ) ( )1 9 1 3 6 3 2 2 3= − + − + + −

( ) ( )8 3 3 2 7 8 9 14 15= + − + − = − − = −

1 15D∴ = −

2

2 1 2

1 2 1

1 3 3

D = − −
( ) ( ) ( )2 6 3 1 3 1 2 3 2= − + − + + +

( ) ( ) ( )2 3 1 4 2 5= − − +

6 4 10 0= − − + =

2 0D∴ =

3

2 3 1

1 3 2

1 1 3

D

−

= −

−
( ) ( ) ( )2 9 2 3 3 2 1 1 3= − + + + − −

( ) ( ) ( )2 7 3 5 1 4= + + − 14 15 4 25= + − =

3 25D∴ =

1 15 3

20 4

D
x

D

− −
∴ = = = , 2 0

0
20

D
y

D
= = = , 3 25 5

20 4

D
z

D
= = =
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)c 3 4 5 6x y z− + = −

+ − = −2 1x y z

2 3 5x y z+ + =

3 4 5 6

1 1 2 1

2 3 1 5

x

y

z

− −   
   

− = −   
      

3 4 5

1 1 2

2 3 1

D

−

∴ = −
( ) ( ) ( )3 1 6 4 1 4 5 3 2= + + + + −

( ) ( ) ( )3 7 4 5 5 1= + − 21 20 5 46= + + =

46D∴ =

− −

= − −1

6 4 5

1 1 2

5 3 1

D
( ) ( ) ( )6 1 6 4 1 10 5 3 5= − + + − + + − −

( ) ( ) ( )6 7 4 9 5 8= − + + − 42 36 40 46= − + − = −

1 46D∴ = −

2

3 6 5

1 1 2

2 5 1

D

−

= − − =
( ) ( ) ( )3 1 10 6 1 4 5 5 2= − + + + + +

( ) ( ) ( )3 9 6 5 5 7 27 30 35 92= + + = + + =

2 92D∴ =

3

3 4 6

1 1 1

2 3 5

D

− −

= −
( ) ( ) ( )3 5 3 4 5 2 6 3 2= + + + − −

( ) ( ) ( )3 8 4 7 6 1 24 28 6 46= + − = + − =

3 46D∴ =

1 46
1

46

D
x

D

−
∴ = = = , 2 92

2
46

D
y

D
= = = , 3 46

1
46

D
z

D
= = =
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9. ãH÷Ok ‹¬g°H›~¡} =¼=‹¬Ö�#° ª#k%OKÇO_�.
)a 2 3 4 8x y z+ + = )b 3 4x y z+ − =

3 2x y z+ − = − 3 2 5 4x y z− + = −

4 5 9x y z− − = − 5 4 9x y z− − = −

[:
2 3 4 8

) 3 1 1 2

4 1 5 9

x

a y

z

   
   

− = −   
   − − −   

2 3 4

3 1 1

4 1 5

D = −

− −
( ) ( ) ( )2 5 1 3 15 4 4 3 4= − − − − + + − −

( ) ( ) ( )2 6 3 11 4 7= − − + − 12 33 28 7D= − + − ⇒ = −

1

8 3 4

2 1 1

9 1 5

D = − −

− − −
( ) ( ) ( )8 5 1 3 10 9 4 2 9= − − − − + +

( ) ( ) ( )8 6 3 1 4 11= − − +

148 3 44 7 7D= − − + = − ⇒ = −

2

2 8 4

3 2 1

4 9 5

D = − −

− −
( ) ( ) ( )2 10 9 8 15 4 4 27 8= − − − + + − +

( ) ( ) ( )2 1 8 11 4 19= − − + −

2 2 88 76 17D∴ = + − =

3

2 3 8

3 1 2

4 1 9

D = −

− −
( ) ( ) ( )2 9 2 3 27 8 8 3 4= − − − − + + − −

( ) ( ) ( )2 11 3 19 8 7 22 57 56 21= − − − + − = − + − = −

3 21D∴ = −

1 7
1

7

D
x

D

−
∴ = = =

−
, 2 14

2
7

D
y

D
= = = −

−
, 3 21

3
7

D
z

D

−
= = =

−
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1, 2. 3x y z∴ = = − =

)b

1 3 1 4

3 2 5 4

5 1 4 9

x

y

z

−    
   

− = −   
   − − −   

1 3 1

3 2 5

5 1 4

D

−

= −

− −
( ) ( ) ( )1 8 5 3 12 25 1 3 10= + − − − − − +

( ) ( )13 3 37 1 7 13 111 7 117= − − − = + − =

117D∴ =

1

4 3 1

4 2 5

9 1 4

D

−

= − −

− − −
( ) ( ) ( )4 8 5 3 16 45 1 4 18= + − + − −

( ) ( ) ( )4 13 3 61 1 14 52 183 14 117= − − − = − + = −

1 117D∴ = −

2

1 4 1

3 4 5

5 9 4

D

−

= −

− −
( ) ( ) ( )1 16 45 4 12 25 1 27 20= + − − − − − +

( ) ( )61 4 37 1 7 61 148 7 216= − − − − = + + =

2 216D∴ =

3

1 3 4

3 2 4

5 1 9

D = − −

− −
( ) ( ) ( )1 18 4 3 27 20 4 3 10= − − − + + − +

( ) ( )14 3 7 4 7 14 21 28 63= − − + = + + =

3 63D∴ =

1 117
1

117

D
x

D

−
∴ = = = − , 2 216 24

117 13

D
y

D
= = = , 3 63 7

117 13

D
z

D
= = =

24 7
1, ,

13 13
x y z∴ = − = =
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10. ãH÷Ok ‹¬g°H›~¡} =¼=‹¬Ö…Õ ̂ ÍxH÷ UïHáH› ª# %̂Î# LO@°Ok? UïHáH› ª# %̂Î# L#ß ‹¬O Î̂~¡Ä̂O…Õ J ª# %̂Î##°H›#°HùøO_�.

‹¬¶KÇ# : 1 2 30, 0, 0, 0D D D D≠ ≠ ≠ ≠ J~ò Í̀ P ‹¬g°H›~¡} =¼=‹¬Öä›½ UïHáH› ª> V̂Î# LO@°Ok.

)a 2 4x y− = )b 2 0x y z− + =

3 5 7x y− + = − 2 0x y z+ − =

3 2 0x y z+ − =

[: )a
1 2 4

3 5 7

x

y

−     
=     

− −     

1 2
5 6 1

3 5
D

−
= = − = −

−

1
4 2

20 14 6
7 5

D
−

= = − =
−

2
1 4

7 12 5
3 7

D = = − + =
− −

1 20, 0, 0D D D≠ ≠ ≠∵  Hê=ô# UïHáH› ª> V̂Î# LO@°Ok.

∴ª> V̂Î# : 1 6
6;

1

D
x

D
= = = −

−

2 5
5

1

D
y

D
= = = −

−

)b

2 1 1 0

1 1 2 0

3 2 1 0

x

y

z

−     
     

− =     
     −     

2 1 1

1 1 2

3 2 1

D

−

= −

−
( ) ( ) ( )2 1 4 1 1 6 1 2 3= − + + − + + −

( ) ( ) ( )2 3 1 5 1 1 6 5 1 10= + + − = + − =

1

0 1 1

0 1 2 0

0 2 1

D

−

= − =

−
 W…ìöQ 2 30. 0D D= =

Hê=ô# UïHáH› ª> V̂Î# LO_È̂ Î°. Hêx ª> V̂Î# : 0, 0, 0x y z= = =  JQ®°#°.
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11. x~ŒÖ~¡Hê� %̂Î~Œà�#° L„¬†³¶yOz ãH÷Ok "Œ\÷x x~¡¶„²OKÇO_�.

)a
( ) ( ) ( )

2

2

2

1

1

1

a a

b b b c c a a b

c c

= − − −

1 1 2 2 2 3&R R R R R R→ − → −

( ) ( )

( )

( )

2 2

2 2

2 2

0 0 1

0 0 1

0 0

a b a b a b

b c b c a b b c b c

c c c c

− − +

− − = − − +

( ) ( ) ( )a b b c b c a b ⇒ − − + − − 

( ) ( ) ( )a b b c c a= − − −

)b ( ) ( ) ( )

2 2

2 2

2 2

1

1

1

x y x y

y z y z x y y z z x

z x z x

+ +

+ + = − − −

+ +

1 1 2 2 2 1&R R R R R R→ − → −

( ) ( )

2 2

2 2

2 2 2 2

0 0 1

0 0 1

0 0

x z x z x z

y x y x x z y x y x

z x z x z x z x

− − +

− − = − − +

+ + + +

( ) ( ) ( ) ( ) ( ) ( )1z x x y y x x z x y y z z x − − + − − = − − − 

12. ãH÷Ok "Œ\÷x Q®}÷OKÇ°=ò.

)a

2 2 2

2 2 2

2 2 2

1 2 3

2 3 4

3 4 5
)b

3 5

3 2

5 5

1

1

1

w w

w w

w w
  (wJ#°#k 1H÷ „¦¬°#=ü�O)

["Œ|°�°:

)a
2 2 2 2 2 2 2 2 2 2 2 2 2 2 21 3 5 4 4 2 2 5 3 4 3 2 4 3 3     − − − + −
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[ ] [ ] [ ]29 25 16.16 4 4.25 9.16 3 4.16 9.9⇒ × − − − + −

[ ] [ ] [ ]225 256 4 100 144 9 64 81⇒ − − − + −

[ ] [ ] [ ]31 4 44 9 17⇒ − − − + −

31 176 153 8 8− + − = − ⇒ −

)b
     = − − − + −
     

3 5

3 4 9 3 3 9 5 3 5

5 5

1

1 1 1

1

w w

w w w w w w w w w

w w

9 6 12 13 101 w w w w w− − + + −

( ) ( ) ( ) ( ) ( )
3 2 4 4 3

3 3 3 3 31 .w w w w w w w⇒ − − + + −

1 1 1 1 1. 1w w⇒ − − + + −

0⇒ 3 1w =∵

13. ãH÷Ok ‹¬g°H›~¡}ì�#° Hê=°~ŸY „¬̂ Îœu#°„¬†³¶yOz ª#k%OKÇ°=ò.
2 3 8 2 3 8x y z x y z+ + = ⇒ + + =

3 2 3 3 2 3x y z x y z+ + = ⇒ + − = −

3 1 2 2 3 1x z y x y z+ = + ⇒ − + =

2 1 3 8

3 2 1 3

1 2 3 1

x

y

z

     
     

− = −     
     −     

2 1 3

3 2 1

1 2 3

D

 
 

∴ = − 
 − 

( ) ( ) ( )2 6 2 1 9 1 3 6 2= − − + + − −

( ) ( ) ( )2 4 1 10 3 8 8 10 24 26= − + − = − − = −

26D = −

1

8 1 3

3 2 1

1 2 3

D

 
 

= − − 
 − 

( ) ( ) ( )8 6 2 1 9 1 3 6 2= − − − + + −

( ) ( ) ( )8 4 1 8 3 4 32 8 12 52= − − + = + + =

1 52D =
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2

2 8 3

3 3 1

1 1 3

D

 
 

= − − 
  

( ) ( ) ( )2 9 1 8 9 1 3 3 3= − + − + + +

( ) ( ) ( )2 8 8 10 3 6 16 80 18 78= − − + = − − + = −

2 78D = −

3

2 1 8

3 2 3

1 2 1

D

 
 

= − 
 − 

( ) ( ) ( )2 2 6 1 3 3 8 6 2= − − + + − −

( ) ( ) ( )2 4 1 6 8 8 8 6 64 78= − − + − = − − − = −

3 78D = −

1 52
2

26

D
x

D
∴ = = = −

−
, 2 78

3
26

D
y

D

−
= = =

−
, 3 78

3
26

D
z

D

−
= = =

−
,

2, 3, 3x y z= − = =

14. ãH÷Ok "Œ\÷…Õ U ‹¬g°H›~¡} =¼=‹¬Ö�ä›½ UïHáH› ª# %̂Î# =ôO@°Ok.

) 2 6 1

3 2

a x y

x y

− = −

− = −

2 6 1

1 3 2

x

y

− −     
=     

− −     

2 6
6 6 0

1 3
D

−
= = − + =

−

1
1 6

3 12 9
2 3

D
− −

= = − = −
− −

2
2 1

4 1 3
1 2

D
−

= = − + = −
−

WH›ø_È 0D =  =°i†Çò 1 20, 0D D≠ ≠ Hê=ô# Wk J‹¬OQ®̀ ÇO. nxH÷ ª> V̂Î# …è̂ Î°.

) 2 3 5, 2 6b x y x y− = − =

2 3 5

1 2 6

x

y

−    
=   

−    

2 3
4 3 1

1 2
D

−
= = − + =

−
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1
5 3

10 18 8
6 2

D
−

= = − + =
−

2
2 5

12 5 7
1 6

D = = − =

WH›ø_È 1 20 & 0, 0D D D≠ ≠ ≠ Hê=ô# nxH÷ UïHáH› ª> V̂Î# =ôO@°Ok.

ª> V̂Î# : 1 8
8,

1

D
x

D
= = = 2 7

7,
1

D
y

D
= = = ,

8, 7x y∴ = =

) 2 3 1

4 6 3

6 3 2 5

c x y z

x y z

x y z

+ + =

− + =

− + =

2 3 1 1

4 6 1 3

6 3 2 5

x

y

z

     
     ⇒ − =     
     −     

2 3 1

4 6 1

6 3 2

D∴ = −

−
( ) ( ) ( )2 12 3 3 8 6 1 12 36= − + − − + − +

( ) ( ) ( )2 9 3 2 1 24 18 6 24 0= − − + = − − + =

0D =∵  Hê=ô# UïHáH› ª> V̂Î# =ôO_È̂ Î°.

) 3 2 1

2 2

2 3 1

d x y z

x y z

x y z

+ + = −

+ − =

− + =

3 1 2 1

1 2 1 2

2 1 3 1

x

y

z

−     
     ⇒ − =     
     −     

3 1 2

1 2 1

2 1 3

D∴ = −

−
( ) ( ) ( )3 6 1 1 3 2 2 1 4= − − + + − −

( ) ( ) ( )3 5 1 5 2 5 15 5 10 0= − + − = − − =

0D∴ =

∴ Î̂̀ Çë =¼=‹¬Öä›½ UïHáH› ª> V̂Î# LO_È̂ Î°.

ÐÐÐ
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=¶ãuH›� q…Õ=¶�° J#°=~¡ë<Œ�°

=¶ãuH›� q…Õ=¶�° J#°=~¡ë<Œ�°
5

Ja�#"£ 2 H›�=ò�° 5 <Ë@° „¬ô‹¬ëH›=ò�#° ~¡¶II120II�ä›½, ‰×O Ç̀#° 4 H›�=ò�°, 3 <Ë@° „¬ô‹¬ëH›=ò�#°
~¡¶II100�ä›½ HùO>è, XH› H›�=ò ̂ �Î~¡,  XH› <Ë@° „¬ô‹¬ëH›=ò ̂ �Î~¡ H›#°Qù#°@ä›½ =¶ãuH›�° Z…ì L„¬†³¶Q®„¬_È̀ Œ†³¶

³̀�°‹¬°ä›½O^¥O.
H›�=ò �̂Î~¡ XH÷øO\÷H÷ ~¡¶II x Jx,  <Ë@° „¬ô‹¬ëH›=ò �̂Î~¡ XH÷øO\÷H÷ ~¡¶II y Jx J#°ä›½O^¥O.  W„¬ô_È° Ì„á

‹¬=¶KŒ~Œxß ãH÷Ok q �̂ÎOQê ã"Œ†Ç°=KÇ°ó.

2 5 120

4 3 100

x

y

     
=     

     

nx<Í =°~Ë q �̂ÎOQê AX = B  Jx ã"Œ†Ç°=KÇ°ó.

WKÇó@   2 5
A X

4 3

x

y

   
= =   
   

  =°i†Çò 
120

B
100

 
=  
 

.

X  =  A−1B

Hê=ô# =°#ä›½ Hê=�‹²# X
x

y

 
=  
 

 H›#°Qù#°@ä›½ A−1 H›#°Qù#=�‹² =ôO@°Ok.  A−1 #° A  †³òH›ø =¶ãuHê

q…Õ=°=°O\ì~¡°.  D ‡Q~”Œ¼O‰×O…Õ =°#O =¶ãuHê q…Õ=¶� =¼=‹²Ö̀ Ç=ò =°i†Çò Wzó# ö~v†Ç° ‹¬g°H›~¡}ì�
=¼=‹¬Ö#° ªQk�OKÇ_È"³°…ìQË <Í~¡°óä›½O^¥O.

�HÆê¼�° :
D ‡Q~”¡O KÇk"ŒH›, g°~¡° ãH÷Okq K³†Ç°¼Q®�°Q®°`Œ~¡°.

� XH› =¶ãuH›…Õx =ü�H›O †³òH›ø �„¦¬ò x~ŒÖ~¡H›O, ‹¬‚¬ìQ®°}ì=†Ç°==ò�#° x~¡ÞzªQë~¡°.
� XH› =¶ãuH› J#°|O �̂Î =¶ãuH›x x~¡ÞzOKÇQ®�°Q®°`Œ~¡°.
� ªQ �̂¥~¡}, JªQ �̂¥~¡} =¶ãuH›�x x~¡ÞzOz, Q®°iëªQë~¡°.
� =¶ãuHêq…Õ=°=ò LO>è, H›#°ä›½øO\ì~¡°.
� =¶ãuHê~¡¶„¬O AX = B …Õ ‹¬=°„¦¬¶ Ç̀ ‹¬g°H›~¡} =¼=‹¬Ö#° ‹¬¶zªQë~¡°.
� =¶ãuHê „¬̂ Îœu…Õ ‹¬=°„¦¬¶ Ç̀ ‹¬g°H›~¡} =¼=‹¬Öx ªQk�ªQë~¡°.
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I. Ju‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (1 =¶~¡°ø)

1. ãH÷Ok =¶ãuH›� x~ŒÖ~¡Hê�° H›#°HËøO_�.

)a
0 6

2 5
A

 
=  
 

)b

4 5 6

0 0 1

2 1 2

B

 
 

= − 
  

‹¬=¶ �̂¥#O :

)a
0 6

0 12 12
2 5

A
 

= = − = − 
 

)b

4 5 6

1 0 1

2 1 2

B

 
 

= − 
  

( ) ( ) ( )4 1 5 2 2 1 0= − − − − + − −

( ) ( ) ( )4 1 5 4 6 1= − − − + −

4 20 6 10= − + − =

2. ãH÷Ok =¶ãuH›�° ª" $̂¥~¡} =¶ãuH›…ì, Jª" $̂¥~¡} =¶ãuä›…ì H›#°HËøO_�.

)a
3 2

9 6
A

 
=  

− 
)b  

1 1 2

2 3 1

4 5 1

B

− 
 

=  
 − 

‹¬=¶ �̂¥#O:

)a 18 18 0A = + = Wk JªQ �̂¥~¡} =¶ãuH›

)b

1 1 2

2 3 1

4 5 1

B

− 
 

=  
 − 

( ) ( ) ( )1 3 5 1 2 4 2 10 12⇒ − − + − − + −

8 6 4 18 0− − − = − ≠

B∴  ªQ �̂¥~¡} =¶ãuH›.
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II. ‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (2 =¶~¡°ø�°)

3. ãH÷Ok =¶ãuH›�ä›½ �„¦¬ò x~ŒÖ~¡Hê�° H›#°HËøO_�.

)a
3 1

7 4
A

− 
=  
 

)b
0 6

2 5
B

 
=  
 

‹¬=¶ �̂¥#O:

)a 3ä›½ �„¦¬ò x~Œœ~¡H›O 4, Ð1H÷ �„¦¬ò x~ŒÖ~¡H›O 7, 7H÷ �„¦¬òx~ŒÖ~¡H›O Ð1, 4ä›½ �„¦¬ò x~ŒÖ~¡H›O 3.

)b
0 6

2 5
B

 
=  
 

  0 ä›½ �„¦¬ò x~ŒÖ~¡H›O 5, 6ä›½ �„¦¬ò x~ŒÖ~¡H›O 2.

2ä›½ �„¦¬ò x~ŒÖ~¡H›O 6, 5ä›½ �„¦¬ò x~ŒÖ~¡H›O 0.

4. ãH÷Ok =¶ãuH›…Õx ï~O_È= J_È°Û =~¡°‹¬ =ü�Hê�ä›½ �„¦¬ò x~ŒÖ~¡Hê�#° H›#°HËøO_�.

1 2 3

1 0 4

2 3 1

A

 
 

= − 
 − − 

ï~O_Ë J_È°Û=~¡°‹¬…Õx =ü�Hê�°

1) (-1) H÷ �„¦¬ò x~ŒÖ~¡H›O ( ) ( ) ( )2 1 3 3 2 9 11× − − = + = 21M=

2) 0ä›½ �„¦¬ò x~ŒÖ~¡H›O ( ) ( ) ( ) 221 1 2 3 1 6 7 M× − − = + = =

3) 4ä›½ �„¦¬ò x~ŒÖ~¡H›O ( ) ( ) 231 3 2 2 3 4 1 M× − − − × = − + = =

5. ãH ÷Ok =¶ãuH›…Õ =ü_Ë J_ È° Û=~ ¡°‹ ¬…Õx =ü�Hê�ä ›½ �„¦ ¬ò x~ŒÖ~ ¡Hê�° H ›#°HË øO_ �.

2 1 3

5 4 1

2 0 3

A

− 
 

=  
 − 

ªQ �̂Î#:1) -2ä›½ �„¦¬ò x~ŒÖ~¡Hê�° ( ) ( )31 1 1 4 3 1 12 13M = − − − × = − − = −

2) 0ä›½ �„¦¬ò x~ŒÖ~¡H›O ( ) ( )32 2 1 5 3 2 15 13M = × − × = − = −

3) 3ä›½ �„¦¬ò x~ŒÖ~¡H›O ( ) ( )33 2 4 5 1 8 5 13M = × − × − = + =

6. ãH÷Ok =¶ãuH›…Õx =ü�Hê�ä›½ ‹¬‚¬ìQ®°}ì=†Ç°==ò�° H›#°HËøO_�.

)a
3 2

9 7
A

− 
=  
 

)b
0 4

5 6
B

 
=  

− 
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ªQ �̂Î#: )a 1) 3ä›½ ‹¬‚¬ì Q®°}ì=†Ç°=O ( ) ( )
1 1

11 1 7 7C
+

= − =

2) -2ä›½ ‹¬‚¬ì Q®°}ì=†Ç°=O ( ) ( )
1 2

12 1 9 9C
+

= − = −

3) 9 ä›½ ‹¬‚¬ì Q®°}ì=†Ç°=O ( ) ( )
2 1

21 1 2 2C
+

= − − =

4) 7ä›½ ‹¬‚¬ì Q®°}ì=†Ç°=O ( ) ( )
2 2

22 1 3 3C
+

= − =

)b
0 4

5 6
B

 
=  

− 

1) 0ä›½ ‹¬‚¬ì Q®°}ì=†Ç°=O ( ) ( )
1 1

11 1 6 6C
+

= − =

2) 4ä›½ ‹¬‚¬ì Q®°}ì=†Ç°=O ( ) ( )
1 2

12 1 5 5C
+

= − − =

3) -5ä›½ ‹¬‚¬ì Q®°}ì=†Ç°=O ( ) ( )
1 2

21 1 4 4C
+

= − = −

4) 6ä›½ ‹¬‚¬ì Q®°}ì=†Ç°=O ( ) ( )
2 2

22 1 0 0C
+

= − =

7. ãH÷Ok =¶ãuH›…Õ ï~O_Ë J_È°Û=~¡°‹¬ =ü�Hê�ä›½ ‹¬‚¬ìQ®°}=†Ç°"Œ�° H›#°HËøO_�.

2 0 1

1 3 0

4 1 2

A

 
 

= − 
 − − 

 ï~O_Ë J_È°Û=~¡°‹¬ =ü�Hê�°

1) -1 †³òH›ø ‹¬‚¬ìQ®°}ì=†Ç°=O ( ) ( )
2 2

21 1 0 1 1C
+

= − + = −

2) 3†³òH›ø ‹¬‚¬ìQ®°}ì=†Ç°=O ( ) ( )
2 2

22 1 4 4 8C
+

= − − − = −

3) 0†³òH›ø ‹¬‚¬ìQ®°}ì=†Ç°=O ( ) ( )
2 3

23 1 2 0 2C
+

= − − − =

)b ãH÷Ok =¶ãuH›…Õx "³ò^Î\÷ J_È° Û=~¡°‹¬ =ü�Hê�ä›½ ‹¬‚¬ìQ®°}ì=†Ç°"Œ�#° H›#°HËøO_l.

2 1 5

6 4 2

5 3 0

A

− 
 

= − 
 − 

1) 2†³òH›ø ‹¬‚¬ìQ®°}ì=†Ç°=O ( ) ( )
1 1

11 1 0 6 6C
+

= − + =
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=¶ãuH›� q…Õ=¶�° J#°=~¡ë<Œ�°

2) -1†³òH›ø ‹¬‚¬ìQ®°}ì=†Ç°=O ( ) ( )
1 2

12 1 0 10 10C
+

= − − =

3) 5†³òH›ø ‹¬‚¬ìQ®°}ì=†Ç°=O ( ) ( )
+

= − + =
1 3

13 1 18 20 38C

8.
2 3

4 5
A

 
=  
 

=°i†Çò 
2 3

7 4
B

− 
=  
 

 J~ò Í̀ ãH÷Ok "Œ\÷x ‹¬iKÇ¶_ÈO_�.

)a
1A A= =°i†Çò 1B B=

)b AB A B BA= =

ªQ �̂Î#: )a 10 12 2A = − = − , 8 21 29B = − − = −

1 12 4
10 12 2

3 5
A A

 
∴ = ⇒ = − = − 

 

1 2A A∴ = = −

8 21 29,B = − − = −
1 12 7

8 21 29
3 4

B B
− 

= ⇒ = − − = − 
 

)b
2 3 2 3 4 21 6 12 17 18

4 5 7 4 8 35 12 20 27 32
AB

− − + +       
= = =       

− + +       

2 3 2 3 4 12 6 15 8 9

7 4 7 4 14 16 21 20 30 41
BA

− − + − +       
= = =       

+ +       

17 18
17 32 18 27 544 486 58

27 32
AB∴ = = × − × = − =

2 29 58A B = − × − =

8 9
8 41 30 9 328 270 58

30 41
BA = = × − × = − =

AB A B BA∴ = =
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=¶ãuH›� q…Õ=¶�° J#°=~¡ë<Œ�°

J#°|O �̂Î =¶ãuH› : .Adj A

Î̂̀ Çë =¶ãuH›…Õx =ü�Hê� ‹¬‚¬ìQ®°}ì=†Ç°"Œ�`Ë U~¡æ_ÈÛ =¶ãuH› †³òH›ø =¼`Œ¼†Ç° =¶ãuH›#° J#°|O �̂Î
=¶ãuH› JO Î̂°ä›½. nxx .Adj A KÍ ‹¬¶zªQë~¡°. WO Î̂°ä›½

1) A …Õx =ü�Hê� ªQÖ#O…Õ "Œ\÷ ‹¬‚¬ìQ®°}ì=†Ç°"Œ� =¶ãuH›#° H›#°Qù#°=ò.

2) Ì„á# H›#°Qù#ß =¶ãuH›ä›½ =¼ Ç̀¼†Ç° =¶ãuH›#° H›#°Qù#O_l.

L^¥: 
4 5

2 3
A

− 
=  

− 
H÷ J#°|O �̂Î =¶ãuH›#° H›#°HËøO_l.

A …Õx =ü�Hê� ªQÖ#O…Õ "Œ\÷ ‹¬‚¬ìQ®°}=†Ç°"Œ�#° ã"Œ†Ç°Qê

− − 
 
− − 

4 2

5 3
....(1)

(1) †³òH›ø =¼ Ç̀¼†Ç° =¶ãuH› .Adj A J=ô Ç̀°Ok.

4 5
.

2 4
Adj A

− − 
∴ =  

− − 

9. ãH÷Ok =¶ãuH›�#° J#°|O $̂Î =¶ãuH›�#° H›#°HËøO_�.

)a  2 1

3 6
A

− 
=  
 

)b   
=  
 

a b
B

c d
     )c  =C

cos sin

sin cos

α α 
 
− α α 

ªQ �̂Î#:

)a A ä›½ ‹¬‚¬ìQ®°}ì=†Ç°= =¶ãuH›
6 3

1 2

− 
 
 

.Adj A∴ (J#°|O �̂Î =¶ãuH›)
6 1

3 2

 
=  

− 

)b B  ä›½ ‹¬‚¬ìQ®°}ì=†Ç°= =¶ãuH›
d c

b a

− 
=  

− 

B∴  ä›½ ‹¬‚¬ìQ®°}ì=†Ç°= =¶ãuH› .Adj B
d b

c a

− 
=  

− 
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=¶ãuH›� q…Õ=¶�° J#°=~¡ë<Œ�°

)c =C
cos sin

sin cos

α α 
 
− α α 

C∴  ä›½ ‹¬‚¬ìQ®°}ì=†Ç°= =¶ãuH›
cos sin

sin cos

α α 
=  

− α α 

C∴  ä›½ J#°|O �̂Î =¶ãuH› .Adj C
cos sin

sin cos

α − α 
=  

α α 

10. ãH÷Ok =¶ãuH›�ä›½ J#°|O $̂Î =¶ãuH›#° H›#°HËøO_�.

)a  1 2

2 1
A

 
=  
  

 )b  i i
B

i i

− 
=  
 

ªQ �̂Î#: A ä›½ ‹¬‚¬ìQ®°}ì=†Ç°= =¶ãuH›
 −

=  
−  

1 2

2 1

A∴ ä›½ J#°|O �̂Î =¶ãuH› .Adj A
1 2

.
2 1

Adj A
 −

=  
−  

)b B ä›½ ‹¬‚¬ìQ®°}ì=†Ç°= =¶ãuH›
i i

i i

− 
=  
 

B∴  ä›½ J#°|O �̂Î =¶ãuH› 
+ +   

= =   
− −   

.
i i i i

Adj B
i i i i

)c Ì„á =¶ãuH›�ä›½ ( ) ( )= = 2. .A Adj A Adj A A A I  #° „¬ijeOKÇO_l.

ªQ �̂Î#: ( )
1 2 1 2 1 2 2 2 1 0

.
0 12 1 2 1 2 2 2 1

A Adj A
     − − − + − 

= = =       
−− − − +            

( )
1 2 1 2 1 2 2 2 1 0

.
0 12 1 2 1 2 2 2 1

Adj A A
     − − − − 

= = =       
−− − + − +            

= = − = −
1 2

1 2 1
2 1

A
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=¶ãuH›� q…Õ=¶�° J#°=~¡ë<Œ�°

− 
∴ = − =  

− 
2

1 0 1 0
1

0 1 0 1
A I

( ) ( ) 2.A Adj A Adj A A A I∴ = =

‹¬¶KÇ#: AB BA I= = J~ò Í̀ ,A B�#° XH›̂ ¥xHùH›\÷ q…Õ=° =¶ãuH›�O Î̂°~¡°.

a b
A

c d

 
=  
 

J~ò Í̀
1 1 d b

A
c aad bc

− − 
=  

−−  

1 1
.A Adj A

A

−⇒ =

11. ãH÷Ok =¶ãuH›�ä›½ q…Õ=¶xß H›#°HËøO_�.

)a
1 3

2 5
A

 
=  
 

)b
1 2

3 4
B

− 
=  

− − 
)c

2 1

1 0
C

− 
=  
 

ªQ �̂Î#: )a 5 6 1A = − = − q…Õ=°O LO@°Ok.

5 3
.

2 1
Adj A

− 
=  

− 

1 5 3 5 31

2 1 2 11

AdjA
A

A

− − − +   
∴ = = =   

− −−    

)b
1 2

3 4
B

− 
=  

− − 
4 6 10 0B⇒ = + = ≠    ∴q…Õ=°O LO@°Ok.

‹¬‚¬ìQ®°}ì=†Ç°= =¶ãuH› 
4 3

2 1

− 
=  

− − 

4 2
.

3 1
Adj B

− − 
∴ =  

− 

1

4 2

4 21 1 10 10
.

3 1 3 110

10 10

B Adj B
B

−

− − 
 − − 

∴ = = =   
− −  
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=¶ãuH›� q…Õ=¶�° J#°=~¡ë<Œ�°

)c 0 1 1 0C = + = ≠ Hê=ô# q…Õ=°O LO@°Ok.

C∴ H÷ ‹¬‚¬ìQ®°}ì=†Ç°= =¶ãuH›
0 1

1 2

− 
=  
 

0 1
.

1 2
Adj C

 
∴ =  

− 

1 0 1 0 11 1

1 2 1 21
C AdjC

C

−    
∴ = = =   

− −   

III. n~¡É‹¬=¶ �̂¥# ã„¬‰×ß�°  ( 5 =¶~¡°ø�°)

1. ãH÷Ok =¶ãuH›�ä›½ ( ) ( ) 3A AdjA AdjA A A I= = x ‹¬iKÇ¶_ÈO_�.

)a

6 8 1

0 5 4

3 2 0

− 
 
 
 − 

)b

2 7 9

0 1 2

3 7 4

 
 

− 
 − 

)c

cos sin 0

sin cos 0

0 0 1

α − α 
 

α α 
  

)d

4 6 1

1 1 1

4 11 1

− 
 
− − 
 − − 

ªQ �̂Î#: )a =A

6 8 1

0 5 4

3 2 0

− 
 
 
 − 

,  3

1 0 0

0 1 0

0 0 1

I

 
 

=  
  

A …Õx =ü�Hê� ‹¬‚¬ìQ®°}ì=†Ç°"Œ�° :

6ä›½ ( ) [ ]
1 1

11 1 0 8 8;C
+

= − − = − 8H÷ ( ) [ ]
1 2

12 1 0 12 12C
+

= − + = −

-1H÷ ( ) [ ]
1 3

13 1 0 15 15;C
+

= − + = − 0H÷ ( ) [ ]
1 2

21 1 0 2 2C
+

= − + = −

5H÷ ( ) [ ]
2 2

22 1 0 3 3;C
+

= − − = − 4H÷ ( ) [ ]
2 3

23 1 12 24 36C
+

= − + = −

-3H÷ ( ) [ ]
3 1

31 1 32 5 37;C
+

= − + =  2H÷ ( ) [ ]
3 2

32 1 24 0 24C
+

= − + = −
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=¶ãuH›� q…Õ=¶�° J#°=~¡ë<Œ�°

0H÷ ( ) [ ]
3 3

33 1 30 0 30C
+

= − − =

‹¬‚¬ìQ®°}ì=†Ç°= =¶ãuH›

8 12 15

2 3 36

37 24 30

− − 
 
− − − 
 − 

8 2 37

12 3 24

15 36 30

AdjA

− − 
 

∴ = − − − 
 − 

( )

6 8 1 8 2 37

0 5 4 12 3 24

3 2 0 15 36 30

A AdjA

− − −   
   

∴ = − − −   
   − −   

− − − − − + − − 
 

= − + − − − + 
 − + − + − − + 

48 96 15 12 24 36 222 192 30

0 60 60 0 15 144 0 120 120

24 24 0 6 6 0 111 48 0

3

159 0 0 1 0 0

0 159 0 159 0 1 0

0 0 159 0 0 1

A I

−   
   

= − = − =   
   −   

( ) 3A AdjA A I∴ =

W Í̂q �̂ÎOQê ( ) 3

1 0 0

159 0 1 0

0 0 1

A AdjA A I= − = JQ®°#°.

)b

2 7 9

0 1 2

3 7 4

 
 

− 
 − 

( ) [ ]
1 1

11 1 4 14 10;C
+

= − − + = ( ) [ ]
1 2

12 1 0 6 6C
+

= − − =

( ) [ ]
1 3

13 1 0 3 3;C
+

= − + = ( ) [ ]
2 1

21 1 28 63 91C
+

= − + = −

( ) [ ]
1 1

22 1 8 27 19;C
+

= − − = − [ ]23 14 21 35C = − − − =

( ) [ ]
3 1

31 1 14 9 23;C
+

= − + = ( ) [ ]
3 2

32 1 4 0 4;C
+

= − − = −
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=¶ãuH›� q…Õ=¶�° J#°=~¡ë<Œ�°

( ) [ ]
3 3

33 1 2 0 2C
+

= − − − = −

∴‹¬‚¬ìQ®°}ì=†Ç°= =¶ãuH›

10 6 3

91 19 35

23 4 2

 
 
− − 
 − − 

, 

10 91 23

6 19 4

3 35 2

AdjA

− 
 

∴ = − − 
 − 

( )

2 7 9 10 91 23

0 1 2 6 19 4

3 7 4 3 35 2

A AdjA

−   
   

∴ = − − −   
   − −   

20 42 27 182 133 315 46 28 18 89 0 0

0 6 6 0 19 70 0 4 4 0 89 0

30 42 12 273 133 140 69 28 8 0 0 89

+ + − − + − −   
   

= − + + + + − =   
   − + − + + + −   

( ) 3 3

1 0 0

89 0 1 0 89

0 0 1

A AdjA I A I

 
 

⇒ = = = 
 
 

WH›ø_È ( ) ( ) ( )2 10 7 6 9 3 20 42 27 89A = + + = + + = .

)c A =

cos sin 0

sin cos 0

0 0 1

α − α 
 

α α 
  

( ) ( )cos cos sin sinA⇒ = α α + α α

2 2cos sin 1α + α =

WH›ø_È

( ) [ ] [ ] [ ]
1 1

11 12 131 cos 0 cos ; sin 0 sin ; 0 0 0C C C
+

= − α − = α = − α − = − α = − =

[ ] [ ] [ ]= − − α − = α = α − = α = − − =21 22 23sin 0 sin ; cos 0 cos ; 0 0 0C C C

[ ] [ ]  = − − = = − = = α + α =
 

2 2
31 32 330 0 0; 0 0 0; cos sin 1C C C

∴ ‹¬‚¬ìQ®°}ì=†Ç°= =¶ãuH›

sin 0

sin cos 0

0 0 1

cosα − α 
 

α α 
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=¶ãuH›� q…Õ=¶�° J#°=~¡ë<Œ�°

sin 0

. sin cos 0

0 0 1

cos

Adj A

α α 
 

∴ = − α α 
  

( )

2 2

2 2

sin 0 cos sin sin cos 0 0 0 0

. sin cos cos sin 0 sin cos 0 0 0

0 0 0 0 0 0 0 0 1

cos

A Adj A

 α + α + α α − α α + + +
 
 ∴ = α α − α α + α + α + +
 

+ + + + + + 
 

3

1 0 0

0 1 0

0 0 1

A I

 
 

= = 
  

WH›ø_È 1A= =

W Í̂q �̂ÎOQê ( ) 3AdjA A A I=  JQ®°#°.

2. ãH÷Ok =¶ãuH›�ä›½ g…ÿá#KË q…Õ=°=ò H›#°Qù#°=ò.

)a

1 0 2

2 1 3

4 1 2

A

 
 

=  
  

)b

3 1 2

5 2 4

1 3 2

A

− 
 

=  
 − − 

ªQ �̂Î# :

)a A …Õx =ü�Hê� ‹¬‚¬ìQ®°}ì=†Ç°"Œ�°

[ ] [ ] [ ] [ ]11 12 13 212 3 1; 4 12 8; 2 4 2; 0 2 2C C C C= − = − = − − = = − = − = − − = −

[ ] [ ] [ ]22 23 312 8 6; 1 00 1; 0 2 2C C C= − = − = − − = − = − = −

[ ] [ ]32 333 4 1; 1 0 1C C= − − = = − =

∴ ‹¬‚¬ì Q®°}ì=†Ç°=° =¶ãuH› 

1 8 2

2 6 1

2 1 1

− − 
 

= − − 
 − 

∴J#°|O �̂Î =¶ãuH› 

1 2 2

. 8 6 1

2 1 1

Adj A

− − 
 

= − 
 − − 
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=¶ãuH›� q…Õ=¶�° J#°=~¡ë<Œ�°

det A =  x~ŒÖ~¡H›O ( ) ( ) ( )1 1 0 8 2 2 1 4 5A A= = − + + − = − − = −

∴q…Õ=°O 1

1 2 2

5 5 51 2 2
1 1 8 6 1

. 8 6 1
5 5 5 5

2 1 1
2 1 1

5 5 5

A Adj A
A

−

− 
 

− −   
− −   = = − =   −

 − −    − 
  

1

1 2 2

5 5 5

8 6 1

5 5 5

2 1 1

5 5 5

A−

− 
 
 

− − ∴ ==
 
 

− 
  

)b ªQ �̂Î# :
3 1 2

5 2 4

1 3 2

A

− 
 

=  
 − − 

[ ] [ ]11 124 12 8; 10 4 14;C C= − + = = − − − =

[ ] [ ] [ ]21 22 232 6 8; 6 2 8; 9 1 8;C C C= − + = − = − − = − = − − + =

[ ] [ ] [ ]= − − = − = − − = − = + =31 32 334 4 8; 12 10 2; 6 5 11C C C

∴‹¬‚¬ì Q®°}ì=†Ç°= =¶ãuH› 

− 
 

= − − 
 − − 

8 14 17

8 8 8

8 2 11

∴ J#°|O �̂Î =¶ãuH› 

8 8 8

. 14 8 2

17 8 11

Adj A

− − 
 

= − − 
 − 

∴x~ŒÖ~¡H›O ( ) ( ) ( )det 3 8 1 14 2 17 24 14 34 24A A A= = = − + − = − − = −



110 Q®}÷̀ ÇO ‹¬“_™ "³°\©i†Ç°…̃

=¶ãuH›� q…Õ=¶�° J#°=~¡ë<Œ�°

∴q…Õ=°O −

− − 
 

= = − − −
 − 

1

8 8 8
. 1

14 8 2
det. 24

17 8 11

Adj A
A

A

1 1 18 8 8

3 3 324 24 24

14 8 2 7 1 1

24 24 24 12 3 12

17 8 11 17 1 11

24 24 24 24 3 24

−− − −   
  −
  

− − −  = =
  − − −
  

− − − − −  
  −   

3.
1 2 3

0 1 4

2 2 1

A

− 
 

= − 
 − 

J~ò Í̀ ( )
1

A
−

1 #° H›#°HËøO_l.

ªQ �̂Î#:
− 

 
= − − 
  

1

1 0 2

2 1 2

3 4 1

A

WH›ø_È [ ] [ ] [ ]11 12 131 8 9; 2 6 8; 8 3 5C C C= − − = − = − − − = = − + = −

[ ] [ ] [ ]21 22 230 2 2; 1 6 7; 4 0 4C C C= − = − = + = = − − = −

[ ] [ ] [ ]31 32 330 2 2; 2 4 2; 1 0 1C C C= − = − = − − = = − − = −

∴‹¬‚¬ì Q®°}ì=†Ç°= =¶ãuH›

9 8 5

8 7 4

2 2 1

− − 
 

= − − 
 − − 

1 1.Adj A A∴ = ä›½ J#°|O �̂Î =¶ãuH› 

9 8 2

8 7 2

5 4 1

− − − 
 

=  
 − − − 

( ) ( ) ( )1 1 9 0 8 2 5 9 10 1A = − + − − = − + =
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=¶ãuH›� q…Õ=¶�° J#°=~¡ë<Œ�°

( )
−

− − − − − −   
   

= = =   
   − − − − − −   

1
1

1

9 8 2 9 8 2
1 1

. 8 7 2 8 7 2
1

5 4 1 5 4 1

A Adj A
A

4. ( )

− 
 

φ =  
  

cos sin 0

sin cos 0

0 0 1

x x

x x x J~ò Í̀ ( )( ) ( )
−

φ = φ −
1

x x Jx KÇ¶„¬O_l.

[ ] [ ] [ ]11 12 13cos 0 cos ; sin 0 sin ; 0 0 0C x x C x x C= − = = − − = − = − =

[ ] [ ] [ ]= − − − = = − = = − =21 22 23sin 0 sin ; cos 0 cos ; 0 0 0C x x C x x C

[ ] [ ] 2 2
31 32 33 330 0 0; 0 0 0; cos sin 1C C C x x C = − − = = − − = = + = =

 

∴ ‹¬‚¬ìQ®°}ì=†Ç°= =¶ãuH›
cos sin 0

sin cos 0

0 0 1

x x

x x

− 
 

=  
  

( )∴ φ x J#°|O �̂Î =¶ãuH› 
cos sin 0

sin cos 0

0 0 1

x x

x x

 
 

= − 
  

( ) ∴ φ x x~ŒÖ~¡H›O « ( ) ( )cos cos sin sin 0 1x x x x− − + =

( )
( )

( )

−
 

φ   ∴ φ = = −   φ
  

1
cos sin 0

sin cos 0

0 0 1

x x
Adj x

x x x
Det x .... (1)

( )

( ) ( )

( ) ( )

 − − −  
    ∴ φ − = − − = −    
     

cos sin 0 cos sin 0

sin 0 sin cos 0

0 0 00 0 1

x x x x

x x cox x x x .. (2)

∴ 1, 2 � #°O_l ( )( ) ( )
−

φ = φ −
1

x x Jx ³̀�°‹¬°.
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=¶ãuH›� q…Õ=¶�° J#°=~¡ë<Œ�°

5.
1

1

Tanx
A

Tanx

 
=  

− 
J~ò Í̀

1 1 cos2 sin 2

sin 2 cos2

x x
A A

x x

− − 
=  
 

 Jx KÇ¶„¬O_l.

ªQ �̂Î# :
1 1

2

1 11
;

1 11

Tanx Tanx
A A

Tanx TanxTan x

−− −   
= =   

+   

− − −   
∴ =    

+    

1 1

2

1 11

1 11

Tanx Tanx
A A

Tanx TanxTan x

 − − −
 ⇒
 + + − + 

2

2 2

11

1 1

Tan x Tanx Tanx

Tan x Tanx Tanx Tan x

2

2 2

2

2 2

1 2

cos2 sin 21 1

sin 2 cos22 1

1 1

Tan x Tanx

x xTan x Tan x

x xTanx Tan x

Tan x Tan x

 − −
 

− + + ⇒ =   
 − 

 + + 

WH›ø_È 
2

2 2

1
cos2 ; sin 2

1 1

Tan x Tanx
x x

Tan x Tan x

− 2
= =

+ +

6. 1

a b

A bc
C

a

 
 = + 
  

 J~ò Í̀ ( )1 2 1aA a bc I aA−
= + + −  Jx KÇ¶„¬O_l.

ªQ �̂Î# : 1 1A bc bc= + − =

+ 
− =

 
−  

1

 

bc
b

Adj A a

c a

−

+ 
− ∴ = =

 
−  

1
1

.

det.

bc
bAdj A

A a
A

c a

1
2

1 1bc bc abb
aA a a

ca ac a

−

+  + − − ∴ = =  
  −  −  

...(1)
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=¶ãuH›� q…Õ=¶�° J#°=~¡ë<Œ�°

( ) ( )
2

2 2

2

1 0 1 0
1 1

0 1 0 1

a bc
a bc I a bc

a bc

 + + 
 + + = + + = 
   + + 

( )
2

2

2

1 0
1 1

0 1

a b
a bc

a bc I aA a bc
ca bc

a

  + +   ∴ + + − = − +  + +    

2 2

22

11 0

10 1

bc aba bc a ab

ca bc ca aa bc

  + −   + +
 ⇒ − =   
  + −   + +     

... (2)

∴1, 2, � #°O_l ( )1 2 1aA a bc I aA−
= + + −  JQ®°#°.

7. ãH÷Ok ‹¬g°H›~¡}ì�#° =¶ãuHê „¬̂ Îœu…Õ ªQk�OKÇO_l.

)a 2 3 4x y+ = )b 7x y+ = )c 3 4 5x y+ =

2 5x y− = 3 7 11x y− = 2 6 0x y− + =

)d 2 3 6 0x y− + =

6 8 0x y+ − =

ªQ �̂Î#: )a
2 3 4

1 2 5

x

y

     
=     

−     

2 3 4
, ;

1 2 5

x
A X B

y

     
= = =     

−     
1AX B X A B−

= ⇒ =

1 2 3 2 31 1

1 2 1 24 3 7
A− − − − −   

= =   
− −− − −   

1 2 3 4 8 15 231 1 1

1 2 5 4 10 67 7 7
X A B− − − − − −       

= = = =       
− − +− − −       

23

23 66
,

6 7 7

7

x
X x y

y

 
   −

⇒ = = ⇒ = =  
−  
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=¶ãuH›� q…Õ=¶�° J#°=~¡ë<Œ�°

)b 7x y+ =

3 7 11x y− =

1 1 7
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. 1

5 10 3
det. 34

3 6 5

Adj A
A

A

1

34

1 3413 8 1 13 12 9
1 3 1 17

5 10 3 5 15 27
34 2 34 34

3 6 5 3 9 45
9 51

34

A B−

 
  

+ +      
      = − = − + =      
   − − − −       −   

  

1

1 1 3
1. ,

2 2 2

3

2

x y z

 
 
 

− = = = = =
 
 −
 
 

)b

4

2 3 0

2

x y z

x y z

x y z

− + =

+ − =

+ + =

1 1 1 4

2 1 3 0

1 1 1 2

x

y

z

−     
     

− =     
          

1 1 1 4

2 1 3 ; ; 0

1 1 1 2

x

A X y B

z

−     
     

= − = =     
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=¶ãuH›� q…Õ=¶�° J#°=~¡ë<Œ�°

1AX B X A B−
= ⇒ =

A ä›½ ‹¬‚¬ìQ®°}ì=†Ç°= =¶ãuH› 

4 5 1

2 0 2

2 5 3

− 
 

= − 
  

 
 

∴ = − 
  

4 2 2

. 5 0 5

1 2 3

Adj A

( ) ( ) ( ) ( )1 4 1 5 1 1 4 5 1 10A = + − − + = + + =

1

4 2 2
. 1

5 0 5
10

1 2 3

Adj A
A

A

−

 
 

∴ = = − 
 − 

1

20

104 2 2 4 16 0 4
1 1 10

5 0 5 0 20 0 10
10 10 10

1 2 3 2 4 0 6
10

10

A B−

 
 

+ +       
−       = − = − + + =       

     − + +       
 
  

2

1 2, 1, 1

1

x

X y x y z

z

   
   

= = − ⇒ = = − =   
      

8.
2 3 10 4 6 5 8 9 20

4, 1, 3
x y z x y z x y z

+ + = − + = + − = #° =¶ãuHê q…Õ=° „¬̂ Îœu…Õ ªQk�OKÇO_l.

ªQ �̂Î#:

1

2 3 10 4
1

4 6 5 1

8 9 20 3
1

x

y

z

 
 

    
    

− =    
    −   

 
  

1AX B X A B−
= ⇒ =
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=¶ãuH›� q…Õ=¶�° J#°=~¡ë<Œ�°

A ä›½ ‹¬‚¬ìQ®°}ì=†Ç°= =¶ãuH› 

75 120 84

150 120 6

75 30 24

 
 

= − 
 − 

75 150 75

. 120 120 30

84 6 24

Adj A

 
 

= − 
 − 

( ) ( ) ( )= = − − − − + +det. 2 120 45 3 80 40 10 36 48A A

( ) ( ) ( )2 75 3 120 10 84 150 360 840= − − + = + +

1350A =

1

75 150 75
. 1

120 120 30
1350

84 6 24

Adj A
A

A

−

 
 

∴ = = − 
 − 

1

75 150 75 4
1

120 120 30 1
1350

84 6 24 3

A B−

   
   

= −   
   −   

300 150 225 675
1 1

480 120 90 450
1350 1350

336 6 72 270

+ +   
   ⇒ − + =   
   + −   

675 11

1350 2

450 1 1

1350 3

270 1 1

1350 5

x

y

z

    
    
    
    ⇒ = =     
    
    
        

1 1
2

2
x

x
∴ = ⇒ = , 

1 1
3

3
y

y
= ⇒ = ,

1 1
5

5
z

z
= ⇒ =

9. ãH÷Ok ‹¬g°H›~¡} =¼=‹¬Öä›½ J‰×́ #¼ ªQ �̂Î# H›#°HËøO_l.
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=¶ãuH›� q…Õ=¶�° J#°=~¡ë<Œ�°

3 2 7 0

4 3 2 0

5 9 23 0

x y z

x y z

x y z

+ + =

− − =

+ + =

ªQ �̂Î# :

3 2 7 0

4 3 2 0

5 9 23 0

x

y

z

     
     

− − =     
          

1AX B X A B−
= ⇒ =

( ) ( ) ( )3 69 18 2 92 10 7 36 15A = − + − + + +

( ) ( ) ( )3 51 2 102 7 51 153 204 357 0= − − + = − − + =

3 2 7

4 3 2

5 9 23

A A

 
 

= − − ⇒ 
  

ä›½ ‹¬‚¬ìQ®°}ì=†Ç°=° =¶ãuH› 

51 102 51

17 79 17

13 34 17

− − 
 

= − 
 − 

51 17 17

. 102 79 34

51 17 17

Adj A

− 
 

∴ = − 
 − − 

( )

51 17 17 0

. 102 79 34 0 0

51 17 17 0

Adj A B

−   
   

∴ = − =   
   − −   

0A =∵ =°i†Çò . 0Adj A =  Hê=ô# J#O Ç̀ ªQ �̂Î#�° =ôO\ì~ò.

"³ò Î̂\÷ ï~O_È° ‹¬g°H›~¡}ì�#°

3 2 7x y z+ = − ..(1)

4 3 2x y z− = ..(2)

1 3 2 2× + × -- + = −

− =

= −

9 6 21

8 6 4

17 17

x y z

x y z

x z

x z∴ = −

3 2 7x y z+ = −
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=¶ãuH›� q…Õ=¶�° J#°=~¡ë<Œ�°

( )3 2 7z y z− + = −

3 2 7z y z− + = −

2 4y z= − 2y z= = −

∴ = − = − =; 2 ,x z y z z K ( K  U Í̂x ‹¬OY¼) =‹¬°ëOk.

Hê=ô# , 2 ,x K y K z K= − = − = ªQ �̂Î#�° JQ®°#°.

10. ãH÷Ok ‹¬=°„¦¬¶ Ç̀ ‹¬g°H›~¡}ì�#° ªQk�OKÇO_l.

+ − =

− + =

+ − =

0

2 0

3 6 5 0

x y z

x y z

x y z

1 1 1 0

1 2 1 0

3 6 5 0

x

y

z

−     
     

− =     
     −     

AX B=

( ) ( ) ( )1 10 6 1 5 3 1 6 6 4 8 12A = − − − − − + = + −

0A =

0A∴ = , ( ). 0Adj A B =  Hê=ô# J#O Ç̀ ªQ �̂Î#�°O\ì~ò.

"³ò Î̂\÷ ï~O_È° ‹¬g°H›~¡}ì�#° f‹¬°ä›½O>è

2

3 2

x y z

x y z

y z

+ =

− = −

− + +

=

⇒ =
2

3
y z

x y z+ =

2

3
x z z+ =

2

3 3

z
x z z= = − =

2
,

3 3

z
x y z∴ = = =KÇ°ó#° =°i†Çò z K=  J#°Hùx#

2
,

3 3

K
x y K= = =°i†Çò. z K= ªQ �̂Î#�Q®°#°.
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ö~v †Ç° J ‹¬g°H›~¡}ì� °, J #°=~¡ë<Œ � °

ï~O_È° … è̂ ¥ =ü_ È° KÇ�~Œ‰ ×Ã�`Ë ä ›�_ �# ö~v†Ç° , = ~¡¾ ‹¬g °H›~¡} ì�# ° Q®°iOz ~òO Ç̀ä›½ = òO Í̂ K Çkq= ô<Œß~¡°.
JO Í̀ QêH› ̂ ³á#Ok# rq Ç̀=ò…Õ Z Î̂°~¡†Í°¼ ‹¬=°‹¬¼�#° ö~v†Ç°, =~¡¾‹¬g°H›~¡} „¬̂ Îœ̀ Ç°�#°„¬†³¶yOz Z…ì ªCkDOKÇ=KËó
ä ›�_ È ̀ ³�° ‹¬°H ù x = ô <Œß ~¡° .

H êx H ù xß  ‹¬O Î̂~ŒÄ I�… Õ ~òzó #  ‹¬= ° # ¼# °  ‹¬g ° H ›~¡}  ~¡¶„¬O… Õ ã "Œ† Ç° _ ÈO ªC D̂Î¼O H ê Î̂° .  L^¥‚¬ì~¡} ä ›½ ,
J‰ ÕH ± J<Í = ¼H ÷ë Ì „xR ˆ×¤ # °  H ù # _ ¨ xH ÷ ~¡¶. 30 f‹¬° H ù x | * ì~¡° ä ›½  "³̂ ì¤_ È# ° ä ›½ O^¥O.  X H › Ì „xR … ˜ ̂ DÎ~¡ ~¡¶. 2.60
J~ò Í̀ J Ç̀# °  x Ì „xR ˆ×¤ # °  H ù # _ ¨ xH ÷ ~¡¶. 2.60 ×  x Y~¡° ó Ì „_ È̀ Œ_ È° .  H êx D "³ò Ç̀ëO ~¡¶. 30 ä ›½  ‹¬= ¶# = ò
H ê Î̂° .  Z O Î̂° H ›# Qê WK Çó @  x ‹¬‚¬ì[ ‹¬OY¼.  H ê= ô #

2.60 x  < 30 . .. (i)
= ° ~ù H › L^¥‚¬ì~¡} x „¬ije^¥íO.  X H › = ¼H ÷ë ̀ Ç#  = Î̂í # ° # ß  ~¡¶. 50, 000`Ë  ä ›½ só �° ,  >è| ° ˆ×Ã¤  H ù <Œ�# ° ä ›½ <Œß _ È° .
ä ›½ só  D̂Î~¡ X H ›ø \÷H ÷ ~¡¶. 450 = ° i† Çò >è| ° … ˜ D̂Î~¡ X H ›ø \÷H ÷ ~¡¶. 550.  J Ç̀# °  x ä ›½ só �# ° ,  y >è| ° ˆ×¤ # °  H ù O>è,
J„¬ô _ È°  "³ò Ç̀ëO D̂Î~¡ ~¡¶. (450 x +  550 y) J= ô Ç̀° Ok.

D ‹¬O Î̂~¡Ä IO… Õ nxx
450 x + 550 y < 50, 000 … è̂ ¥
9x + 11y < 1000     ...(ii)

Qê ã "Œ† Ç° Q®�O.
ã „¬= K Ç# O (i) … Õ < J<Í J‹¬= ¶# = ° <Í Q®° ~¡° ë,  (ii) … Õ 9x + 11y < 1000 … èH › 9x + 11y < 100 J<Í ï~O_ È°

ã „¬= K Ç<Œ�° <Œß ~ò.  WO Î̂° … Õ "³ò Î̂\÷k ‹¬g ° H ›~¡} = ò H ê Î̂° .  ~ò… ìO\÷ ã „¬= K Ç<Œ�# °  J‹¬g ° H ›~¡} ì�O\ì~¡° .
D ‡ C~”¡= ò… Õ,  = ° # = ò ö~v† Ç°  J‹¬g ° H ›~¡} ì�°  =° i† Çò J‚¬ð~¡,  "Œ¼‡ C~¡ = ° i† Çò ~¡"Œ} ì ‹¬= ° ‹¬¼�ä ›½

‹¬O| OkDOz#  ‹¬= ° ‹¬¼�# °  ö~Mì zã Ç̀ (Graphical ) „¬̂ Îœu… Õ ªCkDOK Ç_ ¨ xß  Q®° iOz K Çió ^¥íO.

�HÆê¼�°
D ‡ C~”Œ¼O‰ ×= ò K Çkq #  Ç̀~¡° "Œ Ç̀ g ° ~¡°

� ö~v† Ç°  ‹¬g ° H ›~¡} ì�° ,  ö~v† Ç°  J‹¬g ° H ›~¡} ì� = ° D̂Î¼ = ¼` Œ¼‹¬= ò
� ö~v† Ç°  ‹¬g ° H ›~¡}  ªC D̂Î#  ̀ Ç�O… Õ = ô O@ ° O Î̂x K ³„¬æ_ ÈO
� ï~O_ È°  K Ç�~Œ‰ ×Ã�`Ë  ä ›�_ �#  ö~v† Ç°  J‹¬g ° H ›~¡} ìxß  ö~Mìzã Ç̀O (graph) ̂ ¥Þ~Œ K Ç¶„¬ô @ # °
� J‹¬g ° H ›~¡} ªC D̂Î# # °  Ç̀y#  q D̂ÎOQê w Ç̀�°  wz#  ã „¬̂ Í‰ ×= ò`Ë  K Ç¶„¬ô @
� ï~O_ È°  K Ç�~Œ‰ ×Ã�`Ë  ä ›�_ �#  ï~O_ È°  … è̂ ¥ = ü_ È°  J‹¬g ° H ›~¡} ì�# °  ã Qê„¦²H ›… ˜ „¬̂ Îœu… Õ ªCkDOK Ç° @ # °
� = ü�¼ ã „¬"Í° † Ç¶�° ,  x~¡Ä O D̂¥�° ,  PK Ç~¡} ©† Ç°  ã „¬̂ Í‰×= ò,  L Ç̀ø $+¬“̀ Ç�# °  Q®° iOz
� P‚¬ð~¡,  "Œ¼‡ C~¡,  ~¡"Œ} ì ‹¬= ° ‹¬¼�# °  ‹¬¶ã fH ›iOK Ç° @# °
� Ì „á ‹¬= ° ‹¬¼�# °  ã Qê„¦²H ›… ˜ „¬̂ Îíu… Õ ªCkDOK Ç° @  Q®° iOz  ³̀�° ‹¬° ä ›½ O\ì~¡° .

6

ö~v†Ç° J‹¬g°H›~¡}ì�°, J#°=~¡ë<Œ�°
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I. Ju‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (1 =¶~¡°ø)

ï~O_ È°  J‹¬g ° H ›~¡} ì� ª� �̂Î# �# °  kÞ„¬i= ¶} Ç̀�O`Ë  ã Q ê„¬ô � ^¥Þ~Œ Q ®° iëOK ÇO_ /.

1. 2 8x y+ ≥

ª� �̂Î# : Wzó #   J‹¬g ° H ›~¡} = ò 2 8x y+ ≥ . "³ò Î̂@
Wzó# J‹¬g°H›~¡}ìxH÷ ‹¬O|OkDOz# ‹¬g°H›~¡}=ò
2 8x y+ = # °  f ‹ ¬ ° H ù x ,  ã H ÷ O k  „ ¬ \ ÷ “ H ›

‹¬‚¬ð† Ç° = ò`Ë  ã Qê„¦¬ô # °  w^¥œO.

: 1 2 3 4x

: 6 4 2 0y

= ü�a O Î̂° = ô  (0, 0) AB ö~YÌ „á … è̂ Î°  H ê= ô #  P

a O Î̂° = ô # °  f‹¬° ä ›½ O^¥O. J# Qê (0, 0)# °  2 8x y+ ≥ … Õ ã „¬uöH Æ„²À ‹ë ( )2 0 0 8+ ≥

0 0 8⇒ + ≥

0 8⇒ ≥  H ê Î̂° . H ê| \÷“ H ê= �‹²#  J~¡Ö̀ Ç�= ò I  w Ç̀�`Ë  K Ç¶„¬| _ �#  ã „¬̂ Í‰ ×= ò J= ô Ç̀° Ok.

2. 2 0x y− ≤

ª� �̂Î# : Wzó #  J ‹¬g ° H ›~¡} = ò 2 0x y− ≤ .

"³ò Î̂@ Wzó# J‹¬g°H›~¡}ìxH÷ ‹¬O|OkDOz# ‹¬g°H›~¡}=ò 2 0x y− = #° f‹¬°Hùx ãH÷Ok „¬\÷“H› ‹¬‚¬ð†Ç°=ò`Ë
ã Qê„¦¬ô # °  w^¥œO.

: 0 2 4 6x

: 0 1 2 3y
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ö~v †Ç° J ‹¬g°H›~¡}ì� °, J #°=~¡ë<Œ � °

= ü�a O Î̂° = ô  (0, 0) AB ö~YÌ „á L# ß k. J# Qê (0, 0) 2 0x y− ≤ J‹¬g ° H ›~¡} ìxß  ̀ Ç$„²ë„¬~¡° K Ç° # ° . H ê= ô #
H ê= �‹²#  J~¡Ö Ç̀�= ò I , II  w Ç̀�`Ë  K Ç¶„¬| _ �#  ã „¬̂ Í‰ ×= ò LO@ ° Ok.

3. 3 6 0x + ≥

ª� �̂Î# : Wzó #  ‹¬g ° H›~¡}= ò 3 6 0x + ≥

3 6x⇒ ≥ −

6

3
x

−
⇒ ≥ 2x⇒ ≥ −

J# Qê xq �° =  Ð 2ä ›½  ‹¬= ¶# = ò … è̂ ¥ Ð 2 H ›O>è Z ä ›½ ø =  Jx ³̀�° ‹¬° ëOk. H ê= ô #  2x ≥ − # °  D ã H ÷Ok
q D̂ÎOQê ã Qê„¦¬ô # °  w^¥œO.

2x ≥ −  J‹¬g ° H ›~¡} = ò 2, 2x x= − > − �# °  ‹¬¶z‹¬° ëOk. H ê= ô #  Ì „á#  wz#  ã Qê„¦¬ô ,  A Q®° O_ ¨  ‡ é† Í°
‹¬~¡̂ ×ö~Y`Ë  ‡ C@ ° ,  ‹¬~¡̂ ×ö~Yä ›½  ä ›½ _ �"³á„¬ô #  wz#  ƒì}= ò Q®° ~¡° ë w Ç̀�`Ë  w† Ç° _ È= ò [iyOk.

4. 8 2 2y− ≥

ª� �̂Î# : Wzó #  J‹¬g ° H ›~¡}= ò 8 2 2y− ≥

2 2 8y⇒ − ≥ −

2 6y⇒ − ≥ −

3 3y y⇒ − ≥ − ⇒ ≤

J# Qê yq �° =  3ä ›½  ‹¬= ¶# = ò … è̂ ¥ 3 H ›O>è ̀ Çä ›½ ø=  Jx ̀ ³�° ‹¬° ëO k. H ê= ô #  3y ≤ # °  D ã H ÷Ok q D̂ÎOQê
ã Qê„¦¬ô # °  w^¥œO.
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3y ≤ J‹¬g °H ›~¡} =ò 3, 3y y= < �# ° ‹¬¶zOK Ç°#° . Hê=ô#  Ì „á# wz# ãQê„¦¬ô,  A Q®°O_¨ ‡é†Í° ‹¬~¡̂ ×ö~Y`Ë
‡ C@ ° ,  ‹¬~¡̂ ×ö~Yä ›½  ã H ÷Ok ƒDìQê#  wz#  ƒì} = ò Q®°~¡° ë w Ç̀�`Ë  w† Ç° _ ÈO [iyOk.

5. ≥ −3 6 2y x

ª� �̂Î# : Wzó #  J‹¬g ° H ›~¡} = ò ≥ −3 6 2y x 2 3 6x y⇒ + ≥

"³ò Î̂@ Wzó #  J‹¬g° H ›~¡} =ò# ä›½  ‹¬O|OkDOz#  ‹¬g°H ›~¡} = ò 2 3 6x y+ = # ° f‹¬° Hù x, ‹¬g ° H›~¡} = ò# °
Ç̀$„²ë„¬iK Í ,x y q �° = �# °  H ›# ° Qù # = … ÿ# ° .

0x =  f‹¬° H ù # Qê ( )2 0 3 6y+ =

⇒ =3 6y

2y⇒ =

1x =  f‹¬° H ù # Qê ( )2 1 3 6y+ = 2x =  f‹¬° H ù # Qê ( )2 2 3 6y+ =

3 6 2y = − 4 3 6y+ =

3 4y = 3 2y =

4
1.3

3
y

−

= =
2

0.6
6

y
−

= =

3x =  f‹¬° H ù # Qê ( )2 3 3 6y+ = 6x =  f‹¬° H ù # Qê ( )2 6 3 6y+ =

6 3 6y+ = 12 3 6y+ =

0y⇒ = 3 6y = −

2y = −
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ö~v †Ç° J ‹¬g°H›~¡}ì� °, J #°=~¡ë<Œ � °

Ì „á#  H ›# ° Qù # ß  ,x y q �° = �# °  f‹¬° H ù x ã H ÷Ok q D̂ÎOQê w^¥œO.

= ü�a O Î̂°  (0, 0) AB ö~YÌ „á … è̂ Î°  H ê= ô #  P a O Î̂° = ô # ° f‹¬° ä ›½ O^¥O. J# Qê (0 , 0)# °  2 3 6x y+ ≥ … Õ

ã „¬ u„¬ö H Æ„² À ‹ë ( ) ( )2 0 3 0 6+ ≥

0 0 6 0 6⇒ + ≥ ⇒ ≥

Wk J‹¬OƒD’= O. H ê= ô #  H ê= �‹²#  J~¡Ö̀ Ç�= ò I w Ç̀�`Ë  K Ç¶„¬| _ �#  ã „¬̂ Í‰ ×= ò J= ô Ç̀° Ok.

6. 2 8y x> −

ª� �̂Î# : Wzó #  J‹¬g ° H ›~¡}= ò 2 8y x> −

⇒ − − <2 8 0x y

2 8x y⇒ − <

"³ò Î̂@  Wzó #  J‹¬g ° H ›~¡} = ò# ä ›½  ‹¬O| OkDOz#  ‹¬g ° H ›~¡} = ò 2 8x y− = # °  f‹¬° H ù x,  ‹¬g ° H ›~¡} = ò# °
Ç̀$„²ë„¬iK Í ,x y  q �° = �# °  H ›# ° Qù # = … ÿ# ° .

0x =  f‹¬° H ù # Qê , − =2 8x y

( )2 0 8y− =

0 8 8y y− = ⇒ = −

1x =  f‹¬° H ù # Qê ( )2 1 8y− =

2 8y− =
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8 2y− = −

6 6y y− = ⇒ = −

2x =  f‹¬° H ù # Qê ( )2 2 8y− =

4 8y− =

4 4y y− = ⇒ = −

3x =  f‹¬° H ù # Qê ( )2 3 8 6 8y y− = ⇒ − =

2 2y y⇒ − = + ⇒ = −

4x =  f‹¬° H ù # Qê ( )2 4 8y− =

8 8 0y y⇒ − = ⇒ − =

0y⇒ =

Ì „á#  H ›# ° Qù # ß  ,x y q �° = �# °  „¬\÷“H › ~¡¶„¬= ò… Õ ã "Œ† Ç° Qê,

: 0 1 2 3 4x

: 8 6 4 2 0y − − − −

Ì „á „¬\÷“H ›ä ›½  J# ° Q®° } = òQê ã H ›= ° † ÇòQêà�# °  L„¬†³¶yOz ã H ÷Ok q D̂ÎOQê ã Qê„¦¬ô # °  w^¥œO.
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= ü� a O Î̂°= ô  (0, 0) AB ö~YÌ „á … è̂ Î° H ê=ô #  P aO Î̂°= ô #°  f‹¬° ä›½ O^¥O. J#Qê (0 ,0)# ° 2 8x y− < …Õ

ã „¬ uöH Æ„² À ‹ë ( )2 0 0 8− <

0 0 8 0 8⇒ − < ⇒ <

W k  ‹ ¬ O ƒ D ’ = " Í °  H ê = ô #  H ê = � ‹ ² #  J ~ ¡ Ö ` Ç � = ò  ,I II  w ` Ç � ` Ë  K Ç ¶ „ ¬ | _ � #  ã „ ¬ ^ Í ‰ × = ò  J = ô ` Ç ° O k .
2 8x y− < J‹¬g° H ›~¡}= ò 2 8x y− = ‹¬g °H ›~¡} ìxß ‹¬¶zOK Ç̂ Î° . H ê=ô # 2 8x y− =  Hê=ô #  ‹¬~¡̂ ×ö~Y# °

K Ç° H ›ø �`Ë \÷ w Ç̀Qê K Ç¶„²OK Ç_ È= ò [iyOk. H ê= ô #  Î̂̀ Çë J‹¬g ° H ›~¡} = ò ã Qê„¦¹ w Ç̀�°  w† Ç° | _ �#  J~¡Ö ̀ Ç�O

I … Õ # ° O_ � AB ö~Y# °  ̀ ù �yOK ÇQê U~¡æ _ Í ã „¬̂ Í‰×= ò J= ô Ç̀° Ok.

7. 5y x− < −

ª� �̂Î# : Wzó #  J‹¬g ° H ›~¡}= ò 5y x− < −

5 0x y⇒ + − >

5x y⇒ + >

"³ò Î̂@  Wzó #  J‹¬g ° H ›~¡} = ò# ä ›½  ‹¬O| OkDOz#  ‹¬g ° H ›~¡} = ò 5x y+ = # °  f‹¬° H ù x,  ‹¬g ° H ›~¡} = ò# °
Ç̀$„²ë„¬iK Í ,x y q �° = �# °  H ›# ° Qù # = … ÿ# ° .

8x y+ =

0x = # °  f‹¬° H ù# Qê 0 8 8y y+ = ⇒ =

1x = # °  f‹¬° H ù# Qê 1 8 7y y+ = ⇒ =

2x = # °  f‹¬° H ù# Qê 2 8 6y y+ = ⇒ =

3x = # °  f‹¬° H ù# Qê 3 8 5y y+ = ⇒ =

4x = # °  f‹¬° H ù# Qê + = ⇒ =4 8 4y y

Ì „á#  H ›# ° Qù # ß  ,x y  q �° = �# °  „¬\÷“H › ~¡¶„¬= ò… Õ  ã "Œ† Ç° Qê,

: 0 1 2 3 4 5 6 7 8x

: 8 7 6 5 4 3 2 1 0x

Ì „á „¬\÷“H ›ä ›½  J# ° Q®° } = òQê ã H ›= ° † ÇòQêà�# °  L„¬†³¶yOz D ã H ÷Ok q D̂ÎOQê ã Qê„¦¬ô # °  w^¥œO.
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= ü� a O Î̂° =ô  (0, 0), AB ö~YÌ „á …è̂ Î° H ê= ô # P a O Î̂° =ô # °  f‹¬° ä ›½ O^¥O. J#Qê (0 , 0)# ° 5x y+ >  … Õ
ã „¬uöH Æ„²À ‹ë,  + > ⇒ >0 0 5 0 5 . Wk J‹¬OƒD’= O. H ê=ô #  H ê= �‹²#  J~¡Ö̀ Ç�= ò I  w Ç̀�`Ë  K Ç¶„¬| _ �#
ã „¬ Í̂‰ × = ò J = ô Ç̀ ° Ok.  + > 5x y  J ‹¬g ° H ›~ ¡} = ò  8x y+ = ‹¬ g ° H ›~¡ } ìxß  ‹¬ ¶zO K Ç̂ Î° .  H ê= ô #  Î̂̀ Çë
J‹¬g ° H ›~¡} = ò ã Qê„¦¬ô  w Ç̀�°  w† Ç° | _ �#  J~¡Ö̀ Ç�= ò I … Õ # ° O_ � AB ö~Y# °  ̀ ù �yOK ÇQê U~¡æ _ Í ã „¬̂ Í‰ ×= ò
J=ô Ç̀°Ok.

8. 2 8 4y x≤ −

ª� �̂Î# : Wzó #  J‹¬g ° H ›~¡}= ò 2 8 4y x≤ −

4 2 8x y⇒ + ≤

"³ò Î̂@ Wzó #  J‹¬g° H ›~¡} =ò# ä›½  ‹¬O|OkDOz#  ‹¬g°H ›~¡} = ò 4 2 8x y+ = # ° f‹¬° Hù x, ‹¬g ° H›~¡} = ò# °
Ç̀$„²ë„¬iK Í ,x y q �° = �# °  H ›# ° Qù # = … ÿ# ° . 4 2 8x y+ =

0x =  f‹¬° H ù # Qê ( )4 0 2 8 0 2 8 4y y y+ = ⇒ + = ⇒ =

1x =  f‹¬° H ù # Qê ( )4 1 2 8 4 2 8 2y y y+ = ⇒ + = ⇒ =

2x =  f‹¬° H ù # Qê ( )4 2 2 8 8 2 8 0y y y+ = ⇒ + = ⇒ =

3x =  f‹¬° H ù # Qê ( )4 3 2 8 12 2 8 2y y y+ = ⇒ + = ⇒ = −

4x =  f‹¬° H ù # Qê ( )4 4 2 8 16 2 8 4y y y+ = ⇒ + = ⇒ = −
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Ì „á#  H ›# ° Qù # ß  ,x y  q �° = �# °  „¬\÷“H › ~¡¶„¬= ò… Õ ã "Œ† Ç° Qê,

: 0 1 2 3 4x

: 4 2 0 2 4y − −

Ì „á „¬\÷“H ›ä ›½  J# ° Q®° } OQê ã H ›= ° † ÇòQêà�# °  L„¬† ³¶yOz D ã H ÷Ok q D̂ÎOQê ã Qê„¦¬ô # °  w^¥œO.

=ü� aO Î̂°=ô (0,0) AB ö~YÌ„á … è̂ Î° Hê=ô # P a O Î̂°= ô#° f‹¬°ä›½O^¥O.. J#Qê (0,0)# ° 4 2 8x y+ ≤ …Õ

ã „¬ uöH Æ„² À ‹ë ( ) ( )4 0 2 0 8≤

0 0 8 0 8⇒ + ≤ ⇒ ≤

Wk ‹¬OƒD’= "Í° . H ê= ô #  H ê= �‹²#  J~¡Ö ̀ Ç�= ò I  w Ç̀�`Ë  K Ç¶„¬| _ �#  ã „¬̂ Í‰ ×= ò J= ô Ç̀° Ok. 4 2 8x y+ ≤

J‹¬g ° H ›~¡} = ò + =4 2 8x y  ‹¬g ° H ›~¡} ìxß  ‹¬¶zOKÇ° # ° . H ê= ô #  + =4 2 8x y ‹¬~¡̂ ×ö~Y# °  X öH  w Ç̀Qê
K Ç¶„²OK Ç| _ È= ò [iyOk. H ê= ô #  ̂ Î̀ Çë J‹¬g ° H ›~¡} =ò ã Qê„¦¬ô  w Ç̀�°  w† Ç° | _ �#  J~¡Ö̀ Ç�O , ,I II AB ö~Y# °
H ›�° „¬ô Ç̀¶ U~¡æ _ �#  ã „¬̂ Í‰ ×= ò J= ô Ç̀° Ok.

9. 3 0x ≥

ª� �̂Î# : 3=  ‹¬= ° ‹¬¼ = ¶ki = … è ã „¬† Ç° uß OK Ç° = ò.

10. 4y ≤

ª� �̂Î# : 4=  ‹¬= ° ‹¬¼ = ¶ki = … è ã „¬† Ç° uß OK Ç° = ò.
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II. ‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (2 =¶~¡°ø�°)

1. 2x ≥ − ö~Mì„¬@  „¬̂ Îœu… Õ ª�k�O„¬ô = ò.

ª� �̂Î# : 3=  ‹¬= ° ‹¬¼ = ¶ki = … è ã „¬† Ç° uß OK Ç° = ò.

2. 2y ≤

ª� �̂Î# : 4=  ‹¬= ° ‹¬¼ = ¶ki = … è ã „¬† Ç° uß OK Ç° = ò.

3. 3x <

ª� �̂Î# : 3=  ‹¬= ° ‹¬¼ = ¶ki = … è ã „¬† Ç° uß OK Ç° = ò.

4. 3y ≥ −

ª� �̂Î# : 4=  ‹¬= ° ‹¬¼ = ¶ki = … è ã „¬† Ç° uß OK Ç° = ò.

5. 5 3 4y− ≥ −

ª� �̂Î# : 4=  ‹¬= ° ‹¬¼ = ¶ki = … è ã „¬† Ç° uß OK Ç° = ò.

6. 2 5 3x − ≤

ª� �̂Î# : 3=  ‹¬= ° ‹¬¼ = ¶ki = … è ã „¬† Ç° uß OK Ç° = ò.

7. 3 2 12x y− ≤

ª� �̂Î# : 8=  ‹¬= ° ‹¬¼ = ¶ki = … è ã „¬† Ç° uß OK Ç° = ò.

8. 1
3 5

x y
+ ≥

ª� �̂Î# : 5 3
1 1

3 5 15

x y x y+
+ ≥ ⇒ ≥

5 3 15x y⇒ + ≥

7=  ‹¬= ° ‹¬¼ = … è ã „¬† Ç° uß OK Ç° = ò.

9. 2 3 0x y− ≥

ª� �̂Î# :  7=  ‹¬= ° ‹¬¼ = ¶ki = … è ã „¬† Ç° uß OK Ç° = ò.

10. 2 0x y+ ≤

ª� �̂Î# : 2=  ‹¬= ° ‹¬¼ = ¶ki = … è ã „¬† Ç° uß OK Ç° = ò.



142 Q®}÷̀ ÇO ‹¬“_™ "³°\©i†Ç°…̃

ö~v †Ç° J ‹¬g°H›~¡}ì� °, J #°=~¡ë<Œ � °

III. n~¡É‹¬=¶ �̂¥# ã„¬‰×ß�°  ( 5 =¶~¡°ø�°)

ã H ÷Ok kÞK Ç�~Œt J‹¬g ° H ›~¡}  = ¼= ‹¬Ö�# °  ã Q ê„¦²H ›… ˜ „¬̂ Îœu… Õ ª�k�O„¬ô = ò.

1. 3, 1x y≥ ≥

ª� �̂Î# : Wzó #  J‹¬g ° H ›~¡} = ò�°  3, 1x y≥ ≥ �° .

3x ≥  J# Qê x  q �° =  3 … è̂ ¥ x  q �° =  3H ›O>è Z ä ›½ ø = Qê LO_ È° # ° . 1y ≥ J# Qê yq �° =  1 … è̂ ¥ y
q �°  1 H ›O>è Z ä ›½ ø = Qê LO_ È° # ° .

"³ò Î̂@ 3x ≥ # ° ̀ Ç$„²ë„¬iK Í xq �° = �°  3, 4,5....�# ° L„¬† ³¶yOz ã Qê„¦¬ô # ° w^¥œO. J Í̂q D̂ÎOQê 1y ≥ #°
Ç̀$„²ë „¬iK Í yq �° = �°  1, 2, 3, 4....�# °  L„¬† ³¶yOz ã Qê„¦¬ô # °  w^¥œO.

Ì„á# ãQê„¦¬ô…Õ KÇ¶„²# q D̂ÎOQê x�°=ô,  J_È°Û w Ç̀�`Ë H›e„² KÇ¶„¬|_�#  ã„¬̂ Í‰×=ò Wzó # ö~v†Ç° J‹¬g° H›~¡}=ò�
ªC D̂Î# # °  ‹¬¶z‹¬° ëOk.

2. 2 , 2y x y≥ ≤

ª� �̂Î# : Wzó #  ‹¬g ° H›~¡}= ò 2 , 2y x y≥ ≤

2 0, 2x y y⇒ − ≤ ⇒ ≤

"³ò Î̂@ 2 0x y− ≤ J‹¬g°H›~¡}=ò#ä›½ ‹¬O|OkDOz# ‹¬g°H›~¡}=ò 2 0x y− = #° f‹¬°Hùx, ‹¬g°H›~¡}=ò#°
Ç̀$„²ë„¬iK Í ,x y q �° = �# °  H ›# ° Qù # = �† Çò# ° . 2 0x y− = .

0x = # °  f‹¬° H ù# Qê ( )2 0 0y− =
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0 0 0y y⇒ − = ⇒ =

1x = # °  f‹¬° H ù# Qê ( )2 1 0y− =

2 0 4y y− = ⇒ =

2x = # °  f‹¬° H ù# Qê ( )2 2 0y− = 4y⇒ =

3x = # °  f‹¬° H ù# Qê ( )2 3 0 6y y− = ⇒ =

Ì „á#  H ›# ° Qù # ß  ,x y  q �° = �# °  „¬\÷“H › ~¡¶„¬= ò… Õ ã "Œ† Ç° Qê,

: 0 1 2 3x

: 0 2 4 6y

Ì „á „¬\÷“H ›ä›½  J# ° Q®° } OQê ã H›= ° † ÇòQêà�# °  L„¬† ³¶yOz ã H ÷Okq D̂ÎOQê ã Qê„¦¬ô # °  w^¥œO. J Í̂ q D̂ÎOQê 2y ≤

J‹¬g ° H ›~¡} = ò# °  Ç̀$„²ë„¬iK Í yq �° = �°  2, 1, 0, Ð 1.......�# °  L„¬† ³¶yOz ä ›�_ ¨  ã Qê„¦¬ô # °  w^¥œO.

2 0x y− =  ‹¬~¡̂ ×ö~Yä ›½  Z _ È= °  "³á„¬ô #  L# ß  ã „¬̂ Í‰ ×= ò J‹¬g° H ›~¡} = ò 2 0x y− ≤ # °  ‹¬¶z‹¬° ëOk. 2y =

‹¬~¡̂ ×ö~Yä ›½  ã H ÷O Î̂# ° # ß  ã „¬̂ Í‰ §xß  J‹¬g ° H ›~¡} = ò 2y ≤ # °  ‹¬¶z‹¬° ëOk.

Ì „á#  KÇ¶„²#  q D̂ÎOQê x�° = ô ,  J_ È° Û w Ç̀�`Ë  (L= ° à_�) K Ç¶„¬| _ �#  ã „¬̂ Í‰ ×= ò Wzó #  ö~v† Ç°  J‹¬g ° H ›~¡} = ò�
ªC D̂Î# # °  ‹¬¶z‹¬° ëOk.
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3. + − ≥ − + ≤2 3 0, 2 1 0x y x y

ª� �̂Î# : Wzó #  J‹¬g ° H ›~¡} = ò�°  2 3 0, 2 1 0x y x y+ − > − + ≤

"³ò Î̂@ Wzó# J‹¬g° H›~¡} =ò#ä›½ ‹¬OƒOkDOz# ‹¬g°H ›~¡}= ò 2 3 0x y+ − = #° f‹¬°Hùx, ‹¬g° H›~¡}= ò#°
Ç̀$„²ë„¬iK Í ,x y  q �° = �# °  H ›# ° Qù # = … ÿ# ° .

2 3 0x y+ − =

0x = # °  f‹¬° H ù # Qê,  ( )2 0 3 0 3y y+ − = ⇒ =

1x = # °  f‹¬° H ù # Qê,  ( )2 1 3 0 1 0 1y y y+ − = ⇒ − = ⇒ =

2x = # °  f‹¬° H ù # Qê,  ( )2 2 3 0 1 0 1y y y+ − = ⇒ + = ⇒ = −

3x = # °  f‹¬° H ù # Qê,  ( )2 3 3 0 3 0 3y y y+ − = ⇒ + = ⇒ = −

Ì „á#  H ›# ° Qù # ß  ,x y q �° = �# °  „¬\÷“H › ~¡¶„¬= ò… Õ ã "Œ† Ç° Qê,

: 0 1 2 3x

: 3 1 1 3y − −

J Í̂ q D̂ÎOQê,  2 1 0x y− + ≤ J‹¬g° H›~¡}= ò#ä ›½ ‹¬O|OkDOz#  ‹¬g°H ›~¡}=ò 2 1 0x y− + = #°  f‹¬°Hù x,
‹¬g ° H ›~¡} = ò# °  ̀ Ç$„²ë„¬iK Í ,x y q �° = �# °  H ›# ° Qù # = …ÿ# ° .

2 1 0x y− + =

0x = # °  f‹¬° H ù # Qê,  0 2 1 0 0.5y y− + = ⇒ =

1x = # °  f‹¬° H ù # Qê,  1 2 1 0 1y y− + = ⇒ =

3x = # °  f‹¬° H ù # Qê,  3 2 1 0 2y y− + = ⇒ =

5x = # °  f‹¬° H ù # Qê,  5 2 1 0 3y y− + = ⇒ =

Ì „á#  H ›# ° Qù # ß  ,x y q �° = �# °  „¬\÷“H › ~¡¶„¬= ò… Õ ã "Œ† Ç° Qê

: 0 1 3 5x

: 0.5 1 2 3y

Ì „á#  ã "Œ‹²#  ï~O_ È°  „¬\÷“H ›�… Õx ã H ›= ° † ÇòQêà�# ° „¬†³¶yOz ã Qê„¦¬ô �# °  w^¥œO.
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2 3 0x y+ − =  ‹¬~¡̂ ×ö~Yä ›½  ä ›½ _ �"³á„¬ô #  L# ß  ã „¬̂ Í‰ ×= ò J‹¬g ° H ›~¡} = ò 2 3 0x y+ − ≥ # °  ‹¬¶z‹¬° ëOk.
J Í̂q D̂ÎOQê 2 1 0x y− + =  ‹¬~¡̂ ×ö~Yä ›½  ã H ÷Ok ƒDìQê#  L# ß  ã „¬̂ Í‰ ×= ò J‹¬g ° H ›~¡} = ò 2 1 0x y− + ≤ # °
‹¬¶z‹¬° ëOk.

ã Qê„¦¬ô … Õ Ì „á#  K Ç¶„²#  q D̂ÎOQê x�° = ô ,  J_ È° Û w Ç̀�`Ë  (L= ° à_ È° ) K Ç¶„¬| _ �#  ã „¬̂ Í‰ ×= ò Wzó #  ö~v† Ç°
J‹¬g ° H ›~¡} = ò�°  2 3 0, 2 1 0x y x y+ − ≥ − + ≤ � ªC D̂Î# # °  ‹¬¶z‹¬° ëOk.

4. 3 4 12,4 3 12, 0, 0x y x y x y+ ≤ + ≤ ≥ ≤

ª� �̂Î# : Wzó #  ‹¬g ° H ›~¡} = ò�°  3 4 12,4 3 12, 0, 0x y x y x y+ ≤ + ≤ ≥ ≤ .

"³ò Î̂@ Wzó#  J‹¬g°H ›~¡}=ò 3 4 12x y+ ≤ #ä ›½ ‹¬O|OkDOz#  ‹¬g°H ›~¡}=ò 3 4 12x y+ = #°  f‹¬°Hù x,
‹¬g ° H ›~¡} = ò# °  ̀ Ç$„²ë „¬iK Í ,x y q �° = �# °  H ›# ° Qù # = …ÿ# ° .

3 4 12x y+ =

0x = # °  f‹¬° H ù # Qê,  ( )3 0 4 12 3y y+ = ⇒ =

2x = # °  f‹¬° H ù # Qê,  ( )3 2 4 12 0.66y y+ = ⇒ =

4x = # °  f‹¬° H ù # Qê,  ( )3 4 4 12 0y y+ = ⇒ =

8x = # °  f‹¬° H ù # Qê,  ( )3 8 4 12 3y y+ = ⇒ = −
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Ì „á#  H ›# ° Qù # ß  ,x y q �° = �# °  „¬\÷“H › ~¡¶„¬= ò… Õ ã "Œ† Ç° Qê,

: 0 4 8x

: 3 0 3y −

J Í̂ q D̂ÎOQê 4 3 12x y+ ≤  J‹¬g ° H ›~¡} = ò# ä ›½  ‹¬O| OkDOz#  ‹¬g ° H ›~¡} = ò 4 3 12x y+ = # °  f‹¬° H ù x
‹¬g ° H ›~¡} = ò# °  ̀ Ç$„²ë„¬iK Í ,x y q �° = �# °  H ›# ° Qù # = …ÿ# ° .

4 3 12x y+ =

0x = # °  f‹¬° H ù # Qê,  ( )4 0 3 12 4y y+ = ⇒ =

3x = # °  f‹¬° H ù # Qê,  ( )4 3 3 12 0y y+ = ⇒ =

6x = # °  f‹¬° H ù # Qê,  ( )4 6 3 12 4y y+ = ⇒ = −

Ì „á#  H ›# ° Qù # ß  ,x y q �° = �# °  „¬\÷“H › ~¡¶„¬O… Õ ã "Œ†Ç° Qê,

: 0 3 6x

: 4 0 4y −

W„¬ô æ _ È°  0x ≥ J‹¬g ° H ›~¡} ìxß  „¬ijeÀ ‹ë xq �° =  0 … è̂ ¥ 0 H ›<Œß  Z ä ›½ ø =  LO_ ¨ e. nxx ã Qê„¦¬ô … Õ 0x =

ö~Yä ›½  ä ›½ _ �"³á„¬ô #  ‹¬¶zªCë~¡° . 0y ≤  J‹¬g ° H ›~¡} ìxß  „¬ijeÀ ‹ë yq �° =  0 … è̂ ¥ 0 H ›<Œß  Ç̀ä ›½ ø =  LO_ ¨ e.
nxx ã Qê„¦¬ô … Õ 0y = ö~Yä ›½  ã H ÷Ok ƒDìQê#  ‹¬¶zªCë~¡° .

Ì „á#  À „~ù ø # ß  „¬\÷“H ›�# ° „¬† ³¶yOz Wzó #  Jxß  J‹¬g ° H ›~¡} = ò�# °  ‹¬¶zOK Í ã Qê„¦¬ô # °  w^¥œO.



ö~v †Ç° J ‹¬g°H›~¡}ì� °, J #°=~¡ë<Œ � °

Q®}÷̀ ÇO ‹¬“_™ "³°\©i†Ç°…̃ 147

3 4 12x y+ = ‹¬~¡̂ ×ö~Yä ›½  Z _ È= ° "³á„¬ô #  L# ß  ã „¬̂ Í‰ ×= ò J‹¬g ° H ›~¡} = ò 3 4 12x y+ ≤ # °  ‹¬¶z‹¬° ëOk.
4 3 12x y+ = ‹¬~¡̂ ×ö~Yä ›½  Z _ È= ° "³á„¬ô #  L# ß  ã „¬̂ Í‰ ×= ò J‹¬g ° H ›~¡} = ò 4 3 12x y+ ≤ # °  ‹¬¶z‹¬° ëOk.

0x =  ‹¬~¡̂ ×ö~Yä ›½  ä›½_ �"³á„¬ô#  L# ß ã„¬̂ Í‰ ×= ò J‹¬g° H›~¡}= ò 0x ≥ # ° ‹¬¶z‹¬°ëOk. 0y = ‹¬~¡̂ ×ö~Yä›½ ãH ÷Ok
ƒDìQê#  L# ß  ã „¬̂ Í‰ ×= ò 0y ≤ J<Í J‹¬g ° H ›~¡} ìxß  ‹¬¶z‹¬° ëOk.

ã Qê„¦¬ô … Õ Ì „á#  K Ç¶„²#  q D̂ÎOQê <Œ�° Q®°  ~¡H ê� ƒì} = ò Q®° ~¡° ë w Ç̀�°  H ›e‹² L# ß  ã „¬̂ Í‰ ×= ò ( )I Wzó #
J‹¬g ° H ›~¡} = ò�°  3 4 12,4 3 12, 0, 0x y x y x y+ ≤ + ≤ ≥ ≤ ªC D̂Î# # °  ‹¬¶z‹¬° ëOk.

5. + ≥ + ≤ − + > − ≤ > ≥2 3 3,  3 4 18,  7 4 14 0,  6 3, 0,  0x y x y x y x y x y

ª� �̂Î# : Wzó #  J‹¬g ° H ›~¡} = ò�°  + ≥ + ≤ − + > − ≤ > ≥2 3 3,3 4 18,7 4 14 0, 6 3, 0, 0x y x y x y x y x y

"³ò Î̂@  Wzó #  J‹¬g ° H ›~¡} = ò + ≥2 3 3x y # ä ›½  ‹¬O| OkDOz#  ‹¬g ° H ›~¡} = ò 2 3 3x y+ = # °  f‹¬° H ù x
‹¬g ° H ›~¡} = ò# °  ̀ Ç$„²ë„¬iK Í ,x y q �° = �# °  H ›# ° Qù # = …ÿ# ° .

2 3 3x y+ =

0x = # °  f‹¬° H ù # Qê,  ( )2 0 3 3 1y y+ = ⇒ =

3x = # °  f‹¬° H ù # Qê,  ( )2 3 3 3 1y y+ = ⇒ = −

6x = # °  f‹¬° H ù # Qê,  ( )2 6 3 3 3y y+ = ⇒ = −

Ì „á#  H ›# ° Qù # ß  ,x y q �° = �# °  „¬\÷“H › ~¡¶„¬O… Õ ã "Œ†Ç° Qê,

: 0 3 6x

: 1 1 3y − −

W„¬ô æ _ È° ,  3 4 18x y+ ≤ # ä ›½  ‹¬O| OkDOz#  ‹¬g ° H ›~¡} = ò 3 4 18x y+ = # °  Ç̀$„²ë„¬iK Í ,x y q �° = �# °
H›#°Qù#= …ÿ# °.

3 4 18x y+ =

2x = # °  f‹¬° H ù # Qê,  ( )3 2 4 18 3y y+ = ⇒ =

2x = − # °  f‹¬° H ù # Qê,  ( )3 2 4 18 6y y− + = ⇒ =

Ì „á#  H ›# ° Qù # ß  ,x y  q �° = �# °  „¬\÷“H › ~¡¶„¬O… Õ ã "Œ† Ç° Qê,



148 Q®}÷̀ ÇO ‹¬“_™ "³°\©i†Ç°…̃

ö~v †Ç° J ‹¬g°H›~¡}ì� °, J #°=~¡ë<Œ � °

: 2 2x −

: 3 6y

W„¬ô æ_ È°  7 4 14 0x − + > #ä ›½  ‹¬O| OkDOz#  ‹¬g° H›~¡} =ò 7 4 14 0x − + = #°  ̀ Ç$„²ë„¬iKÍ ,x y q�°=�#°
H›#°Qù#= …ÿ# °.

− + =7 4 14 0x y

2x = # °  f‹¬° H ù # Qê,  ( )7 2 4 14 0 7y y− + = ⇒ =

2x = − # °  f‹¬° H ù # Qê,  ( )7 2 4 14 0 0y y− − + = ⇒ =

Ì „á#  H ›# ° Qù # ß  ,x y  q �° = �# °  „¬\÷“H › ~¡¶„¬O… Õ ã "Œ† Ç° Qê

: 2 2x −

: 7 0y

W „ ¬ ô æ _ È °  6 3x y− ≤ # ä › ½  ‹ ¬ O | O k D O z #  ‹ ¬ g ° H › ~ ¡ } = ò  6 3x y− = # °  ` Ç $ „ ² ë „ ¬ i K Í  ,x y q � ° = � # °
H›#°Qù#= …ÿ# °.

6 3x y− =

3x = # °  f‹¬° H ù # Qê,  3 6 3 0y y− = ⇒ =

3x = − # °  f‹¬° H ù # Qê,  3 6 3 1y y− − = ⇒ = −

Ì „á#  H ›# ° Qù # ß  ,x y q �° = �# °  „¬\÷“H › ~¡¶„¬= ò… Õ ã "Œ† Ç° Qê,

: 3 3x −

: 0 1y −

W„¬ô æ _ È°  0x > J‹¬g ° H ›~¡} ìxß  „¬ijeÀ ‹ë xq �° =  0 H ›<Œß  Z ä ›½ ø =  Jx ³̀�° ‹¬° ëOk. nxx ã Qê„¦¬ô … Õ 0x =

ö~Y ̀ Ç„¬æ ,  0x = ö~Y ̀ Ç„¬æ ,  0x = ö~Yä ›½ ä ›½ _ � "³á„¬ô #  ‹¬¶zªCë~¡° . 0y ≥ J ‹¬g °H ›~¡} ìxß  „¬ijeÀ ‹ë yq �° =
0 … è̂ ¥ 0 H ›<Œß  Z ä ›½ ø =  LO_ ¨ e. nxx ã Qê„¦¬ô … è 0y = ö~Yä ›½  Ì „á ƒDìQê#  ‹¬¶zªCë~¡° .

Ì „á#  À „~ù ø # ß  „¬\÷“H ›�# °  L„¬† ³¶yOz Wzó #  Jxß  J‹¬g ° H ›~¡} = ò�# °  ‹¬¶zOK Í ã Qê„¦¬ô # °  w^¥œO.
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2 3 3x y+ = ‹¬~¡̂ ×ö~Yä›½ ä›½_�"³á„¬ô# L#ß ã„¬̂ Í‰×=ò J‹¬g°H›~¡}=ò 2 3 3x y+ ≥ #° ‹¬¶z‹¬°ëOk. + =3 4 18x y

‹¬~¡̂ ×ö~Yä›½ Z_È=°"³á„¬ô# L#ß ã„¬̂ Í‰×=ò J‹¬g°H›~¡}=ò 3 4 18x y+ ≤ #° ‹¬¶z‹¬°ëOk. 7 4 14 0x y− + = ‹¬~¡̂ ×
ö~Yä ›½  ä›½_ �"³á„¬ô # L#ß  ã „¬̂ Í‰ ×= ò J‹¬g° H›~¡} =ò 7 4 14 0x y− + > #°  ‹¬¶z‹¬° ëOk. 6 3x y− = ‹¬~¡̂ ×ö~Yä ›½
Ì „á ƒDìQê#  L# ß  ã „¬̂ Í‰ ×= ò 6 3x y− ≤ J‹¬g ° H ›~¡} ìxß  ‹¬¶z‹¬° ëOk. 0x = ö~Y Ç̀„¬æ  0x =  ö~Yä ›½  ä ›½ _ �
ƒ D ì Q ê #  0x >  J ‹ ¬ g ° H › ~ ¡ } ì x ß  ‹ ¬ ¶ z O K Í  ã „ ¬ ^ Í ‰ × = ò O k .  0y = ö ~ Y ä › ½  Ì „ á ƒ D ì Q ê #  L # ß  ã „ ¬ ^ Í ‰ × = ò

0y ≥ J‹¬g ° H ›~¡} ìxß  ‹¬¶z‹¬° ëOk.

ã Qê„¦¬ô … Õ Ì „á#  K Ç¶„²#  q D̂ÎOQê P~¡°  ~¡H ê� ƒì} =ò Q®° ~ ¡° ë w Ç̀�°  H ›e‹² L# ß  ã „¬̂ Í‰ ×= ò ( )I Wzó #  J

‹¬g ° H ›~¡ } = ò�°  2 3 3,3 4 18,7 4 14 0, 6 3, 0, 0x y x y x y x y x y+ ≥ + ≤ − + > − ≤ > ≥ � ªC^ DÎ# # °
‹¬¶z‹¬° ëOk.

6. 3 10; 2 3; 2 2; 0, 0x y x y x y x y+ ≥ + ≤ − ≤ ≥ ≥

ª� �̂Î# : Wzó #  J‹¬g ° H ›~¡} = ò�°  3 10; 2 3; 2 2; 0, 0x y x y x y x y+ ≥ + ≤ − ≤ ≥ ≥

"³ò Î̂@ Wzó# J‹¬g°H ›~¡}= ò 3 10x y+ ≥ #ä›½ ‹¬O|OkDOz# ‹¬g°H›~¡}= ò 3 10x y+ =  ‹¬g °H›~¡} =ò#°
Ç̀$„²ë„¬iK Í ,x y q �° = �# °  H ›# ° Qù # = … ÿ# ° .
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3 10x y+ =

1x = # °  f‹¬° H ù # Qê,  1 3 10 3y y+ = ⇒ =

4x = # °  f‹¬° H ù # Qê,  4 3 10 2y y+ = ⇒ =

7x = # °  f‹¬° H ù # Qê,  7 3 10 1y y+ = ⇒ =

Ì „á#  H ›# ° Qù # ß  ,x y q �° = �# °  „¬\÷“H › ~¡¶„¬O… Õ ã "Œ†Ç° Qê,

: 1 4 7x

: 3 2 1y

W„¬ô æ_ È°  2 3x y+ ≤ #ä ›½  ‹¬O| OkDOz#  ‹¬g° H›~¡} =ò 2 3x y+ =  ‹¬g °H›~¡} ìxß ̀ Ç$„²ë„¬iKÍ ,x y q�°=�#°
H›#°Qù#= …ÿ# °.

2 3x y+ =

1x = # °  f‹¬° H ù # Qê,  1 2 3 1y y+ = ⇒ =

3x = # °  f‹¬° H ù # Qê,  3 2 3 0y y+ = ⇒ =

5x = # °  f‹¬° H ù # Qê,  5 2 3 1y y+ = ⇒ = −

Ì „á q �° = �# °  „¬\÷“H › ~¡¶„¬= ò… Õ ã "Œ† Ç° Qê,

: 1 3 5x

: 1 0 1y −

W„¬ô æ _ È°  2 2x y− ≤ # ä›½  ‹¬O| OkDOz#  ‹¬g ° H ›~¡} =ò 2 2x y− = ‹¬g ° H ›~¡} ìxß  ̀ Ç$„²ë„¬iK Í ,x y q �° = �# °
H›#°Qù#= …ÿ# °.

2 2x y− =

2x = # °  f‹¬° H ù # Qê,  2 2 2 0y y− = ⇒ =

4x = # °  f‹¬° H ù # Qê,  4 2 2 1y y− = ⇒ =

6x = # °  f‹¬° H ù # Qê,  6 2 2 2y y− = ⇒ =

Ì „á q �° = �# °  „¬\÷“H › ~¡¶„¬O… Õ ã "Œ† Ç° Qê,

: 2 4 6x

: 0 1 2y
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W„¬ô æ _ È°  0x ≥ ‹¬g ° H ›~¡} ìxß  „¬ijeÀ ‹ë xq �° =  0 … è̂ ¥ 0 H ›<Œß  Z ä ›½ ø =  Jx ³̀�° ‹¬° ëOk. nxx ã Qê„¦¬ô … Õ

0x = ö~Yä ›½  ä ›½ _ �"³á„¬ô #  ‹¬¶zªCë~¡° . 0y ≥ J‹¬g ° H ›~¡} ìxß  „¬ijeÀ ‹ë yq �° =  0 … è̂ ¥ 0 H ›<Œß  Z ä ›½ ø =  Jx
³̀�° ‹¬° ëOk. nxx ã Qê„¦¬ô … Õ 0y = ö~Yä ›½  Ì „á ƒDìQê#  ‹¬¶zªCë~¡° .

Ì „á#  À „~ù ø # ß  „¬\÷“H ›�# ° „¬† ³¶yOz Jxß  J‹¬g ° H ›~¡}= ò�# °  ‹¬¶zOK Í ã Qê„¦¬ô # °  w^¥œO.

3 10x y+ =  ‹ ¬ ~ ¡ ˆ × ö ~ Y ä › ½  Ì „ á  ƒ D ì Q ê #  L # ß  ã „ ¬ ^ Í ‰ × = ò  3 10x y+ ≥  J ‹ ¬ g ° H › ~ ¡ } ì x ß  ‹ ¬ ¶ z ‹ ¬ ° ë O k .
2 3x y+ = ‹ ¬ ~ ¡ ˆ × ö ~ Y ä › ½  ã H ÷ O k  ƒ D ì Q ê #  L # ß  ã „ ¬ ^ Í ‰ × = ò  2 3x y+ ≤ J ‹ ¬ g ° H › ~ ¡ } ì x ß  ‹ ¬ ¶ z ‹ ¬ ° ë O k .
2 2x y− = ‹¬~¡̂ ×ö~Yä ›½  Z _ È= ° "³á„¬ô #  L# ß  ã „¬̂ Í‰ ×= ò 2 2x y− ≤ # °  ‹¬¶z‹¬° ëOk. 0x = ö~Yä ›½  ä ›½ _ �"³á„¬ô #

L # ß  ã „ ¬ ^ Í ‰ × = ò  0x ≥ J ‹ ¬ g ° H › ~ ¡ } ì x ß   ‹ ¬ ¶ z ‹ ¬ ° ë O k .  0y = ö ~ Y ä › ½  Ì „ á  ƒ D ì Q ê #  L # ß  ã „ ¬ ^ Í ‰ × = ò
0y ≥ J‹¬g ° H ›~¡} ìxß  ‹¬¶z‹¬° ëOk.

ã Qê„¦¬ô … Õ Ì „á#  K Ç¶„²#  q D̂ÎOQê S Î̂°  ~¡H ê� ƒì} = ò Q®° ~ ¡° ë w Ç̀�°  H ›e‹² L# ß  ã „¬̂ Í‰ ×= ò J‹¬�°  … è̂ Î° . H ê= ô #
Wzó #  J‹¬g ° H ›~¡} = ò�°  3 10; 2 3; 2 2; 0, 0x y x y x y x y+ ≥ + ≤ − ≤ ≥ ≥ �ä ›½  ªC D̂Î#  … è̂ Î° .

7. 1,2 3 6, 0, 0x y x y x y+ ≥ + ≤ ≥ ≥

ª� �̂Î# : 13=  ‹¬= ° ‹¬¼ = ¶ki = … ÿ ã „¬† Ç° uß OK Ç° = ò.
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8. 9,3 12, 0, 0x y x y x y+ ≥ + ≥ ≥ ≥

ª� �̂Î# : 16=  ‹¬= ° ‹¬¼ = ¶ki = … è ã „¬† Ç° uß OK Ç° = ò.

9. 2 3 6,3 2 6x y x y+ ≤ + ≤

ª� �̂Î# : 14=  ‹¬= ° ‹¬¼ = ¶ki = … è ã „¬† Ç° uß OK Ç° = ò.

10. 6 5 150; 5 80, 15, 0, 0x y x y x x y+ ≤ + ≤ ≤ ≥ ≥

ª� �̂Î# : 14=  ‹¬= ° ‹¬¼ = ¶ki = … è ã „¬† Ç° uß OK Ç° = ò.

11. 3 2 24; 2 16, 10, 0, 0x y x y x y x y+ ≤ + ≤ + ≤ ≥ ≥

ª� �̂Î# : 14=  ‹¬= ° ‹¬¼ = ¶ki = … è ã „¬† Ç° uß OK Ç° = ò.

12. 3;7 6 42; 5, 4, 0, 0x y x y x y x y+ ≥ + ≤ ≤ ≤ ≥ ≥

ª� �̂Î# : 15=  ‹¬= ° ‹¬¼ = ¶ki = … è ã „¬† Ç° uß OK Ç° = ò.

13. 1 3; 1 4x y− ≤ ≤ ≤ ≤

ª� �̂Î# : Wzó# J‹¬g°H›~¡}=ò�° 1 3; 1 4x y− ≤ ≤ ≤ ≤  D J‹¬g°H›~¡}=ò�#° D q D̂ÎOQê ä›�_¨ ã"Œ†Ç°=KÇ°ó#°.
1; 3; 1; 4x x y y≥ − ≤ ≥ ≤

"³ò Î̂@  1x ≥ −  J‹¬g ° H ›~¡} ìxß  „¬ijeÀ ‹ë x  q �° =  Ð 1 … è̂ ¥ Ð 1 H ›<Œß   Z ä ›½ ø =  LO_ ¨ e.

3x ≤  J‹¬g ° H ›~¡} ìxß  „¬ijeÀ ‹ë x  q �° =  3 … è̂ ¥ 3 H ›<Œß   Ç̀ä ›½ ø =  LO_ ¨ e.

1y ≥ J‹¬g ° H ›~¡} ìxß  „¬ijeÀ ‹ë yq �° =  1 … è̂ ¥ 1 H ›<Œß   Z ä ›½ ø =  LO_ ¨ e.

4y ≤ J‹¬g ° H ›~¡} ìxß  „¬ijeÀ ‹ë yq �° =  4 … è̂ ¥ 4 H ›<Œß   Ç̀ä ›½ ø =  LO_ ¨ e.

Ì „á#  À „~ù ø # ß  q D̂ÎOQê J‹¬g ° H ›~¡} ì�# °  ‹¬¶zOK Í ã Qê„¦¬ô # °  w^¥œO.
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1x = − ‹¬~¡̂ ×ö~Yä ›½  ä ›½ _ �"³á„¬ô #  L# ß  ã „¬̂ Í‰ ×= ò J‹¬g ° H ›~¡} = ò 1x ≥ − # °  ‹¬¶z‹¬° ëOk. 3x = ‹¬~¡̂ ×ö~Yä ›½
Z _ È= ° "³á„¬ô #  L# ß  ã „¬̂ Í‰ ×= ò J‹¬g ° H ›~¡} = ò 3x ≤ # °  ‹¬¶z‹¬° ëOk. 1y = ‹¬~¡̂ ×ö~Yä ›½  Ì „á ƒDìQê#  L# ß
ã„¬̂ Í‰×=ò J‹¬g°H›~¡}=ò 1y ≥ #° ‹¬¶z‹¬°ëOk. 4y = ‹¬~¡̂ ×ö~Yä›½ ãH÷Ok ƒDìQê# L#ß ã„¬̂ Í‰×=ò J‹¬g°H›~¡}=ò

4y ≤ # °  ‹¬¶z‹¬°ëOk.

ã Qê„¦¬ô … Õ Ì „á#  K Ç¶„²#  q D̂ÎOQê <Œ�° Q®°  ~¡H ê� ƒì} = ò Q®° ~¡° ë w Ç̀�°  H ›e‹² L# ß  ã „¬̂ Í‰ ×O ( )I Wzó #
J‹¬g ° H ›~¡} = ò�°  1 3,1 4x y− ≤ ≤ ≤ ≤ � ªC D̂Î# # °  ‹¬¶z‹¬° ëOk.

PRACTICE QUESTIONS

1. X H › H ›OÌ „h ,A B~¡H ›= ò� L Ç̀æ Ç̀° ë�# °  Ç̀† Ç¶~¡°  KÍ‹¬° ëOk. nx Ç̀† Ç¶iH ÷ ,G H J<Í ï~O_ È°  † Ç° Oã `Œ�# °
L„¬†³¶yOK Œe. A ~¡H ›O L Ç̀æ Ç̀° ë�ä ›½ , G  †Ç°Oã Ç̀=òÌ„á 3 Q®O.�° H  †Ç°Oã Ç̀OÌ „á 4Q®O.�° J…ìöQ, B  ~¡H ›O
L Ç̀æ Ç̀°ë�#°  G  † Ç°Oã Ç̀=òÌ„á 4Q®O.�°  H †Ç°Oã Ç̀OÌ„á 5Q®O..�° J=‹¬~¡= °=ô`Œ~ò. G  †Ç°Oã Ç̀O 18Q®O@ �°.

H  † Ç°Oã Ç̀O 21 Q®O@ �° = ¶ã Ç̀"Í°  �ƒD’¼= °=ô`Œ~ò. ,A B ~¡Hê� L Ç̀æ Ç̀°ë�°  XHù øH›ø ^¥xH÷ = ~¡°‹¬Qê ~¡¶.3,8�°
… ìƒD’O = ªCë~ò. nxx UH ›„¦¬¶ Ç̀ ã „¬} ìo H ê ‹¬= ° ‹¬¼Qê ã "Œ† Ç° O_ �?

2. X H › „¦¬sß K Ç~¡°  _ ™�~¡°  >è|° �° Á,  ä ›½ só �# °  J= òà`Œ_ È° . J Ç̀# °  ̀ Ç#  ‘ C„¬ô … Õ 60 = ‹¬° ë= ô � = ~¡ä ›½  Ì „@ ° “H Ë Q®�_ È°
= °i† Çò J Ç̀x = Î̂í 5000 ~¡¶II Ì „@ °“| _� HË ‹¬O L#ß q . >è| ° �°  ̂ DÎ~¡ 250 ~¡¶II = °i† Çò ä ›½ só ̂ DÎ~¡ 50~¡¶II,
J Ç̀#° XH› >è|°…̃#° 50 ~¡¶II, ä›½sóx 15~¡¶II …ìƒìxH÷ J=°àQ®�_È°. J Ç̀#° Hù#ß =‹¬°ë=ô�xßO\÷x J=°àQ®�_È<Í
ƒDì= O`Ë  Ç̀#  = Î̂í# ° # ß  D̂Î# O`Ë  Q®i+¬“ … ìƒDì~¡û# ä ›½  Uq D̂ÎOQê Ì „@ ° “| _ � Ì „\ì“e. nxH ÷ UH ›„¦¬¶ Ç̀ ã „¬} ìo H ê
‹¬= ° ‹¬¼#°  ã "Œ† Ç° O_�.

3. X H › _ ³ásH ÷ ,P Q J<Í K Ë @  ‡ CÁO@ ° Á<Œß ~ò. "Œ\÷…Õ ,A B  �<Í ï~O_ È°  ~¡H ê�°  X H › H ÷… Õ „¬i= ¶} = ò… Õ
L Ç̀æ Ç̀° ë�# °  Ç̀† Ç¶~¡°  K ÍªCë~¡° . X H ›~Ë A … Õ P ‡ CÁO@ ° Á ` Ç† Ç¶~¡°  K Í† Ç° Q®� ‡ CïH @ Á ‹¬OY¼ kQ®° = h† Ç° | _ �#
q D̂ÎOQê L# ß k.
‡ CÁO@ ° Á L Ç̀æ Ç̀°ë�° _ �= ¶O_ È°  L# ß  ‡ CöH @ ° Á

P Q

A 2000 1500 20000

B 4000 6000 16000
Uã„²…˜ =¶‹¬O… Õ X H› =¶ï~ø \ ̃‹¬ö~Þ A ~¡H ›O ‡ CïH @° Á 2000ä›½ , B~¡H ›O ‡ CïH@ ° Á 16000ä ›½ _ �= ¶O_ È°  L# ß @° Á

³̀�°„¬ôKÇ° #ßk. ,P Q ‡CÁO@Á x~¡Þ‚¬ì} Y~¡°ó XH › ~ËA ä›½ ~¡¶.4000 =° i†Çò ~¡¶.7500. = ¶ï~ø\ ̃_�= ¶O_È° ä›½
J# ° Q®° } OQê X H Ë ø  ‡ CÁO@ °  Z xß  ~Ë A �°  „¬xK ÍÀ ‹ë L Ç̀æ uë Y~ ¡° ó # °  Ç̀y¾OK Ç° H Ë = K Ç° ó <Ë  ³̀�° ‹¬° H Ë = _ ¨ xH ÷
UH ›„¦¬¶ Ç̀ ã „¬} ìo H › ã "Œ† Ç° O_ �.

4. X H › „¬iã ‰ ×= °  ,A B  J<Í ~¡H ê� L Ç̀æ Ç̀° ë�# °  Ç̀† Ç¶~¡°  K Í‹¬° ëOk. A ~¡H ›O = ‹¬° ë= ô  Ç̀† Ç¶~¡°  H ê= _ ¨ xH ÷ X H ›
† Ç° Oã Ç̀O# ° 1Q®O.30x.�°  = ã _ÈOyK Í 2Q®O.�#°  qx†³¶yOK Œe . J…ìöQ B~¡H ›O =‹¬° ë=ô  ̀ Ç†Ç¶~¡° Hê= _¨ xH ÷



154 Q®}÷̀ ÇO ‹¬“_™ "³°\©i†Ç°…̃

ö~v †Ç° J ‹¬g°H›~¡}ì� °, J #°=~¡ë<Œ � °

X H› † Ç° Oã Ç̀= ò# °  2Q®O.�°  =ã _ÈOyOKÍ 1Q®O.30x.�°  q x† ³¶yOK Œe. X H› "Œ~¡O… Õ †Ç°Oã `Œ�xß 80Q®O.�°
= ã _ ÈOyx 70 Q®O.�°  = ~¡ä ›½  q x† ³¶yOK Ç° H Ë = K Ç° ó . X H Ë ø  A ~¡H ›O = ‹¬° ë= ô Ì „á 5 ~¡¶‡ C† Ç° � … ìƒD’O B~¡H ›O
= ‹¬° ë= ô Ì „á 4 ~¡¶‡ C† Ç° � … ìƒD’O = ‹¬° ëOk. ̀ Ç† Ç¶~¡° KÍ‹²#  = ‹¬°ë= ô �xß O\÷x J= ° àQ®ey Í̀ X H › "Œ~¡O…Õ U ~¡H ›O
= ‹¬° ë= ô �# °  Z xß O\÷x ̀ Ç† Ç¶~¡°  K ÍÀ ‹ë Q®i+¬“OQê … ìƒD’O = ‹¬° ëOk. D ‹¬= ° ‹¬¼ä ›½  UH ›„¦¬¶ Ç̀ ã „¬} ìo H ê ‹¬= ° ‹¬¼# °
ã "Œ†Ç°O_�.

5. ã H ÷Ok ‹¬= ° ‹¬¼# °  ö~Mì„¬@  „¬̂ Îœu… Õ ªCkDO„¬ô = ò.
Q®s+²“H ›iOKÇ° = ò = +1 23 4z x x

+ ≤1 2 40x x

+ ≤1 22 60x x

≥ ≥1 20,  0x x  x| O D̂Î# �ä ›½ … Õ| _ �

6. ã H ÷Ok ‹¬= ° ‹¬¼# °  ö~Mì„¬@  „¬̂ Îœu… Õ ªCkDOK Ç° = ò.
H ›x+Ô“H ›iOKÇ°= ò 1 260 40Z x x= +

1 23 24x x+ ≥

1 2 16x x+ ≥

1 23 24x x+ ≥  x| O D̂Î# �ä ›½ … Õ| _ �

1 20, 0x x≥ ≥

7. ã H ÷Ok ‹¬= ° ‹¬¼# °  ö~Mì„¬@  „¬̂ Îœu… Õ ªCkDO„¬ô = ò.
Q®s+²“H ›iOKÇ° = ò 1 22 3Z x x= +

1 2 400x x+ ≤

1 22 600x x+ ≤ x| O D̂Î# �ä ›½  …Õ| _ �

1 20, 0x x≥ ≥

8. ã H ÷Ok ‹¬= ° ‹¬¼# °  ö~Mì„¬@  „¬̂ Îœu… Õ ªCkDO„¬ô = ò.
Q®i+Ô“H ›iOKÇ° = ò 1 220 30Z x x= +

1 2 12x x+ ≤

1 25 2 50x x+ ≤ x| O D̂Î# �ä ›½  …Õ| _ �

1 20, 0x x≥ ≥

9. ã H ÷Ok ‹¬= ° ‹¬¼# °  ö~Mì„¬@  „¬̂ Îœu… Õ ªCkDO„¬ô = ò.
Q®i+Ô“H ›iOKÇ° = ò 1 250 15Z x x= +

1 25 100x x+ ≤
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1 2 60x x+ ≤ x| O D̂Î# �ä ›½  …Õ| _ �

1 20, 0x x≥ ≥

10. ã H ÷Ok ‹¬= ° ‹¬¼# °  ö~Mì„¬@  „¬̂ Îœu… Õ ªCkDO„¬ô = ò.
Q®i+Ô“H ›iOKÇ° = ò = +1 24000 7500Z x x

1 24 3 40x x+ ≥

1 22 3 8x x+ ≥ x| O D̂Î# �ä ›½  …Õ| _ �

1 20, 0x x≥ ≥

11. ã H ÷Ok ‹¬= ° ‹¬¼# °  ö~Mì„¬@  „¬̂ Îœu… Õ ªCkDO„¬ô = ò.
Q®i+Ô“H ›iOKÇ° = ò 1 225 20Z x x= +

1 23 6 50x x+ ≤

1 22 10x x+ ≤ x| O D̂Î# �ä ›½  …Õ| _ �

1 20, 0x x≥ ≥

12. ã H ÷Ok ‹¬= ° ‹¬¼# °  ö~Mì„¬@  „¬̂ Îœu… Õ ªCkDO„¬ô = ò.
Q®i+Ô“H ›iOKÇ° = ò 1 29 10Z x x= +

1 211 9 9900x x+ ≤

1 27 12 8400x x+ ≤

1 23 8 4800x x+ ≤ x| O D̂Î# �ä ›½  …Õ| _ �

1 20, 0x x≥ ≥

13. ã H ÷Ok ‹¬= ° ‹¬¼# °  ö~Mì„¬@  „¬̂ Îœu… Õ ªCkDO„¬ô = ò.
Q®i+Ô“H ›iOKÇ° = ò 1 222 18Z x x= +

1 2 20x x+ ≤

1 23 2 48x x+ ≤ x| O D̂Î# �ä ›½  …Õ| _ �

1 20, 0x x≥ ≥

14. a † Ç° ¼= ò,  QË D̂Î° = ° �°  H ù # _ ¨ xH ÷ X H › "Œ¼‡ Ci = Î̂í ~¡¶.1500 = ¶ã Ç̀"Í°  = ô <Œß ~ò. | ªCë a † Ç° ¼O D̂Î~¡ ~¡¶.
150,  | ªCë QË D̂Î° = °  D̂Î~¡ ~¡¶.120. "Œ¼‡ Ci Ç̀#  WO\ÕÁ 10 | ªCë�# °  = ¶ã Ç̀"Í°  = ô OK Ç° H Ë Q®�_ È°  = ° i† Çò
J Ç̀xH ÷ X H ù ø H ›ø  a † Ç° ¼„¬ô  | ªCëÌ „á ~¡¶.11 X H ù ø H ›ø  QË D̂Î° = °  | ªCëÌ „á ~¡¶.8… ìƒD’O = ‹¬° ëOk. Q®i+¬“ … ìƒDìxß
‡ ÚO Î̂_ ¨ xH ÷ D ‹¬= ° ‹¬¼# °  UH ›„¦¬¶`Œ Ç̀àH › ã „¬} ìo H ê ‹¬= ° ‹¬¼Qê ã "Œ† Ç° O_ �.

15. X H › „¬‰ ×Ã= ô � "Œ¼‡ Ci ̀ Ç#  = Î̂í # ° # ß  ~¡¶.6000�`Ë  P= ô �# ° ,  ƒã ï~�# °  H ù # Î̂eK Œ_ È° . P= ô  ̂ DÎ~¡ ~¡¶.900,
ƒãï~ ̂ DÎ~¡ ~¡¶.1200. XH › "Œ~ŒxH÷ 8 H÷ÞO\ìˆ×Á „¬‰ ×Ã^¥} ìx = ¶ã Ç̀"Í°  J Ç̀# ° x�°=  KÍ‹¬°H ËQ®�_ È° . X H› ~ËA ä›½
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P= ô  10 b@ ~¡° Á,  ƒã ï~ 20 b@ ~¡° Á ‡ C�# °  WªCë~ò. b@ ~¡°  P= ô  ‡ C�Ì „á 50 Ì „á‹¬�° ,  b@ ~¡°  | ã ï~ ‡ C�Ì „á 90
Ì „á‹¬�°  … ìƒD’O = ‹¬° ëOk. X H › "Œ~ŒxH ÷ P= ô  X H › H÷ÞO\ì�° ,  | ã ï~ ï~O_ È°  H ÷ÞO\ìˆ×Á ^¥} ì f‹¬° ä ›½ O\ì~ò.
P= ô �# ° ,  | ã ï~�# °  Z xß O\÷x H ù O>è J Ç̀xH ÷ Q®i+¬“OQê … ìƒD’O = ‹¬° ëO^Ë  ³̀�° ‹¬° H Ë = _ ¨ xH ÷ D ‹¬= ° ‹¬¼ä ›½
UH ›„¦¬¶`Œ Ç̀àH › ã „¬} ìo H › ‹¬=° ‹¬¼# °  ã"Œ† Ç° O_�. (P= ô �° ,  ƒã ï~� # ° O_ � „²uH ÷#  "³ò Ç̀ëO ‡ C�# °  J=° àH Ë Q®�_È° .)

16. X H › ‹¬| ° Ä � ‡ ¦C¼H ›“s… Õ AB  J<Í † Ç° Oã `Œ�# ° „¬† ³¶yOz ï~O_ È°  ~¡H ê� ‹¬| ° Ä �# °  ̀ Ç† Ç¶~¡°  K ÍªCë~¡° . "³ò Î̂\÷
~¡H ›O ‹¬| ° Ä  Ç̀† Ç¶iH ÷ A † Ç° Oã `Œ�xß  2 xq ° ‘ C�° . B† Ç° Oã `Œxß  3 xq ° ‘ C�°  L„¬† ³¶yªCë~¡° . J… ìöQ
ï~O_ È=  ~¡H ›O ‹¬| ° Ä  ̀ Ç† Ç¶sH ÷ A † Ç° Oã `Œxß  3 xq ° ‘ C�°,  B† Ç° Oã `Œxß  5 xq ° ‘ C�°  L„¬† ³¶yªCë~¡° . ã „¬u
† Ç° Oã Ç̀= ò#°  ~Ë Aä ›½  8Q®O@ �ä ›½ q °Oz L„¬†³¶yOK Ç… è~¡°. "³ò Î̂\÷, ï~O_È=  ~¡H›O ‹¬| ° Ä�#°  J= °à_ ÈO ̂ ¥Þ~Œ
= K Íó  … ìƒD’O = ~¡° ‹¬Qê 25 Ì „á‹¬�°  = ° i† Çò 50 Ì „á‹¬�° . Q®i+¬“ … ìƒDì~¡û# ä ›½  ‡ ¦C¼H ›“s… Õ U ~¡H ›O ‹¬| ° Ä �# °
Z xß O\÷x Ç̀† Ç¶~¡°  K Í† Ç¶e (‡ ¦C¼H ›“s † Ç° [= ¶x Ç̀† Ç¶~¡°  K Í‹²#  ‹¬| ° Ä �# xß O\÷x J= òàH Ë Q®�_ È° .) D
‹¬= ° ‹¬¼ä ›½  UH ›„¦¬¶`Œ Ç̀àH › ã „¬} ìo H › ‹¬= ° ‹¬¼# °  ã "Œ† Ç° O_ �.

17. ï~O_È°  ‹¬OY¼� ƒDè̂ Î= ò 4 H ›# ß Z H ›ø =Qê# ° ,  "³ò Î̂\÷ ‹¬OY¼ä ›½  3 ï~@ ° Á = ° i† Çò ï~O_ È=  ‹¬OY¼# °  ä ›�_ ÈQê = K Íó
"³ò Ç̀ë=ò 9H÷ q °OKÇä ›½O_¨  =ôO_ Í@°=O\÷ ï~O_È° ̂ DÎ<Œ Ç̀àH› ‹¬OY¼�#° "Œ\÷ "³ò Ç̀ëO Q®i+¬“=°† Í°¼@@° Á H›# °HËøO_�.

18. ,E F�<Í P‚¬ð~¡ „¬̂ ¥~ŒÖ�… Õ ,A B�<Í q @ q ° # ° Á L<Œß ~ò. X H › † Çüx\˜ E P‚¬ð~¡O… Õ 2† Çüx@ ° Á,  A
q @ q ° <£,  3† Çüx@ Á Bq @ q ° <£ = ô O@ ° Ok. J… ìöQ X H › † Çüx\˜ F P‚¬ð~¡O… Õ 4 † Çüx@ Á A  q @ q ° <£.
2 † Çüx@ Á q @ q ° <£ B  = ô O@ ° Ok. X H › † Çüx\˜ ,E F  P‚¬ð~¡ „¬̂ ¥~ŒÖ� D̂Î~¡�°  = ~¡° ‹¬Qê ~¡¶.5 = ° i† Çò
~¡ ¶.2 .5 0 X H › = ¼H ÷ëH ÷ X H ›  ~Ë A ä › ½  H ›h ‹¬O  ,A B  q @q ° # ° Á = ~¡ ° ‹¬ Qê 40  = ° i† Ç ò 50 † Çü x@ ° Á
J= ‹¬~¡= ° = ô `Œ~ò. X H › ~Ë A ä ›½  f‹¬° H ù # ß  ,A B  q @q ° # ° Á H ›h‹¬O q ° Oz<Œ Z \÷“ ‚¬ðx = ô O_ È̂ Î# ° ä ›½ x,

,E FP‚¬ð~Œ� q ° ã ‰ ×= ¶xß  H ›h‹¬ Y~¡° ó `Ë  H ›h‹¬ ,A Bq @ q° # ° Á = ô O_ Í@ @ ° Á Z … ì f‹¬° H Ë "Œe. D ‹¬= ° ‹¬¼ä ›½
UH ›„¦¬¶`Œ Ç̀àH › ã „¬} ìo H ê ‹¬= ° ‹¬¼# °  ã "Œ† Ç° O_ �.

19. a † Ç° ¼= ò QË D̂Î° = ° �°  H ù # _ ¨ xH ÷ X H › "Œ¼‡ Ci = Î̂í ~¡¶.15000 L# ß q . | ªCë a † Ç° ¼O ̂ DÎ~¡ ~¡¶.1800,  | ªCë
QË D̂Î° =° �°  ̂ DÎ~¡ ~¡¶.1200. "Œ¼‡ Ci ̀ Ç#  H Ë\ÕÁ 10 |ªCë� = ~¡ä›½ x�°=  K Í† Ç° Q®�_È°. = °i†Çò XH ùø H›ø a† Ç° ¼O
| ªCëÌ „á ~¡¶.110,  QË D̂Î° =°  | ªCëÌ „á ~¡¶.80 … ìƒD’O = ‹¬ ° ëOk. "Œ¼‡ Ci ̀ Ç#  = Î̂í # ° # ß "³ò`Œëxß  Uq D̂ÎOQê Y~¡° ó
K ÍÀ ‹ë J Ç̀¼kDH › … ìƒD’O = ‹¬° ëOk.

20. X H › † Ç°Oã Ç̀O A … è̂ ¥ BJ<Í = ‹¬° ë= ô�# °  ̀ Ç† Ç¶~¡°  K Í‹¬° ëOk. A = ‹¬°ë= ô  ̀ Ç† Ç¶sH ÷ 2 † Çüx@ Á ~¡ªC† Ç° <Œ�° ,
1 †Çüx\̃ HêO‡ÏO_È°, B  =‹¬°ë=ô ̀ Ç†Ç¶sH÷ 1 †Çüx\̃ ~¡ªC†Ç°#O, 2 †Çüx@Á HêO‡ÏO_È° J=‹¬~¡=°=ô Ç̀°Ok.
800 † Çüx@ Á ~¡ªC† Ç° <Œ�°  1000 † Çüx@ Á H êO‡ Ï O_ £ = ¶ã Ç̀"Í °  �ƒD’¼= ° = ô Ç̀° Ok. ,A B  = ‹¬° ë= ô �Ì „á
… ìƒDì�°  = ~¡° ‹¬Qê ~¡¶.30 = ° i† Çò ~¡¶.20 Q®i+¬“ …ìƒDì~ ¡û# ä ›½  ,A B�ä ›½  Z <³ß xß  † Çüx@ Á öH \ì~òOK Œe.
Q®i+¬“… ìƒDìxß  Q®} ÷OK ÇO_ �.

---
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7

ã„¬ª�ë~Œ	°, ‹¬O†³¶Qê	°
<Í#° XH› ~ËA ƒÿOQ®° ×́̂ ~¡° #°O_� J�‚¬ðƒì Î̂°ä›½ ï~á�°…Õ ã„¬†Ç¶}÷OKÇ̂ Î�KŒ#°.  ƒÿOQ®° ×́̂ ~¡° #°O_� J�‚¬ðƒì̂ Î°ä›½

<Í~¡°Qê ï~á�° …è̂ Î° Qêx ƒÿOQ®°ˆ×́ ~¡° #°O_� W\ìi5H÷, W\ìi5 #°O_� J�‚¬ðƒì Î̂°ä›½ ï~á�° =ô#ß Î̂x ï~á…èÞ >ÿØO >è|°…˜
^¥Þ~Œ ̀ ³�°‹¬°ä›½<Œß#°.  W„¬ô_È° <Í#° ƒÿOQ®°ˆ×́ ~¡° #°O_� J�‚¬ðƒì Î̂°ä›½ Zxß q F̂¥�°Qê ã„¬†Ç¶}÷OKÇ Q®�#°?  D
Q®}# ‹¬=°‹¬¼ (Counting Problem) ‹¬O†³¶Qê Ç̀àH› ‰§ã‹¬ëO (Combinatries)  J<Í Q®}÷̀ Ç ‰§ã‹¬ë qƒFìQ®=ò ãH÷OkH÷
=‹¬°ëOk.

h=ô g° =O@ Q®k…Õx S Î̂° T~¡Qê†Ç° *ì_™�#° XH› J�à~Œ…Õ Ì„@“̂ Î�KÇ°ä›½<Œß=#°ä›½O^¥O.  JO Î̂°…Õ
h=ô Zä›½ø=Qê =ô„¬†³¶yOKÍ =ü_È° *ì_™�#° ƒìQê JO Î̂°ƒì@°…Õ =ôO_Í@@°Á, q°ye# ï~O_�O\÷x HùkíQê
…Õ„¬eH÷ Ì„@“̂ Î�KÇ°ä›½O>è, D „¬xx Zxß ~¡Hê�° Qê KÍ†Ç°Q®�=ô.

=°~ùH› ‹¬O Î̂~¡ÄbO…Õ g° ~òO\÷H÷ ~¡OQ®°�° "Í†Ç° Î̂�KÇ°ä›½<Œß=#°ä›½O^¥O.  XHê<ùH› ~¡OQ®° ̂ ù~¡H›#„¬ô_È° Hùxß
~¡Hê� ~¡OQ®°�#° H›e„² Hê=�‹²# ~¡OQ®°#° ̀ ³„²æOKÇ°HË=KÇó#°ä›½O^¥O.  W…ì Hù Ç̀ë ~¡OQ®°#° ‹¬$+²“OKÇ_¨xH÷ U ~¡OQ®°�°
H›e‡l=°#ßk =òY¼=ò Hêx "Œ\÷x U=~¡°‹¬…Õ H›e‡l=°#ßk Hê Î̂°.  Wk #¶ Ç̀# ~¡OQ®°#° ³̀„²æOKÇ_¨xH÷ KÍ‹²#
~¡OQ®°�…Õ ‹¬O†³¶Q®=ò …è̂ ¥ ~¡OQ®°� ZxßH›.

W…ìO\÷̂ Í =°~ùH› L^¥‚¬ì~¡}, h=ô ZH›ø_�ïHá<Œ "³̂ ×¤ Î̂�KÇ°ä›½#ß„¬C_È° hä›½#ß ̂ Î°‹¬°ë�xßO\÷x f‹¬°ïH ×̂¤ =�‹²#
J=‹¬~¡=òO_ÈH› ‡é=KÇ°ó.  hä›½ 4 [ Ç̀� ‡l¼O@°Á, +¬~¡°“�…Õ 2 [ Ç̀�° f‹¬°ïHˆ×¤=KÇ°ó.  D ‹¬O Î̂~¡ÄbO…Õ h=ô 4 [ Ç̀�
|@“�…Õ 2 [ Ç̀�#° U =~¡°‹¬ f‹¬°ä›½<Œß=#ßk =òY¼OHê Î̂° D L^¥‚¬ì~¡}�xßO\÷…Õ#° ~òzó# „¬xx Zxß
q F̂¥�°Qê KÍ†Ç°=KÇ°ó<Ë =°#O ̀ ³�°‹¬°HË=�‹²=ô#ßk.

D ‡l~”¡O…Õ =°#O Hùxß ‹¬~¡̂ ×"³°Ø# Q®}# „¬̂ Îœ̀ Ç°�#°, "Œ\÷x L„¬†³¶yOz Hùxß ‹¬°�ƒF’"³°Ø# Q®}# ‹¬=°‹¬¼�#°
ªlkF^¥íO.

�HÆê¼�°

D ‡l~”¡=ò KÇkq# Ç̀~ŒÞ Ç̀ h=ô

� Wzó# =‹¬°ë=ô�#° Zxß ~¡Hê�°Qê J=°~¡ó Q®�=ò.

� ã‡l Š̂Îq°H› Q®}# ‹¬=°‹¬¼#° ã„¬=zOKÇ_È=ò

� n !  #° x~¡ÞzOz, qq F̂Î n q�°=�ä›½ n ! #° Q®}÷OKÇ_È=ò.

� ã„¬ªlë~¡=°#Qê J=°iH› Jx ã„¬=zOz, nP
r
 J~ŒÖxß ã"Œ†Ç°Q®�Q®_ÈO

�

( )

!
P

!

n

r

n

n r
=

−
 Jx ã„¬=zOz, nx#°„¬†³¶yOz ‹¬=°‹¬¼�#° ªlkFOKÇ_È=ò
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� (i)   (n + 1)nP
r
 = n + 1 P

n
(ii)  nP

r+1 
= (n − r) nP

r 
 Jx KÇ¶„¬_ÈO

� ‹¬O†³¶Q®=°#Qê ZxßH› Jx ̀ ³eæ, nC
r
 ä›½ J~ŒÖxß ̀ ³e†Ç°*è†Ç°_ÈO

� ã„¬ªlë~ŒxH÷ ‹¬O†³¶QêxH÷ =¼`Œ¼ªlxß ̀ ³�°‹¬°HË=_ÈO

�

( )

!
C

! !

n

r

n

r n r
=

−

  x L`ŒækOz, ‹¬=°‹¬¼� ªl F̂Î#ä›½ D ‹¬¶ã`Œxß L„¬†³¶yOKÇ_ÈO

�
nP

r 
= r !   nC

r
 #° L`ŒækOKÇ_ÈO

�
nC

r 
=  nC

n−r
  Jx ‹¬iKÇ¶_È_ÈO

�
nC

r 
+ nC

r-1
 = 

n + 1 C
r 

  #° L`ŒækOz, ‹¬=°‹¬¼� ªl F̂Î#`Ë nx#°„¬†³¶yOKÇ_ÈO.

I. Ju‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (1 =¶~¡°ø)

1. XH› <Œ}è=ò#° =ü_È°ª�~¡°Á ZQ®°~¡ "ÍÀ‹ë =KÍó "³ò Ç̀ë „¦¬°@#…ÿxß?

[:[:[:[: 32 8=

2. hä›½ 3 KùHêø	°, 4 ‡�¼O@°Á =ôO_@ U KùHêø#°, U ‡�¼O@°`Ë<³á<Œ h=ô ̂ EÎiOKÇQ®ey Í̀ h=ô Zxß ~¡Hê	°Qê
KùHêø, ‡�¼O@°	#° Z#°ßHËQ®	=ô.

[:[:[:[: 3 4 12× =  q F̂¥�°Qê.

3. XH› †Ç¶ãuä›½~Œ	° =°~ùH› Í̂‰§xH÷ F_È…Õ "³o¤, q=¶#O…Õ uiy ~Œ"Œ	#°HùOk. "³̂ ×¤_¨xH÷ P"³°ä›½ 5
F_È	°, ~Œ=_¨xH÷ 4 q=¶<Œ	° JO Î̂°ƒì@°…Õ =ôO>è, P"³° Zxß ~¡Hê	°Qê ã„¬†Ç¶}O KÍ†Ç°Q®	 Î̂°.

[:[:[:[: 5 4 20× =

4. 1) ï~O_È° ª�Ö<Œ	#° XH› ̂ ¥xß „¬ô~¡°+¬µx`Ë#°, ï~O_È= ̂ ¥xß ã‹Ôë̀ Ë#°, 4Q®°~¡° „¬ô~¡°+¬µ	°, 12 =°Ok
ã‹Ôë	 #°O_@ Zxß ~¡Hê	°Qê „¬îiOKÇ=KÇ°ó?

[:[:[:[: 4 12
1 1 4 12 48P P× = × =

2) XH› Q®kH÷ ‡¦éÁiOQ®°, Ì„~òO\÷OQ· KÍ†Ç°=�‹² =ô#ßk. ‡¦éÁiOQ®°ä›½ 3 ~¡OQ®°�`Ë#°, Q®k QË_È�#° 12
~¡OQ®°�`Ë#° KÍ†Ç°=KÇ°ó. ~¡OQ®°� ZxßH›Ì„á U x|O F̂Î# …èxKË Zxß ~¡Hê�°Qê ‡¦éÁiOQ·#°, Q®k
QË_È�ä›½ "Í†Ç°=KÇ°ó?

[:[:[:[: 3 12 36× =
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5. XH› |_@…Õ 5Q®°~¡° POQ®Á \©KÇ~¡°Á, 7Q®°~¡° ‚²ìOn \©KÇ~¡°Á, 3 Q®°~¡° ãÌ„¦Oz \©KÇ~¡°Á L<Œß~¡°. XHËø ƒEì+¬ä›½
‹¬O|OkEOz# \©KÇ~¡°#° XHùøH›øix f‹¬°Hùx =òQ®°¾~¡° ‹¬ƒE’°¼	° Q®	 H›q°\©	#° ZxßO\÷x U~¡æ~¡KÇ=KÇ°ó.

[:[:[:[: 5 3 7
1 1 1 5 7 3 105C C C× × = × × =

6. XH› H›̂ ì‰§	…Õx †Çüx†Ç°<£ ZxßH›	…Õ 4Q®°~¡° q^¥¼~¡°Ö	° J ÊÎ¼H›Æ„¬̂ ÎqH÷, 5Q®°~¡° L‡� ÊÎ¼H›Æ „¬̂ ÎqH÷, 3Q®°~¡°
Hê~¡¼ Î̂iÅ „¬̂ ÎqH÷ ‡é\©„¬_È°KÇ°<Œß~¡°. ~ŒQ®	 „¦¬e`Œ	 ‹¬OY¼#° H›#°HËøO_@.

[:[:[:[: 4 5 3
1 1 1 4 5 3 60C C C× × = × × =

7. Z) 1) 6! 2) 7! 3) 7! + 3! 4) 6!× 4! 5) 
5!

3!2!
�#° Q®}÷OKÇO_�.

[:[:[:[: 1) 6! 6 5 4 3 2 1 720= × × × × × =

2) 7! 7 6 5 4 3 2 1 7 720 5040= × × × × × × = × =

3) 7! 3! 5040 6 5046+ = + =

4) 6! 4! 6 5 4 3 2 1 4 3 2 1 720 24 17280× = × × × × × × × × × = × =

5)
5! 5 4 3 2 1

10
3!2! 3 2 1 2 1

× × × ×
= =

× × × ×

a) ãH÷Ok ã„¬=KÇ<Œ�…Õ Uk x[O?

1) 2! 3! 6!× = 2) + =2! 4! 6!  3) 3! : 4!#° ƒFìy‹¬°ëOk. 4) 4! 2! 2!− =

[:[:[:[: 1) × = × × × × =2! 3! 2 1 3 2 10 12 , Hêh 6! 720=  Hê=ô# 2! 3! 6!× ≠

2) + = × + × × × = + =2! 4! 2 1 4 3 2 1 2 24 26  Hêh 6! 720=

2! 4! 6!∴ + ≠

3) 4! 4 3 2 1,= × × × 3! 3 2 1,= × ×  Hê=ô# 3!,4! x ƒìy‹¬°ëOk.

4) 4! 2! 4 3 2 1 2 1 22− = × × × − × = , Hêh 2! 2=

4! 2! 2!∴ − ≠

8. XH› Q®k…Õ 5Q®°~¡° q^¥¼~¡°Ö	°<Œß~¡°, 5 „¬_ÈH›	#° "ŒiH÷ Zxß ~¡Hê	°Qê öH\ì~òOKÇ=KÇ°ó#°?

[:[:[:[: 5! 5 4 3 2 1 120= × × × × =
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9. TRIANGLE  „¬̂ ÎO…Õx JH›Æ~Œ	#° Zxß ~¡Hê	°Qê J=°~¡ó=KÇ°ó?

[: 8! 40320=

10. 1,2,3,4	 #°O_@ Zxß <Œ	°Q®OïH	 qaE#ß ‹¬OY¼	#° U~¡æ~¡KÇ=KÇ°ó?

[: 4! …è̂ ¥ 4 3 2 1 24× × × =

11. 1) 4
2P 2) 6

3P 3) 
4

3
3

2

P

P
4) 6 5

3 2P P× 5) n
nP  q�°=�° H›#°Qù#°=ò.

<Ë\˜ : ( )

!

!

n
r

n
P

n r
=

−

[: 1) ( )
4

2
4! 4! 4 3 2 1

12
4 2 ! 2! 2 1

P
× × ×

= = = =
− ×

2) ( )
6

3
6! 6! 6 5 4 3 2 1

120
6 3 ! 3! 3 2 1

P
× × × × ×

= = = =
− × ×

3)
( )

( )

6
3

3
2

4! 4!
4 3 ! 4! 4 3 2 11! 4

3! 3! 3! 3 2 1

3 2 ! 1!

P

P

− × × ×
= = = = =

× ×

−

4) ( ) ( )
6 5

3 2
6! 5! 6! 5!

6 5 4 5 4 2400
6 3 ! 5 2 ! 3! 3!

P P× = × = × = × × × × =
− −

5) ( )
= = =

−

! !
!

! 0!

n
n

n n
P n

n n

12. ãH÷Ok ã„¬=KÇ<Œ	° x["³¶ Hê^Ë ³̀	„¬O_@.

1) 5 6
2 36 P P× = 2) 7 7

3 44 P P× = 3) 4 4 12
2 2 4P P P× = 4) 3 4 7

2 2 4P P P× =

[: 1)
( )

× × × × ×
× = × = =

− × ×
2

5! 6 5 4 3 2 1
6 5 6 120

5 2 ! 3 2 1
P  Hêh
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( )
6

3
6! 6!

6 5 4 120
6 3 ! 3!

P = = = × × =
−

5 6
2 36 P P∴ × =  x[O

2)
( )

× × × × × ×
× = × = =

− × ×

7
3

7! 7 6 5 4 3 2 1
4 4 840

7 3 ! 3 2 1
P

Hêh ( )
7

4
7! 7!

7 6 5 4 840
7 4 ! 3!

P = = = × × × =
−

∴ × =
7 7

3 44 P P

3) ( )
4

2
4! 4!

4 3 12
4 2 ! 2!

P = = = × =
−

 Hê=ô#

4 4
2 2 12 12 144P P× = × =

Hêh ( )
12

4
12! 12!

12 11 10 9 11880
12 4 ! 8!

P = = = × × × =
−

Hê=ô# 4 4 12
2 2 4P P P∴ × ≠

4) 3 4 7
2 2 4P P P× =

( ) ( )
3 4

2 2
3! 4!

3 2 1 4 3 72
3 2 ! 4 2 !

P P× = × = × × × × =
− −

( )
7

4
7! 7!

7 6 5 4 840
7 4 ! 3!

P = = = × × × =
−

3 4 7
2 2 4P P P∴ × ≠

13. h = Î̂í Q®	 7 n‡�=o ãw\÷OQ®°	#° h 4Q®°~¡° q°ã Ç̀°	ä›½ Zxß q Ê¥	°Qê „¬O„¬Q®	=ô.

[: ( )
( )

7
4

7! 7! 7 6 5 4 3 2 1
840

7 4 ! 3! 3 2 1
P or

× × × × × ×
= = =

− × ×
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II. ‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (2 =¶~¡°ø�°)

1. POQ®Á ƒEì+¬…Õ JKÇ°ó	° …èx =ü_ÈH›Æ~Œ	 „¬̂ ¥	° Q®i+¬“OQê Zxß =ôO\ì~ò?

[: "³ò Ç̀ëO JH›Æ~Œ�° = 26 JO Î̂°…Õ JKÇ°ó�° 5. q°ye#q 26Ð5 = 21 #°O_� 3 JH›Æ~Œ� „¬̂ ¥�°

( )21
3

21!
21 20 19 7980

18!
P or = × × =

2. POQ®Á ƒEì+¬…Õ a  Ç̀„¬æ =°ö~ W Ç̀~¡ JKÇ°ó	° …èx =ü_ÈH›Æ~Œ	 „¬̂ ¥	° Q®i+¬“OQê Zxß =ôO\ì~ò?

[: POQ®Á ƒFì+¬…Õ "³ò Ç̀ëO JH›Æ~Œ�° = 26. JO Î̂°…Õ a  Ç̀„¬æ q°ye# JKÇ°ó�° ( )4 . . ,e i o u  ‡é#° q°ye#q

26 4 22− =  g\÷ #°O_� U~¡æiKÍ 3 JH›Æ~Œ� „¬̂ ¥�° = = = × × =
22

3
22!

22 21 20 9240
19!

P

3. 1
n n
n nP P− = Jx KÇ¶„¬ô=ò.

[: ( )( ) ( )
1

! !
!

1 !1 !

n
n

n n
P n

n nn n
− = = =

− +− −

Hêh ( )

! !
!

! 0!

n
n

n n
P n

n n
= = =

−

1
n n

n nP P−∴ =  JQ®°#°.

‹¬¶KÇ# : 0! 1! 1= =

4. UNBIASED  „¬̂ ÎO…Õx JH›Æ~Œ	#° L„¬†³¶yOz U ï~O_È° JKÇ°ó	° ã„¬H›ø ã„¬H›ø# Zxß „¬^¥	#°
U~¡æ~¡KÇQ®	=ô?

[: Ì„á „¬̂ ÎO…Õx "³ò Ç̀ëO JH›Æ~Œ�° 8=

WO Î̂°…Õ JKÇ°ó�° ( )4 AEIU

g\÷…Õ U ï~O_È° JKÇ°ó�° ã„¬H›øã„¬H›ø# …èä›½O_¨ LO_È°@ä›½ =òO Î̂°Qê 4 ‚¬ì�°Á�#° 4!  ~¡Hê�°Qê U~¡æ~¡z

"Œ\÷ =° F̂Î¼…Õ =ô#ß 5 Mìm�…Õ 4 JKÇ°ó�#° 5
4P  J=°~¡ó=KÇ°ó#°. V V V V× × × × ×

∴ U ï~O_È° JKÇ°ó�° ã„¬H›ø ã„¬H›ø# Hêä›½O_¨ J=°~¡°ó q F̂¥�°

( ) ( )
( )

5
4

5!
4! 4 3 2 1 24 5!

5 4 !
P or× × × × × = ×

−

24 5 4 3 2 1 24 120 2880× × × × × = × =
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5. 4 Q®}÷̀ ÇO, 5 POQ®ÁO, 6 Ì‹á<£� „¬ô‹¬ëHê	°#ßq, XH› ‰§ãª�ëxH÷ ‹¬O|OkEOz# „¬ô‹¬ëHê	hß XH› KË@ H›e‹²
=ôO_Í@@°Á Q®}÷̀ Ç „¬ô‹¬ëHê	 ̀ Ç~ŒÞ Ç̀, POQ®Á „¬ô‹¬ëHê	° POQ®Á „¬ô‹¬ëHê	 ̀ Ç~ŒÞ Ç̀, Ì‹á<£� „¬ô‹¬ëHê	° =ôO_Í@@°Á Zxß
~¡Hê	°Qê J=°~¡ó=KÇ°ó.

[:[:[:[: 4 Q®}÷̀ Ç „¬ô‹¬ëHê�#° 4! Qê#°, 5 POQ®Á „¬ô‹¬ëHê�#° 5!Qê#°, 6 Ì‹á<£5 „¬ô‹¬ëHê�#° 6! Qê#° XH› ‰§ãªlëxH÷
‹¬O|OkFOz# „¬ô‹¬ëHê�xß XöH KË@ =ôO_Í@@°Á J=°~¡°ó q F̂¥�°

( )4! 5! 6! 24 120 720 2073600or× × × × × =

6. 3 „¦²lH±�, 4 ïHq°ã‹Ô“, 5 ƒì@h, 3 A"Œ	r „¬ô‹¬ëHê	#° XH› ‰§ãª�ëxH÷ ‹¬O|OkEOz# „¬ô‹¬ëHê	hß XöH KË@
H›e‹² =ôO_Í@@°Á Zxß~¡Hê	°Qê J=°~¡ó=‹¬°ó.

[: 3 „¦²lH±5 „¬ô‹¬ëHê�#° 3!Qê#°, 4 ïHq°ã‹Ô“ „¬ô‹¬ëHê�#° 4! Qê#°, 5 ƒì@h „¬ô‹¬ëHê�#° 5!Qê#°, 3 A"Œ�r
„¬ô‹¬ëHê�#° 3!Qê#° J=°~¡°‹¬¶ë XH› ‰§ãªlëxH÷ ‹¬O|OkFOz# „¬ô‹¬ëHê�hß XöH KË@ H›eæ =ôO_Í@@°Á J=°~¡°ó
q F̂¥<Œ�° 3! 4! 5! 3!× × ×  =°i†Çò 4 ~¡Hê� „¬ô‹¬ëHê�#° JO Ç̀~¡¾̀ ÇOQê 4!  ~¡Hê�°Qê "³ò Ç̀ëO J=°ö~ó
q F̂¥�°

( )3! 4! 5! 3! 4! 2488320or× × × ×

7. 7 ä›½só	…Õ 4Q®°~¡° JƒìÄ~ò	°, 3Q®°~¡° J=¶à~ò	#° U W Î̂í~¡° JƒìÄ~ò	° ã„¬H›ø ã„¬H›ø# ~Œä›½O_¨
=ôO_Í@@°Á Zxß ~¡Hê	°Qê ä›�~Ëóƒÿ@“=KÇ°ó.

[: "³ò Ç̀ëO ä›½só�° 7. JO Î̂°…Õ U W Î̂í~¡° ƒì�°~¡° ã„¬H›ø, ã„¬H›ø# ~Œä›½O_¨ =ôO_È_¨xH÷ =òO Î̂°Qê ‹¬i ªlÖ<Œ�…Õ
3Q®°~¡° J=¶à~ò�#° 3!Qê ä›�~Ëóƒÿ\÷“ q°ye# 4 ƒè‹² ªlÖ<Œ�…Õ 4Q®°~¡° JƒìÄ~ò�#° 4!Qê ä›�~Ëóƒÿ@“=KÇ°ó.

∴ U W Î̂í~¡° ƒì�°~¡° ã„¬H›ø ã„¬H›ø# ~Œä›½O_¨ J=°ö~ó q F̂¥�° : 3!4! 3 2 4 3 2 144= × × × × =

8. ãH÷Ok "Œ\÷x Q®}÷OKÇ°=ò.

1) 13
3C 2) 8 8

2 3C C+  3) 
9

3
6

3

C

C
4) 9

5C

[: <Ë\̃ : ( )

!

! !

n
r

n
C

r n r
=

−

1) ( )
13

3
13! 13!

3! 13 3 ! 3!10!
C = =

−
 …è̂ ¥

13 12 11
286

3 2 1

× ×
⇒ =

× ×
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2) ( )
8

2
8! 8! 8 7

28
2! 8 2 ! 2!6! 2 1

C
×

= = = =
− ×

( )
8

3
8! 8! 8 7 6

56
3! 8 3 ! 3!5! 3 2 1

C
× ×

= = = =
− × ×

8 8
2 3 28 56 84C C∴ + = + =

3) ( )
9

3
9! 9! 9 8 7

84
3! 9 3 ! 3!6! 3 2 1

C
× ×

= = = =
− × ×

( )
6

3
6! 6! 6 5 4

20
3! 6 3 ! 3!3! 3 2 1

C
× ×

= = = =
− × ×

9
3

6
3

84 21

20 5

C

C

∴ = =

4) ( )
9

5
9! 9! 9 8 7 6

126
5! 9 5 ! 5!4! 4 3 2 1

C
× × × ×

= = = =
− × × ×

9. ãH÷Ok ã„¬=KÇ<Œ	#° ‹¬iKÇ¶_ÈO_@.

1) 4 3 12
3 2 6C C C× = 2) 4 4 8

2 3 5C C C+ =

3) 10 10 11
2 3 3C C C+ =

[: 1) ( )
4

3
4! 4!

4
3! 4 3 ! 3!1!

C = = =
−

( )
3

2
3! 3!

3
2! 3 2 ! 2!1!

C = = =
−

4 3
3 2 4 3 12C C∴ × = × = ............. (1)

( )
12

6
12! 12! 12 11 10 9 8 7

6! 12 6 ! 6!6! 6 5 4 3 2
C

× × × × ×
= = =

− × × × ×

12
6 924C = ... Wk J‹¬̀ Ç¼O.
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2) ( )
4

2
4! 4! 4 3

6
2! 4 2 ! 2!2! 2 1

C
×

= = = =
− ×

( )
4

3
4! 4!

4
3! 4 3 ! 3!1!

C = = =
−

4 4
2 3 6 4 10C C∴ + = + = ............. (1)

Hêh ( )
8

5
8! 8! 8 7 6

56
5! 8 5 ! 5!3! 3 2

C
× ×

= = = =
− ×

............. (2)

Hê=ô# 4 4 8
2 3 5C C C+ ≠

3) ( )
10

2
10! 10! 10 9

45
2! 10 2 ! 2!8! 2 1

C
×

= = = =
− ×

( )
10

3
10! 10! 10 9 8

120
3! 10 3 ! 3!7! 3 2

C
× ×

= = = =
− ×

10 10
2 3 45 120 165C C∴ + = + = .............(1)

11
3

11! 11 10 9
165

3!8! 3 2
C

× ×
= = =

×
............. (2)

∴ 1, 2� #°O_� 10 10 11
2 3 3C C C+ =

10. XH› =$ Ç̀ëOÌ„á 14 aO Î̂°=ô	°#ßq. P aO Î̂°=ô	#° H›	°„¬ô Ç̀¶ Zxß „¬OKÇƒE’°*ì	#° w†Ç°=KÇ°ó.

[: "³ò Ç̀ëO aO Î̂°=ô�° 14n = , Hêh D aO Î̂°=ô�#° H›�°„¬ô Ç̀¶ „¬OKÇ ƒF’°*ì�° w†Ç°_¨xH÷ g�†Í°¼ q F̂¥�°
14

5
n

rC C= = …è̂ ¥ 2002.

11. { }1,3,5,7,9,11.....23 ‹¬q°uH÷ 3 =ü	Hê	° H›ey# L„¬ ‹¬q° Ç̀°	° Zxß =ôO\ì~ò?

[: ‹¬q°u…Õx "³ò Ç̀ëO =ü�Hê�° 12=

g\÷ #°O_� 3 =ü�Hê�° H›ey# L„¬ ‹¬q° Ç̀°�° ( )12
3 220C or=

12. XH› „¬O_ÈÁ |°@“…Õ 5 P„²…˜, 7 J<Œ‹¬, 11 Pö~O*˜ „¬ˆ×Ã¤ L<Œß~ò. P |°@“ #°O_@ ~¡HêxH÷ XH›\÷ Kù„¬ôæ#
3 „¬̂ ×¤#° Zxß ~¡Hê	°Qê f‹¬°Hù#=KÇ°ó#°.
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[: ~¡HêxH÷ XH›\÷ Kù„¬C# 3 „¬̂ ×¤#° f‹¬°Hù<Í q F̂¥�°

= × × = × × =1 1 15 7 11 5 7 11 385C C C

13. 1
n

nC −  q	°= H›#°Qù#°=ò. 1
n n

n nC C− = J#Qê

[: ( ) ( )
1

!

1 ! 1 !

n
n

n
C n

n n n
− = =

− − +
 Hêh 1n

nC =

1
n n

n nC C− ≠

14. 0
n n

nC C=  Jx KÇ¶„¬O_@.

[: ( )

!
1

! !

n
n

n
C

n n n
= =

−

( )
0

!
1

0! 0 !

n n
C

n
= = =

−

0
n n

nC C∴ =

15. Q®}÷OKÇ°=ò.

1) 9
5C 2) 14

10C 3) 13
9C 4) 15

12C

[: 1) ( )
9

5
9! 9! 9 8 7 6

126
5! 9 5 ! 5!4! 4 3 2

C
× × ×

= = = =
− × ×

2) ( )
14

10
14! 14! 14 13 12 11

1001
10! 14 10 ! 10!4! 4 3 2

C
× × ×

= = = =
− × ×

3) ( )
13

9
13! 13! 13 12 11 10

715
9! 13 9 ! 9!4! 3 2

C
× × ×

= = = =
− ×

4) ( )
15

12
15! 15! 15 14 13

455
12! 15 12 ! 12!3! 3 2

C
× ×

= = = =
− ×

16. 7 7
5 2C C+  Q®}÷OKÇ°=ò.
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[: ( )
7

5
7! 7! 7 6

21
5! 7 5 ! 5!2! 2

C
×

= = = =
−

7
2

7! 7 6
21

2!5! 2
C

×
= = =

7 7
5 2 21 21 42C C∴ + = + =

17. 1,2,3,4,5 =°i†Çò 6 ‹¬OY¼	#° =òYOÌ„á Q®°iëOz# ï~O_È° ‡�zH›	#° ̂ ùiÁOzi. "Œ\÷Ì„á =òMì	Ì„á Zxß
~¡Hê	 „¦¬e`Œ	° =KÇ°ó#°?

[: 6 =òMì� ‡lzH›#° ^ùiÁOKÍ ã„¬†³¶Q®O…Õ "³ò Ç̀ëO „¦¬e`Œ�° 6= , Hê=ô# ï~O_È° ‡lzH›�#° ^ùiÁOz#
ã„¬†³¶Q®O…Õx "³ò Ç̀ëO „¦¬e`Œ�° 26 6 6 36= = × =

18. XH› ‚¬ìÙ@…˜ #O Î̂° 3 Hê†Ç°Q®¶~¡	°, 2 ‹¬…ì_ÈÁ =°i†Çò 2 ~¡Hê	 ~ù>ÿ“ =òH›ø	° H›	=ô. XH› Hù#°QË	°
^¥~¡°_È° 1 Hê†Ç°Q®¶~¡, 1 ‹¬…ì_È°, 1 ~ù>ÿ“#° Zxß ~¡Hê	°Qê Hù#Q®	_È°.

[: =ü_È° Hê†Ç°Q®¶~¡� #°O_� XH› ^¥xx 3
1C  q° F̂¥�°Qê#°, 2 ‹¬…ì_ÈÁ #°O_� 1 ̂ ¥xx 2

1C  q F̂¥�°Qê#°,

2 ~ù>ÿ“� #°O_� XH› ^¥xx 2
1C  q F̂¥�°Qê#° Hù#Q®�_È°.

∴ D =ü_È° ~¡Hê�#° Hù<Í q F̂¥�° : 3 2 2
1 1 1C C C× ×

3 2 2 12= × × =

19. 7 =°Ok q^¥¼~¡°Ö	#° XH› =~¡°‹¬…Õ 7 ª�Ö<Œ	…Õ Zxß ~¡Hê	°Qê ä›�~Ëó Ì„@“=KÇ°ó#°?

[: 7 Q®°~¡° q^¥¼~¡°Ö�#° =~¡°‹¬ ãH›=°O…Õ 7 ªlÖ<Œ�…Õ ä›�~ËóÌ„>è“ q F̂¥�°

( )7
10 7! 5040C or= =

20. ALTRUISM„¬̂ ÎO…Õx JH›Æ~Œ	#° L„¬†³¶yOz Zxß 8 JH›Æ~Œ	 „¬̂ ¥	° `Ç†Ç¶~¡° KÍ†Ç°=KÇ°ó?

[: Ì„á „¬̂ ÎO…Õx "³ò Ç̀ëO JH›Æ~Œ�° 8

8 JH › Æ~Œ� #°O_ � 8 JH › Æ~Œ� „¬^¥�#° 8!Qê ` Ç† Ç¶~ ¡ ° K Í† Ç °=K Ç ° ó . 8! … è^¥

8 7 6 5 4 3 2 1 40320× × × × × × × =

21. 9 ‚¬ì	°Á	°, 5 JKÇ°ó	° H›	=ô. 7 JH›Æ~Œ	 „¬̂ ¥	#° "Œ\÷…Õ 4 ‚¬ì	°Á	°, 3 JKÇ°ó	° =ôO_Í…ì Zxß
ã"Œ†Ç°=KÇ°ó.

[: 9 ‚¬ì�°Á� #°O_� 4 ‚¬ì�°Á�#° 9
4C q F̂¥�°Qê#°, 5 JKÇ°ó� #°O_� 3 JKÇ°ó�#° 5

3C q F̂¥�°Qê#° 9 5
4 3C C×
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q F̂¥�°Qê#° =°i†Çò "³ò Ç̀ëO 7 JH›Æ~Œ�#° 7! Qê#° J=°~¡ó=KÇ°ó#°.

∴ "³ò Ç̀ëO q F̂¥�° 9 5
4 3 7! 6350400C C× × =

22. ATTAIN „¬̂ ÎO…Õx JH›Æ~Œ	#° T  JH›Æ~Œ	#° ã„¬H›ø ã„¬H›ø<Í =ôO_Í q ÊÎOQê Zxß ~¡Hê	°Qê J=°~¡ó=KÇ°ó?

[: T �° ã„¬H›ø, ã„¬H›ø<Í =ôO_Í@@°Á J=°~¡ó_¨xH÷ =òO Î̂°Qê 2T �#° XH› †Çüx\˜Qê f‹¬°ä›½O>è "³ò Ç̀ëO
†Çüx@°Á +1 4  (q°ye#q) 5=  †Çüx@°Á.

g\÷x 5! q F̂¥�°Qê ã"Œ†Ç°=KÇ°ó. …è̂ ¥ 5 4 3 2 1 120× × × × =

23. 12 =°Ok À‹ß‚²ì Ç̀°	° XH› Hê~¡¼ãH›=°O…Õ H›	°‹¬°ä›½<Œß~¡°. ã„¬u =¼H÷ë JO Î̂i`Ë XHùøH›øª�i KÍu# H›	°„¬ô`Œ~¡°?
"³ò Ç̀ëO JO Î̂~¡¶ Zxß ~¡Hê	°Qê KÍ̀ Ç°	° H›	°„¬ô`Œ~¡°?

[: "³ò Ç̀ëO 12 =°Ok KÍ̀ Ç°�° H›�„¬_ÈO ã„¬u W Î̂íi…Õ =ôO@°Ok. Hê=ô# "³ò Ç̀ëO q F̂Î°�° 12
2C=

12! 12 11
66

2!10! 2 1

×
= = =

×

24. 13 =°Ok Q®	 |$O Î̂O #°Oz, 9 =°Ok Q®	 H›q°\©x Zxß ~¡Hê	°Qê U~¡æ~¡=KÇ°ó?

[: 13 =°Ok #°O_� 9=°Okx Z#°ßä›½<Í q F̂¥�° 13
9C=

…è̂ ¥ 
× × ×

= = =
× ×

13! 13 12 11 10
715

9!4! 4 3 2

25. 15 =°Ok „¬ô~¡°+¬µ	° =°i†Çò 12=°Ok ã‹Ôë	 #°Oz 3Q®°~¡° „¬ô~¡°+¬µ	°, 2 ã‹Ôë	° Q®	 H›q°\©x Zxß ~¡Hê	°Qê
U~¡æ~¡KÇ=KÇ°ó?

[: 15=°Ok „¬ô~¡°+¬µ� #°O_� 3Q®°~¡° „¬ô~¡°+¬µ�#° 15
3C= Qê#°, 12 =°Ok ã‹Ôë� #°O_� 2 ã‹Ôë�#° 12

2C= Qê

"³ò Ç̀ëO H›q°\©x 15 12
3 2C C= × Qê#° Z#°ßHË=KÇ°ó.

∴ "³ò Ç̀ëO q F̂¥�° 
15! 12!

30030
3!12! 2!10!

= × =

26. POQ®Á ƒEì+¬ #O Î̂° 5 JKÇ°ó	° =°i†Çò 21 ‚¬ì	°Á	° H›	=ô. 2 qaE#ß JKÇ°óq, 2 qaE#ß ‚¬ì	°Á	° LO_Í
q ÊÎOQê Zxß ~¡Hê	 „¬̂ ¥	#° ã"Œ†Ç°=KÇ°ó.

[: 5 JKÇ°ó� #°O_� 2 JKÇ°ó�#° 5
2C Qê#°, 21 ‚¬ì�°Á� #°O_� 2 ‚¬ì�°Á�#° 21

2C  q F̂¥�°Qê#° =°i†Çò

(2 JKÇ°ó�° {2 ‚¬ì�°Á�°) 4 JH›Æ~Œ�#° 4! q F̂¥�°Qê ã"Œ†Ç°=KÇ°ó.
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∴ "³ò Ç̀ëO ã"ŒÀ‹ q F̂¥�° 5 21
2 2 4!C C= × ×  (…è̂ ¥)

× × =
5! 21!

4 ! 50400
2!3! 2!19!

27. 5 ‚¬ì	°Á	° =°i†Çò 5 JKÇ°ó	° #°O_@, 3 ‚¬ì	°Á	°, 2 PKÇ°ó	° Q®	 „¬̂ ¥	#° Zxß ã"Œ†Ç°=KÇ°ó.

[:[:[:[: 5 ‚¬ì�°Á� #°O_� 2 JKÇ°ó�#° 5
2C Qê Z#°ßHË=KÇ°ó. 5 JKÇ°ó� #°O_� 2 JKÇ°ó�#° 5

2C Qê Z#°ßHË=KÇ°ó.

W„¬ôæ_È° ã„¬u ZxßH› #°Oz 5 JH›Æ~Œ�#° J=°~¡óQ®eöQ J=°iH›� ‹¬OY¼ 5
5P .

∴ "³ò Ç̀ëO „¬̂ ¥� ‹¬OY¼ 5 5
5 2 5C C= × × !

10 10 120 12000× × =

n~¡É ‹¬=¶ �̂¥# ã„¬‰×ß�° (5 =¶~¡°ø�°)

1. XH› ã„¬‰§ß „¬ã Ç̀O…Õx 12 ã„¬‰×ß	#° ,A BJ<Í ï~O_È° ‡�~¡°“	°Qê qƒE’lOKŒ~¡°. ‡�~¡°“ A …Õ 5 ã„¬‰×ß	°, ‡�~¡°“
B…Õ 7 ã„¬‰×ß	° WKŒó~¡°. q^¥¼iÖ ã„¬u ‡�~¡°“ #°O_@ H›h‹¬O ï~O_È° ã„¬‰×ß	#° Z#°ßHùx "³ò Ç̀ëO 6 ã„¬‰×ß	ä›½
["Œ|°	° ã"Œ†Ç¶e. Zxß q Ê¥	°Qê ã„¬‰×ß	ä›½ Z#°ßHËQ®	~¡°.

[: q^¥¼iÖ ã„¬u ‡l~¡°“ #°O_� H›h‹¬O ï~O_È° ã„¬‰×ß�#° Z#°ßHùx "³ò Ç̀ëO 6 ã„¬‰×ß�ä›½ ãH÷O Î̂ ̀ ³e„²# q F̂¥�…Õ XH›
q F̂ÎOQê Z#°ßHËQ®�~¡°.

‡l~¡°“ A ‡l~¡°“ B

1. 2 4

2. 3 3

3. 4 2

q^¥¼iÖ 1)  Z#°ßä›½O>è, P q F̂ÎOQê ã„¬‰×ß�#° Z#°ßä›½<Í q F̂¥� ‹¬OY¼ 5 7
2 4 10 35 350C C= × = × = .

W Í̂ q F̂ÎOQê 2) Z#°ßä›½O>è, P q F̂¥� ‹¬OY¼ 5 7
3 3 10 35 350C C= × = × =

=°i†Çò 3) Z#°ßä›½O>è P q F̂¥� ‹¬OY¼ 5 7
4 2 5 21 105C C= × = × =

∴ q^¥¼iÖ ã„¬‰×ß�#° Z#°ßä›½<Í q F̂¥� ‹¬OY¼ 350 350 105 805= + + =

 "³ò Ç̀ëO q F̂¥� ‹¬OY¼ 805=
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2. 5Q®°~¡° „¬ô~¡°+¬µ	°, 3Q®°~¡° ã‹Ôë	 #°O_@ =òQ®°¾~¡° ‹¬ƒE’°¼	° Q®	 H›q°\©x U~Œæ@° KÍ†Ç¶e. P H›q°\©…Õ 1) XH›ø
ã‹Ôë =¶ã Ç̀"Í° =ôO_Í@@°Á, 2) H›h‹¬O XH› ã‹Ôë =ôO_Í@@°Á Zxß ~¡Hê	°Qê U~Œæ@° KÍ†Ç°=KÇ°ó.

[:[:[:[: 5 =°Ok „¬ô~¡°+¬µ�° 3Q®°~¡° ã‹Ôë�°

1. 2 1

2. 1 2

3. 0 3

1) XH› ã‹Ôë =¶ã Ç̀"Í° =ôO_Í H›q°\© ZO„²H› KÍÀ‹ q F̂¥#O ×
3 5

1 2C C  JQ®°#°. J#Qê

3! 5!
3 10 30

1!2! 2!3!
× = × =

2) H›h‹¬O XH› ã‹Ôë LO_Í H›q°\©�ä›½ 3 5 3 5 3 5
1 2 2 1 3 0C C C C C C× + × + × JQ®°#°.

∴ × + × + ×
3! 5! 3! 5!

1 1
1!2! 2!3! 2!1! 1!4!

30 15 1 46+ + =

3. 17 =°Ok ‹¬ƒE’°¼	° Q®	 ãH÷ïH\˜ \©O…Õ W Î̂í~¡° qïH\˜ H©„¬~¡°Á 4Q®°~¡° ƒº	~¡°Á L<Œß~¡°. XH› qïH\˜ H©„¬~¡° =°i†Çò
H›h‹¬O 3 ƒº	~¡°Á =ô<Œß 11=°Ok ãH÷ïH\˜ \©O#° Zxß ~¡Hê	°Qê U~¡æ~¡KÇ=KÇ°ó.

4 ƒº�~¡°Á 2 qïH\˜ H©„¬~Ÿ5 11 q°Q®̀ Œ"Œ~¡° (ƒì\˜5=°<£)

1. 4 1 6

2. 3 1 7

XH› qöH\̃ H©„¬~¡°, H›h‹¬O 3Q®°~¡° ƒº�~¡°Á =ôO_Í 11=°Ok Q®� ãH÷ïH\˜ \©O#° Ì„á ï~O_È° q F̂¥�°Qê Z#°ßHË=KÇ°ó.

Jq 4 2 11
4 1 6C C C× ×  …è̂ ¥ 4 2 11

3 1 7C C C× × JQ®°#°..

"³ò Ç̀ëO q F̂¥�° 4 2 11 4 2 11
4 1 6 3 1 7 3564C C C C C C= × × + × × =

4. 6Q®°~¡° JƒìÄ~ò	° =°i†Çò 4Q®°~¡° J=¶à~ò	 #°Oz 5Q®°~¡° ‹¬ƒE’°¼	°#ß H›q°\©x Z#°ßHË"Œe.

Z) H›zó Ç̀OQê W Î̂í~¡° J=¶à~ò�°.

a) H›h‹¬O W Î̂í~¡° J=¶à~ò�° LO_Í q F̂ÎOQê Zxß ~¡Hê�°Qê H›q°\©�#° xiàOKÇ=KÇ°ó.
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[: 6 JƒìÄ~ò�° 4 J=¶à~ò�°

Z) 3 2

H›zó Ç̀OQê W Î̂í~¡° J=¶à~ò�° =ôO_Í…ì U~¡æ_Í H›q°\©�° 4 6
2 3C C× Qê Z#°ßHË=KÇ°ó.

4! 6! 4 3 6 5 4
6 20 120

2!2! 3!3! 2 3 2

× × ×
∴ × = × = × =

×

a) 6 JƒìÄ~ò�° 4 J=¶à~ò�°

3 2

2 3

1 4

H›h‹¬O W Î̂í~¡° J=¶à~ò�° LO_Í…ì U~¡æ~¡KÍ H›q°\©�°

4 6 4 6 4 6
2 3 3 2 4 1C C C C C C× + × + ×

120 4 15 1 6+ × + ×

120 60 6 186+ + =
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kÞ„¬̂ Î ‹²̂ ¥œO Ç̀=ò

h=ô Ì„\÷“# Ì„@°“|_�Ì„á ª��°ä›½ 15 ‰§ Ç̀O KÇãH›=_�Û Kù„¬C# S Î̂° ‹¬O= Ç̀)~¡=ò� ̀ Ç~ŒÞ Ç̀ ZO Ç̀ "³ò Ç̀ë=ò =_�Û
=‹¬°ëO^Ë ³̀�°‹¬°HË=…ÿ#<Œß …è̂ ¥ XH› Í̂‰×=ò †³òH›ø ‹¬O= Ç̀)~¡ [<ŒƒAì =$kœö~@° ³̀e‹²#„¬ô_È° 10 ‹¬O= Ç̀)~Œ�
Ç̀~ŒÞ Ç̀ P ̂ Í‰× [<ŒƒAì ZO Ç̀=ô Ç̀°O^Ë ̀ ³�°‹¬°HË"Œ�<Œß =°#ä›½„¬†³¶Q®„¬_Ík 'kÞ„¬̂ Î ‹²̂ ¥œO Ç̀=òÑ.  D ‹²̂ ¥œO Ç̀=ò

^¥Þ~Œ U JH›~¡}©†Ç° „¦¬¶`ŒxïHá<Œ kÞ„¬̂ Î q‹¬ë~¡}#° H›#°Qù#=KÇ°ó#x D ‡�~”Œ¼O‰×=ò…Õx =òO Î̂° ƒAìQ®=ò…Õ
³̀�°‹¬°ä›½O\ì=ô.

D ‹²̂ ¥œO Ç̀=ò ƒAì~¡f†Ç°, ãwä›½ Q®}÷̀ Ç "Í̀ Çë�ä›½ ãH©.„¬î. 3= ‰×̀ Œ|í=ò…Õ<Í ̀ ³�°‹¬°.  „¦¬¶ Ç̀=ò ‹¬‚¬ì[ ‹¬OY¼
J~ò#„¬ô_È° D ‹²̂ ¥œO Ç̀=ò#° H›#°Qù#ß Mì¼u ã„¬=òY J~¡|°Ä H›q, Q®}÷̀ Ç ‰§ã‹¬ë"Í̀ Çë J~ò# X=°~Ÿ Y=¶¼"£° (A.D.

1048Ð 1122) ä›½  ̂ Îä›½ø Ç̀°Ok.  nxx JH›~¡}©†Ç° „¦¬¶`Œ�ä›½ H›#°Hù#ß H©ië ãa\÷+¹ Q®}÷̀ Ç ‰§ã‹¬ëAý_È° #¶¼@<£ (A.D.

1642Ð1727) ä›½ K³O Î̂° Ç̀°Ok ã‡�~¡OƒA’=ò…Õ K³„²æ#@°=O\÷ ‹¬=°‹¬¼� ª� ÂÎ# HË‹¬"Í° QêH›, kÞ„¬̂ Î ‹²̂ ¥œO Ç̀=ò
‹¬OƒAì=¼`Œ ‹²̂ ¥œO`Œ…ÕÁ#°, H›�# Q®}÷̀ ÇO…Õ#°, (1.02)  =O\÷ "Œ\÷H÷ L*ìû~òO„¬ô q�°=�° H›#°Qù#°@…Õ#°
qª�ë~¡=òQê L„¬†³¶Q®„¬_È° Ç̀°Ok.  D ‡�~”¡=ò…Õ g\÷…Õ HùxßO\÷x KÇióª�ë=ò. JO Ç̀ä›½ =òO Î̂° ÂÎ# „¬î~¡â
„¦¬¶`ŒOHêxH÷, kÞ„¬̂ Î ‹²̂ ¥œO`Œxß x~¡¶„²OKÇ_¨xH÷ J=‹¬~¡=°†Í°¼ Q®}÷̀ Œ#° Q®=°# „¬̂ Îœux Q®°iOz ̀ ³�°‹¬°ä›½O^¥=ò.

�HÆê¼�°
D ‡�~”¡=ò KÇkq# Ç̀~ŒÞ Ç̀ h=ô

� Q®}÷̀ Œ#°Q®=°# ‹¬¶ã`Œxß ã„¬=zOKÇQ®�=ô
� n = 1 ä›½ ã„¬=KÇ#=ò P(n) †³òH›ø x*ìx*ì�#° „¬sH÷ÆOKÇQ®�=ô
� ã„¬=KÇ#=ò P(K) "Œ‹¬ë==°~ò#„¬ô_È° Jk P(K + 1) ä›½ ä›�_¨ "Œ‹¬ë= =°=ô Ç̀°O^Ë …è̂ Ë „¬ijeOKÇQ®�=ô.
� Q®}÷̀ Œ#° Q®=°# „¬̂ Îœu ^¥Þ~Œ Q®}÷̀ Ç ã„¬=KÇ<Œ� "Œ‹¬ëqH›̀ Ç#° „¬sH÷ÆOKÇQ®�=ô.
� ÂÎ# „¬î~ŒâOHêxH÷ kÞ„¬̂ Î ‹²̂ ¥œO`Œxß ã„¬=zOz ^¥xx Q®}÷̀ Œ#° Q®=°# „¬̂ Îœu…Õ x~¡¶„²OKÇQ®�=ô.
�  kÞ„¬̂ Î ‹²̂ ¥œO`Œ#°ß„¬†³¶yOz, qq ÂÎ q�°=�° x, y �ä›½ (x + y)n  q‹¬ë~¡}#° ã"Œ†Ç°Q®�=ô.
� kÞ„¬̂ Î q‹¬ë~¡}…Õ ª� Â¥~¡} „¬̂ ¥xß, =° ÂÎ¼ „¬̂ ¥xß ã"Œ†Ç°Q®�=ô.
� |°°} =°i†Çò JH›~¡}©†Ç° q�°=�ä›½ kÞ„¬̂ Î q‹¬ë~¡}#° ã"Œ†Ç°Q®�=ô

� kÞ„¬̂ Î ‹²̂ ¥œO`Œ#°ß„¬†³¶yOz 3 39, 2 , 3  =O\÷ "Œ\÷H÷ L*ìû~òO„¬ô q�°=�° ã"Œ†Ç° Q®�=ô.

� x
  q�°= =°s z#ß Î̂~ò#„¬ô_È°, x2 =°i†Çò JO Ç̀ä›½ Ì„á „¦¬¶`Œ� q�°=�#° Ç̀$}©H›iOz, 

7
5

3
x

 
− 

 

=O\÷ cr†Ç° q‹¬ë~¡}�#° ã"Œ‹², x ä›½ "Œ\÷ q�°=�° H›#°Qù#Q®�=ô.

kÞ„¬^Î ‹²^¥œO Ç̀=ò
8
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I. Ju‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (1 =¶~¡°ø)

1. ãH÷Ok "Œx…Õ Uq ã„¬=KÇ<Œ�°?

)a + + + + >1 2 4 ..... 2 20n )b 1 2 3 ... 10 99+ + + + =

)c =òOƒÿá H›<Œß K³<³áß ƒì=ôO@°Ok. )d `Œ*˜=°‚¬ð…˜ ZH›ø_È =ô#ßk?

)e ( )

1 1
....

1 2 1 1

n

n n n
+ + =

× + +

‹¬¶KÇ# : ‹¬̀ Ç¼=°x Hêx, J‹¬̀ Ç¼=°x Hêx xiœ+¬“OQê K³„¬æQ®� "ŒH›¼=ò#° ''ã„¬=KÇ#OÑÑ JO\ì~¡°.

‹¬=¶ Â¥<Œ�° : ( ) ( ),b e  �° ã„¬=KÇ<Œ�°.

)a #°O_� n†³òH›ø q�°= xö~ítOKÇ…è=ò. Hê=ô# Wk ã„¬=KÇ#O Hê Î̂°.

)c Q®}÷̀ Ç ã„¬=KÇ#O Hê Î̂°.

)d ã„¬‰§ß~¡ÖH›O Hê=ô ã„¬=KÇ#O Hê Î̂°.

II. ‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (2 =¶~¡°ø�°)

1. 3( ) : 5+p n n n ä›½ 6 XH› Hê~¡}ìOH›O, J~ò Í̀ ( ) ( ) ( ) ( )1 , 2 , , 1P P P K P K + ( K ‹¬‚¬ì[ ‹¬OY¼)�#°

H›#°HËøO_�.

‹¬=¶ Â¥#O: ( ) ( )31 1 5 1 1 5 6P = + = + = ä›½ 6 XH› Hê~¡}O.

( ) ( )32 2 5 2 8 10 18P = + = + = H÷ 6Hê~¡}ìOH›O

( ) ( )3 5P K K K= + ä›½ 6 XH› Hê~¡}ìOH›O.

( ) ( ) ( )
3

1 1 5 1P K K K+ = + + + ä›½ 6XH› Hê~¡}ìOH›O.

2. ãH÷Ok ã„¬=KÇ<Œ�° ( )P n �ä›½ ( ) ( )1 ,P P K =°i†Çò ( )1P K + �#° ã"Œ†Ç°O_�.

‹¬=¶ Â¥<Œ�° : )a 2 1n n≥ +

( ) ≥ +
11 : 2 1 1P

( ) ≥ +: 2 1KP K K
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( ) 1 11 : 2 1 2 2+ +
+ ≥ + ⇒ ≥ +

K KP K K K

)b ( )1 1
n

x nx+ ≥ +

( ) ( )+ ≥ +
1

1 : 1 1P x x

( ) ( )+ ≥ +: 1 1
K

P K x Kx

( ) ( ) ( )
+

+ + ≥ + +
1

1 : 1 1 1
K

P K x K x

)c ( )

1 1
....

1 2 1 1

n

n n n
+ + =

× + +

( ) =
×

1 1
1 :

1 2 2
P

( ) = =
× ×

1 1 2
2 :

1 2 2 3 3
P

( )
( )

+ + + =
× × + +

1 1 1
: ...
1 2 2 3 1 1

K
P K

K K K

( )
( ) ( ) ( )

+
+ + + + + =

× × + + + +

1 1 1 1 1
1 : ...

1 2 2 3 1 1 2 2

K
P K

K K K K K

3. ãH÷Ok "Œ\÷x q‹¬ëiOKÇO_�.

)a ( )
3

2a b+

ª� ÂÎ#: ( ) ( ) ( ) ( ) ( )
3 2 23 3 3 3 3

0 1 2 32 2 2C a C a b C a b C b+ + +

( )
3 3 2 2 31 2 34 3 2a a b ab b+ + × +

3 2 2 38 12 86a a b ab b+ + +

)b ( )
6

2 3x y−

( ) ( ) ( ) ( ) ( ) ( ) ( )
6 5 4 32 36 2 6 2 6 2 6 2

0 1 2 33 3 3C x C x y C x y C x y− + −
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( ) ( ) ( ) ( ) ( )
3 4 5 66 2 6 2 6

4 5 63 3 3C x y C x y C y+ − +

( ) ( ) ( ) ( ) ( )
512 10 8 2 6 3 4 4 2 56 3 15 9 20 27 15 81 6 243 3x x y x y x y x y x y y= − + − + − × +

12 10 8 2 6 3 4 4 2 5 518 225 540 1215 1458 243x x y x y x y x y x y y⇒ − + − + − +

4. )a ( )
7

1 x−

ª� ÂÎ#: ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )7 7 7 2 7 3 7 4 7 5 7 6 7 7
0 1 2 3 4 5 6 71 1 1C C x C x C x C x C x C x C x+ + − + − + −

2 3 4 5 6 71 7 21 35 35 21 7x x x x x x x− + − + − + −

)b ( )
5

1 2x+

ª� ÂÎ#: ( ) ( ) ( ) ( ) ( )
2 3 4 55 5 5 5 5 5

0 1 2 3 4 52 2 2 2 2C C x C x C x C x C x+ − + − +

( ) ( ) ( ) ( )2 3 4 51 5 2 10 4 10 8 5 16 32x x x x x= + − + − +

2 3 4 51 10 40 80 80 32x x x x x= + − + − +

)c Q®}÷̀ Œ#° Q®=°# ‹¬¶ã Ç̀O#° L„¬†³¶yOz ãH÷Ok ã=„¬KÇ<Œ�#° x~¡¶„²O„¬ô=ò.

( )P n n= =ü�Hê� ‹¬q°uH÷ L„¬‹¬q° Ç̀°� ‹¬OY¼ 2n

ª� ÂÎ#: ( )1P :1 =ü�Hê� ‹¬q°uH÷ L„¬‹¬q° Ç̀°� ‹¬OY¼ 12 2= =

W Í̂ q ÂÎOQê ( )P K ‹¬̀ Ç¼O J#°Hùx#

( )P K K= =ü�Hê� ‹¬q°uH÷ L„¬‹¬q° Ç̀°� ‹¬q° Ç̀°�° 2K

( )1 1P K K+ = + =ü�Hê� ‹¬q°uH÷ L„¬‹¬q° Ç̀°�°  1 12 2 .2K K+
=

Hê=ô# ( )P K ‹¬̀ Ç¼=°#°Hùx# ( )1P K +  ä›�_¨ ‹¬̀ Ç¼"³°Ø#k.
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III. n~¡É‹¬=¶ �̂¥# ã„¬‰×ß�°  ( 5 =¶~¡°ø�°)

1. U ‹¬‚¬ì[ ‹¬OY¼ïHá<Œ ãH÷O Î̂ "Œ\÷x x~¡¶„²OKÇO_�.

)a ( )1 , 1nx x− − KÍ ƒìyOKÇ|_È° Ç̀°Ok.

ª� ÂÎ#: ( ) 1nP n x= −

( )1 1P x= −  Hê=ô# ( )1P  ‹¬̀ Ç¼O.

W Í̂q ÂÎOQê ( )P K ‹¬̀ Ç¼O J#°Hùx# ( ) 1KP K x= − #° 1x − ƒAìy‹¬°ëOk.

1

1

Kx
t

x

−
=

−
J~ò# ( ) ( )1 1 1 1K Kx t x x t x⇒ − = − ⇒ = − +

( )1P K + ä›½ ( ) ( )11 1 . 1 1 1 1K KP K x x x t x x+  + = − ⇒ − = − + −  (1) #°O_�.

( ) ( ) ( ) ( ) ( )1 1 1 1 1P K t x x x x tx+ = − + − ⇒ − +  nxx 1x − ƒAìy‹¬°ëOk.

Hê=ô# ( )P K ‹¬̀ Ç¼O J#°Hùx# ( )1P K + ä›�_¨ ‹¬̀ Ç¼"³°Ø#k.

Hê=ô# U ‹¬‚¬ì[ ‹¬OY¼ïHá<Œ 1nx − #° 1x − ƒAìy‹¬°ëOk.

)b +
3 2n n#° 3 ƒAìy‹¬°ëOk.

( ) 3 2P n n n= + J~ò<Œ

( ) ( )31 1 2 1 3P = + = ( )1P∴  ‹¬̀ Ç¼O.

W Í̂q ÂÎOQê ( )P K ‹¬̀ Ç¼O J#°Hùx# ( ) 3 2P K K K= + #° 3 ƒAìy‹¬°ëOk.

3 2

3

K K
t

+
= J#°Hùx# 3 32 3 3 2K K t K t K+ = ⇒ = − .... (1)

( ) ( ) ( )
3 3 21 1 2 1 3 3 1 2 2P K K K K K K K+ = + + + = + + + + +

3 23 5 3K K K⇒ + + +

( ) 23 2 3 5 3t K K K⇒ − + + +
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23 3 3 3t K K⇒ + + +

( )23 1t K K⇒ + + + #° 3 ƒAìy‹¬°ëOk.

Hê=ô# ( )P K ‹¬̀ Ç¼O J#°Hùx# ( )1P K +  ä›�_¨ ‹¬̀ Ç¼"³°#k.

Hê=ô# U ‹¬‚¬ì[ ‹¬OY¼ïHá<Œ 3 2n n+ #° 3 ƒAìy‹¬°ëOk.

2. kÞ„¬̂ Î ‹²̂ ¥œO Ç̀O#° L„¬†³¶yOz ãH÷Ok "Œ\÷x Q®}÷OKÇO_�.

1) ( )
4

101 2) ( )
4

99 3) ( )
3

102 4) ( )
3

0.98

ª� ÂÎ#:

1) ( )
4

101 ( )
4

100 1= +

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
4 3 2 2 3 44 4 4 4 4

0 1 2 3 4100 100 1 100 1 100 1 1C C C C C+ + + +

( ) ( ) ( ) ( )
4 3 2

100 4 100 6 100 4 100 1⇒ + + + +

( ) ( )100000000 4 1000000 6 10000 400 1 104060401⇒ + + + + =

2) ( )
4

99 ( )
4

100 1= −

( ) ( ) ( ) ( )
4 3 24 4 4 4

0 1 2 3100 100 100 1C C C C− + −

( ) ( ) ( )100000000 4 100000 6 10000 4 100 1⇒ − + − +

100000000 400000 60000 400 1 96059601⇒ − + − + =

W Í̂q ÂÎOQê q°Q®̀ Œq ã„¬†Ç°ußOKÇO_�.

3. ãH÷Ok q‹¬ë~¡}…Õ ( )1r + = „¬̂ ÎO H›#°HËøO_�.

)a ( )2
n

x y+ )b ( )22 1
n

a − )c ( )1
n

a− )d 2

1
3

n

x

 
+ 

 

‹¬¶KÇ#: ( )
n

a b+ q‹¬ë~¡}…Õ ( ) ( )1
n r rn

r rT C a b
−

+ =

ª� ÂÎ#: )a ( ) ( )1 2
n r rn

r rT C x y
−

+ = ×
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2n n r n r r
rC x y− −⇒

)b ( )22 1
n

a − …Õ 1rT +  „¬̂ ÎO.

( ) ( )2
1 2 1

n r rn
r rT C a

−

+ = −

( )2 22 1
rn n r n r

rC a− −⇒ −

( ) 2 2
1 1 . 2

r n n r n r
r rT C a− −

+⇒ = −

q°Q®̀ Œq W…ìöQ ã„¬†Ç°ußOKÇO_�.

4. )a ( )
8

1 2y+ q‹¬ë~¡}…Õ 6= „¬̂ ÎO )b ( )
7

2 3x +  q‹¬ë~¡}…Õ 4= „¬̂ ÎO

)c ( )
11

2a b− …Õ 7= „¬̂ ÎO )d

6
1

x
x

 
+ 

 
…Õ 4= „¬̂ ÎO

)e

7
3

2

1
x

x

 
− 

 
…Õ 5= „¬̂ ÎO.

‹¬=¶ Â¥<Œ�° :

)a ( )1
n rn r

r rT C a b
−

+ =  #°O_�

( ) ( )
8 5 58

6 5 1 5 1 2T T C y
−

+= =

8 5 5
5 2 .C y=

51792y=

)b ( )
7

2 3x + …Õ 4T

( ) ( )
7 3 37

4 3 1 3 2 3T T C x
−

+= =

4 4 37!
2 3

3!4!
x⇒
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4 3 4 435 2 3 15120x x⇒ × × =

q°Q®̀ Œq ã„¬†Ç°ußOKÇO_�.

5. ãH÷Ok q‹¬ë~¡}…Õ =° ÂÎ¼„¬̂ ÎO H›#°HËøO_�.

)a ( )
10

2x y+ )b

8
32

1
3
x

 
+ 

 
)c

6
1

x
x

 
+ 

 

)d ( )
10

21 x− )e

7
3 4

4 3

x y 
− 

 

‹¬=¶ Â¥<Œ�°:

)a ( )
10

2x y+  q‹¬ë~¡}…Õ "³ò Ç̀ëO „¬̂ ¥�° 11 Hê=ô# 6= „¬̂ ÎO =° ÂÎ¼„¬̂ ÎO JQ®°#°.

( ) ( )
10 5 510

6 5 1 5 2T T C x y
−

+∴ = =

10 5 5 5
52C x y=

=° ÂÎ¼„¬̂ ÎO 5 5
6 8064T x y=

)b

8
32

1
3
x

 
+ 

 
q‹¬ë~¡}…Õ "³ò Ç̀ëO „¬̂ ¥�° 9 Hê=ô# 5T  =° ÂÎ¼ „¬̂ ÎO.

( )
4

8 48 3
5 4 1 4

2
1

3
T T C x

−
+

 
∴ = =  

 

( )
4 4

8 3
4

2

3
C x

 
=  

 

4
12 12 12

4

70.2 70 16 1120

81 813
x x x

×
⇒ =

W Í̂ q ÂÎOQê (c), (d) �° ã„¬†Ç°ußOKÇO_�.

)e

7
3 4

4 3

x y 
− 

 
q‹¬ë~¡}…Õx "³ò Ç̀ëO „¬̂ ¥�° 8 Hê=ô# =° ÂÎ¼ „¬̂ ¥�° 4T =°i†Çò 5T  ï~O_È° =KÇ°ó#°.
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7 3 3
7

4 3 1 3
4

4 3

x y
T T C

−

+

3 −   
∴ = =    

   

( )
4 3 3

7
3 4 3

3 4 .
.

4 3

x y
C= −

4 4 3 3

3 4

7! 3 . .4 .
.

3!4! 3 .4

x y−
⇒

4 3
4

3
35

4
T x y⇒ = − ×

4 3
4

105

4
T x y

−
=

7 4 4
7

5 4 1 4
3 4

4 3

x y
T T C

−

+

−   
= =    

   

3 3 4 4

3 4

3 . 4 .
35

4 3

x y
⇒ × ×

3 4 3 4
5

35 4 140

3 3
x y T x y

×
⇒ ⇒ =

6. )a

11

2

1
x

x

 
+ 

 
)b  ( )

9
2 9a − )c  ( )

7
a b+ q‹¬ë~¡}…Õ =° ÂÎ¼ „¬̂ ¥xß H›#°HËøO_�.

ª� ÂÎ#: )a

11

2

1
x

x

 
+ 

 
 q‹¬ë~¡}…Õx "³ò Ç̀ëO „¬̂ ¥�° 11 1 12+ =  WO Î̂°…Õ =° ÂÎ¼ „¬̂ ¥�°

6T =°i†Çò 7T  JQ®°#°.

( )
5

11 511
6 5 1 5 2

1
T T C x

x

−
+

 
∴ = = ×  

 

11 6
5 10 4

1 462
C x

x x
= × ⇒
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( )
6

11 611
7 6 1 6 2

1
T T C x

x

−
+

 
= = ×  

 

11 5
6 12

1
C x

x
⇒ ×

7 7

462
T

x
⇒ =

W Í̂q ÂÎOQê q°Q®̀ Œq ã„¬†Ç°ußOKÇO_�.

7. ãH÷Ok "Œ\÷x q‹¬ëiO„¬ô=ò.

)a ( )
3

1 , 1P P
−

− < )b ( )
4

3
1

1 3 ,
3

x x+ <

)c
 

− < 
 

6

55
1 , 5z

z
)d ( )

6

5
1

1 5 ,
5

z z− <

‹¬¶KÇ#: ( )
1 2 31 1 ...x x x x

−
+ = − + − +

( )
1 2 31 1 ...x x x x

−
− = + + + +

W…ìöQ ( ) 1

r
r r y

x y x
x

 
+ = + 

 
 WH›ø_È 1

y

x
<

( ) ( ) ( )2 31 1 2
1 1 ...

2! 3!

r r r r r ry y y y
r

x x x x

− − −       
∴ + = + + + +      
       

( ) 21
1 1 ...

2!

r
r r r ry y y
x x r

x x x

 −     
 ∴ + = + + −     
       

W…ìöQ
( ) 21

1 1 ....
2!

r r ry y y
r

x x x

−     
− = − + −     

     

=°i†Çò ( )
( ) ( ) ( )2 31 1 2

1 1 ...
2! 3!

n n n n n n
x nx x x

− + + +
+ = − + − +
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( )
( ) ( ) ( )2 31 1 2

1 1 ..
2! 3!

n n n n n n
x nx x x

− + + +
− = + + + +

ª� ÂÎ#: )a ( )
3

1 P
−

− q‹¬ë~¡}ä›½.

( ) ( ) ( )2 31 1 2
1 ..

2! 3!

n n n n n
nx x x

+ + +
+ + + +

WH›ø_È 3,n x p= =  ã"Œ†Ç°Qê

( )
3 2 31 1 3 6 10 ....P P P P

−
− = + + + +  WH›ø_È 1P <

)b ( )
4

31 3x+  q‹¬ë~¡}ä›½

( ) 2

1

1 1 ....
2!

p

q

p p

q qp
x x x

q

 
− 

 
+ = + + +

( ) ( ) ( )
4

2
3

4 4
1

4 3 3
1 3 1 3 3 ....

3 2!
x x x

 
− 

 
∴ + = + + +

2

4 1

3 3
1 4 9 ...

2
x x

   
   
   ⇒ + + × +

21 4 2 ...x x⇒ + + + WH›ø_È 
1

3 1
3

x x< ⇒ <

)c

6

55
1

z

 
− 

 
 q‹¬ë~¡}ä›½

( ) 2

1

1 1 ....
2!

p

q

p p

q qp
x x x

q

 
− 

 
− = − + −
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6
2

5

6 6
1

5 6 5 55 5
1 1 ....

5 2!z z z

  
−   

        
∴ − = − + −       
      

2

6 1

6 255 51 ....
2z z

×

= − + × −

2

6 3
1 ...

z z
= − + −

)d ( )
6

51 5z−  q‹¬ë~¡}ä›½

( ) ( )
2

6 6
1

6 5 5
1 5 5 ...

5 2!
z z

  
−   

    
− + − 
 

2

6 1

5 5
1 6 25 ....

2
z z

   
   
   

− + ×

21 6 3 ....z z− + WH›ø_È 
1

5
z <

8. ãH÷Ok "Œ\÷x q‹¬ëiOKÇ°=ò.

)a ( )
−

−
2

327 6x )b ( )
3

2 , 1
2

x
a x

a

−
+ <

)c ( )
1

7
2

2 3 ,
3

y y+ <

ª� ÂÎ#: )a ( )
−

−
2

327 6x  q‹¬ë~¡}ä›½

( )
2 22 2

3 333 3
6 2

27 1 3 1
2 9

x
x

− −− −
   

− = −   
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2

32 2
3 1

9

x
−

−  
− 

 
 WH›ø_È 

2
1

9

x
<  …è̂ ¥ 

9

2
x <

( ) 2

1

1 1 ...
2!

p

q

p p

q qp
x x x

q

−

 
+ 

 
− = + + +

2

3 2

2 2
1

1 2 1 2 3 3
1 1 2

9 9 9 3 2

x
x x

−
   

+   
     ∴ − = + +     

  
  

2
2

3

2 2
1

1 2 1 2 2 23 3
1 1 ...

9 9 9 3 9 2! 9

x x x
−   

+  
       ∴ − = + + +     

      
 
 

2
2 5

1 4 43 31 ...
9 27 2 81

x x
 

× 
⇒ + + × + 

 
 

21 4 20
1 ...

9 27 729

x
x

 
⇒ + + + 

 

21 4 20
...

9 243 6561

x
x⇒ + + +

)b ( )
3

2a x
−

+ q‹¬ë~¡}ä›½ =òO Î̂°Qê nxx ( )1
n

x
−

+ Qê =¶~Œóe. ( )
3

3
2 1

2

x
a

a

−
−  

+ 
 

Hêx ( )
( ) 21

1 1 ....
2!

n n n
x nx x

− +
+ = − +

( ) ( )
( ) 2

3 3 3 1
2 1 3 ....

2 2! 2

x x
a

a a

−
 +  
 − +  
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( )

( ) 2

3 2

3 41 3
1 ....

2 2 42

x x

a aa

 
− + + × 

  

2

3 2

1 3 3
1 ....

28 2

x x

aa a

 
− + + 

  

9. ãH÷Ok "Œ\÷ q�°=�#° 3 Î̂‰§O‰× ª�Ö<Œ�ä›½ ‹¬=°iOz H›#°HËøO_�.

)a ( )
2

1.02 )b ( )
3

1.01
−

)c ( )
4

0.97 )e ( )
1

224
−

‹¬=¶ Â¥<Œ�° :

)a ( )
2

1.02 ( )
2

1 0.2= +  WH›ø_È 0.2 1<

( )
( ) 21

1 1 ...
2!

n n n
x nx x

−
+ = + + +

( ) ( )
( )

( )
2 22 2 1

1 0.2 1 2 0.2 0.2 ...
2

−
∴ + = + + +

1 0.4 0.04 1.44= + + =

)b ( )
3

1.01
− ( )

3
3

1 0.1 1
10

−
− 1 

= + = + 
 

( ) ( ) ( )2 33 3 1 3 3 1 3 21 1 1
1 3

10 2! 10 3! 10

+ + +     
⇒ − + −     

     
{ ....

 
⇒ − + × − + 

 

3 3(4) 1 3(4)5 1
1 ....

10 2 100 6 1000

( ) ( ) ( )
⇒ − + − + ×

3 4 5 63 6 10 1
1

10 100 1000 24 10000

3 6 1 15
1

10 100 100 10000
− + − +

100 30 6 1 0.15

100

− + − +
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75.15
0.751

100
=  ^¥^¥„¬ô

IV.  "Œ¼‹¬~¡¶„¬ ‹¬=¶ �̂¥# ã„¬‰×ß�°  ( 8 =¶~¡°ø�°)

1. Q®}÷̀ Œ#° Q®=°# „¬̂ Îœu…Õ ãH÷Ok "Œ\÷x x~¡¶„²OKÇO_�.

)a ( ) ( )

1 1 1 1
...

1.3 3.5 5.7 2 1 2 1 2 1

n

n n n
+ + + + =

− + +

‹¬=¶ Â¥#O. Î̂̀ ŒëO‰§xß ( )P n   J#°Hùx#

( )
( ) ( )

+ + + =
− + +

1 1 1
: ..
1.3 3.5 2 1 2 1 2 1

n
P n

n n n

( )
( )

= = = =
+

1 1 1 1
1 : ;

1.3 3 2 1 1 3
P LHS RHS

( )1P∴  ‹¬̀ Ç¼O.

W Í̂ q ÂÎOQê ( )P K ‹¬̀ Ç¼O J#°Hùx#

( )
( ) ( )

+ + =
− + +

1 1
: ...
1.3 2 1 2 1 2 1

K
P K

K K K .... (1)

( )
( ) ( ) ( ) ( ) ( ) ( )

+ + + + = +
− + + + + + +

1 1 1 1
1 : ...

1.3 2 1 2 1 2 1 2 3 2 1 2 1 2 3

K
P K

K K K K K K K

( ) ( )

1

2 1 2 1 2 3

K

K K K
+

+ + +

( )

( ) ( ) ( ) ( )

22 3 1 2 3 1

2 1 2 3 2 1 2 3

K K K K

K K K K

+ + + +
=

+ + + +

( ) ( )

( ) ( )

( ) ( )

2 2 1 1 12 2 1

2 1 2 3 2 1 2 3

K K KK K K

K K K K

+ + ++ + +
⇒ =

+ + + +

( ) ( )

( ) ( ) ( )

1 2 1 1

2 1 2 3 2 3

K K K

K K K

+ + +
⇒ =

+ + +
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( )P K∴ ‹¬̀ Ç¼O J#°ä›½O>è ( )1P K + ä›�_¨ ‹¬̀ Ç¼"³°Ø#k.

∴U ‹¬‚¬ì[ ‹¬OY¼ n ïHá<Œ ( ) ( )

1 1 1 1
...

1.3 3.5 5.7 2 1 2 1 2 1

n

n n n
+ + + + =

− + + ...

)b ( ) ( )2 2 2 21 2 3 .... 1 2 1
6

n
n n n+ + + + = + + Jx KÇ¶„¬O_�.

( )
( ) ( )+ +

+ + + + =
2 2 2 2 1 2 1

: 1 2 3 ....
6

n n n
P n n

( )
( ) ( )+ +

= = ⇒ =
2 1 1 1 2 1

1 : 1 1 : 1
6

P LHS RHS

( )1P∴ ‹¬̀ Ç¼O.

W Í̂q ÂÎOQê ( )P K  ‹¬̀ Ç¼O J#°Hùx#

( )
( ) ( )+ +

+ + + =
2 2 2 1 2 1

: 1 2 ....
6

K K K
P K K .... (1)

( )1P K + ä›½ W~¡°"³á„¬ô� ( )1K
2

+ H›�°„¬Qê

( )
( ) ( )

( )
2 22 2 2 1 2 1

1 2 .... 1 1
6

K K K
K K K

+ +
+ + + + + = + +

( ) ( ) ( )
2

1 2 1 6 1

6

K K K K+ + + +
⇒

( )
( ) ( )

1
2 1 6 1

6

K
K K K

+
 ⇒ + + + 

( ) 21
2 6 6

6

K
K K K

+  ⇒ + + +
 

( ) 21
2 7 6

6

K
K K

+  ⇒ + +
 

( ) 21
2 4 3 6

6

K
K K K

+  ⇒ + + +
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( ) ( )
( )

( ) ( )
11

2 2 3 2 2 3
6 6

KK
K K K K K

++
   ⇒ + + + ⇒ + +   

(1) #°O_� ( )P K ‹¬̀ Ç¼O J#°ä›½O>è ( )1P K + ä›�_¨ ‹¬̀ Ç¼"³°ØOk.

n∴ Jxß ‹¬‚¬ì[ ‹¬OY¼�ä›½ ( ) ( )2 2 21 2 ... 1 2 1
6

n
n n n+ + = + + ....JQ®°#°.

)c ( ) ( )
( )+

+ + = = + + =

22
23 3 3 3 1

: 1 2 ... 1 2 ...
4

n n
P n n n n

( )1P ä›½ ( )
( )+

= = ⇒ = =

2
3 1 1 1

1 : 1 1 1
4

P LHS RHS

( )1P∴ ‹¬̀ Ç¼O

W Í̂q ÂÎOQê ( )P K  ‹¬̀ Ç¼O J#°Hùx#

( )
( )+

+ + =

22
3 3 3 1

: 1 2 ...
4

K K
P K K .... (1)

1K + =ä›½ W~¡°"³á„¬ô…ì ( )
3

1K + H›�°„¬Qê

( ) ( )
( ) ( ) ( ) ( )+ + + + +

+ + + + + + = + =

2 3 2 32 2
33 3 3 1 1 1 4 1

1 :1 2 ... 1
4 1 4

K K K K K K
P K K K

( )
( )( )

2
21

4 1
4

K
K K

+
⇒ + +

( )
( )

2
21

4 4
4

K
K K

+
⇒ + +

( ) ( )
2 2

1 2

4

K K+ +
⇒

(1) #°O_� ( )P K  ‹¬̀ Ç¼"³°Ø̀ Í

( )1P K + ä›�_¨ ‹¬̀ Ç¼"³°Ø#k. Hê=ô#
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n Jxß ‹¬‚¬ì[ ‹¬OY¼�ä›½ ( )
22

3 3 3 1
1 2 ...

4

n n
n

+
+ + + = JQ®°#°.

)d ( ) ( )1 4 7 ... 3 2 3 1
2

n
n n+ + + + − = − Jx KÇ¶„¬O_�.

( ) ( ) ( )+ + + + − = −: 1 4 7 ... 3 2 3 1
2

n
P n n n

( ) ( )= ⇒ = − =
1

1 : 1 3 1 1
2

P LHS RHS

( )1P∴  ‹¬̀ Ç¼O.

W Í̂q ÂÎOQê ( )P K ‹¬̀ Ç¼O J#°Hùx#

( ) ( ) ( )+ + + + − = −: 1 4 7 .. 3 2 3 1
2

K
P K K K .... (1)

1K + ä›½ W~¡°"³á„¬ô� ( )3 1 2K + − J#Qê 3 1K + H›�°„¬Qê

( ) ( ) ( ) ( )1 1 4 7 .. 3 2 3 1 3 1 3 1
2

K
P K K K K K+ = + + + + − + = − + +

2 23 6 2 3 5 2

2 2

K K K K K− + + + +
⇒ =

23 3 2 2

2

K K K+ + +
⇒

( ) ( ) ( ) ( )+ + + + +
⇒ =

3 1 2 1 1 3 2

2 2

K K K K K

( ) ( )
1

1 3 1 1
2

K
P K K

+
 ⇒ + = + −   (1) #°O_�.

( )P K  ‹¬̀ Ç¼O J#°Hùx# ( )1P K + ä›�_¨ ‹¬̀ Ç¼"³°Ø#k.

Hê=ô# n  U ‹¬‚¬ì[ ‹¬OY¼ïHá<Œ

+ + + + − = −1 4 7 .... 3 2 (3 1)
2

n
n n  JQ®°#°.
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)e ( )

1 1 1
...

1 2 2 3 1 1

n

n n n
+ + + =

× × + + .. (n  ‹¬‚¬ì[ ‹¬OY¼)

( )
( )

+ + + =
× × + +

1 1 1
: ...
1 2 2 3 1 1

n
P n

n n n

1n = H÷

( ) = = ⇒ = =
× +

1 1 1 1
1 :

1 2 2 1 1 2
P LHS RHS

( )1P∴  ‹¬̀ Ç¼O

W Í̂q ÂÎOQê ( )P K ‹¬̀ Ç¼O J#°Hùx#

( )
( )

+ + + =
× × + +

1 1 1
: ...
1 2 2 3 1 1

K
P K

K K K ... (1)

1K∴ + ä›½ W~¡°"³á„¬ô…ì ( ) ( )

1

1 2K K+ +  H›�°„¬Qê

( )
( ) ( ) ( ) ( ) ( ) ( )

1 1 1 1 1
1 ...

1 2 2 3 1 1 2 1 1 2

K
P K

K K K K K K K
+ = + + + + = +

× × + + + + + +

( )

( ) ( ) ( ) ( )

( )

( ) ( )

+ + ++ + +
⇒ = = =

+ + + + + + +

222 1 12 1 1

1 2 1 2 1 2 2

K K KK K K

K K K K K K K

( )
( )

1
1

1 1
P K

K

Κ +
⇒ + =

+ +  (1) #°O_�

( )P K ‹¬̀ Ç¼O J#°Hùx# ( )1P K + ä›�_¨ ‹¬̀ Ç¼"³°Ø#k. Hê=ô# n U ‹¬‚¬ì[ ‹¬OY¼ïHá<Œ

( )

1 1 1
...

1 2 2 3 1 1

n

n n n
+ + + =

× × + +  JQ®°#°.

)f ( )
( )

−
−

+ + + + =
−

2 1
1

: ...
1

n

n
a r

P n a ar ar ar
r
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1n =  q�°=ä›½

ª� ÂÎ#: ( )
( )−

= ⇒ = =
−

1 1
1 :

1

a r
P LHS a RHS a

r

( )1P∴ ‹¬̀ Ç¼O

W Í̂q ÂÎOQê ( )P K ‹¬̀ Ç¼O J#°Hùx#

( )
( )

−
−

+ + + + =
−

2 1
1

: ...
1

K

K
a r

P K a ar ar ar
r

... (1)

1n K= + ä›½, W~¡°"³á„¬ô� 1 1K Kar ar+ −
= H›�°„¬Qê.

( )
( )

−
−

+ + + + + + = +
−

2 1
1

1 : ..
1 1

K
K

K K
a r ar

P K a ar ar ar ar
r

( ) ( )

( )

1 1

1

K Ka r ar r

r

− + −
⇒

−

( )

( )+
+ −− + −

⇒ =
− −

1
1 1

1 1

K
K K K a rar a ar ar

r r

( )

( )( )1
1

1
1

K
a r

P K
r

+
−

⇒ + =
−

( )P K∴ ‹¬̀ Ç¼O J#°Hùx# ( )1P K + ä›�_¨ ‹¬̀ Ç¼"³°Ø#k.

n∴ U ‹¬‚¬ì[ ‹¬OY¼ïHá<Œ ( )P n ‹¬̀ Ç¼O JQ®°#°.

ÐÐÐ
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Hês“‹²†Ç°<£ x~¡¶„¬Hê� =¼=‹¬Ö

h=ô ‹²x=¶ä›½ "³o¤#„¬ô_È°, ï~á…ÕÁ ã„¬†Ç¶}÷OKÍ@„¬ô_È°, …è̂ ¥ U^Ë P@#° KÇ¶_È_¨xH÷ À‹“_0†Ç°Oä›½ "³o¤#„¬ô_È°
h=ô ä›1~¡°ó<Í ‹Ô@°#° "³̂ ÎH›_ÈO KÍª8ë=ô.  L^¥‚¬ì~¡}ä›½ h=ô ä›1~¡°ó<Í ‹Ô@° H-4 Jx LO>è ̂ ¥x J~¡ÖO H '=Ñ J_È°Û
=~¡°‹¬ 4'=Ñ ‹Ô\˜ Jx JO\ìO.  "Í~ùH›q ÎÎOQê K³„¬æ=…ÿ#O>è  H =°i†Çò 4 J<Íq h ‹Ô@° †³òH›ø x~¡¶„¬HêQ°.
Hê=ô# ‹¬OY¼Q#° =°i†Çò POQ®Á JH›Æ~ŒQx (cr†Ç° ƒIì=#) qx†³¶yOz XH› aO Î̂° ª8Ö<Œxß ‹¬¶zOKÇ=KÇóx
*ì¼q°f†Ç° ƒIì=#.

=°#=ò XH› HêQhx ([#‹¬=ò^¥†Ç°=ò LO_Í) f‹¬°ä›½O>è P HêQh…Õ ~Ë_È°Á, ~Ë_È°Û #O|~¡°…Õ =°#ä›½
Hê=Q‹²# WO_È°Á ‹¬°Q°=ôQê ³̀Q°‹¬°Hù#=KÇ°ó.  WH›ø_È XH› ãH›=¶#°ª8~¡O ~Ë_£#O|~¡°Á LO\ì†Ç°x Q®=°xOKÇO_0.
c[Q®}÷̀ Ç ƒIì=##° *ì¼q°f†Ç° zã`ŒQ ̂ ¥Þ~Œ ä›1_¨ ‹¬¶zOKÇ=KÇ°ó L^¥‚¬ì~¡}ä›½ ‹¬~¡̂ ×ö~YQ°, =$`ŒëQ°, |‚¬•ƒI’°lQ°.

x~¡¶„¬H› *ì¼q°ux ã„¬}ìoHê | Î̂œOQê JaI=$kí KÍ‹² Q®}÷̀ Ç‰§GO…Õ XH› Hù Ç̀ë ‰§Yä›½ <ŒOk „¬eHê~¡°.
c[Q®}÷̀ Ç ƒIì"ŒQ#° ö~MìQ®}÷̀ Ç ƒIì"ŒQ#° ''‹¬=°#Þ†Ç° „¬~¡KÇ_È"Í° x~¡¶„¬H› *ì¼q°u ã„¬̂ I¥# QH›Æ¼O.  nx<Í x~¡¶„¬H›
*ì¼q°u …è̂ ¥ Hês“‹²†Ç°<£ *ì¼q°u Jx ä›1_¨ JO\ì~¡°.  ã„¬‹²̂ Îœ ãÌ„¦OKŸ Q®}÷̀ Ç ‰§GAý_È° ï~<£_³Hêï~“ QÒ~¡"Œ~¡ÖO
Q®}÷̀ Ç‰§GO…Õ D ‰§Y#° Hês“‹²†Ç°<£ *ì¼q°u Jx ä›1_¨ JO\ìO.

D J Î¥¼†Ç°O…Õ ã‡8 Š̂Îq°H› ª8Ö~ò *ì¼q°f†Ç° ~¡¶‡8Q c[Q®}÷f†Ç° J~ŒÖQ#°, c[Q®}÷̀ Ç ‹¬=¶ª8Q *ì¼q°f†Ç°
J~ŒÖQ#° J ÎÎ¼†Ç°#O KÍ†Ç°_È"Í° x~¡¶„¬H› *ì¼q°u QH›Æ¼O.  c[Q®}÷̀ Ç ‹¬g°H›~¡}O ‹¬~¡̂ ×ö~Y J<Í *ì¼q°f†Ç° ƒIì=##°
[xO„¬KÍ†ÇòKÇ°#ßk.

�HÆê¼�°
g°~¡° D ‡8~”Œ¼O‰§xß KÇkq# Ç̀~ŒÞ Ç̀ ãQ®‚²ìOKÇ=Q‹²#q.

� Hês“‹²†Ç°<£ =¼=‹¬Ö…Õ x~¡¶„¬HêQ°, =üQaO Î̂°=ô, x~¡¶„¬HêHÆêQ°, ‡8^¥Q#° x~¡ÞzOKÇ_ÈO.
� ï~O_È° aO Î̂°=ôQ =° ÎÎ¼ Î̂¶~¡O, qƒI’[# ‹¬¶ã Ç̀O#° L`ŒækOKÇ°@
� aO Î̂°=ôQ° j~ŒÂQ°Qê Q®Q ãuƒI’°[O ABC  "³á‰§Q¼O L`ŒækOKÇ°@
� =ü_È° aO Î̂°=ôQ° Wzó#„¬ô_È° ‹¬ö~v†Ç¶…è"³¶ ‹¬iKÇ¶KÇ°@
� XH› ‹¬~¡̂ ×ö~Y "ŒQ°, x=°ß Ç̀ J~ŒÖQ#° x~¡ÞzOKÇ_ÈO
� ï~O_È° aO Î̂°=ôQ° Wzó#„¬ô_È° ‹¬~¡̂ ×ö~Y "ŒQ°#° H›#°Qù#_ÈO
� ï~O_È° ‹¬~¡̂ ×ö~YQ "ŒQ°Q° Wzó#„¬ô_È°

i) ‹¬=¶O Ç̀~¡OQê
ii) QO|OQê LO_È_¨xH÷ x†Ç°=°=ò

� ‹¬~¡̂ ×ö~Y x~¡¶„¬HêHÆêQ g° Î̂ KÍÀ‹ JO Ç̀~¡ YO_¨Q#° H›#°Qù#_ÈO
� Hùxß *ì¼q°f†Ç° x†Ç°=¶Q#° ‡8\÷‹¬¶ë ‹¬=° Ç̀QO…Õ KÇiOKÍ aO Î̂°=ôQ ‹¬q°ux aO Î̂°„¬̂ ŠÎOQê x~¡Þzª8ë=ò.
� Wzó# x†Ç°=¶Q`Ë aO Î̂°„¬̂ ŠÎ ‹¬g°H›~¡}O#° H›#°Qù#_ÈO

Hês“‹²†Ç°<£ x~¡¶„¬Hê� =¼=‹¬Ö

=¶_È¶¼…˜ Ð II

9
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I. Ju‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (1 =¶~¡°ø)

1. ãH÷Ok ãH›=°†ÇòQêà� =° "̂Î¼ ̂ Î¶~Œxß H›#°HËøO_*.

)a ( )5,4 =°i†Çò ( )2, 3− )b ( ),a a−  =°i†Çò ( ),b b

ª, "̂Î#:

‹¬¶KÇ#: ( ) ( )1 1 2 2, , ,P x y Q x y J~ò Í̀ ( ) ( )
2 2

2 1 2 1PQ x x y y= − + −

)a ( ) ( )5,4 , 2, 3P Q −

( ) ( ) ( ) ( )
2 2 2

2 4 3 4 2 7PQ
2

∴ = − + − − = − + −

4 49 53PQ⇒ = + =

)b ( ) ( ) ( ) ( )
2 2

, , ,P a a Q b b PQ b a b a− = ⇒ = − + +

( ) ( )2 2 2 2 2 22 2 2PQ b a ab b a ab a b= + − + + + = +

2. ãH÷O Î̂ Wzó# aO Î̂°=ô� #°O_* ö~Mì YO_È„¬ô =° "̂Î¼ aO Î̂°=ô#° H›#°Qù#°=ò

)a ( )2,3− =°i†Çò ( )3,5 )b ( )6,0 =°i†Çò ( )2,10−

‹¬¶KÇ#: ( ) ( )1 1 2 2, , ,P x y Q x y J~ò Í̀ PQ=° "̂Î¼ aO Î̂°=ô 1 2 1 2,
2 2

x x y y+ + 
=  
 

ª, "̂Î#: )a ( ) ( )2,3 , 3,5P Q− J~ò Í̀ 
2 3 3 5 1 8 1

, , ,4
2 2 2 2 2

− + +     
= =     

     

)b ( ) ( )6,0 , 2,10P Q −  J~ò Í̀ PQ=° ÎÎ¼ aO Î̂°=ô x~¡¶„¬HêQ°.

( )
6 2 0 10 4 10

, , 2,5
2 2 2 2

− +   
= =   

   

3. ‹¬~¡̂ ×ö~Y X − JH›ÆO…Õ "̂Î# k‰×…Õ KÍÀ‹ HË}ì�° 1) 060 2) 0150  J~ò Í̀ P ‹¬~¡̂ ×ö~Y "Œ�°#°
H›#°HËøO_*.
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ª, "̂Î#:

1) 060θ =  Hê=ô# "ŒQ° 060 3m Tan Tan= θ = =

2) 0150θ =  Hê=ô# "ŒQ° ( )= = + = − = −
0 0 1

150 90 60 cot 60
3

m Tan Tan

4. ‹¬~¡̂ ×ö~YY − JH›ÆO, ̂ "Î#k‰×…Õ KÍÀ‹ HË}O 030  J~ò Í̀ P ‹¬~¡̂ × ö~Y "Œ�°#° H›#°HËøO_*.

ª, "̂Î#: WH›ø_È 090 30θ = +  Hê=ô#

"ŒQ° ( ) 090 30 cot30 3= θ = + = − = −m Tan Tan

5. ‹¬~¡̂ ×ö~Y X −  JH›ÆO ~¡°}k‰×…Õ KÍÀ‹ HË}O 060 J~ò Í̀ P ‹¬~¡̂ ×ö~Y "Œ�°#° H›#°HËøO_*.

ª, "̂Î#: WH›ø_È 0180 60θ = −

"ŒQ° ( ) 0180 60 60 3m Tan Tan Tan= θ = − = − = −

6. ãH÷Ok aO Î̂° †ÇòQêà� =° "̂Î¼ Î̂¶~Œxß H›#°Qù#°=ò.

)a ( )2,0 =°i†Çò ( )1,cot θ )b ( )sin ,cosA A− =°i†Çò ( )sin ,cosB B

ª, "̂Î#: )a ( ) ( )= − + θ − = + θ = θ = θ
2 2 2 21 2 cot 0 1 cot cosec cosec PQ

)b ( ) ( )
2 2

sin sin cos cosPQ B A B A= + + −

= + + + + −
2 2 2 2sin sin 2sin sin cos cos 2cos cosB A A B B A A B

( ) ( ) ( )2 2 2 2sin cos sin cos 2 cos cos sin sinB B A A A B A B= + + + − −

( ) ( ) ( )( )1 1 2cos 2 2cos 2 1 cosA B A B A B= + − + = − + = − +

22 2sin 2sin
2 2

A B A B+ +   
= × =   

   

7. ( )3, 5− =°i†Çò ( )6,8−  aO Î̂°=ô�#° H›eÀ„ ö~Mì YO_ÈO =° "̂Î¼ aO Î̂°=ô H›#°HËøO_*.

ª, "̂Î#: =° ÎÎ¼ aO Î̂°=ô x~¡¶„¬HêQ° 1 2 1 2,
2 2

x x y y+ + 
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3 6 5 8
,

5 2

− − + 
=  
 

3 3
,

2 2

− 
=  
 

II. ‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (2 =¶~¡°ø�°)

1. ãH÷O Î̂ Wzó# aO Î̂°=ô�° �O|HË} ãuƒ"’°[ j~ŒÂ�x KÇ¶„¬O_*.

)a ( ) ( ) ( )4,4 , 3,5 , 1, 1− − )b ( ) ( ) ( )2,1 0,3 , 2,1−

ª, "̂Î#: )a ( ) ( ) ( )4,4 , 3,5 , 1, 1− −A B C  J#°Hùx#

( ) ( )= − + − = + =
2 2

3 4 5 4 1 1 52AB

( ) ( )
2 2

1 3 1 5 16 36 52= − − + − − = + =BC

( ) ( ) ( ) ( )= − − + − − = − + − = + =
2 2 2 2

1 4 1 4 5 5 25 25 50CA

( ) ( ) ( ) ( ) ( )
2 22 2 2

2 50 2 50 52AB CA BC+ = + = + = =∵  Hê=ô#

Wzó# aO Î̂°=ôQ° QO|HË} ãuƒI’°[ j~ŒÂQ°.

)b Ì„á …ÿH›ø =¶ki ã„¬†Ç°ußOKÇO_0.

2. ãH÷O Î̂ Wzó# aO Î̂°=ô� ‹¬q°u ãuƒ"’°[ j~ŒÂ� ~¡¶„¬O…Õ  LO Î̂x KÇ¶„¬ô=ò.

)a ( ) ( ) ( )3,3 , 6,3 0,0− )b ( ) ( ) ( )0, , , 0,0a a b

ª, "̂Î#: )a ãuƒI’°*ì"³á‰§Q¼O ( ) ( ) ( )∆ = − + − + −1 2 3 2 3 1 3 1 2
1

2
x y y x y y x y y

( ) ( ) ( )
1

3 3 0 6 0 3 0 3 3
2

∆ = − − − + −

( )
1 1

9 18 27 0
2 2

⇒ + = ≠

0∆ ≠∵  Hê=ô# Ì„á aO Î̂°=ôQ° ãuƒI’°[ j~ŒÂQ° JQ®°#°.
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)b ï~O_Ë „¬̂ Îœu : ( ) ( )0, , ,a a b "ŒQ° 1
0

b a b a
m

a a

− −
= =

−
... (1)

( ) ( ). , 0,0a b "ŒQ° 2
0

0

b b
m

a a

−
= = +

−
... (2)

1 2m m∴ ≠ Hê=ô# Ì„á aO Î̂°=ôQ° ãuƒI’°[ j~ŒÂQ° JQ®°#°.

3. ãH÷O Î̂ Wzó# aO Î̂°=ô� ‹¬q°u ‹¬ö~v†Ç¶�x KÇ¶„¬O_*.

)a (3,Ð6), (2,4) =°i†Çò (Ð4,8) )b  (0,3), (0,Ð4) =°i†Çò (0,6)

ª, "̂Î#: ( ) ( ) ( )− −3, 6 , 2, 4 , 1,8A B C  J#°Hùx#

AB"ŒQ° 
4 6

10
2 3

+
= = −

−
; BC"ŒQ°

8 4 4 2

4 2 6 3

−
= = = −

− − −

=°i†Çò AC "ŒQ°
+

= = −
− − −

8 6 14
2

4 3 7

AB∵ "ŒQ° BC≠ "ŒQ° AC≠ "ŒQ° Hê=ô# Ì„áq ‹¬ö~v†Ç¶Q° Hê=ô.

)b ( ) ( )0,3 , 0,4 , (0,6A B C

AB"ŒQ°
− − −

= = = α
−

4 3 7

0 0 0

BC"ŒQ°
6 4 10

0 0 0

+
= = = α

−

=°i†Çò CA"ŒQ°
6 3 3

0 0 0

−
= = = α

−

∵ AB"ŒQ° BC= "ŒQ° AC= "ŒQ° Hê=ô# Î̂̀ Çë aO Î̂°=ôQ° ‹¬ö~v†Ç¶Q°.

4. )a ( ) ( ) ( )0, 1 , 2,3 , 6,7− −  =°i†Çò ( )8,3 aO Î̂°=ô�° n~¡É KÇ̀ Ç°~¡ã‹¬ j~ŒÂ�x KÇ¶„¬O_*.

ª, "̂Î#: )a ( ) ( ) ( ) ( )0, 1 , 2,3 , 6,7 , 8,3A B C D− −  J~ò<Œ

( ) ( )
2 2

2 0 3 1 4 16 20AB = − − + + = + =

( ) ( )= + + − = + =
2 2

6 2 7 3 64 16 80BC
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( ) ( )= − + − = + =
2 2

8 6 3 7 4 16 20CD

( ) ( )
2 2

8 0 3 1 64 16 80DA = − + + = + =  =°i†Çò

H›~ŒâQ° ( ) ( )
2 2

6 0 7 1 36 64 100AC = − + + = + =

( ) ( )
2 2

8 2 3 3 100BD = + + − =

AB CD=∵ =°i†ÇòBC DA= =°i†Çò H›~ŒâQ° AC BD=  Hê=ô# ̂ Î̀ Çë aO Î̂°=ôQ° n~¡É KÇ̀ Ç°~¡ã‹¬
j~ŒÂQ° JQ®°#°.

)b ( ) ( ) ( ) ( )3, 2 , 6,1 , 3,4 , 0,1A B C D− KÇ̀ Ç°~¡ã‹¬ j~ŒÂ�° JxKÇ¶„¬O_*.

ª, "̂Î#: ( ) ( )
2 2

6 3 1 2 9 9 18AB = − + + = + =

( ) ( )
2 2

4 1 3 6 9 9 18BC = − + − = + =

( ) ( )
2 2

0 3 1 4 9 9 18CD = − + − = + =

( ) ( )
2 2

0 3 1 2 9 9 18DA = − + + = + =

=°i†Çò AC H›~¡âO ( ) ( )
2 2

3 3 4 2 0 36 36= − + + = + =

BD H›~¡âO ( ) ( )
2 2

0 6 1 1 36 0 36= − + − = + =

AB BC CD DA= = =∵ =°i†Çò H›~¡âO AC = H›~¡âO BD Hê=ô# ̂ Î̀ Çë aO Î̂°=ôQ° KÇ̀ Ç°~¡ã‹¬ j~ŒÂQ°
JQ®°#°.

5. ( )5, 2− − =°i†Çò ( )3,6  aO Î̂°=ô�#° H›eÀ„ ö~Mì YO_¨xß  3:1 x+¬æuë…Õ JO Ç̀~¡OQê qƒ"’lOKÍ aO Î̂°=ô
x~¡¶„¬Hê�#° H›#°HËøO_*.

ª, "̂Î#: 1
2 2 1,
nxmx my my

m n m n

+ +
  + + 

: 3 : 1m n =  ( ) ( ) ( ) ( )1 1 2 2, 5, 2 , , 3,6P x y Q x y= − − =
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∴aO Î̂°=ô x~¡¶„¬HêQ° 
3 3 1 5 3 6 1 2

,
3 1 3 1

× + × − × + × − 
 

+ + 

( )
9 5 18 2 4 16

, , 1,4
4 4 4 4

− −   
= = =   
   

6. ‹¬=¶O Ç̀~¡ KÇ̀ Ç°~¡Äg[O =ü_È° j~ŒÂ�° ( ) ( ) ( )0,3 , 0,6 , 2,9  J~ò Í̀ <Œ�°QË j~ŒÂxß H›#°HËøO_*.

ª, "̂Î#: ( ) ( ) ( )0,3 , 0,6 , 2,9A B C  =°i†Çò <ŒQ°QË j~¡ÂO ( ),D x y J#°Hùx# AC =°^Î¼O aO^Î°=ô

= BD =° ÎÎ¼ aO Î̂°=ô Hê=ô#
0 2 3 9 0 6

, ,
2 2 2 2

x y+ + + +   
=   

   

2 12 6
;

2 2 2 2

x y +
= =

2; 6x y∴ = =

∴<ŒQ°QË j~¡ÂO ( )2,6=

7. ( )2,3 =°i†Çò ( )5, 1− aO Î̂°=ô�#° H›eÀ„ ö~Mì YO_ÈO †³òH›ø ãu "̂¥H›~¡} aO Î̂°=ô�#° H›#°HËøO_*.

ª, "̂Î#:  2:1=°i†Çò 1:2 x+¬æuë…Õ qƒI’lOKÍ aO Î̂°=ôQ° ãu Î¥H›~¡} aO Î̂°=ôQ°. Hê=ô#

1:2 x+¬æuë…Õ qƒI’lOKÍ aO Î̂°=ô 
1 5 2 2 1 1 2 3

,
1 2 1 2

× + × × − + × 
 + + 

5 4 1 6 9 5 5
, , 3,

3 3 3 3 3

+ − +     
= = =     
     

2:1 x+¬æuë…Õ qƒI’lOKÍ aO Î̂°=ô

2 5 1 2 2 1 1 3 10 2 2 3 12 1 1
, , , 4,

2 1 2 1 3 3 3 3 3

× + × × − + × + − +       
= = =       + +       

∴ãu Î¥H›iOKÇ° aO Î̂°=ôQ° 
5 1

3, , 4,
3 3

   
   
   

8. ãH÷O Î̂ Wzó# aO Î̂°=ô�° j~ŒÂ�°Qê Q®� ã„¬u ^¥x ãuƒ"’°[ "³á‰§�¼O#° H›#°HËøO_*.

)a ( ) ( )0,5 , 5, 5 , 0,0−  =°i†Çò (0,0) )b  ( ) ( )2,3 , 2, 3 , 2,3− − − =°i†Çò (Ð2,3)

)c ( ) ( ),0 , 0, , 0,0a a−  =°i†Çò (0,0)

B (0,6)A (0,3)

C (2,9)D (x,y)
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ª, "̂Î#:

)a ( ) ( ) ( )1 2 3 2 3 1 3 1 2
1

2
x y y x y y x y y∆ = − + − + −

( ) ( ) ( )
1 1 25

0 5 0 5 0 5 0 5 5 25
2 2 2

∴∆ = − − + − + + = − = KÇ.†Çü.

)b ( ) ( ) ( )
1

2 3 3 2 3 3 2 3 3
2

∆ = − − − − − +

( ) ( ) ( )
1

2 6 2 0 2 6
2

= − − −

1 24
12 12 12

2 2
= − − = =  KÇ.†Çü.

)c ( ) ( ),0 , 0, , 0,0a a−  =°i†Çò (0,0)

‹¬¶KÇ#: Î̂̀ Çë aO Î̂°=ô…Õ XH›\÷ ( )0,0  J~ò Í̀

ãuƒI’°["³á 1 2 2 1
1

2
x y x y∆ = −  JQ®°#°.

( ) ( )
21

0 0
2 2

a
a a∴∆ = − − = KÇ.†Çü.

9. ( ) ( )2, 3 , 3, 2A B− − =°i†Çò 
5

,
2

C K
 
 
 

j~ŒÂ�°Qê Q®� ãuƒ"’°[ "³á‰§�¼O 3

2
KÇ.†Çü.J~ò Í̀ K q�°=

ZO Ç̀?

ª, "̂Î#: 3

2
∆ = KÇ.†Çü.

( ) ( ) ( )
1 5 3

2 2 3 3 3 2
2 2 2

K K− − + + + − + =

( )
5

4 2 3 9 1 3
2

K K∴ − − + + + − =

+ − = ⇒ = + − = − =
5 5 5 1

5 3 3 5 2
2 2 2 2

K K
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K∴ qQ°=
1

2
=

10. ( ) ( )1, 1 , 5,7 8,11− −  =°i†Çò (8,11) aO Î̂°=ô�° ‹¬ö~v†Ç¶�x KÇ¶„¬O_*.

ª, "̂Î#:  ( ) ( ) ( )1, 1 , 5,7 , 8,11A B C− − J#°Hùx#

AB"ŒQ°
1 8 4

5 1 6 3

7 +
= = =

+

BC"ŒQ°
11 7 4

8 5 3

−
= =

−
,

AC "ŒQ°
11 1 12 4

8 1 9 3

+
= = =

+

∵ AB"ŒQ° BC= "ŒQ° AC= "ŒQ° Î̂̀ Çë aO Î̂°=ôQ° ‹¬ö~v†Ç¶Q°.

11. ( ) ( ),0 , 0,a b  =°i†Çò ( )1,1 aO Î̂°=ô�° ‹¬ö~v†Ç¶…ÿá̀ Í 1 1
1

a b
+ = Jx ~¡°A=ô KÍ†Ç°O_*.

ª, "̂Î#: ( ) ( ) ( ),0 , 0, , 1,1A a B b C J#°Hùx#

AB"ŒQ°
0

0

b b

a a

− −
= =

−

AC "ŒQ°
1

1
1 0

b
b

−
= = −

−

Î̂̀ Çë aO Î̂°=ôQ° ‹¬ö~v†Ç¶…ÿá̀ Í AB"ŒQ° = BC"ŒQ° = AC "ŒQ°

Hê=ô# 
−

= − ⇒ − = −1
b

b b a ab
a

1 1
1 1

a b
a b ab

ab ab a b
⇒ + = ⇒ + = ⇒ + =

12. ( ) ( )1 1, , ,a b a b =°i†Çò ( )1 1,a a b b− − aO Î̂°=ô�° ‹¬ö~v†Ç¶…ÿá̀ Í 1 1a b ab= JxKÇ¶„¬O_*.

ª, "̂Î#: ( ) ( ) ( )1 1 1 1, , , , ,A a b B a b C a a b b− − J~ò#

AB"ŒQ°
1

1

b b

a a

−
=

−
; BC"ŒQ°

1 1 1

1 1 1

2

2

b b b b b

a a a a a

− − −
= =

− − −
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Î̂̀ Çë aO Î̂°=ôQ° ‹¬ö~v†Ç¶…ÿá̀ Í "Œ\÷ "ŒQ°Q° ‹¬=¶#O Hê=ô#

1 1
1 1 1 1 1 1 1 1

1 1

2
2 2 2 2

2

b b b b
ab ab a b a b a b ab a b ab

a a a a

− −
= ⇒ − − + = − − +

− −

1 1 1 12 2ab a b a b ab⇒ + = +

1 1a b ab=

13. ( ) ( )5,7 , ,5K =°i†Çò ( )0,2 aO Î̂°=ô�° K †³òH›ø U q�°=ä›½ ‹¬ö~v†Ç¶�Q®°#°.

ª, "̂Î#: ( ) ( ) ( )5,7 , ,5 , 0,2A B K C J#°Hùx#

AB"ŒQ°
5 7 2

;
5 5K K

− −
= =

− −
AC "ŒQ°

2 7
1

0 5

−
= =

−

∴aO Î̂°=ôQ° ‹¬ö~v†Ç¶…ÿá̀ Í "ŒQ°Q° ‹¬=¶#O Hê=ô# 
2

1 5 2 3
5

K K
K

−
= = ⇒ − = − ⇒ =

−

14. ( )3,6 , ,4 =°i†Çò ( x ,4) aO Î̂°=ô� Q®°O_¨ ‡é†Í° ö~Mì"Œ�° '2Ñ J~ò Í̀ xq�°=#° ~Œ|@“O_*.

ª, "̂Î#: Î̂̀ Çë aO Î̂°=ôQ Q®°O_¨ ‡é†Í° ö~Y "ŒQ° 
4 6 2

3 3x x

−
= =

− −

Hêx "ŒQ° 2= Hê=ô#
2

2 3 1 2
3

x x
x

−
= ⇒ − = − ⇒ =

−

15. ( )6,8A  =°i†Çò ( )4,14B  aO Î̂°=ô�#° H›eÀ„ ‹¬~¡̂ ×ö~Y "Œ�° ZO Ç̀?

ª, "̂Î#: AB  "ŒQ°
14 8 6

3
4 6 2

−
= = = −

− −

"ŒQ° 3= −

16. ( )6,12A  =°i†Çò ( ),8B x  aO Î̂°=ô� ^¥Þ~Œ ‡é†Í° ‹¬~¡̂ ×ö~Y "Œ�° 4 J~ò Í̀ xq�°= ZO Ç̀?

ª, "̂Î#:  AB  "ŒQ° 4= --
8 12 4

4 4
16 6x x

− −
= ⇒ =

− −

6 1 5x x∴ − = − ⇒ =

17. ( )8,11A −  =°i†Çò ( )2,B y  aO Î̂°=ô� ̂ ¥Þ~Œ ‡é†Í° ‹¬~¡̂ ×ö~Y "Œ�° 4

3
−  J~ò Í̀ y  q�°= ~Œ|@“O_*.
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ª, "̂Î#: AB  "ŒQ° 4

3

−
= ,

11 4 11 4

2 8 3 10 3

y y− − − −
∴ = ⇒ =

+

3 33 40 3 7y y∴ − = − ⇒ = −

7

3
y∴ = −

18. ( )2,3A , ( )0,4B =°i†Çò ( )5,0C − �° ãuƒ"’°[ j~ŒÂ�° B  aO Î̂°=ô =°i†Çò AC  =° "̂Î¼ aO Î̂°=ô
Q®°O_¨ ‡é†Í° ö~Y"Œ�° H›#°Qù#°=ò.

ª, "̂Î#: AC =° ÎÎ¼ aO Î̂°=ô E J#°Hùx#

E x~¡¶„¬HêQ° 
2 5 3 0 3 3

, ,
2 2 2 2

− + −   
=   

   

∴ BE ö~Y"ŒQ° 

3 3 8
4

5 52 2
3 3 3 3

0
2 2

−
−

−
= = = =

− −
− −

∴BE ö~Y "ŒQ° 
5

3
=

19. ( ) ( ) ( )2,7 , 1,0 , 4,3A B C− =°i†Çò ( )1,2D �° KÇ̀ Ç°~¡°Äg[ j~ŒÂ�° J~ò Í̀

1) AB"Œ�° CD= "Œ�°

2) BC"Œ�° AD= "Œ�°

ª, "̂Î#:1) AB"ŒQ°
0 7 7

1 2 3

− −
= =

+

CD"ŒQ°
3 2 1

4 1 3

−
= =

−

AB∴ "ŒQ° ≠ CD"ŒQ°

2) BC "ŒQ°
3 0 3

1
4 1 3

−
= = =

−

AD "ŒQ°
2 7 5

1 2 3

− −
= =

+

BC∴  "ŒQ° AD≠  "ŒQ°
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20. ( )2, 3− =°i†Çò ( )4,1− aO Î̂°=ô�#° H›eÀ„ ö~Y

1) ( )7, 1− =°i†Çò ( )0,3 aO Î̂°=ô�#° H›eÀ„ ö~Yä›½ ‹¬=¶O Ç̀~¡O.

2) ( )4,5  =°i†Çò ( )0, 2−  �#° H›eÀ„ ö~Yä›½ �O|O JxKÇ¶„¬=ò.

ª, "̂Î#: ‹¬¶KÇ#: ï~O_È° ö~YQ° ‹¬=¶O Ç̀~Œ…ÿá̀ Í "Œ\÷ "ŒQ°Q° ‹¬=¶#O.

ï~O_È° ö~YQ° QOƒì…ÿá̀ Í "Œ\÷ "ŒQ°Q Q|œO 'Ð1ÑH÷ ‹¬=¶#O.

( ) ( )2, 3 , 4,1A B− − aO Î̂°=ôQ#° H›eÀ„ ö~Y

AB"ŒQ°
1 3 4 2

4 2 6 3

+ − −
= = =

− −

1) ( ) ( )7, 1 , 0,3C D− Q#° H›eÀ„ ö~Y"ŒQ° 
3 1 4

0 7 7
CD

+
= =

− −

AB∴ "ŒQ° CD≠ "ŒQ° Hê=ô# Wq ‹¬=¶O Ç̀~¡O Hê=ô.

2) ( ) ( )4,5 , 0, 2P Q − Q#° H›eÀ„ ö~Y"ŒQ° 
2 5 7 7

0 4 4 4

− − −
= = =

− −

∵ CD"ŒQ° PQ× "ŒQ° 1= − Hê=ô#CD ö~Y PQ ö~Yä›½ QO|O JQ®°#°.

21. ( ) ( )4,1 , 2,3A B− aO Î̂°=ô�#° H›eÀ„ ö~Yä›½ ‹¬=¶O Ç̀~¡OQê L#ß ‹¬~¡̂ ×ö~M "Œ�°#° H›#°Qù#°=ò.

ª, "̂Î#: AB  ö~Y "ŒQ°
3 1 2 1

2 4 6 3

−
= = =

+

∴ Î̂̀ Çë ö~Yä›½ ‹¬=¶O Ç̀~¡OQê Q®Q ö~Y "ŒQ° 
1

3
=  JQ®°#°.

22. ( ) ( )5,7 , 0, 2A B− −  �#° H›eÀ„ ö~Y ( )1,3C =°i†Çò ( )4,D x �#° H›eÀ„ ö~Yä›½ �O|OQê =ôO_Í

xq�°=#° H›#°Qù#°=ò.

ª, "̂Î#: AB ö~Y "ŒQ°
2 7 9

0 5 5
AB

− − −
= =

+

CD ö~Y "ŒQ°
3 3

4 1 3

x x− −
= =

−

Hêx Î̂̀ Çë ö~YQ° QO|OQê =ôO>è "Œ\÷ "ŒQ°Q Q|œO Ð1 Hê"Œe.
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3 9
1

3 5

x − −
∴ × = −

9 27 15x − =

9 42x =

42 14

9 3
x∴ = =

14

3
x∴ =

23. ‹¬~¡̂ ×ö~Y "Œ�° ƒì==ò#° L„¬†³¶yOz ( ) ( )6, 1 , 5,0A B−  =°i†Çò ( )2,3C aO Î̂°=ô�° ‹¬ö~v†Ç¶�x
KÇ¶„¬O_*.

ª, "̂Î#: AB  "ŒQ°
0 1

1
5 6

+
= = −

−
; AC "ŒQ°

3 1
1

2 6

+
= = −

−

J Í̂ q ÎÎOQêBC  "ŒQ°
3 0 3

1
2 5 3

−
= = = −

− −

AB∵ "ŒQ° BC= "ŒQ° AC= "ŒQ°

Hê=ô# ̂ Î̀ Çë aO Î̂°=ôQ° ‹¬ö~v†Ç¶Q° JQ®°#°.

24. ( ),9K  =°i†Çò ( )2,7 aO Î̂°=ô� Q®°O_¨ ‡é†Í° ‹¬~¡̂ ×ö~Y, ( )2, 2−  =°i†Çò ( )6,4  aO Î̂°=ô� Q®°O_¨
‡é†Í° ‹¬~¡̂ ×ö~Yä›½ ‹¬=¶O Ç̀~¡OQê =ôO>è K q�°= ZO Ç̀?

ª, "̂Î#: ( ) ( ), , 2,7K a Q Q®°O_¨ ‡é=ô ö~Y"ŒQ°
7 9 2

2 2K K

− −
= =

− −
 =°i†Çò ( ) ( )2, 2 , 6,4− Q Q®°O_¨ ‡é=ô

ö~Y"ŒQ° 
4 2 6 3

6 2 4 2

+
= = =

−

Î̂̀ Çë ö~YQ° ‹¬=¶O Ç̀~¡OQê =ôO>è "ŒQ°Q° ‹¬=¶#O Hê=ô#

−
= ⇒ − = − ⇒ = ⇒ =

−

2 3 10
6 3 4 3 10

2 2 3
K K K

K

25. ãH÷Ok ‹¬~¡̂ ×ö~Mì ‹¬g°H›~¡}ì� #°O_* X − JO Ç̀~¡ YO_ÈO, Y − JO Ç̀~¡ YO_ÈO�#° H›#°HËøO_*.

1) 3 6x y+ = 2) 7 3 2x y+ = 3) + = 1
2 2

x y

a b
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4) ax by c+ = 5) 2 8
2

y
x− = 6)

2
7

3 3

y x
− =

ª, "̂Î#:1) 3 6x y+ = W~¡°"³á„¬ôQ 6KÍ ƒIìyOKÇQê
3

1 1
6 6 6 2

x y x y
+ = ⇒ + = nxx 1

x y

a b
+ =

KÍ ‡éQóQê X −JO Ç̀~¡ YO_ÈO 6a =

Y −JO Ç̀~¡ YO_ÈO 2b = JQ®°#°.

2) 7 3 2x y+ = W~¡°"³á„¬ôQ 2KÍ ƒIìyOKÇQê 
7 3

1 1
2 22 2

7 3

x y x y
+ = ⇒ + =

   
   
   

WH›ø_È X −JO Ç̀~¡ YO_ÈO 
2

9
a = ; Y −JO Ç̀~¡ YO_ÈO 

2

3
b =

3) 1
2 2

x y

a b
+ = ⇒ X −JO Ç̀~¡ YO_ÈO 2a= , Y −JO Ç̀~¡ YO_ÈO 2b=

4) ax by c+ = -W~¡°"³áá„¬ô…ì c  KÍ ƒIìyOKÇQê

1 1
ax by x y

c cc c

a b

+ = ⇒ + =
   
   
   

X∴ −JO Ç̀~¡ YO_ÈO
c

a
a

= , Y −JO Ç̀~¡ YO_ÈO
c

b
b

=

5) 2 8 2 8
2 2

y y
x x− = ⇒ − = − W~¡"³á„¬ôQ 8 KÍ ƒIìyOKÇQê 

2
1 1

8 2 8 4 16

x y x y
− = ⇒ + =

− × −

X∴ −JO Ç̀~¡ YO_ÈO 4a = − ,  Y −JO Ç̀~¡ YO_ÈO 16b =

6) − =
2

7
3 3

y x
 W~¡°"³á„¬ôQ 7 KÍ ƒIìQ®OKÇQê − =

× ×

2
1

3 7 3 7

y x

2
1 1

213 7 3 21

2

y x y x
− = ⇒ − =

×  
 
 

1
21 21

2

x y
⇒ + =

 
− 
 



206 Q®}÷̀ ÇO ‹¬“_™ "³°\©i†Ç°…̃

Hês“‹²†Ç°<£ x~¡¶„¬Hê� =¼=‹¬Ö

X∴ −JO Ç̀~¡ YO_ÈO
21

2
a

−
= , Y −JO Ç̀~¡ YO_ÈO 21b =

26. ( )4,2 =°i†Çò X − JH›ÆO #°O_* ‹¬=¶# ̂ Î¶~¡O…Õ LO_Í aO Î̂° „¬̂ ŠÎ ‹¬g°H›~¡}O H›#°HËøO_*.

ª, "̂Î#: ( )4,2A =°i†Çò- X −JH›ÆO #°O_0 ‹¬=¶# ̂ Î¶~¡O…Õ Q®Q aO Î̂°=ô ( ),P x y J#°Hùx#

X −JH›ÆO #°O_0 ( ),p x y  H÷ Q®Q Î̂¶~¡O = y

Î̂̀ ŒëO‰×O #°O_0 ( )
2 2AP y AP y= ⇒ =

( ) ( )
2 2 24 2x y y− + − =

2 2 216 8 4 4x x y y y+ − + + − = ⇒ aO Î̂°„¬̂ ŠÎO ‹¬g°H›~¡}O

2 8 4 20 0x x y− − + = JQ®°#°.

27. ãH÷O Î̂ Wzó# U aO Î̂°=ô� ‹¬q°u ãuƒ"’°*ìxß U~¡æ~¡°ª,ë~ò?

1) ( ) ( )3,2 , 3,2 , 0,3−  =°i†Çò (0,3) 2) ( ) ( )3,2 , 3, 2 , 3,0−  =°i†Çò (3,0)

ª, "̂Î#:1) ( ) ( ) ( )3,2 , 3,2 , 0,3A B C−  J#°Hùx#

AB"ŒQ°
2 2

0;
3 3

−
= =

− −
BC"ŒQ°

3 2 1

0 3 3

−
= =

+

AB∵ "ŒQ° BC≠ "ŒQ° Hê=ô# Î̂̀ ÇëaO Î̂°=ôQ° ‹¬ö~v†Ç¶Q° Hê=ô# Wq ãuƒI’°*ìxß U~¡æ~¡°ª8ë~ò.

2) ( ) ( ) ( )3,2 , 3, 2 , 3,0A B C− J~ò#

AB"ŒQ°
2 2

;
3 3

− −
= = α

−
  BC"ŒQ°

0 2

3 3

+
= = α

−

AB∴ "ŒQ° BC= "ŒQ° Hê=ô# Î̂̀ Çë aO Î̂°=ôQ° ‹¬ö~v†Ç¶Q° Hê=ô# Wq ãuƒI’°*ìxß U~¡æ~¡KÇ=ô.

28. ãH÷O Î̂ Wzó# j~ŒÂ�`Ë ãuƒ"’°[ "³á‰§…ì¼�#° H›#°HËøO_*.

1) ( ) ( ) ( )1,2 , 2,3 , 3, 4− − − 2) ( ) ( ) ( ), , , , ,c a c a a c a a+ −

ª, "̂Î#:1) ãuƒI’°["³á‰§Q¼O ( ) ( ) ( )1 2 3 2 3 1 3 1 2
1

2
x y y x y y x y y∆ = − + − + −
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( ) ( ) ( )∴∆ = + − − − − −
1

1 3 4 2 4 2 3 2 3
2

( ) ( )
1

7 2 6 3 1
2

∆ = − − − −

1
7 12 3

2
= + +

1
22

2
=

   ∆  11=  KÇ.†Çü.

29. ãH÷Ok aO Î̂°=ô ‹¬q°u ‹¬ö~v†Ç¶�x KÇ¶„¬O_*. (^¥x "³á‰§�¼O ‰×́ #¼O Jx KÇ¶„¬O_*?)

1) ( ) ( )2,5 , 2, 3 , 1,0− −  =°i†Çò (1,0)

ª, "̂Î#: ( ) ( ) ( )1 2 3 2 3 1 3 1 2
1

2
x y y x y y x y y∆ = − + − + −

( ) ( ) ( )
1

2 3 0 2 0 5 1 5 3
2

= − − − + − + +

1 1
6 10 8 4 2

2 2
= + − + = =  KÇ.†Çü.

0∴ ∆ ≠  Hê=ô# Î̂̀ Çë aO Î̂°=ôQ° ‹¬ö~v†Ç¶Q° Hê=ô.

2) ( ) ( ) ( ), , , , ,a b c b c a c a b+ + +

ª, "̂Î#: ( ) ( ) ( )
1

2
a c a a b b a b b c c b c c a∆ = + − − + + − − + + − −

21 1
0 0

2 2
ac a b ab bc bc ca= − + − + − = =

0∆ =∵ Hê=ô# Î̂̀ Çë aO Î̂°=ôQ° ‹¬ö~v†Ç¶Q°.

30. ( ) ( )3,12 , 7,6−  =°i†Çò ( ),x a �° ‹¬ö~v†Ç¶…ÿá̀ Í x  q�°= ZO Ç̀?

ª, "̂Î#: ( ) ( ) ( )3,12 , 7,6 , ,A B C x a− J#°Hùx#
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AB  "ŒQ°
12 6 3

7 3 10 5

6 − − −
= = =

+

BC"ŒQ°
6

7

a

x

−
=

−
 Î̂̀ Çë aO Î̂°=ôQ° ‹¬ö~v†Ç¶…ÿá̀ Í "ŒQ°Q° ‹¬=¶#O Hê=ô# 

3 6

5 7

a

x

− −
=

−

3 21 5 30 3 5 51x a x a− + = − ⇒ − = −

51 5

3

a
x

−
∴ =  JQ®°#°.

31. ãH÷Ok aO Î̂°=ô� ̂ ¥Þ~Œ ‡é†Í° ‹¬~¡̂ ×ö~Y "Œ�°#° H›#°HËøO_*.

)a ( ) ( )1,2 , 4,2 )b ( ) ( )4, 6 , 2, 5− − −

ª, "̂Î#: )a "ŒQ°
2 2 0

0
4 1 3

−
= = =

−
)b "ŒQ°

5 6 1

2 4 6

− + −
= =

− −

32. ( ) ( )3, , 2,7y aO Î̂°=ô�#° H›eÀ„ ö~Y ( ) ( )1,4 , 0,6−  aO Î̂°=ô�#° H›eÀ„ ö~Yä›½ ‹¬=¶O Ç̀~¡OQê =ôO>è
yq�°=#° H›#°HËøO_*.

ª, "̂Î#:  "³ò Î̂\÷ ö~Y "ŒQ°
7

7
2 3

y
y

−
= = − +

−

ï~O_Ë ö~Y "ŒQ°
6 4

2
0 1

−
= =

+

∵ ï~O_È° ö~YQ° ‹¬=¶O Ç̀~¡OQê LO>è  "Œ\÷ "ŒQ°Q° ‹¬=¶#O 7 2 9y y− + = ⇒ =

33. ãH÷Ok ‹¬~¡̂ ×ö~Y� JO Ç̀~¡ YO_¨�° H›#°HËøO_*.

1) 2 3 8x y− = 2) 3 7 9 0x y− + = 3) 3
2

y
x − =

ª, "̂Î#: 1) W~¡°"³á„¬ô…ì8KÍ ƒIìyOKÇQê 
2 3

1 1
8 88 8

2 3

x y x y
− = ⇒ + =

−

X∴ −JO Ç̀~¡ YO_ÈO 4;a = Y −JO Ç̀~¡ YO_ÈO
8

3
b

−
=

2) 3 7 9 0 3 7 9x y x y− + = ⇒ − = −  W~¡°"³á„¬ô…ì 9KÍ ƒIìyOKÇQê
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3 7
1 1

9 99 9

3 7

x y x y
− = ⇒ + =

−− −    
   
   

X −JO Ç̀~¡ YO_ÈO- 3= − , Y −JO Ç̀~¡ YO_ÈO
7

9
=

3) 3 1 1
2 3 6 3 6

y x y x y
x − = ⇒ − = ⇒ + =

−

∴ X −JO Ç̀~¡ YO_ÈO 3= ,Y −JO Ç̀~¡ YO_ÈO 6= − .

34. ( )2,4 =°i†ÇòY − JHÆêxH÷ ‹¬=¶# Î̂¶~¡O…Õ Q®� aO Î̂°=ô aO Î̂° „¬̂ ŠÎO H›#°HËøO_*

ª, "̂Î#: ̂ Î̀ Çë aO Î̂°=ô ( )2,4A  =°i†Çò Y −JHÆêxH÷ ‹¬=¶# ̂ Î¶~¡O…Õ Q®Q aO Î̂°=ô ( . )P x y J#°Hùx# P #°O_0

Y −JHÆêxH÷ ̂ Î¶~¡O x= =°i†Çò ̂ Î̀ ŒëO‰×O #°O_0 ( )
2 2AP x AP x= ⇒ =

( ) ( )
2 2 2 2 2 22 4 4 4 16 8x y x x x y y x− + − = ⇒ + − + + − =

∴aO Î̂° „¬̂ ŠÎO 2 4 8 20 0y x y= − − + =

III. n~¡É‹¬=¶ �̂¥# ã„¬‰×ß�°  ( 5 =¶~¡°ø�°)

1. ‹¬~¡̂ ×ö~Y "Œ�°#° L„¬†³¶yOz ( ) ( ) ( )4, 1 , 2, 4 , 4,0− − − − =°i†Çò ( )2,3  aO Î̂°=ô�° =~¡°‹¬Qê n~¡ÉKÇ̀ Ç°~¡ã‹¬
j~ŒÂ�° Jx KÇ¶„¬O_*.

ª, "̂Î#: AB"ŒQ°
4 1 3

2 1 2

− + −
= =

− +
 ; BC"ŒQ°

0 4 4 2

4 2 6 3

+
= = =

+

CD"ŒQ°
3 0 3

2 4 2

− −
= =

−
 ; AD"ŒQ°

3 1 4 2

2 4 6 3

+
= = =

+

WH›ø_È AB"ŒQ°«CD"ŒQ°
3

2

−
= =°i†Çò BC"ŒQ°« AD"ŒQ°

2

3
=

Hê=ô# &AB CD BC AD  =°i†Çò

AB"ŒQ°× BC"ŒQ° 1= −  =°i†Çò AD "ŒQ°× CD"ŒQ° 1= −

Hê=ô# ,AB BC AB AD⊥ ⊥ Hê=ô# ABCDn~¡É KÇ̀ Ç°~¡ã‹¬O JQ®°#°..

B

 (–2,–4)
A

 (–4,–1)

D  (2,3) C (4,0)
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2. ( ) ( )3,3 , 1, 4A B− − − =°i†Çò ( )5, 2C − �° ãuƒ"’°[ j~ŒÂ�°. M  =°i†Çò N �° =~¡°‹¬Qê AB

=°i†Çò AC � =° "̂Î¼ aO Î̂°=ô�°. Hê=ô# MN J#°#kBCH÷ ‹¬=¶O Ç̀~¡O =°i†Çò 1

2
MN BC=  Jx

KÇ¶„¬O_*.

ª, "̂Î#: ABH÷ M  =° ÎÎ¼ aO Î̂°=ô Hê=ô#

M x~¡¶„¬HêQ°
3 1 3 4 4 1 1

, , 2,
2 2 2 2 2

M
− − − − − −     

= = = − =     
     

W Í̂q ÎÎOQê AC H÷ N =° ÎÎ¼ aO Î̂°=ô Hê=ô#

N x~¡¶„¬HêQ° 
3 5 3 2 2 1 1

, , 1,
2 2 2 2 2

N
− + −     

= = = =     
     

MN∴ "ŒQ°
1 1

12 2

1 2 3

+

= =
+

BC"ŒQ°
2 4 2 1

5 1 6 3

− +
= = =

+

BC∵ "ŒQ° MN= "ŒQ° Hê=ô# ,MN BC H÷  ‹¬=¶O Ç̀~¡O.

( )
2

21 1
1 2 1 9 10

2 2
MN

 
= + + + = + = 

 

( ) ( )
2 2

2 4 1 2 4 36 40BC = − + + + = + =

40 2 10BC = =

1

2
MN BC∴ =  JQ®°#°.

3. XH› aO Î̂°=ô ( )4,1 H÷ Q®� Î̂¶~¡O ( )1,5  H÷ Q®� Î̂¶~ŒxH÷  ï~\÷“O„¬ô J~ò Í̀ P aO Î̂° „¬̂ ¥xß H›#°HËøO_*

ª, "̂Î#: aO Î̂° „¬̂ ŠÎOÌ„á aO Î̂°=ô#° ( ),P x y  J#°Hùx# =°i†Çò ( ) ( )4,1 , 1,5A B  J~ò# ̂ Î̀ ŒëO‰×O #°O_0.

( ) ( )
2 2

2 4AP PB AP PB= ⇒ =
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( ) ( ) ( ) ( )
2 2 2 2

4 1 4 1 5x y x y − + − = − + −
  

( )+ − + + − = + − + + −
2 2 2 216 8 1 2 4 1 2 25 10x x y y x x y y

+ − − + = + − − +
2 2 2 28 2 17 4 4 8 40 104x y x y x y x y

∴ aO Î̂° „¬̂ ŠÎO : 2 23 3 38 87 0x y y+ − + =

4. ( )2,3A =°i†Çò ( )0,2B aO Î̂°=ô�°  ãuƒ"’°[ j~ŒÂ�°, ãuƒ"’°[O PAB  "³á‰§�¼O 3KÇ.†Çü.Qê Q®� P
aO Î̂°„¬̂ ŠÎO H›#°HËøO_*.

ª, "̂Î#: aO Î̂° „¬̂ ŠÎOÌ„á aO Î̂°=ô#° ( ),P x y J#°Hùx#,

PAB∆  "³á. =  3KÇ.†Çü.

( ) ( ) ( )− + − + − =
1

3 2 2 2 0 3 3
2
x y y

( )1 4 2 6x y+ − =

2 4 6x y∴ − + = ±

2 4 6x y− + = , 2 4 6x y− + = −

2 2x y− = 2 10x y− = −

P∴  aO Î̂° „¬̂ ŠÎO : ( ) ( )2 2 2 10 0x y x y− − − + =

5. ( )2,3 =°i†Çò ( )3,4− aO Î̂°=ô� #°O_* Î̂¶~Œ� =~Œ¾� "³ò Ç̀ëO 16 J~ò Í̀ P aO Î̂° „¬̂ ŠÎ ‹¬g°H›~¡}O
H›#°HËøO_*.

ª, "̂Î#: aO Î̂°„¬̂ ŠÎOÌ„á aO Î̂°=ô ( ),P x y  J#°Hùx# =°i†Çò ( ) ( )2,3 , 3,4A B −  =°i†Çò ̂ Î̀ ŒëO‰×O #°O_0.

( ) ( )
2 2

16PA PB+ =

( ) ( ) ( ) ( )
2 2 2 2

2 3 3 4 16x y x y− + − + + + − =

+ − + + − + + + + + − − =
2 2 2 24 4 9 6 9 6 16 8 16 0x x y y x x y y

2 22 2 2 14 22 0x y x y∴ + + − + =



212 Q®}÷̀ ÇO ‹¬“_™ "³°\©i†Ç°…̃

Hês“‹²†Ç°<£ x~¡¶„¬Hê� =¼=‹¬Ö

∴aO Î̂°„¬̂ ŠÎO ‹¬g°H›~¡}O : 2 2 7 11 0x y x y+ + − + =

6. ( )3,0A =°i†Çò ( )3,0B −  aO Î̂°=ô� #°O_* ̂ Î¶~Œ� ƒ"è̂ ÎO 9Qê Q®� aO Î̂°=ô „¬̂ ŠÎ ‹¬g°H›~¡}O H›#°HËøO_*.

ª, "̂Î#: aO Î̂° „¬̂ ŠÎOÌ„á aO Î̂°=ô#° ( ),P x y  J#°Hùx# ̂ Î̀ ŒëO‰×O #°O_0 9PA PB− =

( ) ( ) ( ) ( )
2 2 2 2

3 0 3 0 9x y x y− + − − + + − =

( ) ( )
2 22 23 9 3x y x y− + = + + +  W~¡°"³á„¬ôQ =~¡¾O KÍ†Ç°Qê

( )+ − + = + + + + + + +
22 2 2 2 29 6 81 9 6 18 3x x y x x y x y

( )
2 212 81 18 3x x y− − = + +

( ) ( )
2 24 27 6 3x x y− + = + +

=°mÁ W~¡°"³á„¬ôQ =~¡¾O KÍ†Ç°Qê

( )2 2 216 729 216 36 9 6x x x x y+ + = + + +

2 2 216 729 216 36 324 216 36x x x x y+ + = + + +

2 220 36 405 0x y+ − =

P∴  aO Î̂° „¬̂ ŠÎ ‹¬g°H›~¡}O : 2 220 36 405 0x y+ − =

7.
3

, 2
2

 
− 

 
aO Î̂°=ôQê Q®� aO Î̂° „¬̂ ŠÎ ‹¬g°H›~¡}O 2y ax= nxÌ„á ( ),6b ä›�_¨ XH› aO Î̂°=ô J~ò Í̀ bq�°=

H›#°HËøO_*.

ª, "̂Î#: 2y ax= Ì„á
3

, 2
2

 
− 

 
XH› aO Î̂°=ô Hê=ô#

( )
2 3 39 8

2 4 3 8
2 2 3

a a a
 

− = ⇒ = ⇒ = ⇒ = 
 

2y ax= #°O_0 2 8

3
y x=  Hêx nxÌ„á (1) ( ),6b
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ä›1_¨ aO Î̂°=ô Hê=ô# ( ) ( )
2 8

6
3
b=

36 3 27
36 3 86

8 2
b

×
× = ⇒ = =

8. ( ),a b a b+ − =°i†Çò ( ),a b a b− +  aO Î̂°=ô�ä›½ ‹¬=¶# Î̂¶~¡O…Õ LO_Í aO Î̂°=ô aO Î̂° „¬̂ ŠÎO
H›#°HËøO_*..

ª, "̂Î#:aO Î̂° „¬̂ ŠÎOÌ„á aO Î̂°=ô ( ),P x y =°i†Çò ( ) ( ), , ,A a b a b B a b a b+ − − + J#°Hùx# ̂ Î̀ ŒëO‰×O #°O_0

PA PB= Hê=ô# ( ) ( )
2 2

PA PB=

( ) ( ) ( ) ( )( )
2 2 22

x a b y a b x a b y a b    ⇒ − + + − − = − − + − +      

( ) ( ) ( ) ( )+ + − + + + − − −
2 22 22 2x a b a b x y a b a b y

( ) ( ) ( ) ( )
2 22 22 2x a b a b x y a b a b y= + − − − + + + − +

( ) ( ) ( ) ( )2 2 0a b x y a b x y⇒ − + − + − − =

( ) ( ) ( ) 0a b a b x y − + + − − = 

0x y− =  Hê=Q‹²# aO Î̂° „¬̂ ŠÎO.

9. ( ) ( ),0 , ,0A a B a− ï~O_È° ‹²Ö~¡ aO Î̂°=ô�° J~ò Í̀ 3 2PA PB=  JQ®°#@°Á KÇeOKÍ aO Î̂°=ô P  aO Î̂°„¬̂ ŠÎO
H›#°HËøO_*.

ª, "̂Î#: ( ),P x y J#°Hùx# ̂ Î̀ ŒëO‰×O #°O_0.

( ) ( ) ( ) ( )
2 2

3 2 9 4PA PB PA PB= ⇒ =

( ) ( ) ( ) ( )
2 2 2 2

9 0 4 0x a y x a y   − + − = + + −
      

2 2 2 2 2 29 2 4 2x a ax y x a ax y   + − + = + + +
   

+ − + = + + +
2 2 2 2 2 29 9 18 9 4 4 8 4x a ax y x a ax y

2 2 25 5 26 5 0x y ax a+ − + =
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aO Î̂° „¬̂ ŠÎ ‹¬g°H›~¡}O : 2 2 25 5 26 5 0x y ax a+ − + =

10. ( )1,2A =°i†Çò ( )3,4B  aO Î̂°=ô�ä›½ ̂ Î¶~Œ� "³ò Ç̀ëO 25 J~ò Í̀ P  aO Î̂° „¬̂ ŠÎ ‹¬g°H›~¡}O H›#°HËøO_*?

ª, "̂Î#: aO Î̂°„¬̂ ŠÎOÌ„á aO Î̂°=ô ( ),P x y J#°Hùx#

Î̀̂ ŒëO‰×O #°O_0

( ) ( )
2 2

25PA PB+ =

( ) ( ) ( ) ( )
2 2 2 2

1 2 3 4 25x y x y− + − + − + − =

2 2 2 21 2 4 4 9 6 16 8 25x x y y x x y y+ − + + − + + − + + − =

2 22 2 8 12 30 25 0x y x y+ − − + − =

∴ aO Î̂°„¬̂ ŠÎ ‹¬g°H›~¡}O :

+ − − + =
2 22 2 8 12 5 0x y x y .

ÐÐÐ
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‹¬~¡ ×̂ö~Y	°

‹¬~¡ˆ×ö~Y	°
Q®}÷̀ Ç‰§G ‰§Y J~ò# *ì¼q°u…Õ =°#O ö~Y�°, HË}ì�°, ̀ Ç…ì�°, =ãHê�°, n~¡ÉKÇ̀ Ç°~¡ã‹¬ zã`Œ�° Q®°iOz

KÇ̂ Î°=ôä›½<ŒßO.  ö~Y Q®°iOz XH›ª5i [ý„²ëH÷ ̀ ³KÇ°óä›½O>è, ̀ Ç�O…Õ Jk ï~O_È° aO Î̂°=ô�#° H›eÀ„ ö~Y Wk JO Ç̀O
Hêä›½O_¨ W~¡°k‰×� ‡é†Í° H÷~¡}"Í° =°#=ò UH›„¦¬¶ Ç̀ ‹¬g°H›~¡} zã`Œ�#° Q®¶ió ä›R_È ̀ ³e‹²Hùx L<Œß=ò.  Wq
Jxß†Çò ‹¬~¡̂ ×ö~Y�ä›½ ‹¬O|OkXOz#"Í.

XH› ̀ Ç�O…Õ qq X̂Î x†Ç°=¶� #°O_Y XH› ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡} ‹¬=°‹¬¼�#° L`ŒZ‚¬ìOQê H›#°Qù#=KÇ°ó#°.  D
‡5~”Œ¼O‰×O#O Î̂° W@°=O\÷ ‹¬O Î̂~¡ÄaO…Õ "³á‰õÁ+²H› *ì¼q°ux x~¡¶„¬H› *ì¼q°u Jx„²�°ª5ë~¡°.  =°#=ò W„¬C_È°
‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}ì� qq X̂Î ~¡¶‡5�#°, ‹¬=°‹¬¼�#° ª5kXOKÇ_ÈO ̂ ¥Þ~Œ ̀ ³�°‹¬°Hù#=KÇ°ó#°.

�HÆê¼�° :

D ‡5~”Œxß KÇ̂ Î=_ÈO =�# g°~¡° D ãH÷Ok q+¬†Ç¶�° ³̀�°‹¬°ä›½O\ì~¡°.

� JO Ç̀~Œˆ×O…ÕQ®� ‹¬~¡̂ ×ö~Yä›½ ªÏ+¬»= ~¡¶„¬O…Õ ‹¬g°H›~¡}ì�°.

� ‹¬~¡̂ ×ö~Y ª5 X̂¥~¡} ~¡¶‡5xß ªÏ+¬»= ~¡¶„¬O…ÕH÷ =¶~¡°ó@

� XH› aO Î̂°=ô #°O_Y ‹¬~¡̂ ×ö~Yä›½ �O| Î̂¶~¡=ò H›#°Qù#°@

� XH› ‹¬~¡̂ ×ö~Y, XH› ̀ Ç�=ò =° X̂Î¼ HË}=ò H›#°Qù#°@

� ï~O_È° ‹¬~¡̂ ×ö~Y� ‹¬̀ Çb†Ç° x†Ç°=¶�°

=òMì¼O‰§�° :

� Y-JHÆêxH÷ ‹¬=¶O Ç̀~¡OQê L#ß ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O x = a =°i†Çò XÐ JHÆêxH÷ ‹¬=¶O Ç̀~¡OQê L#ß
‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O y = b

� Y-JH›ÆOÌ„á JO Ç̀~¡YO_ÈO 'C' Qê, "Œ�° m Qê Q®� ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O Y = mx + C

� ‹¬~¡̂ ×ö~Y A(x1, y1) aO Î̂°=ô Q®°O_¨ ‡é Ç̀¶, "Œ�° m Qê Q®� ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}=ò y = mx + C

� A(x1, y1)  =°i†Çò B(x2, y2)  J<Í ï~O_È° aO Î̂°=ô� Q®°O_¨ ‡é=ô ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}=ò

10
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‹¬~¡ ×̂ö~Y	°

2 1
1 1

2 1

( )
y y

y y x x
x x

−
− = −

−

� XÐJH›ÆO, YÐJHÆê�`Ë =~¡‹¬Qê ‰×́ <Í¼ Ç̀~¡ JO Ç̀~¡YO_¨�° a, b Q®� ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O

1
x y

a b
+ =

� XH› ‹¬~¡̂ ×ö~Y =ü�aO Î̂°=ô #°Oz P ̂ Î¶~¡O…Õ LO_Y, =ü�aO Î̂°=ô #°Oz ̂ ¥xH÷ w‹²# JaX�O|H÷~¡}O
X̂Î# ÐJH›ÆO`Ë J„¬‹¬=¼k‰×…Õ HË}O KÍÀ‹ë, P ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O x cos α + y sin α = P.

� „¬~Œq°u ~¡¶„¬O…Õ ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O 1 1

cos sin

x x y y
r

− −
= =

α α
 WH›ø_È r J<Ík ‹¬~¡̂ ×ö~Y g° Î̂ Wzó# aO Î̂°=ô

A(x1, y1) aO Î̂°=ô P(x, y) #°Oz U Í̂x aO Î̂°=ôä›½ Q®� ̂ Î¶~¡O.  ̂ Î̀ Çëö~Y ̂ XÎ# XÐJH›ÆO…Õ J„¬‹¬=¼k‰×…Õ
'αÑ HË}O KÍ‹¬¶ëO_¨e.

� x =°i†Çò y �…Õ ª5 X̂¥~¡} UH›„¦¬¶ Ç̀ ‹¬g°H›~¡}O Z�Á„¬C_È° XH› ‹¬~¡̂ ×ö~Y#° ‹¬¶z‹¬°ëOk.  A =°i†Çò B �°
ï~O_È¶ ‹¬°#ß Hê#„¬C_È°.

� Ax + By + C = 0 J<Í ª5 X̂¥~¡} ‹¬g°H›~¡}O #°O_Y D ãH÷Ok "Œ\÷x Q®}÷OKÇ=KÇ°ó#°.

i) ‹¬~¡̂ ×ö~Y "Œ�° = 
A

B
−

ii) XÐJO Ç̀~¡YO_È=ò 
C

A
= −

iii) YÐ JO Ç̀~¡YO_È=ò 
C

B
= −

iv) =ü�aO Î̂°=ô #°O_Y ‹¬~¡̂ ×ö~Yä›½ Q®� �O| Î̂¶~¡O 
2 2

|C|

(A +B )
=

v) =ü�aO Î̂°=ô #°Oz JaX�O|=ò H÷Æu[=ò`Ë KÍ†Çò HË}ì�°

2 2 2 2

A| B
cos ; sin

A +B A +B
α = α =

∓ ∓

C > 0 J~ò Í̀ ZQ®°= Q®°~¡°ë#° ( X̂Î<Œ Ç̀àH›=ò) f‹¬°ä›½O@°Ok.
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C < 0 J~ò Í̀ kQ®°= Q®°~¡°ë#° (~¡°}ì Ç̀àH›=ò) f‹¬°ä›½O@°Ok.

C = 0 J~ò Í̀ ZQ®°= …è̂ ¥ kQ®°= Q®°~¡°ë�#° f‹¬°ä›½O@°Ok.

� m1, m2 "Œ�°�° Q®� ï~O_È° ‹¬~¡̂ ×ö~Y� =° X̂Î¼HË}O J~ò Í̀

1 2

1 2

tan
1

m m

m m

−
θ =

+

i) m
1
 = m

2
 J~ò Í̀ ‹¬~¡̂ ×ö~Y�° ‹¬=¶O Ç̀~Œ�°

ii) m
1
m

2
 = −1 J~ò Í̀ ‹¬~¡̂ ×ö~Y�° �ƒìí�°

B. ï~O_È° ª5 X̂¥~¡} ~¡¶„¬O…ÕQ®� ‹¬~¡̂ ×ö~Y� =° X̂Î¼HË}O  J~ò Í̀

2 1 1 2

1 2 1 2

A B A B
tan

A A B B

−
θ =

+

i) A1B2 − A2B1 = 0  …è̂ ¥ 1 1

2 2

A B
0

A B
= J~ò Í̀ ‹¬~¡̂ ×ö~Y�° ‹¬=¶O Ç̀~Œ�°.

ii) A1A2 + B1B2 = 0  J~ò Í̀ ‹¬~¡̂ ×ö~Y�° �ƒìœ�°.

� Î̂̀ Çë aO Î̂°=ô (x1, y1) #°O_Y ‹¬~¡̂ ×ö~Y Ax + By + C = 0 ä›½ Q®� Î̂¶~¡O

1 1

2 2

A B C

A B

x y
d

+ +
=

+

� ‹¬~¡̂ ×ö~Y Ax + By + C = 0 ä›½ ‹¬=¶O Ç̀~¡OQê Q®� ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O Ax + By + K = 0

� ‹¬~¡̂ ×ö~Y Ax + By + C = 0 ä›½ �O|OQê L#ß ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O Bx − Ay + K = 0
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I. Ju‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (1 =¶~¡°ø)

1. X ÐJH›ÆO ̂ �Î#k‰×…Õ 450 HË}O KÍÀ‹ ‹¬~¡̂ ×ö~Y "Œ	° ZO Ç̀?

ª+ �̂Î# : "Œ�° « m  « 0
tan 45 1=

∴ "Œ�° « 1

2. Y ÐJH›ÆO ̂ �Î#k‰×…Õ 450 HË}O KÍÀ‹ ‹¬~¡̂ ×ö~Y "Œ	° ZO Ç̀?

ª+ �̂Î# : Y  ÐJH›Æ=ò…Õ J#Qê 0tan 45= −m

∴  "Œ�° =m  -1

3. (2, Ð3) =°i†Çò (3, 4) aO Î̂°=ô	#° H›eÀ„ ‹¬~¡̂ ×ö~Y "Œ	° ZO Ç̀?

ª+ �̂Î# : "Œ�° « 2 1

2 1

                             4 3

                             3 2

− +
= =

− −

y y y

x x x

7=m .

II. ‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (2 =¶~¡°ø�°)

1. (2,5) =°i†Çò (7, x) aO Î̂°=ô	#° H›eÀ„ ö~Y "Œ	° 3 J~ò Í̀ x q	°= ZO Ç̀?

ª+ �̂Î# :
                             5 5

                             7 2 5

− −
= =

−

y x x

x

5
3 5 15 20

5

−
∴ = ⇒ − = ⇒ =

x
x x

2. X ÐJHÆêxH÷ ‹¬=¶O Ç̀~¡OQê LO@¶ (Ð3, Ð4) aO Î̂°=ô Q®°O_¨ ‡é†Í° ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O H›#°Qù#°=ò.

ª+ �̂Î# : X ÐJHÆêxH÷ ‹¬=¶O Ç̀~¡O L#ß ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O y C=  Wk (Ð3, Ð4) Q®°O_¨ ‡é Ç̀°Ok. Hê=ô#

4C = −

∴ Hê=�‹²# ‹¬g°H›~¡}O 4   or   4 0y y= − + =  J=ô Ç̀°Ok.

3. X ÐJHÆêxH÷ 	O|OQê LO@¶ (5, Ð3) aO Î̂°=ô Q®°O_¨ ‡é†Í° ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O H›#°Qù#°=ò.

ª+ �̂Î# : X ÐJH›ÆO J#Qê y  x~¡¶„¬H›O ‹¬°<Œß

( )1 1y y m x x− = −

x~¡¶„¬Hê� ƒXè̂ ÎO
x~¡¶„¬Hê� ƒXèQ®O

x~¡¶„¬Hê� ƒXè̂ ÎO
x~¡¶„¬Hê� ƒXèQ®O
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( )
3

0 5
0

y x
−

− = −

( )3 5 0 5 0 5x x x− − = ⇒ − = ⇒ =

Hê=�‹²# ‹¬g°H›~¡}O 5 0x − =

4. y −JO Ç̀~¡YO_ÈO Ð2, "Œ	° '2Ñ Qê Q®	 ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O#° H›#°Qù#°=ò.

ª+ �̂Î# : = + ∴ = = −      2;    2y mx c m C

2 2y x= −

5. 4 3 6x y+ =  ‹¬~¡̂ ×ö~Yä›½ "Œ	° =°i†Çò y −JO Ç̀~¡YO_ÈO#° H›#°Qù#°=ò.

ª+ �̂Î# : 4 3 6x y+ = ...(1)

3 4 6y x= − +

4
6

3
y x

−
= +

∴  "Œ�° « 
4

3
−

(1)x H÷Ok q X̂ÎOQê ã"Œ†Ç°=KÇ°ó

1
6 6

4 3

x y
+ =

y∴ − JO Ç̀~¡YO_ÈO « 
6

2
3

= .

6. "Œ	° 
3

7

−
 Qê, (Ð7, 4) aO Î̂°=ô Q®°O_¨ ‡é†Í° ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O#° H›#°Qù#°=ò.

ª+ �̂Î# : ( )1 1y y m x x− = −

3
;

7
m

−
=  aO Î̂°=ô (Ð7,4)

( )
3

4 7
7

y x
−

− = +

3 7 7x y+ =
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7. (3, Ð4) =°i†Çò (Ð4, 3) aO Î̂°=ô	 Q®°O_¨ ‡é†Í° ‹¬~¡ˆ×ö~Y ‹¬g°H›~¡}O#° H›#°Qù#°=ò.

ª+ �̂Î# : ( ) ( )1 1 2 2, , ,x y x y  aO Î̂°=ô� Q®°O_¨ ‡é†Í° ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O

( )2 1
1 1

2 1

y y
y y x x

x x

−
− = −

−

( )
3 4

4 3
4 3

y x
+

+ = −
− −

4 3 1 0y x x y− − = − →⇒ + + =

8. 2 5 3 0x y+ + =  ‹¬g°H›~¡}O#° JO Ç̀~¡YO_È ~¡¶„¬O…ÕH÷ ã"Œ†Ç°O_S …è̂ ¥ =¶~¡óO_S.

ª+ �̂Î# : 2 5 3x y+ = −

2 5
1

3 3

x y
+ =

− −

( ) ( )
1

3 / 2 3 / 5

x y
+ =

− −

x − JO Ç̀~¡YO_ÈO « 
3

2

−

y − JO Ç̀~¡YO_ÈO « 
3

5

−

9. 3 2 12 0x y− + =  J<Í ‹¬~¡̂ ×ö~Y x~¡¶„¬HêHÆê	 =° �̂Î¼ A,B  JO Ç̀~¡YO_¨	 ö~MìYO_ÈO ‡Ú_È=ô#°
H›#°Qù#°=ò.

ª+ �̂Î# : x − JH›ÆOÌ„á y  x~¡¶„¬H›O ‹¬°<Œß

J#Qê  3 2(0) 12x − = −

4x = −

y − JH›ÆOÌ„á x  x~¡¶„¬H›O ‹¬°<Œß

3(0) 2 12 6y y− = − ⇒ =

( 4,0),(0,6)−  � =° X̂Î¼ L#ß AB  ö~Y ‡Ú_È=ô ( ) ( )
2 2

= 4 6 2 13+ =
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10. 3 4 10 0x y− + =  ‹¬g°H›~¡}ìxß Ja�	O| ~¡¶„¬O…ÕH÷ =¶~¡óO_S.

ª+ �̂Î# : 0ax by c+ + =  #° JaX�O| ~¡¶„¬O…ÕH÷ =¶~¡óQê

ax by c+ = −

2 2 2 2 2 2

a b c
x

a b a b a b

−
+ =

+ + +

J Í̂q X̂ÎOQê 3 4 10x y− = −

2 2 2 23 4 5a b+ = + =

3 4 10

5 5 5
x y

−
− =

…è^¥
3 4

2 0
5 5

x y
−

+ − =

11. 4 3x y+ =  =°i†Çò 
4

2 7

x
y+ =  ‹¬~¡̂ ×ö~Y	 =° �̂Î¼ HË}O H›#°Qù#°=ò.

ª+ �̂Î# : 4 3x y+ = ...(1)

4 3y x= − +  WH›ø_È 1 1 14,  1,  3A B C= − = =

4

2 7

x
y+ = ...(2)

4

2 7

x
y

−
= +

WH›ø_È 2 2 2

1 4
;  1;  

2 7
A B C

−
= = =

‹¬~¡̂ ×ö~Y� =° X̂Î¼ HË}O

2 1 1 2

1 2 1 2

A B A B
Tan

A A B B

−
θ =

+
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‹¬~¡ ×̂ö~Y	°

1 4

1 8 7 72 1 
4 1 4 2 6 6

2 1

Tan

− +
− +

θ = = = =
+ +

+ +

1 7

6
Tan

−  
θ =  

 

12. 1 1 1 2 2 20;  0A x B y C A x B y C+ + = + + =  J<Í ï~O_È° ‹¬~¡̂ ×ö~Y	°

)i  ‹¬=¶O Ç̀~¡O )ii  	O|OQê LO_È_¨xH÷ x†Ç°=¶	° ã"Œ†Ç°O_S.

ª+ �̂Î# : )i  ‹¬=¶O Ç̀~¡OQê LO_È_¨xH÷ "Œ�° ‹¬=¶#OQê LO_¨e J#Qê 1 2

1 2

A A

B B
=

)ii  �O|OQê LO_È_¨xH÷ "Œ�°� �|íO Ð1 H÷ ‹¬=¶#OQê LO_¨e J#Qê 1 2 1 2 0A A B B+ = .

13. 3 7x y− =  =°i†Çò 2 6 16 0x y− − =  J<Í ‹¬~¡̂ ×ö~Y	° ‹¬=¶O Ç̀~Œ…ì?

ª+ �̂Î# : "Œ�°�° ‹¬=¶#"³°Ø̀ Í Jq ‹¬=¶O Ç̀~Œ�°

7
3 7

3 3

x
x y y

−
− = ⇒ = −

−

1 7

3 3
y x= −

WH›ø_È 1

1

3
m =

2 6 16 0x y− − =

2 6 16x y− =

3 8x y− =

3 8y x− = − +

1 8

3 3
y x

−
= −

−
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‹¬~¡ ×̂ö~Y	°

1 8

3 3
y x= −

∴  WH›ø_È 2

1

3
m =

1 2m m∴ =  Hê=ô# Jq ‹¬=¶O Ç̀~Œ�°.

14. 1x y= +  =°i†Çò 1x y= − +  J<Í ‹¬~¡̂ ×ö~Y	° 	Oƒì…ì?

ª+ �̂Î# : ‹¬~¡̂ ×ö~Y�° �O|O Hê=_¨xH÷

"Œ�°� �|íO Ð1 Hê=…ÿ#° …è̂ ¥ 1 2 1 2 0A A B B+ =  Hê=…ÿ#°.

1 0x y− − = ...(1)

1 11;  1;  1A B C= = − = −

1 0x y+ − = ...(2)

2 21;  1;  1A B C= = = −

1 2 1 2 1 1 0A A B B∴ + = − =

∴ Hê=ô# Wzó# ‹¬~¡̂ ×ö~Y�° �Oƒì�°.

15. (2,3) aO Î̂°=ô #°O_S 3 2 4 0x y+ + =  ‹¬~¡̂ ×ö~Yä›½ Q®	 	O| Î̂¶~¡O#° H›#°Qù#°=ò.

ª+ �̂Î# : �O| Î̂¶~¡O 1 1

2 2

Ax By C
d

A B

+ +
=

+

( ) ( )
2 2

3 2 2 3 4 6 6 4

9 43 2
d

+ + + +
= =

++

16

13
d =  †Çüx@°Á.

16. Y −JH›ÆO g°k U aO Î̂°=	 #°O_S ‹¬~¡̂ ×ö~Y 1
x y

a b
+ =  ä›½ Q®	 	O| Î̂¶~¡O ' 'b  J=ô Ç̀°Ok.

ª+ �̂Î# : aO Î̂°=ô Y −  JH›ÆOg° Î̂ LO>è x  x~¡¶„¬H›O ‹¬°<Œß J=ô Ç̀°Ok.
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‹¬~¡ ×̂ö~Y	°

�O| Î̂¶~¡O 
2 2

bx ay ab
b

b a

+ −
=

+

( )
2 2

.0b a y b
b

a b

+ −
=

+

( ) 2 2
a y b b a b− = ± +

( )2 2b
y a a b

a
= ± +

∴  aO Î̂°=ô « ( ) 
± + 

 

2 20,
b

a a b
a

17. Y −JH›ÆO g°k U aO Î̂°=ô	 #°O_S ‹¬~¡̂ ×ö~Y 4 3 12x y+ =  Q®	 	O| Î̂¶~¡O 4 J=ô Ç̀°Ok.

ª+ �̂Î# : Y − JH›ÆO g° Î̂ x  x~¡¶„¬H›O ‹¬°<Œß Hê=ô#

2 2

4.0 3 12
4

4 3

y+ −
=

+

3 12
4

5

y −
=

32
3 12 20

3
y y− = ⇒ =

∴  aO Î̂°=ô « 
32

0,
3

 
 
 

18. X − JH›ÆO g°k U aO Î̂°=ô	 #°O_S ‹¬~¡̂ ×ö~Y 1
4 4

x y
+ =  ä›½ Q®	 	O| Î̂¶~¡O '3Ñ J=ô Ç̀°Ok.

ª+ �̂Î# : X − JH›ÆO g° Î̂ y  x~¡¶„¬H›O ‹¬°<Œß

+ −
=

+
2 2

4
3

4 4

x y
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‹¬~¡ ×̂ö~Y	°

     
+ −

=
0 4

3
32

x

= −3 32 4x

   = ±4 3 32x

     ∴ 4 3 12x = ±

19. ö~Y (0,Ð2) aO Î̂°=ô Q®°O_¨ ‡é Ç̀¶ 3 2x y+ =  ‹¬~¡̂ ×ö~Yä›½ ‹¬=¶O Ç̀~¡OQê L#ß ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O#°
H›#°Qù#°=ò.

ª+ �̂Î# : 3 2x y+ =  (1)→  H÷ ‹¬=¶O Ç̀~¡OQê L#ß ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O 3x y C+ =  ~¡¶„¬O…Õ LO_È°#°. Wk
(0,Ð2) Q®°O_¨ ‡é~ò#KË 3(0) 2  2C C− = ⇒ = −

∴  ‹¬=¶O Ç̀~¡OQê L#ß ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O 3 2x y+ = −

20. aO Î̂°=ô (0,Ð3) Q®°O_¨ ‡é Ç̀¶ 1 0x y+ + =  ‹¬~¡̂ ×ö~Yä›½ 	O|OQê L#ß ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O#°
H›#°Qù#°=ò.

ª+ �̂Î# : 1 0x y+ + = (1)→  H÷ �O|OQê L#ß ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O 0x b k+ + =  ~¡¶„¬O…Õ LO_È°#°.

Wk (0,Ð3) Q®°O_¨ ‡é Ç̀°Ok. 3k∴ = −

3 0x y− − =

21. ‹¬~¡̂ ×ö~Y ( )2,1A  aO Î̂°=ô ̂ ¥Þ~Œ ‡é Ç̀¶ ̂ �Î# X −  JH›ÆO`Ë J„¬‹¬=¼ k‰×…Õ 6

π
 HË}O KÍÀ‹ ‹¬~¡̂ ×ö~Y

‹¬g°H›~¡}O#° H›#°Qù#°=ò.

ª+ �̂Î# : "Œ�° « 
1

tan tan
6 3

m
π

= θ⇒ =

∴ "Œ�°, aO Î̂°=ô Q®°O_¨ ‡é†Í° ‹¬g°H›~¡}O

aO Î̂°=ô ( )2,1  A ( )1 1y y m x x− = −

( )
1

1 2
3

y x− = −

3 2 3x y− − −  « 0
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‹¬~¡ ×̂ö~Y	°

22. x −JO Ç̀~¡YO_ÈO ' 'a  =°i†Çò x −JO Ç̀~¡YO_ÈO ' 'b  J~ò Í̀ ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O#° H›#°Qù#°=ò.

ª+ �̂Î# : x − JO Ç̀~¡YO_ÈO « a

y − JO Ç̀~¡YO_ÈO « b  Qê Q®� ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O

1  
x y

bx ay ab
a b

+ = ⇒ + =

23. 2 3 4x y+ =  =°i†Çò 4 6 20x y+ =  ‹¬~¡̂ ×ö~Y	 =° �̂Î¼ Î̂¶~¡O H›#°Qù#°=ò.

ª+ �̂Î# : 1 20;  0ax by c ax by c+ + = + + =  J<Í ‹¬~¡̂ ×ö~Y� =° X̂Î¼ Î̂¶~¡O

2 4

2 2 2 2

10 4 6

132 3

c c

a b

− −
= = =

+ +

III. n~¡É‹¬=¶ �̂¥# ã„¬‰×ß�°  ( 5 =¶~¡°ø�°)

1. x −JH›ÆO �̂Î#k‰×…Õ 1200 HË}O KÍÀ‹ XH› ‹¬~¡̂ ×ö~Y y −JH›ÆO ~¡°} k‰×…Õ 
1

3
 JO Ç̀~¡YO_ÈO KÍÀ‹

‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O#° H›#°Qù#°=ò.

ª+ �̂Î# : y − JO Ç̀~¡YO_ÈO 
1

3
c= =

"Œ�° ( )0 0tan 120 tan 90 30m= = = = +

0tan 30 3m = − = −

3m = −

ö~Mì ‹¬g°H›~¡}O 
3

y mx c

y x c

= +

= − +

3x y c+ =

3
1

y
x

c c
+ =
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‹¬~¡ ×̂ö~Y	°

y − JO Ç̀~¡YO_ÈO 1

3
c= =

1
3

3
y x= − +

Hê=�‹²# ‹¬g°H›~¡}O 3 3 1x y+ =

2. ‹¬~¡̂ ×ö~Y (1,2) Q®°O_¨ ‡é Ç̀¶ x~¡¶„¬HêH›Æ	g° Î̂ ‹¬=¶# JO Ç̀~¡YO_¨	° KÍÀ‹ ‹¬~¡̂ ×ö~Y	 ‹¬g°H›~¡}ì	#°
H›#°Qù#°=ò.

ª+ �̂Î# : 0tan 45 1 1m m= = ⇒ =

aO Î̂°=ô (1,2)Qê Q®ey# ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O

( )1 1y y m x x− = −

( )2 1 1y x− = −

1y x− = (1)→

( )0 0tan135 tan 90 45 1m = = + = −

1m = −

aO Î̂°=ô (1,2) Qê H›ey# ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O

( )2 1 1y x− = − −

3x y+ = .

3. (2,0), (0,2) =°i†Çò (4,6) 	° ãuƒ�’°[ j~ŒÂ	° J~ò Í̀ ãuƒ�’°[ =° �̂Î¼Q®̀ Ç ö~Y	 ‹¬g°H›~¡}ì	#°
H›#°Qù#°=ò.

ª+ �̂Î# : AD  =° X̂Î¼Q®̀ Çö~Y ‹¬g°H›~¡}O

( ) ( )4,6 ,  1,1A D

6 4

1 6 1 4

y x− −
=

− −
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‹¬~¡ ×̂ö~Y	°

6 4
5 3 2 0

5 3

y x
x y

− −
= ⇒ − − =

− −

BE  =° X̂Î¼Q®̀ Çö~Y ‹¬g°H›~¡}O

0 2

4 0 2 2

y x− −
=

− −

2x =

CF  =° X̂Î¼Q®̀ Ç ö~Y ‹¬g°H›~¡}O ( ) ( )0,2  3,3C F

2 0

3 2 3 0

y x− −
=

− −

    3 6 0x y− + =

4. XH› ‹¬~¡̂ ×ö~Y =ü	aO Î̂°=ô #°O_S '2Ñ †Çüx@Á ̂ Î¶~¡O…Õ LO_S, =ü	 aO Î̂°=ô #°Oz P ö~Yä›½ w‹²#
��������J a O |  H ÷~ ¡} O  X − JH›ÆO ̂ �Î#k‰×…Õ 450 HË}O KÍÀ‹ë P ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O#° H›#°Qù#°=ò.

ª+ �̂Î# : Î̂¶~¡O 02;   tan 45 1d m= = =

y mx c= +

1.     y x c y x c= + ⇒ = +

2 2 21 1

x y c x y c
d

− + − +
= =

+

− +
=2

2

x y c

(0,0) #°O_Y

− +
= ⇒ =

0 0
2 2 2

2

c
c

Hê=�‹²# ‹¬g°H›~¡}O 1. 2 2y x= +

2 2 0x y⇒ − + =

5. x~¡¶„¬HêH›Æ	 g° Î̂ ,a b	° JO Ç̀~¡YO_¨	° KÍÀ‹ë =ü	aO Î̂°=ô #°Oz ‹¬~¡̂ ×ö~Yä›½ Q®	 	O| Î̂¶~¡O ' 'p

J~ò Í̀ 2 2 2

1 1 1

p a b

= +  Jx KÇ¶„¬O_S.
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ª+ �̂Î# : ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O

1
x y

a b
+ =

0bx ay ab+ − =

=ü�aO Î̂°=ô #°_Y ̂ Î¶~¡O 
2 2

bx ay ab
p

a b

+ −
=

+

2 2

.0 .0b a ab
p

a b

+ −
=

+

2 2 2
2

2 2 2 2

a b a
p

a b a b

= ⇒
+ +

2 2

2 2 2 2 2

1 a b

p a b a b

= +

2 2 2

1 1 1

p a b

= +

6. ö~Y (2,Ð3) aO Î̂°=ô Q®°O_¨ ‡é Ç̀¶ ( )2 2 3 0a x y+ + =  ‹¬~¡̂ ×ö~Yä›½ 	O|OQê L#ß ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O#°

H›#°Qù#°=ò.

ª+ �̂Î# : ( )2 2 3 0a x y+ + =

2 3 4 0 (1)ax y a+ + = →  H÷ �O|OQê L#ß ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O

− + =3 2 0x ay k

Wk (2,Ð3) aO Î̂°=ô Q®°O_¨ ‡é Í̀ ( )= − +6 6k a

∴Hê=�‹²# ‹¬g°H›~¡}O − = +3 2 6( 1)x ay a

7. ‹¬~¡̂ ×ö~Y 2 3 7 0x y− + =  ä›½ ‹¬=¶O Ç̀~¡OQê LO@¶ −Y  JO Ç̀~¡YO_ÈO '2ÑQê Q®	 ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O#°
H›#°Qù#°=ò.

ª+ �̂Î# : Y − JO Ç̀~¡YO_ÈO « 2
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‹¬~¡ ×̂ö~Y	°

2 3 7 0 (1)x y− + = →  H÷

‹¬=¶O Ç̀~¡OQê L#ß ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O

2 3 0x y k− + =  ~¡¶„¬O…Õ LO@°Ok.

2 3x y k− = −

2 3
1

x y

k k
− =

− −

+ =
   

−   
   

1

2 3

x y

k k

Î̂̀ ŒëO‰×O ã„¬Hê~¡O y − JO Ç̀~¡YO_ÈO « 2

…ÿH›ø…Õ y − JO Ç̀~¡YO_ÈO « 
3

k

2
3

k
∴ =

6k⇒ = .

Hê=�‹²# ‹¬g°H›~¡}O 2 3 6 0x y− + = .

8. y −JO Ç̀~¡YO_ÈO Ð3Qê H›ey (Ð2,3) =°i†Çò (4,Ð5) aO Î̂°=ô	#° H›eÀ„ ‹¬~¡̂ ×ö~Yä›½ ‹¬=¶O Ç̀~¡OQê
L#ß ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O H›#°Qù#°=ò.

ª+ �̂Î# : y − JO Ç̀~¡YO_ÈO « Ð3

(Ð2,3), (4,Ð5) aO Î̂°=ô� Q®°O_¨ ‡é†Í° ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O

( )2 1
1 1

2 1

y y
y y x x

x x

−
− = −

−

( )
5 3

3 2
4 2

y x
− −

− = +
+

6 18 8 16y x− = − −

8 6 2 0x y∴ + − = ...(1)
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‹¬~¡ ×̂ö~Y	°

(1)H÷ ‹¬=¶O Ç̀~¡O L#ß ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O

4 3x y k+ =  ~¡¶„¬O…Õ LO@°Ok.

+ =
   
   
   

1

4 3

x y

k k

Î̂̀ ŒëO‰×O ã„¬Hê~¡O y − JO Ç̀~¡YO_ÈO « Ð3

∴ WH›ø_È y − JO Ç̀~¡YO_ÈO « 
3

k

∴ 3 9
3

k
k= − ⇒ = −

∴ Hê=�‹²# ‹¬g°H›~¡}O 4 3 9x y+ = −

4 3 9 0x y∴ + + =

9. ‹¬~¡̂ ×ö~Y (4,Ð5) aO Î̂°=ô Q®°O_¨ ‡é Ç̀¶ (Ð1,2) =°i†Çò (4,6) aO Î̂°=ô	#° H›eÀ„ ö~Yä›½ 	O|OQê
L#ß ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O#° H›#°Qù#°=ò.

ª+ �̂Î# : (Ð1,2) =°i†Çò (4,6) aO Î̂°=ô� Q®°O_¨ ‡é†Í° ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O

( )2 1
1 1

2 1

y y
y y x x

x x

−
− = −

−

( )
6 2

2 1
4 1

y x
−

− = +
+

5 10 4 4y x− = +

4 5 14 0x y⇒ − + = ...(1)

(1)H÷ �O|OQê L#ß ‹¬~¡̂ ×ö~Mì ‹¬g°H›~¡}O

5 4 0x y k+ + =  ~¡¶„¬O…Õ LO_È°#°.

Wk (4, Ð5) Q®°O_¨ ‡é Ç̀°Ok.

5(4) 4( 5) 0k+ − + =

       0k =

Hê=�‹²# ‹¬g°H›~¡}O 5 4 0x y+ =
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‹¬~¡ ×̂ö~Y	°

10. ‹¬~¡̂ ×ö~Y	° ( )2 3 5y x= − +  =°i†Çò ( )2 3 5y x= + +  	 =° �̂Î¼ HË}O H›#°Qù#°=ò.

ª+ �̂Î# : ( )2 3 5y x= − + ...(1)

( )2 3 5y x= + + ...(2)

Ì„á ‹¬~¡̂ ×ö~Y�° 1y m x c= +  =°i†Çò 2y m x c= +  ~¡¶„¬O…Õ H›�=ô. Hê=ô#

1 22 3;   2 3m m= − = +

∴ =° X̂Î¼HË}O 1 2

1 2

tan
1

m m

m m

−
θ =

+

( )( )
2 3 2 3

tan
1 2 3 2 3

− − −
θ =

+ − +

2 3
tan 3

1 1

−
θ = =

+

tan 3
3

π
θ = ⇒ θ = .

11. aO Î̂°=ô (3,4) #°O_S ‹¬~¡̂ ×ö~Y ( ) ( )12 6 5 2x y+ = −  ä›½ wz# 	O| Î̂¶~¡=ò#° H›#°Qù#°=ò.

ª+ �̂Î# : ( )1 1,x y  aO Î̂°=ô #°O_Y 0ax by c+ + =  ‹¬~¡̂ ×ö~Yä›½ Q®� �O| Î̂¶~¡O d  J~ò Í̀

1 1

2 2

ax by c
d

a b

+ +
=

+
 Jx ³̀�°‹¬°.

Hê=ô# 12 72 5 10 0x y+ − + =

12 5 82 0x y− + =  ‹¬~¡̂ ×ö~Yä›½ (3,4) #°O_Y �O| Î̂¶~¡O

( ) ( )

( ) ( )
2 2

12 3 5 4 82

12 5

d
− +

=

+
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‹¬~¡ ×̂ö~Y	°

36 20 82

13
d

− +
=

98

13
d =  †Çüx@°Á.

IV.  "Œ¼‹¬~¡¶„¬ ‹¬=¶ �̂¥# ã„¬‰×ß�°  ( 8 =¶~¡°ø�°)

1.1.1.1. ‹¬~¡̂ ×ö~Y (Ð1, Ð2) aO^Î°=ô Q®°O_¨ ‡é`Ç¶ ‹¬~¡̂ ×ö~Y (Ð1, Ð2) aO^Î°=ô Q®°O_¨ ‡é`Ç¶ ‹¬~¡̂ ×ö~Y (Ð1, Ð2) aO^Î°=ô Q®°O_¨ ‡é`Ç¶ ‹¬~¡̂ ×ö~Y (Ð1, Ð2) aO^Î°=ô Q®°O_¨ ‡é`Ç¶ XÐ JH›ÆO`Ë 45Ð JH›ÆO`Ë 45Ð JH›ÆO`Ë 45Ð JH›ÆO`Ë 450000 HË}O KÍ‹¬°ëOk. HË}O KÍ‹¬°ëOk. HË}O KÍ‹¬°ëOk. HË}O KÍ‹¬°ëOk.

2x −−−− 3y + 9 = 0  ö~Y #°O_Y aO^Î°=ôä›½ Q®� ^Î¶~Œxß H›#°Qù#°=ò. ö~Y #°O_Y aO^Î°=ôä›½ Q®� ^Î¶~Œxß H›#°Qù#°=ò. ö~Y #°O_Y aO^Î°=ôä›½ Q®� ^Î¶~Œxß H›#°Qù#°=ò. ö~Y #°O_Y aO^Î°=ôä›½ Q®� ^Î¶~Œxß H›#°Qù#°=ò.

ª+ �̂Î#: ‹¬~¡̂ ×ö~Y (1, 2) aO Î̂°=ô Q®°O_¨‡é Ç̀¶ XÐ JH›ÆO`Ë 45 HË}O KÍÀ‹ ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O

0 0

1 2

cos 45 sin 45

x y
r

− −
= =

1 2

1 1

2 2

x y
r

− −
= =

U ³̂á# aO Î̂°=ô 1 , 2
2 2

r r 
+ + 

 
 Qê LO@°Ok.

Wk 2x − 3y + 9 = 0 ö~Y g° Î̂ LO@°Ok.

2 1 3 2 9 0
2 2

r r   
+ − + + =   

   

…è̂ ¥  2 6 9 0
2

r
− + − =

…è̂ ¥  5 2r =

Hê=ô# Hê=�‹²# Î̂¶~¡O 5 2  †Çüx@°Á.

2.2.2.2. ‹¬~¡̂ ×ö~Y (3, 1) aO^Î°=ô Q®°O_¨‡é`Ç¶,  ‹¬~¡̂ ×ö~Y (3, 1) aO^Î°=ô Q®°O_¨‡é`Ç¶,  ‹¬~¡̂ ×ö~Y (3, 1) aO^Î°=ô Q®°O_¨‡é`Ç¶,  ‹¬~¡̂ ×ö~Y (3, 1) aO^Î°=ô Q®°O_¨‡é`Ç¶,  3x + 4y = 12 #° YO_Y‹¬°ëOk.  J~ò`Í  P ‹¬~¡̂ ×ö~Y#° YO_Y‹¬°ëOk.  J~ò`Í  P ‹¬~¡̂ ×ö~Y#° YO_Y‹¬°ëOk.  J~ò`Í  P ‹¬~¡̂ ×ö~Y#° YO_Y‹¬°ëOk.  J~ò`Í  P ‹¬~¡̂ ×ö~Y
‹¬g°H›~¡}O#° H›#°Qùx ^Î̀ Çë ö~Y x~¡¶„¬HêH›Æ�`Ë KÍÀ‹ JO`Ç~¡YO_¨�#° H›#°Qù#°=ò.‹¬g°H›~¡}O#° H›#°Qùx ^Î̀ Çë ö~Y x~¡¶„¬HêH›Æ�`Ë KÍÀ‹ JO`Ç~¡YO_¨�#° H›#°Qù#°=ò.‹¬g°H›~¡}O#° H›#°Qùx ^Î̀ Çë ö~Y x~¡¶„¬HêH›Æ�`Ë KÍÀ‹ JO`Ç~¡YO_¨�#° H›#°Qù#°=ò.‹¬g°H›~¡}O#° H›#°Qùx ^Î̀ Çë ö~Y x~¡¶„¬HêH›Æ�`Ë KÍÀ‹ JO`Ç~¡YO_¨�#° H›#°Qù#°=ò.

ª+ �̂Î#: "³ò Î̂@ 3x + 4y = 12  J<Í ‹¬~¡̂ ×ö~Y x~¡¶„¬HêH›Æ�`Ë KÍÀ‹ JO Ç̀~¡YO_¨�#° H›#°QùO^¥O.
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‹¬~¡ ×̂ö~Y	°

Î̂̀ Çëö~Y: 3x + 4y = 12

…è^¥
1

12 12

3 4

x y
+ =

∴ Hê=ô# =~¡°‹¬Qê  x Ð JO`Ç~¡YO_ÈO 4 
y Ð JO Ç̀~¡YO_ÈO Ð3 Jx ̀ ³�°‹¬°ëOk.

‹¬~¡̂ ×ö~Y x~¡¶„¬HêHÆê�Ì„á  aO Î̂°=ô�° A(4, 0)

=°i†Çò B(0, 3) = Î̂í H›�°‹¬°ëOk.

∴ AB  =°^X Î¼aO^Î°=ô 3
2,

2

 
 
 

 Hê=ô#

aO Î̂°=ô�° (3, 1) =°i†Çò 3
2,

2

 
 
 

 � Q®°O_¨ ‡é†Í°

‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O

1 1( )y y m x x− = −

1

3
1

2 ( 3)
2 3

y y x

−

− = −
−

1
1 ( 3)

2
y x− = − −

…è̂ ¥  2(y − 1) + (x − 3) = 0

…è̂ ¥  2y − 2 + x − 3 = 0

…è̂ ¥  x + 2y − 5 = 0

3.3.3.3. (Ð5, 1) =°i†Çò  (1, Ð3) aO^Î°=ô� Q®°O_¨ ‡é†Í° ‹¬~¡̂ ×ö~Y  (3, 4) =°i†Çò (7, 8) aO^Î°=ô�#°(Ð5, 1) =°i†Çò  (1, Ð3) aO^Î°=ô� Q®°O_¨ ‡é†Í° ‹¬~¡̂ ×ö~Y  (3, 4) =°i†Çò (7, 8) aO^Î°=ô�#°(Ð5, 1) =°i†Çò  (1, Ð3) aO^Î°=ô� Q®°O_¨ ‡é†Í° ‹¬~¡̂ ×ö~Y  (3, 4) =°i†Çò (7, 8) aO^Î°=ô�#°(Ð5, 1) =°i†Çò  (1, Ð3) aO^Î°=ô� Q®°O_¨ ‡é†Í° ‹¬~¡̂ ×ö~Y  (3, 4) =°i†Çò (7, 8) aO^Î°=ô�#°
H›eÀ„ ö~MìYO_¨xß U x+¬æuë qƒX’l‹¬°ëO^Ë H›#°Qù#°=ò.H›eÀ„ ö~MìYO_¨xß U x+¬æuë qƒX’l‹¬°ëO^Ë H›#°Qù#°=ò.H›eÀ„ ö~MìYO_¨xß U x+¬æuë qƒX’l‹¬°ëO^Ë H›#°Qù#°=ò.H›eÀ„ ö~MìYO_¨xß U x+¬æuë qƒX’l‹¬°ëO^Ë H›#°Qù#°=ò.

ª+ �̂Î#: C(−5, 1) =°i†Çò D(1, −3) aO Î̂°=ô� Q®°O_¨‡é†Í° ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}O

3 1
1 ( 5)

1 5
y x

− −
− = +

+
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‹¬~¡ ×̂ö~Y	°

…è^¥
4

1 ( 5)
6

y x
−

− = +

…è^¥ 3y − 3 = −2x − 10

…è^¥ 2y + 3y + 7 = 0

A(3, 4)  =°i†Çò B(7, 8) aO Î̂°=ô�#° H›eÀ„
ö~Mì YO_¨xß ö~Y (i) qƒX’lOKÍ aO Î̂°=ô J#°Hù#°=ò.

A(3, 4)  =°i†Çò B(7, 8) aO Î̂°=ô�#° H›eÀ„
ö~Y#° ‹¬~¡̂ ×ö~Y (i) λ : 1 x+¬æuë…Õ qƒX’lOKÍ aO Î̂°=ô
P x~¡¶„¬Hê�°

7 3 8 4
,

1 1

λ + λ + 
 

λ + λ + 

P aO Î̂°=ô ‹¬~¡̂ ×ö~Y (i) g° Î̂ LOk Hê=ô#

7 3 8 4
2 3 7 0

1 1

λ + λ +   
+ + =   

λ + λ +   

⇒  14λ + 6 + 24λ + 12 + 7λ + 7 = 0

⇒  45λ  + 25 = 0 ⇒  
5

9
λ = −

∴ (Ð5, 1) =°i†Çò (1, Ð3) aO Î̂°=ô�#° H›eÀ„ ‹¬~¡̂ ×ö~Y, (3, 4) =°i†Çò (7, 8) aO Î̂°=ô�#° H›eÀ„
ö~MìYO_¨xß ƒì‚¬ì¼OQê 5:9 x+¬æuë…Õ qƒX’l‹¬°ëOk.

4.  J~¡Ö=$ Ç̀ëO…Õx HË}O 	O|HË}=ò Jx KÇ¶„¬ô=ò.

ª+ �̂Î#: O(0, 0) =$ Ç̀ëöHOã Î̂O J#°Hù#°=ò. (−a, 0) =°i†Çò (a, 0) aO Î̂°=ô�° "Œ¼‹¬O z=i aO Î̂°=ô�° =$ Ç̀ëO

YÐ JHÆêxß (0, a) aO Î̂°=ô = Î̂í YO_Y‹¬°ëOk J#°Hù#°=ò („¬@O 10.13 KÇ¶„¬O_Y)

BQ  "Œ�° 1

0
1

0

a
m

a

−
= = =

−

AQ "Œ�°  2

0
1

0

a
m

a

−
= = − =

−
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‹¬~¡ ×̂ö~Y	°

Hêx  m
1
 m

2
 = −1

⇒  AQ J<Ík BQ ä›½ �O|OQê LOk.

=°~¡� P(a cos θ, a sin θ) J<Í aO Î̂°=ô =$ Ç̀ëO g° Î̂ LOk J#°Hù#°=ò.

PB "Œ�° 1

sin sin

cos 1 cos

a
m

a a

θ θ
= = =

θ + + θ
 J#°Hù#°=ò.

PA "Œ�° 2

0 sin sin

cos 1 cos

a
m

a a

− θ − θ
= = =

− θ − θ
 J#°Hù#°=ò.

=°i†Çò  1 2

sin sin
.

1 cos 1 cos
m m

θ − θ   
=    

+ θ − θ   

2

2

sin

1 cos

− θ
=

− θ

= − 1.

∴  PA J<Ík PB H÷ �O|OQê LOk.

BPA∴ ∠  J<Ík �O|HË}O.

5. XH› ‹¬=°kÞƒì‚¬• ãuƒ�’°[O…Õ ï~O_È° j~ŒÂ	 #°O_S wz# =° �̂Î¼Q®̀ Ç ö~Y	° ï~O_È° ‹¬=¶#O.

ª+ �̂Î#: OAB J<Ík XH› ‹¬=°kÞƒì‚¬• ãuƒX’°[O J#°Hù#°=ò.  "Œ\÷ j~ŒÂ�° (0, 0) (a, 0) =°i†Çò ,
2

a
a

 
 
 

C =°i†Çò D�° AB =°i†Çò OB � =° X̂Î¼ aO Î̂°=ô�° J#°Hù#°=ò.
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‹¬~¡ ×̂ö~Y	°

J„¬ô_È° C x~¡¶„¬Hê�°  
3

,
4 2

a a 
 
 

=°i†Çò D x~¡¶„¬Hê�° ,
4 2

a a 
 
 

OC ‡Ú_È=ô 
2 2

3

4 2

a a   
= +   

   

 
29

13
16 4 4

a a a
= + =

=°i†Çò AD  ‡Ú_È=ô 
2 2

4 2

a a
a a
   

= − + −   
   

   13
4

a
=

Hê=ô# OC ‡Ú_È=ô = AD ‡Ú_È=ô.

J…ì ï~O_È° =° X̂Î¼Q®̀ Ç ö~Y�° ‹¬=¶#O.

6. XH› ãuƒ�’°[O…Õx ï~O_È° ƒ�’°*ì	 =° �̂Î¼aO Î̂°=ô	#° H›eÀ„ ö~MìYO_ÈO =ü_È= ƒ�’°*ìxH÷ ‹¬=¶O Ç̀~¡OQê#°,
=°i†Çò JO Î̂°…Õ ‹¬Q®O LO@°Ok.

���� ����ª ^ Î# :  j~ŒÂ� x~¡¶„¬Hê�° O(0, 0), A(a, 0) =°i†Çò B(b, c) J#°Hù#°=ò
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‹¬~¡ ×̂ö~Y	°

C =°i†Çò D�° OB =°i†Çò AB � =° X̂Î¼aO Î̂°=ô�° J#°Hù#°=ò.

∴ J„¬ô_È° C x~¡¶„¬Hê�° ,
2 2

b c 
 
 

D x~¡¶„¬Hê�°  ,
2 2

a b c+ 
 
 

CD  "Œ�° 2 2 0

2 2

c c

a b b

−

=
+

−

OA "Œ�° XÐJH›ÆO = 0

∴ CD J<Ík OA ä›½ ‹¬=¶O Ç̀~¡O.

CD ‡Ú_È=ô 
2 2

2 2 2 2 2

a b b c c a+   
= − + − =   

   

OA ‡Ú_È=ô = a

1
CD OA.

2
∴ =

Wk Ì„á „¦¬e`Œxß |°°A=ô KÍ‹¬°ëOk.
7. KÇ̀ Ç°~¡°Äv[=ò…Õ H›~Œâ	° XH›̂ ¥xHùH›\÷ 	O|‹¬=°kÞYO_È# KÍ‹¬°ä›½O>è KÇ̀ Ç°~¡°Äv[=ò ‹¬=°	O| KÇ̀ Ç°~¡°Äv[O

J=ô Ç̀°Ok.
ª+ �̂Î#: „¬@O 10.16 KÇ¶„²# q X̂ÎOQê H›~Œâ�° OX =°i†Çò OY � "³O|_Y ‹¬¶zOKÇ|_Y#q.

(H›~Œâ�°) "Œ\÷ ‡Ú_È=ô�° =~¡°‹¬Qê
2a =°i†Çò 2b

OA = OC = a =°i†Çò OD = OB = b

2 2 2 2AD OA OD a b= + = +

2 2AB OB OA= +

    2 2
a b= +

J Í̂q X̂ÎOQê 2 2BC CDa b= + =

Hêx  AB = BC = CD = DA

∴ Hê=ô# ABCD XH› ‹¬=°�O| KÇ̀ Ç°~¡°Äa[O.
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=$`Œë�°

=$`Œë�°
11

Q®_�†Ç¶~¡O =ò�°Á Hù# ‡é=ôKÇ°#ß =¶~¡¾=ò#° Q®=°xOKÇ° („¬@O 11.1 #° KÇ¶_ÈO_�)

=°~¡…ì, XH› aO Î̂°=ô = Î̂í XH› "Í°ä›½#° ‹²Ö~¡OQê LOz ^¥x KÇ°@¶“ u„¬æ_¨xH÷ g�°Qê x~ŒÖi Ç̀ ‡Ú_È=ôQ®�
^¥~¡O H›\÷“ ̂ ¥x ï~O_Ë Hù#ä›½ XH› Ì„xE…˜#° H›\÷“ ̂ ¥~¡O P Ĥ¥~¡OQê Ì„xE…˜#° "Í°ä›½ KÇ°@¶“ ãu„¬æQê U~¡æ_Í =ãHêxß
Q®=°xKÇO_�.   („¬@O 11.2 KÇ¶„¬O_�.)

H›zóM̀ ÇOQê, Ì„á L^¥‚¬ì~¡}�…Õ U~¡æ_Í =ãHê�° XöH PHê~¡OQê L<Œß~ò.  =°i†Çò D ~¡H›OQê U~¡æ_�# =ãH›O
=$ Ç̀ë=°x ̀ ³�°‹¬°

Ì„xE…˜ "³ò# =°i†Çò "Í°ä›½#° LOz# aO Î̂°=ô� =° ĤÎ¼ Î̂¶~¡O P=$ Ç̀ë "Œ¼ªZ~¡ÖOQê ̀ ³�°‹¬°.
Ì„á L^¥‚¬ì~¡}�…Õ U~¡æ_�# =ãHê� Q®°iOz WOHê Zä›½ø=Qê =°#O KÇió^¥íO.

�HÆê¼�°:
D ‡Z~”¡¼ƒHìQ®=ò#° KÇkq# Ç̀~ŒÞ Ç̀ g°~¡° ãQ®‚²ìOKÇ̂ Îy#q

� Wzó# =$ Ç̀ë öHOã Î̂O, "Œ¼ªZ~¡ÖO…Õ =$ Ç̀ë ‹¬g°H›~¡}=ò#° L`ŒækOKÇ°@.
� ï~O_È° KÇ�~Œ‰×Ã�° L#ß ï~O_Ë ̀ Ç~¡Q®u ªZ Ĥ¥~¡} ‹¬g°H›~¡}O =$`Œëxß ‹¬¶zOKÇ_¨xH÷ x†Ç°=¶xß ~Œ|@°“@
� Î̂̀ Çë =$ Ç̀ë ‹¬g°H›~¡} ªZ Ĥ¥~¡} ~¡¶„¬O Wzó#„¬ô_È° öHOã Î̂=ò, "Œ¼ªZ~Œœxß H›#°Qù#°@
� =$ Ç̀ëO

(i) ‹¬ö~v†Ç¶�° Hêx =ü_È° aO Î̂°=ô� Q®°O_¨ ‡é~ò#„¬ô_È°
(ii) Qê Wzó# ï~O_È° aO Î̂°=ô� Q®°O_¨ ‡é Ç̀¶, XH› x~¡¶„¬Hêxß `Œä›½ Ç̀°#ß„¬ô_È° P =$ Ç̀ë ‹¬g°H›~¡}=ò#°

H›#°Qù#°=ò.
� "Œ¼‹¬O ~¡¶„¬O…Õ Q®� =$ Ç̀ë ‹¬g°H›~¡}O#° L`ŒækOKÇ°@
� "Œ¼‹¬O z=i aO Î̂°=ô�° aO Î̂°=ô Wzó#„¬ô_È° =$ Ç̀ë‹¬g°H›~¡}O#° H›#°Qù#°@
� öHOã Î̂=ò, "Œ¼ªZ~¡ÖO Wzó#„¬ô_È° „¬~Œq°f†Ç° ~¡¶„¬O…Õ =$ Ç̀ë ‹¬g°H›~¡}O#° H›#°Qù#°@
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=$`Œë�°

I. Ju‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (1 =¶~¡°ø)

1. ãH÷Ok x†Ç°=¶�#° Ç̀$„²ë „¬iKÍ =$`Œë� ‹¬g°H›~¡}ì�° H›#°HËøO_%.

1) öHOã Î̂O ( )0,0 =°i†Çò "Œ¼ª.~¡ÖO 3r =

2) öHOã Î̂O ( )2,3− =°i†Çò 4r =

ª. 1̂Î# :

1) =$ Ç̀ë öHOã Î̂O ( )0,0C "Œ¼ªZ~¡ÖO r Qê =ôO_Í =$ Ç̀ë ‹¬g°H›~¡}O 2 2 2x y r+ =

( )0,0∴ öHOã Î̂O 3r =  Qê Q®� =$ Ç̀ëO.

2 2 9x y+ =

2) öHOã Î̂O ( ), ,C h K r  "Œ¼ªZ~¡ÖOQê Q®� =$ Ç̀ëO ( ) ( )
2 2 2x h y K r− + − =

( )2,3 , 4C r∴ − =

( ) ( )
2 2

2 3 16x y+ + − =

2 2
4 6 13 16 0x y x y+ + − + − =

2 2
4 6 3 0x y x y⇒ + + − − =

2. =$ Ç̀ë öHOã Î̂O ( )4, 6−  =°i†Çò "Œ¼ª.~¡ÖO 7r = Qê Q®� =$ Ç̀ë ‹¬g°H›~¡}O H›#°HËøO_%.

ª. 1̂Î# :

( ) ( ), 4, 6c h K = − , "Œ¼ªZ~¡ÖO 7r = Qê Q®� =$ Ç̀ë ‹¬g°H›~¡}O.

( ) ( )
2 2 2 2

4 6 49 16 8 36 12 49x y x x y y− + + = ⇒ + − + + + =

2 2
8 12 3 0x y x y+ − + + =

II. ‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (2 =¶~¡°ø�°)

1. Wzó# ã„¬u =$ Ç̀ë„¬ô öHOã Î̂O, "Œ¼ª.~¡ÖO H›#°HËøO_%.

1) 2 2 3 6x y x y+ + − = 2) 2 24 4 2 3 6 0x y x y+ − + − =
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ª. 1̂Î# :

1) =$ Ç̀ë ‹¬g°H›~¡}O: 2 2
3 6 0x y x y+ + − − =

nxx 2 2
2 2 0+ + + + =x y gx fy c KÍ ‡é�óQê

3
2 3;

2
g g= =

−
= − ⇒ = = −

1
2 1 ; 6

2
f f C

∴ =$ Ç̀ë öHOã Î̂O ( )
3 1

, ,
2 2

g f
− 

− − =  
 

"Œ¼ªZ~¡ÖO 
+ +

= + − = + + = =
2 2 9 1 9 1 24 34

6
4 4 4 2

r g f c  †Çüx@°Á

2) 2 24 4 2 3 6 0x y x y+ − + − = #° ã‡Z=¶}÷H› ~¡¶„¬O…Õ ã"Œ†Ç°_¨xH÷ 4KÍ ƒHìyOKÇQê

2 2 1 3 6
0

2 4 4
x y x y+ − + − =

WH›ø_È 
1 1 3 3 3

2 ;2 ;
2 4 4 8 2

g g f f c
− − −

= ⇒ = = ⇒ = =

∴ =$ Ç̀ë öHOã Î̂O ( )
1 3

, ,
4 8

g f
− 

− − =  
 

"Œ¼ªZ~¡ÖO 2 2 9 9 3 36 9 96

16 64 2 64
r g f c

+ +
= + − = + + =

∴ =
141

8
r

2. ( )2,3  =°i†Çò ( )2,6−  aO Î̂°=ô�#° H›eÀ„ ‹¬~¡̂ ×ö~Y "Œ¼‹¬OQê Q®� =$ Ç̀ë ‹¬g°H›~¡}O H›#°HËøO_%.

ª. 1̂Î# : ( ) ( )1 1 2 2, ,x y x y �#° H›eÀ„ ö~Y "Œ¼‹¬OQê Q®�

=$ Ç̀ë ‹¬g°H›~¡}O : ( ) ( ) ( ) ( )1 2 1 2 0x x x x y y y y− − + − − =

∴ =$ Ç̀ëO : ( ) ( ) ( ) ( )2 2 3 6 0x x y y− + + − − =

2 24 9 18 0x y y− + − + =
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2 2
9 14 0x y y⇒ + − + =

3. ãH÷O Î̂ Wzó# =$`Œë� #°Oz ã„¬u =$`ŒëxH÷ „¬~Œq°f†Ç° ‹¬g°H›~¡}ì�° ã"Œ†Ç°O_%.

1) ( ) ( )
2 2

1 1 4x y+ + + = 2) 2 2
4 4 2 2 3 0x y x y+ + + − =

3) ( ) ( ) ( ) ( )1 1 1 1 0x x y y− + + − + =

ª. 1̂Î# :

1) ( ) ( )
2 2

1 1 4x y+ + + =

WH›ø_È ( ) ( ), 1, 1 , 2h K r= − − =

∴ „¬~Œq°f†Ç° ‹¬g°H›~¡}ì�° : cos , sinx h r y K r= + θ = + θ

1 2cos , 1 2sinx y⇒ = − + θ = − + θ

2) ã‡Z=¶}÷H› ~¡¶„¬O…Õ ‹¬g°: 2 2 1 1 3
0

2 2 4
x y x y+ + + − =

1 1 1 1 3
2 ; 2 ,

2 4 2 4 4
g g f f c

−
= ⇒ = = ⇒ = =

( ) ( ) 2 21 1
, , , ;

4 4
h K g f r g f c

− − 
= − − = = + − 

 

( )
1 1 3 1 1 12 14 7

16 16 4 16 4 8

+ +
⇒ = + + = =r or

∴„¬~Œq°f†Ç° ‹¬g°: = + θ = + θcos , sinx h r y K r

1 7 1 7
cos , sin

4 8 4 8

− −
= + θ = + θx y

3) ( ) ( ) ( ) ( )1 1 1 1 0x x y y− + + − + =

( )
22 2 2 2 2 21 1 0 2 2x y x y x y− + − = ⇒ + = ⇒ + =

WH›ø_È ( ) ( ), 0,0 , 2h K r= =

„¬~Œq°f†Ç° ‹¬g°H›~¡}ì�° cos , sinx h r y K r= + θ = + θ
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0 2 cos ; 0 2 sinx y⇒ = + θ = + θ

2 cos ; 2 sinx y⇒ = θ = θ

4. 2 2 4 6 0x y x y+ + − =  =$`ŒëxH÷ öHOã Î̂O, "Œ¼ª.~¡ÖO H›#°HËøO_%.

ª. 1̂Î# :

2 4 2; 2 6 3, 0g g f f c= ⇒ = = − ⇒ = − =

öHOã Î̂O ( ) ( ), 2,3g f− − = −

"Œ¼ªZ~¡ÖO 2 2
4 9 13r g f c= + − = + =

5. Wzó# =$`Œë�…Õx ã„¬u =$`ŒëxH÷ „¬~Œq°f†Ç° ‹¬g°H›~¡}ì�#° H›#°HËøO_%.

1) 2 2 3x y+ = 2) 2 2 4 6 12 0x y x y+ − + − =

ª. 1̂Î# :

1) ( )
22 2

3x y+ =

WH›ø_È ( ) ( ), 0,0h K =  "Œ¼ªZ~¡ÖO 3r =

∴ „¬~Œq°f†Ç° ‹¬g°H›~¡}ì�°

cos 0 3 cos 3 cosx h r x x= + θ⇒ = + θ⇒ = θ

sin 0 3 sin 3 siny K r y y= + θ ⇒ = + θ ⇒ = θ

2) 2 2 4 6 12 0x y x y+ − + − =  #°O_�

2 4 2; 2 6 3; 12g g f f c= − ⇒ = − = ⇒ = = −

∴ öHOã Î̂O ( ) ( ) ( ), , 2, 3h K g f= − − = −

"Œ¼ªZ~¡ÖO 4 9 12 25 5r = + + = =

∴„¬~Œq°f†Ç° ‹¬g°H›~¡}ì�° cos ; sinx h r y K r= + θ = + θ

2 5cos ; 3 5sinx y= + θ = − + θ
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III. n~¡É‹¬=¶ �̂¥# ã„¬‰×ß�°  (5 =¶~¡°ø�°)

1. ( )1, 2−  =°i†Çò ( )3, 4−  aO Î̂°=ô� Q®°O_¨ ‡é Ç̀¶ X −JHÆêxß ‹¬æ$tOKÍ =$ Ç̀ë ‹¬g°H›~¡}O H›#°HËøO_%.

ª. 1̂Î# :

Hê=�‹²# =$`Œëxß 2 2 2 2 0s x y gx fy c= + + + + = ...(1)

J#°Hùx# =$ Ç̀ëO X − JHÆêxß ‹¬æ$tÀ‹ë 2g c=  JQ®°#°.

‹¬¶KÇ#: X − JHÆêxß ‹¬æ$tÀ‹ë 2g c=  =°i†Çò Y − JHÆêxß ‹¬æ$tÀ‹ë 2f c=  ï~O_È° JHÆê�#° ‹¬æ$tÀ‹ë
2 2g f c= =  JQ®°#°.

2g c=  =°i†Çò =$ Ç̀ëO (1)

( )1, 2−  Q®°O_¨ ‡é=ô#° Hê=ô# ( ) ( )1 4 2 1 2 2 0g f c+ + + − + =

2 4 5g f c∴ − + = −  ...(3), W Í̂ q ĤÎOQê =$ Ç̀ëO (1)

( )3,4 Q®°O_¨ ‡é Í̀ 9 16 6 8 0g f c+ + − + =

6 8 25g f c∴ − + = − ... (4)

(3), (4) � #°O_�

        

2 4 5

6 8 25

g f c

g f c

− + = −

− + = −

− + − +

4 4 20 5 0g f g f− + = ⇒ − + = ... (5)

(2), (3)� #°O_�

− =

− + = −

2 0

2 4 5

g c

g f c

2 2 4 5g g f+ − = − ...(6)

(5), (6)� #°O_�

2

4 4 20 0

2 4 5 0

g f

g g f

− + =

+ − + =

  Ð   Ð    {    Ð
2 2 15g g− + = −
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2 2 15 0 3,5g g g∴ − − = ⇒ = −

(5) #°O_� 5 0g f− + =

1) 3g = −  J~ò Í̀ 2f =

2) 5g =  J~ò Í̀ 10f =

3) ( )2 9 25c g c or= ⇒ =

∴ Hê=�‹²# =$ Ç̀ëO  (1) #°O_�

1) 2 2 6 4 9 0x y x y+ − + + =  =°i†Çò

2) 2 2 10 20 25 0x y x y+ + + + =  JQ®°#°.

2. ( ) ( )1,0 , 0, 6−  =°i†Çò ( )3,4  aO Î̂°=ô� Q®°O_¨ ‡é†Í° =$ Ç̀ë ‹¬g°H›~¡}O H›#°Qù#°=ò.

ª. 1̂Î# :

 Hê=�‹²# =$`Œëxß 2 2 2 2 0s x y gx fg c= + + + + = .. (1)

J#°Hùx# Wk ( ) ( )1,0 0, 6−  =°i†Çò ( )3,4 � Q®°O_¨ ‡é=ô@ =�# ãH÷Ok ‹¬g°H›~¡}ì�° =KÇ°ó#°.

1 0 2 0 2 1g c g c+ + + = ⇒ + = − ... (2)

0 36 12 0 12 36f c f c+ + + = ⇒ − + = − ... (3)

9 16 6 8 0 6 8 25g f c g f c+ + + + = ⇒ + + = − .. (4)

(2), (3) � #°O_�

 
2 1

12 36

g c

f c

+ = −

− + = −

2 12 35 2 12 35g f g f+ = ⇒ + = .. (5)

(3), (4) � #°O_�

12 36

6 8 25

6 20 11

f c

g f c

g f

− + = −

+ + = −

− − − +

− − = −

+        –      +
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6 20 11g f∴ + = .. (6)

2 12 35 6 36 105g f g f+ = ⇒ + =

(5), (6) � #°O_�

+ =

+ =

− − −

− = − ⇒ = = =

6 20 11

6 36 105

94 47
16 97

16 8

g f

g f

f f f

(5) #°O_�

47 141
2 12 35 2 35

8 2
g g

 
+ = ⇒ + = 

 

141 71 71
2 35

2 2 4
g g

− −
∴ = − = ⇒ =

(2) #°O_� 2 1g c+ = −

71 71 69
2 1 1

4 2 2
c c

− 
+ = − ⇒ = − + = 

 

, ,g f c�#° (1)…Õ ã"Œ†Ç°Qê

Hê=�‹²# ‹¬g°H›~¡}O: 2 2 71 47 69
2 2 0

4 8 2
x y x y

−   
+ + + + =   

   

2 2 71 47 69
0

2 4 2
x y x y⇒ + − + + =

 …è̂ ¥ ( )2 24 142 47 138 0x y x y+ − + + =

3. ( ) ( ) ( )0,0 , 0,2 , 2,0 Q®°O_¨ ‡é†Í° =$ Ç̀ë ‹¬g°H›~¡}O H›#°HËøO_%.

ª. 1̂Î# :

Hê=�‹²# =$`Œëxß 2 2 2 2 0s x y gx fy c= + + + + = .. (1)

J#°Hùx# Wk ( )0,0  Q®°O_¨ ‡é Í̀ 0c = JQ®°#° .. (2)
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=°i†Çò =$ Ç̀ëO (1) ( ) ( )0,2 , 2,0 � Q®°O_¨ ‡é Í̀

4 4 0 4 4 0f c f+ + = ⇒ + = 0c =∵  Hê=ô#

4 4 1f f∴ = − ⇒ = −

=$ Ç̀ëO (1) ( )2,0  Q®°O_¨ ‡é Í̀ + + =4 4 0g c

4 4 0,g+ =  - 0c = Hê=ô#

1g∴ = −  JQ®°#°.

, ,g f c�#° (1)…Õ ã"Œ†Ç°Qê

2 2 2 2 0x y x y+ − − =

4. ( ) ( )1,2 , 2,1− − aO Î̂°=ô� Q®°O_¨ ‡é Ç̀¶Y −JHÆêxß ‹¬æ$tOKÍ =$ Ç̀ëO ‹¬g°H›~¡}O H›#°HËøO_%.

ª. 1̂Î# : Hê=�‹²# =$`Œëxß 2 2 2 2 0s x y gx fy c= + + + + = ... (1)

J#°Hùx# Wk ( )1,2−  =°i†Çò ( )2,1− � Q®°O_¨ ‡é Í̀

1 4 2 4 0g f c+ − + + =

2 4 5g f c− + + = − .. (2)

4 1 4 2 0g f c+ − + + =

4 2 5g f c∴ − + + = − .. (3)

(2), (3)� #°O_�

− + + = −

− + + = −

+ − − +

2 4 5

4 2 5

g f c

g f c

2 2 0 0g f g f+ = ⇒ + = .. (4)

Hêx =$ Ç̀ëO(1) Y − JHÆêxß ‹¬æ$tÀ‹ë 2f c=  JQ®°#°. .. (5)

(2), (5)� #°O_� 2 4 5g f c− + + = −

2 0f c− =

22 4 5g f f− + + = − .. (6)
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(4), (6) � #°O_�

2

2 2 0

2 4 5

g f

g f f

+ =

− + + = −

2 6 5 0 1+ + = ⇒ = −f f f  =°i†Çò 5f = −

0g f+ =  #°O_� g f= − Hê=ô#

( )1 1g = − − =  =°i†Çò ( )5 5g = − − = JQ®°#°.

2f c=∵ =°i†Çò ( )
2

1 1c = − =  …è̂ ¥ ( )
2

5 25c = − =  JQ®°#°.

1, 1, 1g f c∴ = = − =  J~ò Í̀ =$ Ç̀ëO ‹¬g°H›~¡}O.

1) 2 2 2 2 1 0x y x y+ + − + =  =°i†Çò

5, 5, 25g f c= = − =  J~ò Í̀ =$ Ç̀ëO ‹¬g°H›~¡}O.

2) 2 2 10 10 25 0x y x y+ + − + =  JQ®°#°.

5. ( ) ( )1,0 , 1,0−  =°i†Çò ( )0,1  aO Î̂°=ô� Q®°O_¨ ‡é=ô =$ Ç̀ë ‹¬g°H›~¡}O H›#°HËøO_%.

ª. 1̂Î# : =$`Œëxß 2 2 2 2 0s x y gx fy c= + + + + = ... (1)

Wk ( ) ( )1,0 , 1,0−  =°i†Çò ( )0,1 � Q®°O_¨ ‡é Í̀

1 2 0 2 1g c g c+ + = ⇒ + = − ... (2)

1 2 0 2 1g c g c− + = ⇒ − + = − ... (3)

1 0 2 0 2 1f c f c+ + + = ⇒ + = − ... (4)

(2), (3) �#°O_�

2 1

2 1

g c

g c

+ = −

− + = −

4 0g⇒ =

0g =

(2) #°O_� 2 1 1g c c+ = − ⇒ = −

(4) #°O_� 2 1 2 0 0f c f f+ = − ⇒ = ⇒ =

0, 0, 1g f c∴ = = = − �#° (1)…Õ ã"Œ†Ç°Qê

Hê=�‹²# =$ Ç̀ëO 2 2 1 0x y+ − = …è̂ ¥ 2 2 1x y+ = JQ®°#°.

+       –         +
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‰§OH›= K	Í̂ Î=ò�°

‰§OH›= K	Í Î̂=ò�°
12

= ° # = ò H ê¼ï~\˜# °  H Ë ‹¬° ë# ß „¬C_ È°  ^¥x JOK Ç° �°  q q �̂Î ~¡H ê� PH ê~Œ�… Õ L# ß @ ° Á Q®= ° xª,ëO.
H ê¼ï~\˜# °  = ü_ È°  q �̂¥�° Qê H Ë † Ç° _ ÈO (YO_ 2OK Ç_ÈO) = �#  "Œ\÷H ÷ 3 ~¡H ê� PH ê~Œ�°  U~¡æ _ È° `Œ~ò.

q ‰ õÁ+¬} ì Ç̀àH ›OQê Jq  :
i) „¬@ O 12.1… Õ K Ç¶„²#  q �̂ÎOQê H ê¼ï~\˜# °  ƒ�’¶q ° H ÷ ‹¬= ¶O Ç̀~¡OQê LO_ Í@ @ ° Á YO_ 2OK Ç_ ÈO [iyOk.

       „¬@O 12.1      „¬@O 12.2      „¬@O 12.3

ii) „¬@ O 12.2… Õ K Ç¶„²#  q �̂ÎOQê H ê¼ï~\˜# °  U@ "Œ�° Qê YO_ 2OK Ç_ ÈO [iyOk.  Wk ƒ�’¶q °  ̂ ¥Þ~Œ ‡ é= _ ÈO
… è Î̂ ° .

iii) „¬@ O 12.3… Õ K Ç¶„²#  q �̂ÎOQê H ê¼ï~\˜# °  U@ "Œ�°Qê YO_ 2OK Ç_ ÈO [iyOk.  Jk ƒ�’¶q °  ̂ ¥Þ~Œ ‡ é Ç̀° Ok.
q q �̂Î „¬̂ Îœ̀ Ç° … ÕÁ H Ë ‹²#  = òä ›ø �°  (H ê¼ï~\˜ = òH ›ø �° ) q q �̂Î ''PH ê~¡ ~¡¶‡ ,�° Ñ Ñ  H ›ey L# ß q .
‹¬O Î̂~¡Ä XO 1 # ° O_2 H ê¼ï~\˜ =òH ›ø  = $`Œëxß  ‹¬¶z‹¬° ëOk.  nxß  Q®°iOz = òO Î̂°  ‡ ,~”¡¼ƒ�ìQ®O# O Î̂°  K Ç̂ Î° = ô H ù x

L<Œß ~¡° .
‹¬O Î̂~¡Ä XO 2 = ° i† Çò ‹¬O Î̂~¡Ä XO 3� ^¥Þ~Œ H Ë ‹²#  = òä ›ø �°  "Íö~Þ~¡°  * ì¼q ° f† Ç°  = ã H ê�# °  ‹¬¶z‹¬° ë<Œß ~ò.

= ° # = ò g \÷ Q®° iOz D ‡ ,~”¡¼ƒ�ìQ®= ò# O Î̂°  K Ç̂ Î° = ô H ù O\ì= ò.

�HÆê¼�° :
D ‡ ,~”¡¼ƒ�ìQ®= ò# °  K Çkq #  ̀ Ç~ŒÞ Ç̀ g ° ~¡°  Q®= ° xOKÍ q +¬† Ç¶�°

� = $ Ç̀ëO,  „¬~Œ= �† Ç° O,  n~¡É= $ Ç̀ëO�# °  ‰ §OH ›=  K �Í̂ ¥�° Qê Q®° iëª,ë~¡° .
� „¬~Œ= �† Ç° O,  n~¡É= $`Œë�# °  ã „¬̀ Í¼H › a O Î̂°  „¬̂ Š¥�° Qê Q®° iëª,ë~¡° .
� ‰ §OH ›"Œ�… Õ L Í̀ø Oã Î̂̀ Ç ƒ�ì= = ò,  x† Ç° Ç̀ ö~Y,  <Œƒ�’° �° ,  j~ŒÂ �# °  Q®° iëOK Ç@ = ò
� „¬~Œ= �† Ç° O,  n~¡É= $ Ç̀ë ‹¬g ° H ›~¡} ì�# °  ã ‡ ,= ¶} ÷H › ~¡¶„¬O… Õ Q®° iëOK Ç@ = ò
� <Œa �,  x† Ç° Ç̀ ö~Y Wzó # „¬ô _ È°  „¬~Œ= �† Ç°  ‹¬g ° H ›~¡}ìxß  H ›# ° Qù # ° @
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=òMì¼O‰§	° :

1. ‰ §OH ›=O x~¡ÞKÇ# O : X H › ‹¬=° Ç̀�OÌ „á K ÇeOKÍ a O Î̂°= ô  ̂ Î¶~Œ�° X H › ‹²Ö~¡ a O Î̂° = ô # °Oz,  X H › ‹²Ö~¡ ‹¬~¡̂ ×ö~ Y
# ° Oz ‹²Ö~¡ x+¬æ uë … Õ LO>è P a O Î̂° „¬̂ Š¥xß  X H › ‰§OH ›=  K �Í̂ ÎOQê x~¡Þzª,ëO.

2. ‹²Ö~¡a O Î̂° = ô #°  <Œa � JO\ì= ò.

3. ‹²Ö~¡ ‹¬~¡̂ × ö~Y# °  x† Ç° Ç̀ ö~Y JO\ì= ò.

4. ‹²Ö~¡ x+¬æ uë 'e' x L Í̀ø Oã Î̂̀ Ç JO\ì= ò.

5. x† Ç° Ç̀ ö~Yä ›½  �O| OQê LO@ ¶ <Œa � Q®° O_ ¨  ‡ é† Í° ö~Y# °  JH ›Æö~Y JO\ì= ò.

6. <Œa � Q®° O_ ¨  ‡ é† Í°  −y x~¡¶„¬H êxß  <Œa ��O| O JO\ìO.

7. ã ‡ ,= ¶} ÷H › ~¡¶„¬O… Õ n~¡É= $ Ç̀ë ‹¬g ° H ›~¡} O  
2 2

2 2
1

x y

a b

+ =

8. n~ŒÉ H ›ÆO = 2a

9. ã ‚¬ìª,ÞH ›ÆO = 2b

10. x† Ç° Ç̀ ö~Mì‹¬g ° H ›~¡} O a
x

c
= ±

11. <Œƒ�’° �°  (+ ae, 0)

12. L Í̀ø Oã Î̂̀ Ç 
2

2

2
1= −

b
e

a

13. ã ‡ ,= ¶} ÷H › ~¡¶„¬O… Õ „¬~Œ= �† Ç°  ‹¬g ° H ›~¡} O y
2 = 4ax

(i) j~¡Â O (0,  0) (ii) <Œa �  (a, 0)

(iii) „¬~Œ= �† Ç° O JH ›Æ= ò y = 0

(iv) „¬~Œ= �† Ç°  x† Ç° Ç̀ ö~Mì ‹¬g ° H ›~¡} O x + a = 0

(v) <Œa ��O| O  = 4a
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I. n~¡É‹¬=¶ �̂¥# ã„¬‰×ß	°  ( 5 =¶~¡°ø	°)

1. öHOã Î̂=ò (0,0) Qê, <Œa	�O|O 5 =°i†Çò L Í̀øOã Î̂̀ Ç 
2

3
 Qê Q®� n~¡É=$ Ç̀ë ‹¬g°H›~¡}=ò#° H›#°Qù#O_7.

ª9 	̂Î# : <Œa ��O| O =

22
5

b

a
. . .( 1 )

L Í̀ø Oã Î̂̀ Ç =
2

3
e . . .( 2 )

H êh −
=

2 2a b
e

a

−
=

2 22

3

a b

a

W~¡° "³á„¬ô � = ~¡¾O K Í† Ç° Qê

−
= ⇒ = −

2 2
2 2 2

2

4
4 9 9

9

a b
a a b

a

=
2 29 5b a . . .( 2 )

(1) # ° O_ 2 = ⇒ =
2 2 5

2 5
2

b a b a . . .( 3 )

2b  q �° = # °  (2) … Õ ã „¬uöH Æ„²OK ÇQê

=
25

9. . 5
2
a a

= ⇒ =
29 81

2 4
a a

=
2 5

2
b a  H ê= ô #

= × =
2 5 9 45

2 2 4
b

∴(0,0)  öH Oã Î̂OQê L# ß  n~¡É= $ Ç̀ë ‹¬g ° H ›~¡} O

( ) ( )− −
+ =

2 2

2 2

0 0
1

x y

a b
 ~¡¶„¬O… Õ LO_ È° # ° .
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‰§OH›= K	Í̂ Î=ò�°

+ =

2 2

1
81 45

4 4

x y

+ =

2 24 4
1

81 45

x b

+ =
2 220 36 405x y

∴ H ê= �‹²#  n~¡É= $ Ç̀ë ‹¬g ° H ›~¡} O + =
2 220 36 405x y .

2. öHOã Î̂O (0,0)Qê, L Í̀øOã Î̂̀ Ç =
1

3
e  =°i†Çò <Œƒ	’°� x~¡¶„¬Hê�° (4,0), (Ð4,0)Qê Q®� n~¡É =$ Ç̀ë

‹¬g°H›~¡}O#° H›#°Qù#°=ò.

ª9 	̂Î# : <Œƒ�’° � = ° �̂Î¼ Î̂¶~¡O « ( ) ( )+ + −
2 2

4 4 0 0

= 64

« 8

∴ Î̂̀ ŒëO‰ × ã „¬H ê~¡O <Œƒ�’° � = ° �̂Î¼ Î̂¶~¡O =2 8ae

H êh =
1

3
e  H ê= ô #

= ⇒ = ⇒ =
1

2 . 8 2 24  12
3

a a a

( )= −
2 2 21b a e  H ê= ô #

 
= − 

 

2 1
144 1

9
b

= × =
2 8 1152

144
9 9

b

H ê= �‹²#  n~¡É= $ Ç̀ë ‹¬g ° H ›~¡} O ( ) ( )− −
+ =

2 2

2 2

0 0
1

x y

a b

+ =

2 2

1
1152144

9

x b
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‰§OH›= K	Í̂ Î=ò�°

+ =

2 29
1

144 1152

x y

+ =
2 28 9 1152x y

3. <Œa	�O|O ‡Ú_È=ô, ã‚¬ìª9ÞH›ÆO ‡Ú_È=ô…Õ ‹¬Q®O LO_Í n~¡É=$ Ç̀ëO (ã‡9=¶}÷H› ~¡¶„¬O…Õ) L Í̀øOã Î̀̂ Ç H›#°HËøO_7.

ª9 	̂Î# : ã ‡ ,= ¶} ÷H › ~¡¶„¬O… Õ n~¡É= $ Ç̀ë ‹¬g ° H ›~¡} O

( )+ = >

2 2

2 2
1  

x b
a b

a b

(<Œa ��O|  ‡ Ú_ È= ô ) « 
1

2
 (ã ‚¬ìª,ÞH ›ÆO ‡ Ú_ È= ô )

( )= ⇒ =

22 1
2 2

2

b
b b a

a

( )∴ = ⇒ − =
2 2 2 2 24 4 1b a a e a

− = ⇒ = ⇒ =
2 21 3 3

1
4 4 2

e e e

∴ L Í̀ø Oã Î̂̀ Ç =
3

2
e

4. + =
2 23 4 12x y  n~¡É=$`ŒëxH÷ L Í̀øOã Î̀̂ Ç, <Œƒ	’°� x~¡¶„¬Hê�°, n~ŒÉH›ÆO, ã‚¬ìª9ÞH›ÆO ‡Ú_È=ô�#° H›#°Qù#°=ò.

ª9 	̂Î# : + =
2 23 4 12x y  # °  ã ‡ ,= ¶} ÷H › ~¡¶„¬O… Õ ã "Œ† Ç°Qê

2 2

1
4 3

+ =
x y

nxH ÷ 
2 2

2 2
1+ =

x y

a b
 `Ë  ‡ é�ó Qê

=
2 4a  = ° i† Çò =

2 3b

)i = − = − = ⇒ =

2
2

2

3 1 1
1 1

4 4 2

b
e e

a

)ii <Œƒ�’° � x~¡¶„¬H ê�°  « ( )± ,0ae

 
= ± × 
 

1
2 ,0

2

( )= ±1,0
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‰§OH›= K	Í̂ Î=ò�°

∴ <Œƒ�’° � x~¡¶„¬H ê�°  (1, 0) = ° i† Çò (Ð 1, 0)
)iii n~ŒÉH ›Æ= ò ‡ Ú_ È= ô  « = × =2 2 2 4a  = ° i† Çò

ã ‚¬ìª,ÞH ›ÆO ‡ Ú_ È= ô  « = × =2 2 3 2 3b

5. x†Ç° Ç̀ö~Y − − =3 0x y  Qê#°, =
1

,
2

e  XH› <Œa	 (1,Ð1) = Î̂í Q®� n~¡É=$ Ç̀ë ‹¬g°H›~¡}O H›#°HËøO_7.

ª9 	̂Î# : x~¡ÞK Ç# O ã „¬H ê~¡O,  n~¡É= $ Ç̀ëOÌ „á ( ),p h k  U Í̂x a O Î̂° =ô  J# ° H ù # ° = ò.

= ⇒ =
sp

e sp epm
pm

⇒ =
2 2 2sp e pm

( ) ( )
− − 

− + + =  
+ 

2
2 2 1 3

1 1
4 1 1

h k
h k

( )+ + − + + =
2 27 2 10 10 7 0h k hk h k

p  = Î̂í a O Î̂° „¬̂ ŠÎ ‹¬g ° H ›~¡} O

( )+ + − + + =
2 27 2 10 10 7 0x y xy x y

6. + − =2 1 0x y  x†Ç° Ç̀ö~YQê, <Œa	 =ü�aO Î̂°=ôQê Q®� „¬~Œ=�†Ç° ‹¬g°H›}O ä›#°HËøO_7.

ª9 	̂Î# : x~¡ÞK Ç# O ã „¬H ê~¡O = 1
sp

pm
 J~ò Í̀ Jk „¬~Œ= �†Ç° O J= ô Ç̀° Ok

=sp pm

( ) ( )= =0,0 ,    ,s p x y  M  J<Ík „¬~Œ= �† Ç° OÌ „á a O Î̂° = ô  p  # ° O_ 2 x† Ç° Ç̀ ö~Yä ›½  Q®� �O| Î̂¶~¡O

( ) ( )
 + −
 − + − =
 

+ 

2

2 2

2 2

2 1
0 0

2 1

x y
x y

( )+ −
+ =

2
2 2 2 1

5

x y
x y

+ = + + + − −
2 2 2 25 5 4 1 4 2 4x y x y xy y x

∴ H ê= �‹²#  „¬~Œ= �† Ç°  ‹¬g ° H ›~¡} O
2 24 4 4 2 1 0+ − + + − =x y xy x y .
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‰§OH›= K	Í̂ Î=ò�°

7. <Œa	 (2,3), x†Ç° Ç̀ö~Y − + =4 3 0x y  Qê Q®� „¬~Œ=�†Ç° ‹¬g°H›~¡}O H›#°HËøO_7.

ª9 	̂Î# : =
SP

1
PM

= ⇒ =
2 2SP PM SP PM

( ) ( )
 − +

− + − =  
 + 

2

2 2

2 2

4 3
2 3

1 4

x y
x y

( )− +
+ − + + − =

2
2 2 4 3

4 4 9 6
17

x y
x x y y

( )− +
+ − − + =

2
2 2 4 3

4 6 13
17

x y
x y x y

+ − − + = + + − − +
2 2 2 217 17 68 102 221 16 9 8 24 6x y x y x y xy y x

+ + − − + =
2 216 8 74 78 212 0x y xy x y

8. x†Ç° Ç̀ö~Y + = 1
x y

a b
 =°i†Çò <Œa	 ( ),a b  Qê Q®� „¬~Œ=�†Ç° ‹¬g°H›~¡}O H›#°HËøO_7.

ª9 	̂Î# : x† Ç° Ç̀ö~Y ‹¬g ° H ›~¡} O + = 1
x y

a b

⇒ + − = 0bx ay ab

( )= ,s a b

= ⇒ =1
SP

SP PM
PM

⇒ =
2 2SP PM

( ) ( )
 + −
 − + − =
 

+ 

2

2 2

2 2

bx ay ab
x a y b

b a

( )+ −
+ − + + − =

+

2
2 2 2 2

2 2
2 2

bx ay ab
x a ax y b by

a b

( )  + + − + + − = + + + − −
 

2 2 2 2 2 2 2 2 2 2 2 2 2 22 2 2 2 2a b x a ax y b by b x a y a b abxy a by ab x

∴ H ê= �‹²#  „¬~Œ= �† Ç°  ‹¬g ° H ›~¡} O.
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‰§OH›= K	Í̂ Î=ò�°

9. x†Ç° Ç̀ö~Y + =3 4 1x y  =°i†Çò <Œa	 (2,3) Qê Q®� „¬~Œ=�†Ç° ‹¬g°H›~¡}O H›#°HËøO_7.

ª9 	̂Î# : x† Ç° Ç̀ö~Y ‹¬g ° H ›~¡} O + − =3 4 1 0x y

<Œa � ( )= 2,3S

= 1
SP

PM
 H ê= ô #  = ⇒ =

2 2SP PM SP PM

( ) ( )
 + −

− + − =  
 + 

2

2 2

2 2

3 4 1
2 3

3 4

x y
x y

( )+ −
+ − + + − =

2
2 2 3 4 1

4 4 9 6
25

x y
x x y y

+ − + + −
2 225 100 100 25 225 150x x y y

= + + + − −
2 29 16 1 24 8 6x y xy y x

∴ H ê= �‹²#  „¬~Œ= �† Ç°  ‹¬g ° H ›~¡} O

+ − − − + =
2 216 9 24 94 142 224 0x y xy x y

10. x†Ç° Ç̀ö~Y + = 0,x y  L Í̀øOã Î̂̀ Ç =
1

,
2

e  XH› <Œa	 (0,1) = Î̂í n~¡É=$ Ç̀ë ‹¬g°H›~¡}O H›#°Qù#°=ò.

ª9 	̂Î# : x† Ç° Ç̀ ö~Y ‹¬g ° H ›~¡} O + = 0x y

=
1

2
e

= 0,1S

∴ = ⇒ =
SP

e SP ePM
PM

=
2 2 2SP e PM

( ) ( )
 +

− + − =  
 + 

2

2 2

2 2

1
0 1

4 1 1

x y
x y

( ) +
 + + − =
 
 

2
2 2 1

1 2
4 2

x y
x y y

+ + − = + +
2 2 2 28 8 8 16 2x y y x y xy

2 27 7 2 16 8 0+ − − + =x y xy y
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JOH›ã‰õ_	
 =°i†Çò Q®°}ã‰õ_	

W= Þ| _ �#  ‹¬OY¼�… Õ X H › ‹¬OY¼# °  "³ò Î̂\÷ ‹¬OY¼Qê# ° ,  WOH ù H › ‹¬OY¼# °  ï~O_ È=  ‹¬OY¼Qê# ° ,  = ° i† ³òH ›

‹¬OY¼#°  = ü_ È= ‹¬OY¼Qê#°  J… ìöQ <Œ�¾= ‹¬OY¼#° , S Î̂= ‹¬OY¼#° , ... Jx K ³„¬æQ®ey# W= Þ| _�#  ‹¬OY¼�#°  ã‰ õ_ 8�
JO\ì~¡° .  K Œ… ì q +¬† Ç° = ò�… Õ ã ‰ õ_ 8È° �# °  L„¬† ³¶yª@ë~¡° .

D ‡@~”Œ¼O‰×=ò…Õ = °#=ò JOH›‰õ_8�, Q®°}ã‰õ_8�, JOH›=° 8̂Î¼=°=ò, Q®°}=° 8̂Î¼=°=ò� Q®°iOz ̀ ³�°‹¬°HùO^¥=ò.
D H ÷Ok L^¥‚¬ì~¡} �°  „¬ije^¥í= ò.

(a) X H›̀ Ç#°  ä ›½ O Í̂̂ ×¤  ‹¬OY¼ Z …ì Ì „~¡° Q®° Ç̀° O^Ë ̀ ³�° ‹¬° HË "Œ�<Í L`ŒX ‚¬ì= ò`Ë J„¬C_Í „¬ô \÷“#  ï~O_È° ä›½O Í̂̂ ×¤# °
³̀zó  Ì „OK Ç° Ç̀° <Œß _ È° .  ä ›½ O Í̂̂ ×Ã¤  „¬ô \÷“#  ï~O_ È°  = ¶‹¬= ò�ä ›½  ã „¬̀ Ç° ¼ Ç̀æ uë K Í† Ç° _ ÈO "³ò Î̂�°  Ì „\÷“ P ̀ Ç~¡° "Œ Ç̀

ã „¬u <³� X H › [ Ç̀  ä ›½ O Í̂̂ ×¤ ä ›½  „¬ô @ ° “H ›# °  ~òª@ë~ò.  "³ò Î̂\÷ <³� = ° i† Çò ï~O_ È=  <³� X H › [ Ç̀ ä ›½ O Í̂̂ ×Ã¤
LO\ì~ò.  = ü_ È=  <³� 2 [ Ç̀�° ,  4=   <³� 3 [ Ç̀�°  P q 8̂Î= òQê = $kœ K ³O Î̂° `Œ~ò.  Ì „á q +¬† Ç° = ò# °
W… ì ã "Œ† Ç° = K Ç° ó # ° .
1,  1,  2,  3,  5,  8,  13,  .....

(b) J# O Ç̀ P= ~¡ë  Î̂‰ §O‰ × ‹¬OY¼ 0.3333 ... # °  0. 3  Qê ã "Œª@ë= ò.  nxx X H › JH ›~¡} ©† Ç°  ‹¬OY¼Qê
ã"Œ† Ç° =K Ç° ó# °.

(c) X H ›̀ Ç# °  "³ò Î̂\÷ ~Ë A #  ~¡¶II�°  10/ Ð  ‹¬O‡ @kOz<Œ_ È° . ï~O_ È=  ~Ë A #  ~¡¶II�°  30/ Ð ,  = ü_ È=  ~Ë A #
~¡¶II�°  50/ Ð ,  ... ‹¬O‡ @kOz<Œ_ È° .  J Ç̀x † ³òH ›ø ‹¬O‡ @ Î̂#  D q 8̂Î= òQ® # ° # ß k.

~¡¶II 10/ Ð ,  ~¡¶II 30/ Ð ,   ~¡¶II 50/ Ð  ....
W„¬C_ È°  = ° # = ò 10=  ~Ë A #  J Ç̀x ‹¬O‡ @ Î̂#  Z O Ç̀ J# ß k H ›# ° Qù # = K Ç° ó # ° .

(d) D ã H ÷Ok ã ‰ õ_ 8È° �# °  „¬ijeOK ÇO_ �
  (i)  2,  4,  8,  16,  ...........

 (ii)  
1 1 1 1

, , , , ....
9 27 81 243

− −

(iii)  0.01,  0.0001,   0.000001,  ......

ã „¬u ã ‰ õ_ 8�… Õ# ° ,  "³ò Î̂\÷ „¬̂ Î= ò Ç̀„¬æ ,  ã „¬u „¬̂ Î= ò X H › xiÖ+¬“ ã H ›= ° O… Õ = K Ç° ó @ # °  „¬ijeOK Ç= K Ç° ó .

=¶_È¶¼…˜ ÐIII

J#°ãH›=¶�° =°i†Çò ã‰õ}°�°

13
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�HÆê¼�°

1. ã ‰ õ}° � x~¡ÞKÇ# O.

2. JOH ›ã ‰ õ} ÷,  ª@= ¶# ¼ ƒè̂ 8ÎO … è̂ ¥ „¬̂ ¥O Ç̀~¡O,  ª@= ¶# ¼„¬̂ ÎO … èH › n =  „¬̂ Î= ò.

3. , ,a d n  = ° i† Çò nt �… Õ = ü_ È°  q +¬† Ç° = ò�°  ³̀e‹²#  <Œ�¾=  ^¥xx H ›# ° Qù # ° @ .

4. JOH ›ã ‰ õ} ÷… Õx U"³á<Œ ï~O_ È°  „¬̂ Î= ò�°  ³̀e‹²#  P .A P  † ³òH ›ø  „¬̂ ¥O Ç̀~¡O Qêx,  U ³̂á<Œ „¬̂ Î= ò# °
Qêx ̀ ³�° ‹¬° Hù # ° @ .

5. .A P … Õx "³ò Î̂\÷ n  „¬̂ Î= ò� "³ò Ç̀ë= ò# °  ³̀�° ‹¬° H ù # ° @ .

6. Wzó #  ï~O_ È°  ‹¬OY¼� = ° 8̂Î¼ JOH › = ° 8̂Î¼= ° = ò�# °  ä ›{~ ¡° ó @ .

7. Q®°}ã ‰õ} ÷…Õ , ,a r n  = °i†Çò nt �… Õ =ü_�O\÷ q�°=�° ̀ ³e‹²# „¬ô_ È° <Œ�¾= ̂ ¥x q �°= H›#° Qù#° @.

8. .G P… Õ "³ò Î̂\÷ n  „¬̂ Î= ò� "³ò Ç̀ë= ò# °  H ›# ° Qù # ° @ .

=òMì¼O‰§�° :

1. JOH ›ã ‰ õ} ÷… Õ ª@= ¶# ¼ „¬̂ ÎO ( )1nt a n d= + −  J~ò Í̀ P ã ‰ õ} ÷ , , 2 , 3 ...a a d a d a d+ + +

2. JOH ›ã ‰ õ} ÷… Õ "³ò Î̂\÷ n  „¬̂ ¥� "³ò Ç̀ëO nS  J~ò Í̀

( )2 1
2

n
n

S a n d = + −  P ã ‰ õ} ÷ + +, , 2 ....a a d a d

[ ] ( ), 1
2

n
a l l a n d= + = + −

3. X H › ã ‰ õ_ 8�… Õ ï~O_ È°  = ~¡° ‹¬ „¬̂ ¥� ƒè̂ 8ÎO ‹²Ö~¡= ò J ~ò Í̀ P ã ‰ õ_ 8�x JOH ›ã ‰ õ_ 8� JO\ì= ò.

1n n nt S S −= −

4. ( )+
+ + + + =

1
1 2 3 ...

2

n n
n

5. ,a b� JOH › = ° 8̂Î¼= ° = ò 
2

a b+

6. X H › ã ‰ õ_ 8�… Õ ï~O_ È°  = ~¡° ‹¬ „¬̂ ¥� x+¬æ uë ‹²Ö~¡= ò J ~ò Í̀ P ã ‰ õ_ 8�x Q®° } ã ‰ õ_ 8� JO\ì= ò.

7. Q®° }  ã ‰ õ_ 8�… Õ n =  „¬̂ Î= ò 2 1, , ..... na ar ar ar −
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8. 2 1, , ..... na ar ar ar −  Q®° }  ã ‰ õ_ 8�… Õ "³ò Î̂\÷ n  „¬̂ ¥� "³ò Ç̀ëO

1

1

n

n
r

S a
r

 −
=  

 − 
1for r >

1
1

1

nr
a for r

r

 −
= < 

 − 

9. J# O Ç̀ Q®° }  ã ‰ õ_ 8� "³ò Ç̀ëO 1
1

a
S for r

r
α = <

−

10. ,a b� Q®° }  = ° 8̂Î¼= ° = ò ab

11. ,a b� = ° 8̂Î¼ L# ß  JOH ›= ° 8̂Î¼= ° = ò A ,  Q®° } = ¶ 8̂Î¼= ° = ò G  H ›<Œß  Z ä ›½ ø =  A G> .

I. Ju‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (1 =¶~¡°ø)

1. JOH›ã‰õ_	
n = „¬̂ ¥xH÷ ‹¬¶ã`Œxß ã"Œ†Ç°O_
.

ª$ 	̂Î#: ( )1nt a n d= + −

2. 3,4,5....  JOH ›ã ‰ õ_ 8�… Õ „¬̂ ¥O Ç̀~¡O Z O Ç̀?

ª@ 8̂Î# : „¬̂ ¥O Ç̀~¡O = −4 3d … è̂ ¥ 5 4−

   = 1d

II. ‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (2 =¶~¡°ø�°)

1. 1,3,5,7.....JOH›ã‰õ}÷…Õ n = „¬̂ ÎO ã"Œ†Ç°O_
.

ª$ 	̂Î#: 1; 3 1 2a d= = − =

( ) ( )1 1 1 2 1 2 2nt a n d n n= + − = + − = + −

nt 2 1n= −

2. 3,5,7,9.....JOH›ã‰õ_	
…Õ LO>è n = „¬̂ ÎO H›#°Qù#O_
.

ª$ 	̂Î#: 3; 5 3 2a d= = − =

( )1nt a n d= + −
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   ( )3 1 2n= + −

   3 2 2n= + −

2 1nt n= +

3. 2 1nt n= + J~ò Í̀ JOH›ã‰õ_	
x H›#°Qù#O_
.

ª$ 	̂Î#: 1,2,3......n = �# °  ã „¬uöH Æ„²OK ÇQê

1 2.1 1 3t = + =

2 2.2 1 5t = + =

3 2.3 1 7t = + =

H ê= ô #  JOH ›ã ‰ õ_ 8� 3,5,7......

4. 5,11,17.....1193° JOH›ã‰õ_	
…Õ LO>è 119  J<Í „¬̂ ÎO Z#ß=k?

ª$ 	̂Î#: 5; 11 5 6; 119na d t= = − = =

( ) ( )1 5 1 6nt a n d n∴ = + − = + −

119 5 6 6n= + −

119 6 1n= −

6 120 20n n= ⇒ =

20n∴ =

5. 2,4,6....JOH›ã‰õ_	
…Õ LO>è 10= „¬̂ ÎO#° H›#°Qù#O_
.

ª$ 	̂Î#: 2; 4 2 2; 10a d n= = − = =

( )1 1nt n d= + −

( )2 10 1 2nt = + −

2 20 2nt = + −

20nt =

∴H ê= ô #  JOH ›ã ‰ õ_ 8�… Õ 10=  „¬̂ ÎO 20

6. 8,11,14,17....15  „¬̂ ¥3 =~¡ä›½ JOH›ã‰õ_	
 "³ò`Œëxß H›#°Qù#O_
.
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ª@ 8̂Î# : 8, 3a d= =

15n =

( )2 1
2

n
n

S a n d = + − 

( )
15

16 15 1 3
2
 = + − 

[ ]
15

58
2

=

435=

7. 8,3, 2, 7, 12.....n− − − „¬̂ ¥3 =~¡ä›½ JOH›ã‰õ_	
 "³ò`Œëxß H›#°Qù#O_
.

ª$ 	̂Î#: 8, 5a d= = −

( )2 1
2

n
n

S a n d = + − 

( ) ( ) = + − − 2.8 1 5
2

n
n

[ ]= − +16 5 5
2

n
n

[ ]= −21 5
2

n
n

S n

8. 4,8,16.... Q®°} ã‰õ_	
…Õ 6= „¬̂ Î=ò H›#°Qù#O_
.

ª$ 	̂Î#: "³ò Î̂\÷ „¬̂ ÎO 4a =

 ª@= ¶# ¼ x+¬æ uë 8 4 2; 6r n= ÷ = =

1n
nt ar −

=

( )
6 1 5

6 4 2 4 2 4 32t
−

= = × = ×

6 128t =

Q®° } ã ‰ õ_ 8�… Õ 6=  „¬̂ ÎO 18

9. Q®°}ã‰õ_	
…Õ "³ò Î̂\÷„¬̂ ÎO =°i†Çò ª$=¶#¼ x+¬æuë =~¡°‹¬Qê 3 =°i†Çò 
1

2

−
 J~ò Í̀ "³ò Î̂\÷ 5
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„¬̂ ¥3#° ã"Œ†Ç°O_
.

ª$ 	̂Î#:
1

3;
2

a r
−

= =

Q®° } ã ‰ õ_ 8�… Õ "³ò Î̂\÷ 5 „¬̂ ¥�°

 2 3 4, , , ,a ar ar ar ar

H ê= ô #  3a =

1 3
3

2 2
ar

− −
= × =

2
2 1 3

3
2 4

ar
− 

= × = 
 

3
3 1 3

3
2 8

ar
− − 

= × = 
 

4
4 1 3

3
2 16

ar
− − 

= × = 
 

3 3 3 3
3, , , ,

2 4 8 16

− −
∴

10. 6,12,24.... (10 „¬̂ ¥3 =~¡ä›½) Q®°}ã‰õ_	
…Õx „¬̂ ¥3 "³ò Ç̀ëO#° H›#°Qù#°=ò.

ª$ 	̂Î#: WH ›ø _ È "³ò Î̂\÷ „¬̂ Î= ò 6; 10a n= =

ª@= ¶# ¼ x+¬æ uë ( )
12

2
6

r = =

n  „¬̂ ¥� "³ò Ç̀ëO ( )
( )

1
1

1

n

n

a r
S r

r

−
= >

−

( )106 2 1

2 1
nS

−
=

−

( )6 1024 1 6138nS = − =
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11.
1 1 1 1

1, , , , ....
2 4 8 16

−
−  (20 „¬̂ ¥3 =~¡ä›½) Q®°}ã‰õ_	
…Õx „¬̂ ¥3 "³ò Ç̀ëO#° H›#°Qù#°=ò.

ª$ 	̂Î#: WH ›ø _ È "³ò Î̂\÷ „¬̂ Î= ò 1a =

ª@= ¶# ¼ x+¬æ uë
1

12

1 2
r

−

−
= =

20n =

„¬̂ ¥� "³ò Ç̀ëO ( )
( )

−
= <

−

1
1

1

n

n

a r
S r

r

20

20

1
1 1

2 2 1
1

1 3 21
2

nS

 −  −       
= = − 

 +

12. 8,16,32,64.....  Q®°}ã‰õ}÷…Õ LO>è, Zxß „¬̂ ¥3 "³ò Ç̀ë=ò 8184 JQ®°#°?

ª$ 	̂Î#: "³ò Î̂\÷ „¬̂ ÎO 8;a = ª@= ¶# ¼ x+¬æ uë 
16

2
8

r = =

„¬̂ ¥� "³ò Ç̀ë= ò = 8184nS

( )1

1

n

n

a r
S

r

−
=

−

( )
( )

8 2 1
8184 8 2 1

2 1

n

n
−

= = −
−

2 1 1023n⇒ − =

102 1024 2n
= =

10n⇒ = .
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13. + + + + + ∝
1 1 1

1 ...
3 9 27

 J#O Ç̀ Q®°}ã‰õ_	
 "³ò Ç̀ëO#° H›#°Qù#=ò.

ª$ 	̂Î#: 1a = ,  ª@= ¶# ¼ x+¬æ uë 
1

13 1
1 3

r r= = <

1 2

11 3
1

3

a
S

r
α = = =

−
−

14.
1 2 4 8

, , , .....
3 9 27 81

− −
 J#O Ç̀ Q®°}ã‰õ_	
 "³ò Ç̀ëO#° H›#°Qù#°=ò.

ª$ 	̂Î#:
1

3
a =  = ° i† Çò 

2
29 1

1 3

3

r r

−

−
= = <

1
13

21 5
1

3

a
S

r
α = = =

−
+

III. n~¡É ‹¬=¶ �̂¥# ã„¬‰×ß�° (5 =¶~¡°ø�°)

1. JOH›ã‰õ}÷…Õ 10= „¬̂ ÎO Ð15 =°i†Çò 31= „¬̂ ÎO Ð57 J~ò Í̀ 15= „¬̂ ÎO#° H›#°Qù#O_
.

ª$ 	̂Î#: "³ò Î̂\÷ „¬̂ ÎO ' 'a

„¬̂ ¥O Ç̀~¡O ' 'd Qê Q®� JOH ›ã ‰ õ_ 8�

‹¬¶ã Ç̀O ( )1nt a n d= + −

H ê= ô #  ( )10 10 1 9t a d a d= + − = +

( )31 31 1 30t a d a d= + − = +

∴ Î̂̀ ŒëO‰ × ã „¬H ê~¡= ò

9 15a d+ = − ... (1)
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30 57a d+ = − ... (2)

(1),  (2) �# °  ª@k8OK ÇQê

‹¬g ° H ›~¡} O (2) # ° O_ � (1)x f‹²"Í† Ç° Qê

21 42d = −

2d = −

(1)  # ° O_ �

( )9 2 15a + − = −

18 15a − = −

3a =

H ê= ô #  ( )

( )

= + −

= + −

= −

15

15

15

15 1

3 14 2

25

t a d

t

t

2. JOH›ã‰õ}÷…Õ „¬̂ ¥O Ç̀~¡O 3 =°i†Çò 15= „¬̂ ÎO 37 J~ò`Í "³ò Î̂\÷ „¬̂ Î=ò#° H›#°Qù#O_
.

ª$ 	̂Î#:  WH ›ø _ È 3d =

15 37t =  = ° i† Çò 15n =

"³ò Î̂\÷ „¬̂ ÎO ' 'a  J# ° H ù # = ò.

( )1nt a n d= + −

( )37 15 1 3a= + −

37 42a= +

5a = −

∴ H ê= ô #  JOH ›ã ‰ õ_ 8�… Õ "³ò Î̂\÷ „¬̂ ÎO  Ð 5.

3. 0a b c+ + ≠  =°i†Çò , ,
a b c

b c c a a b+ + +
 JOH›ã‰õ_	
…Õ LO>è 

1 1 1
, ,

b c c a a b+ + +
3° ä›M_¨

JOH›ã‰õ_	
…Õ LO\ì†Ç°x KÇ¶„¬O_
.
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ª$ 	̂Î#: , ,
a b c

b c c a a b+ + +
�°  .A P … Õ L<Œß ~ò.

H ê= ô #  
b a c b

c a b c a b c a
− = −

+ + + +

… è̂ ¥ 1 1 1 1
b a c b

c a b c a b c a

       
+ − + = + − +       

+ + + +       

… è̂ ¥  
a b c a b c a b c a b c

c a b c a b a c

+ + + + + + + +
− = −

+ + + +

… è̂ ¥ ( )
1 1 1 1

0a b c
c a b c a b c a

− = − + + ≠
+ + + +

… è̂ ¥ 
1 1 1

, ,
b c c a a b+ + +

�° .A P … Õ LO_ È° # ° .

4. 1 1
2 ,4,5 .....31

2 2
 3° JOH›ã‰õ_	
…Õ LO>è 31 J<Ík Z#ß= „¬̂ Î=ò =°i†Çò 10= „¬̂ ÎO#°

H›#°Qù#=ò.

ª$ 	̂Î#:
5 4 5 3

;
2 1 2 2

a d= = − =

31nt =

( )1nt a n d∴ = + −

( )
5 3

31 1
2 2

n= + −

5 3 3
31

2 2 2
n= + −

3
31 1

2
n= +

3
30

2
n =

20n =
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∴JOH ›ã ‰ õ} ÷… Õ 31 J<Ík 20=  „¬̂ ÎO.

)ii 10=  „¬̂ ÎO :

( )10
5 3

10 1
2 2

t = + −

10
5 3

9.
2 2

t = +

10
32

2
t =

10 16t =

∴10=  „¬̂ ÎO 16 J= ô Ç̀° Ok.

5. 7,4,1, 2.....− JOH›ã‰õ_	
…Õ LO>è Ð292 J<Ík JOH›ã‰õ_	
…Õ LO^¥?

ª$ 	̂Î#: 7; 4 7 3a d= = − = −

292nt = −

( )1nt a n d= + −

( ) ( )292 7 1 3n n− = + − −

292 7 3 3n− = − +

3 302n− = −

302 2
100

3 3
n = =

' 'n J<Ík a 8# ß OH › ƒ8ìQ®O.

H ê= ô #  Wk JOH ›ã ‰ õ} ÷… Õ LO_ È̂ Î° . Ð 292 „¬̂ ÎO Wzó #  JOH ›ã ‰ õ_ 8�… Õ … è̂ Î° .

6. JOH›ã‰õ}÷…Õ =ü_È° „¬̂ ¥3° L<Œß~ò. z=i =°i†Çò "³ò Î̂\÷ „¬̂ ¥xH÷ ƒè̂ 	ÎO 8 =°i†Çò "Œ\÷ 3|œO
20 J~ò Í̀ P „¬̂ ¥3#° H›#°Qù#O_
.

ª$ 	̂Î#: , ,a b c  �° .A P … Õ LO>è

 Î̂̀ ŒëO‰ × ã „¬H ê~¡O 8c a− = →  (1)
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20ca =

Hê= ô# ( ) ( )
2 2

4c a c a ac+ = − +

( )
2

64 80c a+ = +

( )
2

144c a+ =

+ = →12 (2)c a

(1),  (2) �# °  ª@k8OK ÇQê

8

12

2 20 10

c a

c a

c c

− =

+ =

= ⇒ =

10c∴ = J~ò Í̀ 2a =

, ,a b c�°  .A P … Õ L<Œß ~ò. H ê= ô #

b a c b− = −

2b a c= +

2 12b =

6b =

∴„¬̂ ¥�°  2,  6,  10

7. XH› JOH›ã‰õ}÷…Õ n = „¬̂ ÎO na b+  J~ò Í̀ „¬̂ ¥O Ç̀~¡O ' 'a  LO_È°#x ~¡°A=ô KÍ†Çò=ò.

ª$ 	̂Î#: 1nt na b t a b= + ⇒ = +

2 2t a b⇒ = +

3 3t a b⇒ = +

nt na b⇒ = +

Î̂̀ Çë ã ‰ õ_ 8� ,2 ,3 ...a b a b a b na b+ + + +

 „¬̂ ¥O Ç̀~¡O ( )2d a b a b= + − +

d a=
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8. 27,23,19,15..... JOH›ã‰õ_	
 "³ò Ç̀ëO 95 J~ò# P ã‰õ_	
…Õ „¬̂ Î=ò…ÿxß?

ª$ 	̂Î#: 27; 4a d= = −  = ° i† Çò 95nS =

( )2 1
2

n
n

S a n d = + − 

( )54 1 4 95
2

n
n ⇒ + − − = 

[ ]54 4 4 95
2

n
n⇒ − + =

254 4 4 190n n n⇒ − + =

258 4 190 0n n− − =

22 29 95 0n n− + − =

22 29 95 0n n− + =

22 10 19 95 0n n n− − + =

( ) ( )− − − =2 5 19 5 0n n n

( ) ( )2 19 5 0n n− − =

19

2
n =  … è̂ ¥ 5n =

19

2
n∴ =  a 8# ß = ò H ›# ° H › H ê<Í~¡̂ Î° .  5n∴ =

∴ã ‰ õ_ 8�… Õ „¬̂ Î= ò�°  5.

9. ( )2,3,5,9,8,15,11.... 2 1+n „¬̂ ¥3=~¡ä›½ JOH›ã‰õ_	
 "³ò`Œëxß H›#°Qù#O_
.

ª$ 	̂Î#: "³ò Ç̀ëO# °  ' 's  ̀ Ë  ‹¬¶zÀ ‹ë

( )2 3 5 9 8 15 11 ... 2 1S n= + + + + + + + + +  „¬̂ ¥�° .

( ) [ ] = + + + + + + + + + + 2 5 8 11 ... 1           3 9 15 21 ...           n n„ ¬ ^¥ � ° „ ¬ ^¥ � °
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( ) ( ) ( )( )
+

 = × + + − + × + − 
1

2 2 1 1 3 2 3 1 6
2 2

n n
n n

[ ] [ ]
+

= + + + −
1

4 3 6 6 6
2 2

n n
n n

( ) ( )+ +
= +

21 3 4
3

2

n n
n

 = + + +
 

2 21
3 7 4 6

2
n n n

 = + +
 

21
9 7 4

2
n n

10. JOH›ã‰õ_	
…Õ "³ò Î̂\÷ „¬̂ ÎO 10 =°i†Çò z=i „¬̂ ÎO 50 J~ò Í̀ P ã‰õ}÷…Õ „¬̂ ¥3 "³ò Ç̀ëO#°, „¬̂ ¥3
‹¬OY¼#° H›#°Qù#O_
?

ª$ 	̂Î#: = = = =10, 50, 480n na l t S

Ì „á q �° = �# °  D ã H ÷O Î̂ ‹¬¶ã Ç̀O… Õ ã „¬uöH Æ„²OK ÇQê

( )2 1
2

n
n

S a n d = + −   = ° i† Çò ( )1nt a n d= + −

( )480 20 1
2

n
n d = + −  ... (1)

( )50 10 1n d= − ... (2)

( )1 40n d− = ... (3)

(1) # ° O_ �

( )480 20 40
2

n
= +

60 2 480n = ×

16n =

(3)  # ° O_ �
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40 8

15 3
d = =

1 16 1 15n∴ − = − =

11. XH›̀ Ç#° Ç̀# À‹ß‚²ì Ç̀°x #°O_
 ~¡¶II3° 1740.00 J„¬ôæQê (=_™Û …è̂ Î°) f‹¬°Hùx <³3i "Œ~ò^¥ „¬̂ Îœu…Õ
uiy K³eÁOKÇ=…ÿ#°, Jx JOwH›iOz<Œ_È°. "³ò Î̂\÷ <³3 ~¡¶.3° 2003° ̀ Ç~¡°"Œ Ç̀ <³3…ÕÁ ã„¬u<³3 ~¡¶.103°

Ç̀y¾‹¬¶ë K³eÁOz# †³°_È3 J Ç̀xH÷ P J„¬ôæ Zxß <³3…ÕÁ „¬îië JQ®°<Ë H›#°Qù#O_
.

ª$ 	̂Î#: À ‹ß ‚²ì Ç̀° x #° O_ � f‹¬° H ù xß  ~¡¶‡ @† Ç° �# °  nS  J#°ä ›½O>è

1740 00nS = =

"³ò Î̂\÷ <³� Wzó #  ~¡¶‡ @† Ç° �# °  ' 'a  J#° ä ›½ O>è

200a =

 ã „¬u<³� ~¡¶.10�°  Ç̀y¾OK Ç_ È= ò ' 'd `Ë  ‡éeÀ ‹ë („¬̂ ¥O Ç̀~¡O)

10d = −

 J~ò Í̀ P ã ‰ õ} ÷ 200,  190,  180,  170,  160......

( )2 1
2

n
n

S a n d = + − 

( ) ( )1740 2 200 1 10
2

n
n = × + − − 

[ ]3480 400 10 10n n= − +

23480 410 10n n= −

210 410 3480 0n n⇒ − + =

2 41 348 0n n− + =

2 29 12 348 0n n n− − + =

( ) ( )29 12 29 0n n n− − − =

( ) ( )29 12 0n n− − =

( )12 29n or=

J Ç̀_ È°  À ‹ß ‚²ì Ç̀° x # ° O_ � f‹¬° H ù # ß  ~¡¶.�°  12<³�…Õ K ³eÁª@ë_ È° .
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12. „²3Á3° P_È°Hù<Í |OQêˆì Î̂°O„¬3 „¬O ³̂O…Õ, n |OQêˆì ̂ Î°O„¬3…Õ XHùøH›ø\÷ 1g° ̂ Î¶~¡=ò…Õ ‹¬~¡̂ × ö~Y…Õ
J=°ió<Œ~¡°. „¬O ³̂O…Õ ‡$…ç¾<Í „²3Á"Œ_È° ̂ ÎQ®¾~¡Qê =ô#ß |OQêˆì ̂ Î°O„¬ä›½ 5g°.3 ̂ Î¶~¡O #°O_
 |†Ç°3° Í̂i
XH›ª$i XH›ø |OQêˆì ̂ Î°O„¬#° =¶ã Ç̀"Í° f‹¬°Hùx |†Ç°3° Í̂i# KË\ "Í‹² =°~¡̂ × WOHùH› ̂ Î°O„¬#° f‹¬°Hùx
|†Ç°3° ̂ Íi# KË><Í "Í‹² D q 	̂Î=òQê ̂ Î°O„¬3#° f‹¬°Hùx =zó#„¬ôæ_È° XH› „²3Á"Œ_È° uiy "³ò Ç̀ëO ̂ Î¶~¡O
162g°.3° J~ò# P „²3Á"Œ_È° f‹¬°Hùx =zó# Î̂°O„¬3° Zxß?

ª$ 	̂Î#:

WH ›ø _ È ‹¬~¡̂ ×ö~YÌ „á , .....A B �# °  | OQêˆì ̂ Î° O„¬�°

J#°ä›½O>è ,A B� = ° 8̂Î¼ Î̂¶~¡O 1g ° .

,B C  � = ° 8̂Î¼ Î̂¶~¡O 1g ° .

,C D� = ° 8̂Î¼ Î̂¶~¡O 1g ° .

J~ò Í̀ A J<Í ª@Ö# = ò # ° O_ � 5g ° . ̂ Î¶~¡O… Õ# °# ß  P J<Í a O Î̂° = ô # ° O_ � „²�Á"Œ_ È° ,  P # ° O_� | † Ç° �° Í̂i

A Î̂Q®¾~¡ L# ß  | OQêˆì ̂ Î° O„¬# °  f‹¬° ä ›½ ~Œ= _ ¨ xH ÷ "³ò Ç̀ëO 10.g ° .

J Í̂ q 8̂ÎOQê P # ° O_ � B  Î̂Q®¾~¡ L# ß  | OQêˆì Î̂°O„¬ f‹¬° ä ›½ ~Œ= _ ¨ xH ÷ "³ò Ç̀ëO Î̂¶~¡O 12 g ° .

J Í̂q 8̂ÎOQê P # ° O_ � C  Î̂Q®¾~¡ L# ß  ^¥xx f‹¬° H Ë = _ ¨ xH ÷ "³ò Ç̀ëO Î̂¶~¡O. 14q°.

J~ò Í̀ P ã ‰ õ} ÷ 10,  12,  14...........

WH›ø_È 10; 12 10 2a d= = − =

"³ò Ç̀ëO ̂ Î¶~¡O 162nS =  g ° .

( )2 1
2

n
n

S a n d ∴ = + − 

( )162 2 10 1 2
2

n
n = × + − 

[ ]= + −324 20 2 2n n

( )324 18 2n n= +

2324 2 18n n= +

22 18 324 0n n+ − =
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2 9 162 0n n+ − =

2 18 9 162 0n n n+ − − =

( ) ( )18 9 18 0n n n+ − + =

( ) ( )18 9 0n n+ − =

9n∴ =  … è̂ ¥ 18n = −  (f‹¬° H Ë Î̂° ).

„²�Á"Œ_ È°  f‹¬° H ù x = zó #  Î̂° O„¬�°  '9Ñ .

13. XH› ã‰õ}÷…Õ n „¬̂ Î=ò3 "³ò Ç̀ëO 2an bn+  J~ò#, P ã‰õ}÷ JOH›ã‰õ}÷ Jx KÇ¶„² „¬̂ ¥O Ç̀~¡=ò#°
ä›M_¨ H›#°HËøO_
.

ª$ 	̂Î#: JOH ›ã ‰ õ} ÷… Õ n „¬̂ ¥� "³ò Ç̀ëO nS  J# ° ä ›½ O>è

Î̂̀ ŒëO‰ × ã „¬H ê~¡O 2
nS an bn= +

1,2,3....n = ã „¬uöH Æ„²Oz#

1S a b= +

2 4 2S a b= +

3 9 3S a b= +

4 16 4S a b= +

. . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . .

2
nS an bn= +

( ) ( )1 2 1 4 2 3t S S a b a b a b∴ = − = + − + = +

( ) ( )2 3 2 9 3 4 2 5t S S a b a b a b= − = + − + = +

( ) ( )3 4 3 16 4 9 3 7t S S a b a b a b= − = + − + = +

1 2 3, , .... .t t t A P∴ … Õ LO>è 3 ,5 ,7a b a b a b+ + + �°  ä ›{_ ¨  . .A P … Õ LO_ È° # ° .

∴ „¬̂ ¥O Ç̀~¡O 5 3 2d a b a b a= + − − =
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14. 8,26  3 =° 	̂Î¼ 5 JOH› =° 	̂Î¼=°=ò3#°OKÇ°=ò.

ª$ 	̂Î#: 1 2 3 4 5, , , ,A A A A A  JOH › = ° 8̂Î¼= ò�°  8,26  = ° 8̂Î¼ LO_ È° # ° .

Hê= ô# 1 2 3 4 58, , , , , ,26A A A A A �°  .A P … Õ LO_ È° # ° .

"³ò Î̂\÷ „¬̂ ÎO 8, 26; 7na t n= = =

Hê= ô# ( )1nt a n d= + −

( )26 8 7 1 d= + −

26 8 6d= +

3d∴ =

1 8 3 11A a d∴ = + = + =

2 2 8 2 3 14A a d= + = + × =

3 3 8 3 3 17A a d= + = + × =

4 4 8 4 3 20A a d= + = + × =

5 5 8 5 3 23A a d= + = + × =

∴8 = ° i† Çò 26 � = ° 8̂Î¼ 5 JOH › = ¶ 8̂Î¼= ¶�°  11,  14, 17, 20 , 23

15. , ,x y z3° JOH›ã‰õ}÷…Õ LO>è  ( ) ( ) ( )+ − + − + − =2 2 4x y z y z x z x y xyz  Jx x~¡¶„²OKÇO_
.

ª$ 	̂Î#: , ,x y z�°  .A P … Õ LO>è

y x z y− = −

2y x z= +

+
=

2

x z
y ... (1)

Take LHS =

( ) ( ) ( )2 2x y z y z x z x y= + − + − + −

( ) ( ) ( )2x x z z x z z x y y= + + − + + − −
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( ) ( )2 2x z y=

4xyz=

RHS= .

16. Q®°}ã‰õ_	
…Õ 4= =°i†Çò 9= „¬̂ ¥3° =~¡°‹¬Qê 8 =°i†Çò 256 J~ò Í̀ D Q®°}ã‰õ_	
x H›#°Qù#°=ò.

ª$ 	̂Î#: "³ò Î̂\÷ „¬̂ ¥xß  a  = ° i† Çò ª@= ¶# ¼ x+¬æ uë r  J# ° H ù # ° = ò.

4 1 3
4t ar ar−

= =

9 1 8
9

−
= =t ar ar

Î̂̀ ŒëO‰ × ã „¬H ê~¡O 8 256ar = ... (1)

3 8ar = ... (2)

8

3

56

8

ar

ar

2
∴ =

… è̂ ¥ 5 532 2r = =  ⇒  2r =

(2) # ° O_ � 3 32 8ar a= × =

8
1

8
a⇒ = =

∴H ê= ô #  Q®° } ã ‰ õ_ 8�… Õx „¬̂ ¥�°  1,2,4,8,16...

17. 5, 10,20, 40....− − Q®°}ã‰õ_	
…Õ Z#ß= Î̂=ò 320 JQ®°#°?

ª$ 	̂Î#:
10

5; 2
5

a r
−

= = = −

320 J<Ík Q®° } ã ‰ õ_ 8�… Õn =  „¬̂ Î= ò J# ° H ù # ° = ò.

1n
nt ar −

∴ =

( )
1

5 2
n

nt
−

= −

( )
1

5 2 320
n−

− =
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( ) ( )
1 6

2 64 2
n−

− = = −

1 6n − =

7n =

∴ 320 J<Ík Q®° } ã ‰ õ_ 8�… Õ 7=  „¬̂ ÎO JQ®° #° .

18. 1,2,4,8,16... 1024 Q®°}ã‰õ_	
…Õ Z#ß= „¬̂ Î=ò 1024 JQ®°#°? =°i†Çò 520 J<Í„¬̂ ÎO Q®°}ã‰õ_	
…Õ
LO^¥?

ª$ 	̂Î#: "³ò Î̂\÷ „¬̂ ÎO 1a =

ª@= ¶# ¼ x+¬æ uë r
2 4 8

...2
1 2 4

= = = =

Q®° } ã ‰ õ_ 8�… Õ n =  „¬̂ ÎO nt  J= ô Ç̀° Ok.

1n
nt ar −

= ,  1024nt =

1, 2a r= =  H ê= ô #

1 1 1024ar −
=

( )
1

1. 2 1024
n−

=

( )
1 102 2 1 10

n
n

−
= ⇒ − =

⇒ = 11n

Wzó #  ã ‰ õ_ 8�… Õ 520  J<Í „¬̂ ÎO LO_ È̂ Î° .

 H ê~¡} O : 8 92 256; 2 512= =  H êx 520 J<Í „¬̂ ÎO LO_ È̂ Î° .

19. =ü_È° ‹¬OY¼3° Q®°}ã‰õ_	
…Õ#°#ßq. "Œx "³ò Ç̀ëO 43 3|œO 216 J~ò# P ‹¬OY¼3° Uq?

ª$ 	̂Î#: = ü_ È°  ‹¬OY¼�° , ,
a
a ar

r
= J#° Hù # °= ò

‹¬OY¼� "³ò Ç̀ëO 43
a

a ar
r

+ + =

+ + =
2 43a ar ar r ... (1)
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�| œO . .
a
a ar

r
=

. . 216
a
a ar

r
⇒ =

3 216a =

= =3 216 6a ... (2)

a  q �° = # °  (1) … Õ ã „¬uöH Æ„²OK ÇQê

26 6 6 43r r r+ + =

26 37 6 0r r− + =

( ) ( )6 6 1 6 0r r r− − − =

( ) ( )6 6 1 0r r− − =

6r =  … è̂ ¥ 
1

6
r =

P ‹¬OY¼�° , ,
a
a ar

r

1,6,36  … è̂ ¥ 36,6,1 JQ®° # ° .

20. Q®°}ã‰õ_	
…Õ n = „¬̂ Î=ò 2 3n×  J~ò Í̀

1) "³ò Î̂\÷ „¬̂ ÎO

2) ª$=¶#¼ x+¬æuëx H›#°Qù#°=ò.

ª$ 	̂Î#: 1 2 3n n
nar t−

= = ×

1 1 1
1 2 3 6t ar −

= = × =

2 1 2
2 2 3 18t ar −

= = × =

3 1 3
3 2 3 54t ar −

= = × =

4 1 4
4 2 3 162t ar −

= = × =
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. . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . .

1 2 3−
= = × = − − −

n n
nt ar

∴ Q®° }  ã ‰ õ} ÷… Õ „¬̂ ¥�° 6,18,54,162.....

1) "³ò Î̂\÷ „¬̂ ÎO 6a =

2) ª@= ¶# ¼ x+¬æ uë 
18 54 162

3
6 18 54

= = =

3r∴ =

21. 8,88,888..... ã‰õ_	
…Õ n „¬̂ ¥3 "³ò Ç̀ëO#° H›#°Qù#°=ò.

ª$ 	̂Î#: „¬̂ ¥� "³ò Ç̀ëO# °  S  `Ë  ‹¬¶zÀ ‹ë

8 88 888 ....S n= + + +  „¬̂ ¥� = ~¡ä ›½

(8 1 11 111 ....n= + + +  „¬̂ ¥� = ~¡ä ›½ )

( )
8

9 99 999 ....
9

n= + + +  „¬̂ ¥� = ~¡ä ›½  )

( ) ( ) ( )2 38
10 1 10 1 10 1 ...

9
 = − + − + − +
  

 „¬̂ ¥� = ~¡ä ›½  ]

( ) (2 38
10 10 10 .... 1 1 1 ...

9
n n = + + + − + + +

  
 „¬̂ ¥� = ~¡ä ›½ ) ]

8 10 1

9 10 1

n

n
 −

= − 
−  

 − −
=  

  

8 10 1 9

9 9

n n

( )
8

10 1 9
81

n n= − −
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22. 0.2,0.22,0.222,.... (n  „¬̂ ¥3 =~¡ä›½ ) „¬̂ ¥3 "³ò Ç̀ëO#° H›#°Qù#°=ò.

ª$ 	̂Î#: „¬̂ ¥� "³ò Ç̀ëO S  J# ° H ù # ° = ò

( )0.2 0.22 0.222 ....S n= + + +  „¬̂ ¥� = ~¡ä ›½)

(2 0.1 0.11 0.111 ....S n= + + +  „¬̂ ¥� = ~¡ä ›½)

(
2

0.9 0.99 0.999 ....
9

S n= + + +  „¬̂ ¥� = ~¡ä ›½)

( ) ( ) ( ){
2

1 0.1 1 0.01 1 0.001 ...
9

S n= − + − + − +  „¬̂ ¥� = ~¡ä ›½ ) }

( ) ({
2

1 1 1 ... 0.1 0.01 0.001 ....
9

n n= + + + − + + +  „¬̂ ¥� = ~¡ä ›½ ) }

2 3

2 1 1 1
...

9 10 10 10
n n
  

= − + + + +  
  

( )

1 1
1

102 10
1

19
1

10

n
n r

  
−  

  
= − < 

 −
  

  
= − −  

  

2 1 1
1

9 9 10n
n

2 9 1 10

9 9

nn − − +
=  

  

− = − +
 

2
9 1 10

81

nn

23. 0.6,0.06,0.006,0.0006....  ( )n „¬̂ ¥3 =~¡ä›½ Q®°}ã‰õ_	
…Õ „¬̂ ¥3  "³ò Ç̀ëO#° H›#°Qù#°=ò.

ª$ 	̂Î#: WH ›ø _ È 
0.06 1

0.6;
0.6 10

a r= = =
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( )1
1

1

n

n

a r
S r

r

−
= <

−

6 1
1

10 10 1
1

1 9 101
10

n

n n
S

   
−  
    6 

= = − 
 −

2 1
1

3 10
n n
S

 
= − 

 

24. 0.7,0.77,0.777.... ã‰õ_	
…Õ n „¬̂ ¥3 "³ò Ç̀ëO#° H›#°Qù#°=ò.

ª$ 	̂Î#: „¬̂ ¥� "³ò Ç̀ëO S  J# ° H ù # ° = ò.

0.7 0.7 0.777 .....S n= + + + +  „¬̂ ¥� = ~¡ä ›½

(7 0.1 0.11 0.111 ...S n= + + + +   „¬̂ ¥� = ~¡ä ›½ )

( )
7

0.9 0.99 0.999 ...
9

S n= + + + +

( ) ( ) ( ){ }
7

1 0.1 1 0.01 1 0.001 ...
9

n= − + − + − + +

( ) ( ){ }
7

1 1 1 .... 0.1 0.01 0.001 .....
9

n n= + + + + − + + +

2 3

7 1 1 1
...

9 10 10 10
n n
  

= − + + + +  
  

1 1
1

107 10
19

1
10

n
n

  
−  

  
= − 

 −
  

  
= − −  

  

7 1 1
1

9 9 10n
n
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7 9 1 10

9 9

nn − − + 
=  

  

{ }
7

9 1 10
81

nn −
= − +

25. 0.7
−

 †³òH›ø J#O Ç̀ Q®°}ã‰õ_	
 "³ò`Œëxß H›#°Qù#°=ò.

ª$ 	̂Î#: 0.7 0.777777....
−

=

0.7 0.07 0.007 0.0007 ...= + + + +

2 3 4

7 7 7 7
....

10 10 10 10
= + + + +

Ì „á ã ‰ õ_ 8� J# O Ç̀ Q®° }  ã ‰ õ_ 8� H ê= ô #

2

7

7 110;
710 10

10

a r= = =

7 7

710 10
1 91 9

1
10 10

a
S

r
α = = = =

−
−

26. J#O Ç̀ Q®°}ã‰õ_	
 "³ò Ç̀ëO 3 =°i†Çò "³ò Î̂\÷, ï~O_È° „¬̂ ¥3 "³ò Ç̀ëO 
8

3
J~ò Í̀ "³ò Î̂@ „¬̂ Î=ò#°

H›#°Qù#=ò.

ª$ 	̂Î#: 3Sα =

"³ò Î̂\÷ „¬̂ Î= ò ,a  = ° i† Çò ª@= ¶# ¼ x+¬æ uë r Qê J# O Ç̀ Q®° } ã ‰ õ_ 8�

 Î̂̀ ŒëO‰ × ã „¬H ê‰ ×= ò 
8

3
a ar+ =

( )3 8a ar+ =

( )3 1 8a r+ = ... (1)
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1

a
S

r
=

−
 H ê= ô #

3;
1

a
S S

r
= =

−

( )3 3 1
1

a
a r

r
= ⇒ = −

−
... (2)

(1),  (2)� # ° O_ � a  q �° = # °  (1)… Õ ã „¬uöHÆ„²OK ÇQê

( ) ( )3.3 1 1 8r r− + =

( )29 1 8r− =

21
9

r
8

− =

2 8 1
1

9 9
r = − =

= ±
1

3
r

(2)#°O_� ( )3 1a r= −

( )
1

3 1 2 4
3

a or
 

= ± = 
 

27. J#O Ç̀ Q®°}ã‰õ_	
 "³ò Ç̀ëO 
1

3
 =°i†Çò "³ò Î̂\÷ „¬̂ ÎO 

1

4
 J~ò Í̀ Q®°}ã‰õ_	
x H›#°Qù#°=ò.

ª$ 	̂Î#: Î̂̀ ŒëO‰ × ã „¬H ê‰ ×O 
1

3
S =

1

4
a =

H êx 
1

a
S

r
=

−
... (1)

(1)… Õ ,s a  q �° = �# °  ã „¬uöH Æ„²OK ÇQê
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1
1 4

3 1 r
=

−

( )
1 1

1
3 4

r− =

1 1

3 3 4

r
− =

1 1

3 4 4

r
− =

4 3

12 3

r−
=

1

12 3

r
⇒ =

1

4
r =

∴Q®° }  ã ‰ õ_ 8� 2 3

1 1 1
, , ,........

4 4 4
α

28. 8 =°i†Çò 
1

64
3 =° 	̂Î¼ 8 Q®°} =° 	̂Î¼=¶3#° LOKÇO_
.

ª$ 	̂Î#: 1 2 3 4 5 6 7 8, , , , , , ,G G G G G G G G  �# °  8 Q®° } =° 8̂Î¼= ¶�°  J# ° H ù # ° = ò.

8, 1 2 3 4 5 6 7 8, , , , , , ,G G G G G G G G
1

64

8; 10a n= =  „¬̂ ¥�°  
1

64
nt =

1n
nt ar −

=

1 1 1
8. 8.

64 64

n aar r−
= ⇒ =

9
9

9

1 1 1

512 22
r

 
= = =  
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1

2
r =

1
1

8. 4
2

G ar= = =

2
2

1
8. 2

4
G ar= = =

3
3

1
8. 1

8
G ar= = =

4
4

1 1
8.

16 2
G ar= = =

5
5

1 1
8.

22 4
G ar= = =

6
6

1 1
8.

64 8
G ar= = =

7
7

1 1
8.

128 16
G ar= = =

8
8

1 1
8.

256 32
G ar= = =

∴Q®° }  = ° 8̂Î¼= ¶�°  
1 1 1 1 1

4,2,1, , , , ,
2 4 8 16 32

.

29. a  =°i†Çò b3 =° 	̂Î¼ Q®°} =° 	̂Î¼=°=ò GJ~ò Í̀ 2 2 2 2 2

1 1 1

G a G b G
+ =

− −
JxKÇ¶„¬ô=ò.

ª$ 	̂Î#: ,a b� = ° 8̂Î¼ Q®° }  = ° 8̂Î¼= ° = ò G  J~ò Í̀

2G ab G ab= ⇒ =  J= ô Ç̀° Ok.

LHS  Î̂̀ ŒëO‰ ×= ò… Õ

2 2 2

1 1

G a ab b
= +

− −
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( ) ( )

2 2

2 2

ab b ab a

ab a ab b

− + −
=

− −

( )
( ) ( )

2 22ab a b

a b a b a b

− +

=
− −

( )( )( )
( ) ( )

2 2

2

2ab a b

ab a b

− +

=

−

( ) ( )

2 2

2

2a b ab

ab a b

+ −
=

−

( )

( ) ( )

2

2

a b

ab a b

−
=

−

1

ab
=

2

1
RHS

G
= =

LHS RHS=

30. a  =°i†Çò b 3 =° 	̂Î¼ =~¡°‹¬Qê JOH›=° 	̂Î¼=°=ò A  =°i†Çò  Q®°}=° 	̂Î¼=°=òG 3° LO>è
A G> Jx KÇ¶„¬ô=ò.

ª$ 	̂Î#: ,a b� = ° 8̂Î¼ = ~¡° ‹¬Qê JOH ›= ° 8̂Î¼= ° = ò A ,  Q®° }= ¶ 8̂Î¼= ° = ò G �°  LO>è

,
2

a b
A G ab

+
= =  JQ®° # ° .

2

a b
A G ab

+
− = −

( ) ( )
2 2

2

2

+ −
− =

a b ab
A G

( )
21

0
2

A G a b− = − >

A G∴ >  JQ®° # ° .

31. Q®°}ã‰õ_	
…Õ =ü_È° „¬̂ ¥3 "³ò Ç̀ëO 
13

12
 =°i†Çò "Œ\÷ 3|œO Ð1 J~ò Í̀ P ã‰õ_	
x H›#°Qù#°=ò.
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ª$ 	̂Î#: = ü_ È°  „¬̂ ¥�°  , ,
a
a ar

r
 J# ° H ù # ° = ò

Î̂̀ ŒëO‰ × ã „¬H ê~¡O

1

12

a
a ar

r
+ + = .. (1)

. . 1
a
a ar

r
= − .. (2)

3 1 1a a= − ⇒ = −

(1) # ° O_ �

1 13
1

12
a r
r

 
+ + = 

 

1a = −  ã „¬uöH Æ„²Oz#

21 13

12

r r

r

+ + −
=

212 12 12 13r r r+ + = −

212 25 12 0r r+ + =

( ) ( ) ( )
2

25 25 4 12 12

212
r

− ± −
∴ =

25 49 25 7

24 24
r

− ± − ±
= =

25 2

24
r

− −
=  … è̂ ¥

25 7

24
r

− +
=

4

3
r

−
=  … è̂ ¥ 

3

4
r

−
=  JQ®° # ° .

P ã ‰ õ_ 8� , ,
a
a ar

r

3 4
, 1,

4 3
∴ −  … è̂ ¥ 

4 3
, 1,

3 4
−
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32. Q®°}ã‰õ_	
…Õx =ü_È° „¬̂ ¥3 3|œO 512.. J~ò Í̀ "³ò Î̂\÷ „¬̂ ¥xH÷ 8 =°i†Çò ï~O_Ë „¬̂ ¥xH÷ 6 H›e„²̀ Í
P ‹¬OY¼3#° H›#°Qù#°=ò.

ª$ 	̂Î#: . . 512
a
a ar

r
=

3 3512 8a = =

8a =

Î̂̀ ŒëO‰ × ã „¬H ê~¡O 1 2 38, 6,t t t+ + �°  . .A P … Õ LO_ È° # ° . . .( 1 )

H ê= ô # + +8, 6,
a

a ar
r

�°  . .A P … Õ LO_ È° # ° .

( ) ( )6 8 6
a

a ar a
r

 
+ − + = − + 

 

( ) ( )
8

8 6 8 8 8 6r
r

 
+ − + = − + 

 

8 8
14 8 14

r
r

r

+ 
− = − 
 

8 8
8 28

r
r

r

+
+ =

28 8 8 28r r r+ + = or 28 20 8 0r r− + =

22 5 2 0r r− + = or ( ) ( )2 2 1 2 0r r r− − − =

( ) ( )2 2 1 0r r− − =

2r = … è̂ ¥ 
1

2
r = JQ®° # ° .

ã ‰ õ_ 8� 


=


1
, ,

2

a
a ar r

r
 J~ò Í̀ 





8 1
,8,8

1 2

2

×

16,  8,  4

2r =  J~ò Í̀ 4,8,16  J= ô `Œ~ò.
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ã„¬ Í̀¼H› ~¡Hê ã‰õ}°°
"³ò Î̂\÷ ~ËA# XH› =ò Ç̀¼=ò, ï~O_È= ~ËA# "³ò Î̂\÷ ~ËA# =ò Ç̀¼=ò� ‹¬OY¼ä›½ ï~\÷“O„¬ô, =ü_È= ~ËA#

ï~O_È= ~ËA =ò Ç̀¼=ò� ‹¬OY¼ä›½ ï~\÷“O„¬ô P q %̂Î=òQ® <Œ�¾= ~ËA, =°~¡°‹¬\÷ ~ËA, P=°~¡°‹¬\÷ ~ËA, J…ì

=ò Ç̀¼=ò� ‹¬OY¼#° Ì„OKÇ° Ç̀¶ =ò Ç̀¼=ò�° ‹¬O‡4kOKÇ=…ÿ#°.

J„¬C_È° =ò Ç̀¼=ò� ‹¬OY¼ ~ËA "Œs D J#°ãH›=°=ò…Õ #°O_È°#°.

1, 2, 22, 23, ...

D J#°ãH›=°=ò #°O_@ =°#=ò XH› ã‰õ}÷x ~Œ|@“=KÇ°ó#°.

1 + 2 + 22 + 23 { ...

„¦²ƒÕ#‹²L ã‰õ}÷ (FIBONACCI)

1 + 1 + 2 + 3 + 5 + 8 + 13 + ...

D ‡4~”¡=ò#O Î̂° =°#=ò Hùxß ã„¬̀ Í¼H› ~¡¶„¬O…Õ #°#ß ã‰õ}°�#° Q®¶ió ³̀�°‹¬°HùO\ì=ò.

�HÆê¼�° :

1. ã‰õ}°� x~¡ÞKÇ#O.

2. n  =°i†Çò nt  q�°=�° Wzó#„¬ôæ_È°ã‰õ}÷…Õx „¬̂ ¥�#° Q®}÷OKÇ°@.

3. Q®}÷̀ Œ#° Q®=°# ‹¬¶ã`Œxß L„¬†³¶yOz Σ Σ Σ
2 3, ,n n n  q�°=�#° Q®}÷OKÇ°@.

4. 1.3 3.5 5.7 .....n+ + +  „¬̂ ¥� =~¡ä›½ ª4=¶#¼ ã‰õ}÷x Q®}÷OKÇ=KÇ°ó.

=òMì¼O‰§�° :

1. 1 2 3 .... nu u u u+ + +  J<Í ~¡¶„¬O…Õ L#ß ̂ ¥xx ã‰õ}÷ JO\ì=ò. =°i†Çò 1 2, .... nu u u  ã‰õ}÷…Õx

‹¬OY¼�°.

( )

1

1

2
n

n n
n

α

=

+
=∑

14
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( ) ( )2

1

1 2 1

6
n

n n n
n

α

=

+ +
=∑

( )
2

3

1

1

2
n

n n
n

α

=

 +
=  
 

∑

n nS t∴ =∑

I. Ju‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (1 =¶~¡°ø)

1. 1 1 1 1 1....− + − + ã ‰ õ} ÷ † ³òH ›ø  n =  „¬̂ ¥xß ã "Œ† Ç° O_ #.

ª% &̂Î# : Î̂̀ Çë ã‰õ}÷ 1 1 1 1 1....− + − +

( )
1

1
n

nT
+

∴ = −

2. 2 4 6 8 ....− + − + − ã ‰ õ} ÷ † ³òH ›ø  n =  „¬̂ ¥xß ã "Œ† Ç° O_ #.

ª% &̂Î# : Î̂̀ Çë ã‰õ}÷ 2 4 6 8.....− + − +

WO Î̂°…Õ ‹¬i „¬̂ ¥�° %̂Î<Œ Ç̀àH›O, ƒè‹² „¬̂ ¥�° |°°}ì Ç̀àH›O.

2,4,6,8,...�° ‹¬i ‹¬OY¼�°

( )1 2
n

nT n∴ = −

3. 4 16 64 256 ....+ + + + ã ‰ õ} ÷ † ³òH ›ø  n =  „¬̂ ¥xß ã "Œ† Ç° O_ #.

ª% &̂Î# : Î̂̀ Çë ã‰õ}÷ 4 16 64 256 ...+ + + +

2 3 44 4 4 4 ....= + + + +

∴ n = „¬̂ Î=ò 4nnT =

4. 2 3 2 5 ...+ + + +  ã ‰ õ} ÷ † ³òH ›ø  n =  „¬̂ ¥xß ã "Œ† Ç° O_ #.

ª% &̂Î# : Î̂̀ Çë ã‰õ}÷ 2 3 4 5 ...= + + + +

∴ n = „¬̂ Î=ò 4nnT =



ã„ ¬̀ Í¼H› ~¡Hê   ã‰ õ}° °

290 Q®}÷̀ ÇO H›Þ‰×ó<£ ƒì¼OH±

5.
1 1 1

1 .....
2 3 4

− + − + ã ‰ õ} ÷ † ³òH ›ø  n =  „¬̂ ¥xß ã "Œ† Ç° O_ #.

ª% &̂Î# : Î̂̀ Çë ã‰õ}÷
1 1 1

1 .....
2 3 4

− + − +

∴ n = „¬̂ Î=ò ( )
1

1
n

n
= −

6. 3 6 9 12 ....− + − + ã ‰ õ} ÷ † ³òH ›ø  n =  „¬̂ Î= ò# °  H›# ° Q ù # O_ #.

ª% &̂Î# : Î̂̀ Çë ã‰õ}÷ 3 6 9 12 ....− + − +

3 2.3 3.3 4.3 ...= − + + +

∴ n = „¬̂ Î=ò ( )
1

1 3
n

n
+

−

7. 1 2 3 4... n+ + + +  "³ò Î̂\÷ n  ‹¬‚¬ì[ ‹¬OY¼°  "³ò Ç̀ëO Z O Ç̀?

ª% &̂Î# : 1 2 3 4 ...nS n= + + + + +  J#°Hùx#

( )1

2
n

n n
S n

+
= =∑

8. 2 2 2 2 21 2 3 4 ... n+ + + + +  "³ò Î̂\÷ n  ‹¬‚¬ì[ ‹¬OY¼ = ~Œ¾ "³ò Ç̀ëO Z O Ç̀?

ª% &̂Î# :
( ) ( )+ +

= =∑ 2 1 2 1

4
n

n n n
S n

9. + + + +
3 3 3 31 2 3 ... n  "³ò Î̂\÷ ' 'n  ‹¬‚¬ì‹¬ ‹¬OY¼ „¦¬° <Œ "³ò Ç̀ëO Z O Ç̀?

ª% &̂Î# : ( )
( )

+
= Σ = = Σ

22
23 1

4
n

n n
S n n

II. ‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (2 =¶~¡°ø�°)

1. ∴ n =  „¬̂ Î= ò 2 1na n n= − + Q ê Q ® J# °  ã H ›= ° = ò †³òH ›ø  "³ò Î̂\÷ '6Ñ „¬̂ ¥# °  H ›# ° Q ù # O_ #.

ª% &̂Î# : 2 1na n n= − +
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1n =  J~ò#, 2
1 1 1 1 1a = − + =

2n = J~ò#, 2
2 2 2 1 3a = − + =

3n = J~ò#, 2
3 3 3 1 7a = − + =

4n = J~ò#, 2
4 4 4 1 13a = − + =

5n = J~ò#, 2
5 5 5 1 21a = − + =

6n = J~ò#, 2
6 6 6 1 31a = − + =

∴"³ò Î̂\÷ 6 „¬̂ ¥�° 1 3 7 13 21 31 ...+ + + + + +

2. n =  „¬̂ Î= ò ( )1 5
n n

nf = − Q ê Q ® J# ° ã H ›= ° = ò †³òH ›ø  "³ò Î̂\÷ 6 „¬̂ ¥# °  H ›# ° Q ù # O_ #.

ª% &̂Î# : ( )1 5
n n

nf = −

1n = J~ò# ( )
1 1

1 1 5 5f = − =−

2n = J~ò# ( )
2 2

2 1 5 25f = − =

3n = J~ò# ( )
3 3

3 1 5 125f = − = −

4n = J~ò# ( )
4 4

4 1 5 625f = − =

5n = J~ò# ( )
5 5

5 1 5 3125f = − = −

6n = J~ò# ( )
6 6

6 1 5 15625f = − =

∴ ( )1 5
n n

nf = −  J#°ãH›=¶xH÷, "³ò Î̂\÷ 6 „¬̂ ¥�°

5 25 125 625 3125 15625 ...− + − + − + +

3. n =  „¬̂ Î= ò
( ) ( )1 2

6
n

n n n
T

+ +
=  Q ê Q ® J# °ã H ›= ° = ò † ³òH ›ø  "³ò Î̂\÷ 6 „¬̂ ¥°  H ›# ° Q ù # O_ #.

ª% &̂Î# : 1n = J~ò#,
( ) ( )

1

1 1 1 1 2 2 3
1

6 6
T

+ + ×
= = =
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2n = J~ò#,
( ) ( )

2

2 2 1 2 2 2 3 4
4

6 6
T

+ + × ×
= = =

3n = J~ò#,
( ) ( )

3

3 3 1 3 2 3 4 5
10

6 6
T

+ + × ×
= = =

4n = J~ò#, 
( ) ( )

4

4 4 1 4 2 4 5 6
20

6 6
T

+ + × ×
= = =

5n = J~ò#,  
( ) ( )

5

5 5 1 5 2 5 6 7
35

6 6
T

+ + × ×
= = =

6n = J~ò#,
( ) ( )

6

6 6 1 6 2 6 7 8
56

6 6
T

+ + × ×
= = =

∴ Î̂̀ Çë ãH›=°O…Õx "³ò Î̂\÷ 6 „¬̂ ¥�° 1 4 10 20 35 56 .....+ + + + + +

4. n =  „¬̂ Î= ò 
2 1

2 3
n

n
a

n

−
=

−
 J# ° ã H ›= ° = ò † ³òH ›ø  "³ò Î̂\÷ '6Ñ „¬̂ ¥°  H ›# ° Q ù # O_ #.

ª% &̂Î# : 1n = J~ò#,
2

1
1 1

0
2 1 3

a
−

= =
× −

2n = J~ò#,
2

2
2 1 3

3
2 2 3 1

a
−

= = =
× −

3n = J~ò#, 
2

3
3 1 8

2 3 3 3
a

−
= =

× −

4n = J~ò#,
2

4
4 1 15

5
2 4 3 5

a
−

= = =
× −

5n = J~ò#,
2

5
5 1 24

2 5 3 7
a

−
= =

× −

6n = J~ò#,
2

6
6 1 35

2 6 3 9
a

−
= =

× −

∴ Î̂̀ Çë J#°ãH›=°=ò †³òH›ø "³ò Î̂\÷ 6 „¬̂ ¥�° 
8 27 35

0 3 3 ...
3 4 9

+ + + + + +



ã„ ¬̀ Í¼H› ~¡Hê   ã‰ õ}° °

Q®}÷̀ ÇO H›Þ‰×ó<£ ƒì¼OH± 293

5. 1 1A =  = ° i† Çò ( )1
2

2

2, , 2n
n

n

A
A A n

A
−

−

= = > J~ò<Œ 6A # °  H ›# ° Q ù # O_ #.

ª4 %̂Î#: 1 21, 2A A= =

( )1

2

2n
n

n

A n−

−

Α
= >

Α

2
3

1

2
2

1
A

Α
= = =

Α

3
4

2

2
1

2
A

Α
= = =

Α

4
5

3

1
;

2
A

Α
= =

Α

5
6

4

1
12

1 2
A

Α
∴ = = =

Α

6. D ã H ÷Ok ã ‰ õ} ÷… Õx 40 „¬̂ ¥ "³ò`Œëxß H ›# ° Q ù # O_#.

2 4 6 ..... 40+ + + +  „¬̂ ¥� =~¡ä›½

ª% &̂Î# : 2 4 6 .... 40+ + + +  „¬̂ ¥�°

2; 2, 10a d n= = =

Ì„á ã‰õ}÷ JOH› ã‰õ_%@…Õ LOk.

n∴ „¬̂ ¥� "³ò Ç̀ëO « ( )2 1
2

n
n

S a n d = + − 

( )
40

2 2 40 1 2
2
 = × + − × 

( )20 4 78 20 82 1640= + = × =

7. D ã H ÷Ok ã ‰ õ} ÷… Õx 6 „¬̂ ¥ "³ò`Œëxß H ›# ° Q ù # O_#.

ª% &̂Î# : 2 6 18 ...... 6+ + + +  „¬̂ ¥� =~¡ä›½.
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D ã‰õ}÷ Q®°}ã‰õ_%@…Õ LOk.

2, 3 1, 6a r n= = > =

n∴  „¬̂ ¥� "³ò Ç̀ëO

( ) ( )61 2 3 1

1 3 1

n

n

a r
S

r

− −
= =

− −

( )2 729 1
728

2

−
= =

III. n~¡É ‹¬=¶ �̂¥# ã„¬‰×ß�° (5 =¶~¡°ø�°)

1.
( )

( )

22 2

2 2 2

1 2 2 3 .... 1 3 5

3 11 2 2 3 .... 1

n n n

nn n

× + × + × + +
=

+× + × + + × +
 Jx K Ç¶„¬O_ #.

ª% &̂Î# : Î̂̀ Çë ã‰õ}÷…Õx „¬̂ ¥� "³ò Ç̀ëO

( )

( )

( )
( )

3 22

2 3 2

21

1
n

n n nn n
S

n n n n

+ ++
= =

+ +

∑∑
∑ ∑

( ) ( ) ( ) ( )

( ) ( ) ( )

22

22

1 2 1 2 1 1

4 6 2

1 1 2 1

4 6

n

n n n n n n n

S
n n n n n

+ + + +
+ +

=

+ + +
+

( ) ( ) ( )

( ) ( ) ( )

1 1 2 2 1
1

2 2 3

1 1 2 1

2 2 3

n

n n n n n

S
n n n n n

 + + +
+ + 

 
=

 + + +
+ 
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( ) ( )

( ) ( )

2

2

22

3 4 2 1 6

3 11 106

3 7 23 2 2 1

6

n

n n n

n n
S

n nn n n

+ + + +

+ +
= =

+ ++ + +

( ) ( )

( ) ( )

3 5 2 3 5

3 1 2 3 1

n n n

n n n

+ + +
= =

+ + +

III. "Œ¼‹¬~¡¶„¬ ‹¬=¶ �̂¥# ã„¬‰×ß�° (8 =¶~¡°ø�°)

1. 1.3 3.5 5.7 ....+ + +  ã ‰ õ_ &# † ³òH ›ø  "³ò Î̂\÷ n „¬̂ ¥ "³ò Ç̀ë= ò# °  H ›# ° Q ù # O_ #.

ª% &̂Î# : 1.3 3.5 5.7 ....nS = + + +  J#°Hù#°=ò.

n = „¬̂ Î=ò « 1,3, 5...nt = †³òH›ø n = „¬̂ Î=ò)þ (3,5,7....× †³òH›ø n = „¬̂ Î=ò)

 ( ) ( )2 1 2 1n n= − +

24 1nt n∴ = −

n nS t∴ =∑

( )24 1n= −∑

24 1n= −∑ ∑

( ) ( )1 2 1
4.

6

n n n
n

+ +
= −

( ) ( )+ + −
= −

2 1 2 1 3

3

n n n n
n

« 
( ) ( )+ + −2 1 2 1 3

3

n n n n

( )22 2 3 1 3
3

n
n n = + + −  



ã„ ¬̀ Í¼H› ~¡Hê   ã‰ õ}° °

296 Q®}÷̀ ÇO H›Þ‰×ó<£ ƒì¼OH±

24 6 1
3

n
n

S n n ∴ = + −
 

2. 2 2 21.2 2.3 3.4 ....+ + + -  ã ‰ õ} ÷ † ³òH ›ø  "³ò Î̂\÷ n „¬̂ ¥ "³ò Ç̀ëO H ›# ° Q ù # O_ #.

ª% &̂Î# : Î̂̀ Çë ã‰õ}÷ 2 2 21.2 2.3 3.4 ....+ + +

( )( )
2

2 1nt n n∴ = + −

( ) ( )2 21 2 1n n n n n= + = + +

3 22nt n n n= + +

( )
22 2 21.2 2.3 3.4 .... 1nS n n∴ = + + + + +

( )3 22n nS t n n n∴ = = + +∑ ∑

3 22n n n= + +∑ ∑ ∑

( ) ( ) ( ) ( )
2

1 1 2 1 1
2

2 6 2

n n n n n n n   + + + +
= + +    
   

( )
( )1 2 1 1

1
4 3 2

n n n
n n

 + +
= + + + 

 

( )
( ) ( ) + + + +

= +  
 

3 1 4 2 1 6
1

12

n n n
n n

( )
( )21
3 11 10

2

n n
n n

+
= + +

( ) ( ) ( )= + + +
1

1 2 3 5
12
n n n n

3. 2.3.5 3.5.7 4.7.9 ......+ + + ã ‰ õ} ÷… Õx "³ò Î̂\÷ n „¬̂ ¥ "³ò Ç̀ë= ò# °  H ›# ° Q ù # O_ #.

ª% &̂Î# : 2.3.5 3.5.7 4.7.9 ......nS = + + +

D ã‰õ}÷…Õx n = „¬̂ Î=ò
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= (2,3,4....nt n= „¬̂ Î=ò) þ (3,5,7.....n× = „¬̂ Î=ò)þ (5,7,9.....n× = „¬̂ Î=ò)

( ) ( ) ( )1 2 1 2 3n n n= + × + × +

( ) ( )21 4 8 3n n n= + + +

3 24 12 11 3n n n= + + +

( )3 24 12 11 3n nS t n n n∴ = = + + +∑ ∑

3 24 12 11 3 1n n n= + + +∑ ∑ ∑ ∑

( ) ( ) ( ) ( )
224. 1 12 1 2 1 11 1

3
4 6 2

n n n n n n n
n

+ + + +
= + + +

( ) ( ) ( )
( )22 11 1

1 2 1 2 1 3
2

n n
n n n n n n

+
= + + + + + +

( ) ( ) ( ) ( )
2

2 1 4 1 2 1 11 1 6
2

n
n n n n n = + + + + + + +

  

( ) ( )2 22 2 1 4 2 3 1 11 17
2

n
n n n n n n = + + + + + + +  

2 22 12 25 21
2

n
n n n = + + +

 

4.
1 1 1

....
1.3 3.5 5.7

+ + + ã ‰ õ} ÷… Õx "³ò Î̂\÷n „¬̂ ¥ "³ò Ç̀ë=ò# °  H ›# ° Q ù # O_ #.

ª% &̂Î# : ( ) ( )

1

2 1 2 1
nt

n n
=

− +

1 1 1

2 2 1 2 1n n

 
= − − + 

1,2,3.....n = �#° ã„¬uöHÆ„²OKÇQê

1
1 1

1
2 3

t
 

= − 
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2
1 1 1

2 3 5
t

 
= − 

 

 
= − 

 
3

1 1 1

2 5 7
t

.......................

.......................

1 1 1

2 2 1 2 1
nt

n n

 
= − 

− + 

ä›m_ÈQê.. 1 2
1 1

..... 1
2 2 1

nt t t
n

 
+ + + = − + 

1 2

2 2 1

n

n

 
=  + 

2 1

n

n
=

+

5. ( ) ( )1 1 3 1 3 5 .....+ + + + + + ã ‰ õ} ÷ † ³òH ›ø  "³ò Î̂\÷ n „¬̂ ¥ "³ò Ç̀ëO H ›# ° Q ù # O_ #?

ª% &̂Î# : Î̂̀ Çë ã‰õ}÷…Õx n = „¬̂ Î=ò.

( )1 3 5 .... 2 1nt n= + + + + −

( )0 1 2 1
2

n
t n∴ = + − (∵ n „¬̂ ¥� "³ò Ç̀ëO ( )

2
n

n
S a l= + )

2
2

n
n=

2
nt n=

n nS t∴ =∑

2n=∑

( ) ( )1 2 1

6

n n n+ +
=
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6.
1 1 1

......
1.4 4.7 7.10

+ + + ã ‰ õ} ÷… Õx "³ò Î̂\÷ n „¬̂ ¥ "³ò Ç̀ë= ò# °  H ›# ° Q ù # O_ #.

ª% &̂Î# : Î̂̀ Çëã‰õ}÷…Õx n = „¬̂ Î=ò

( ) ( )

1

3 2 3 1
nt

n n
=

− +

1 1 1

3 3 2 3 1
nt

n n

 
= − − + 

1,2,3,........n = �#° =~¡°‹¬Qê ã„¬uöHÆ„²OKÇQê

1
1 1

1
3 4

t
 

= − 
 

2
1 1 1

3 4 7
t

 
= − 

 

3
1 1 1

3 7 10
t

 
= − 

 

.......................

.......................

1 1 1

3 3 2 3 1
nt

n n

 
= − − + 

ä›m_ÈQê.. 1 2
1 1

.... 1
3 3 1

nt t t
n

 
+ + + = − + 

1 3

3 3 1 3 1

n n

n n

 
= = 

+ + 

7. n =  „¬̂ Î= ò ( ) ( )1 4n n n+ + Q ê Q ® ã ‰ õ} ÷ † ³òH ›ø  n „¬̂ ¥ "³ò Ç̀ë= ò# °  H ›# ° Q ù # O_ #.

ª% &̂Î# : ( ) ( ) 3 21 4 5 4nt n n n n n n= + + = + +

( )3 25 4n nS t n n n∴ = = + +∑ ∑
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= + +∑ ∑ ∑3 25 4n n n

( ) ( ) ( ) ( )
22 1 5 1 2 1 4 1

2 6 2

n n n n n n n+ + + +
= + +

( ) ( ) ( )1 1 5 2 1
4

2 2 3

n n n n n + + +
= + + 

 

( ) ( ) ( )23 10 2 1 241

2 6

n n nn n
 + + + ++  

=  
  

( )
( )21
3 23 34

12
n

n n
S n n

+
∴ = + +

8. 1.2.3 2.3.4 3.4.5 ....n+ + + „¬̂ ¥ = ~¡ä ›½  Q ® ã ‰ õ} ÷…Õx „¬̂ ¥ "³ò`Œëxß H ›# ° Q ù # O_ #.

ª% &̂Î# : 1.2.3 2.3.4 3.4.5 ....n+ + +  ã‰õ}÷…Õx

n = „¬̂ Î=ò « ( ) ( ) 3 21 2 3 2nt n n n n n n= + + = + +

n = „¬̂ ¥� "³ò Ç̀ëO

3 23 2n nS t n n n∴ = = + +∑ ∑

= + +∑ ∑ ∑3 23 2n n n

( ) ( ) ( ) ( )2 1 3 1 2 1 2 1

2 6 2

n n n n n n n+ + + +
= + +

( ) ( )
( )

1 1
2 1 2

2 2

n n n n
n

 + +
= + + + 

 

( ) 21 4 2 4

2 2

n n n n n + + + + +
=  

 
 

( ) ( ) ( ) ( ) ( )
21 5 6 1 2 3

4 4
n

n n n n n n n n
S

+ + + + + +
∴ = =
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15

‹¬q° Ç̀°�°, ‹¬O|O ̂¥�° =°i†Çò ã„¬"Í°†Ç¶�°
�HÆê¼�° :

♦ ‹¬q°ux x~¡ÞzOKÇ_ÈO Ð qq �̂Î ~¡Hê� ‹¬q° Ç̀°�°, "Œ\÷ L^¥‚¬ì~¡}.

♦ ï~O_È° ‹¬q° Ç̀°� †³òH›ø ‹¬"Í°àˆ×#O, H©Æ̂ �Î#�#° x~¡ÞzOKÇ_ÈO.

♦ "³<£ zã`Œ� ^¥Þ~Œ Q®°iëOKÇ_ÈO.

♦ ‹¬O|O �̂ÎO, ã„¬"Í°†Ç¶�#° L^¥‚¬ì~¡}�`Ë x~¡ÞzOKÇ_ÈO.

♦ ã„¬"Í°†Ç° ã„¬̂ Í‰§xß, "Œ¼„²ëx H›#°HËø=_ÈO, qq �̂Î ~¡Hê� ã„¬"Í°†Ç¶�#° x~¡ÞzOKÇ_ÈO.

♦ ƒè‹² =°i†Çò ‹¬i ã„¬"Í°†Ç¶�#° L^¥‚¬ì~¡}�`Ë x~¡ÞzOKÇ_ÈO.

=òMì¼O‰§�° :

1. xiœ+¬“ �̂Î~Œàxß H›ey=ô#ß =‹¬°ë=ô� ‹¬=ò^¥†Ç°O ‹¬q°u.

2. ‹¬q°u A …Õx ã„¬u =ü�H›O ‹¬q°u B …Õ LO>è A x B H÷ L„¬‹¬q°u JO Î̂°~¡°.

3. ï~O_È° ‹¬q° Ç̀°�…Õx L=°à_R =ü�Hê�KÍ U~¡æ_R# ‹¬q°ux K�Í̂ Î# ‹¬q°u JO Î̂°~¡°. ï~O_È° ‹¬q° Ç̀°�…Õx
=ü�Hê�KÍ U~¡æ_R# ‹¬q°ux "Œ\÷ ‹¬"Í°àˆ×#=ò JO\ì~¡°.

4. A, B �…Õx =ü�Hê�KÍ U~¡æ_R# ãH›=°†ÇòQêà� ‹¬q°ux A, B � Hês“l†Ç°<£ �|íO JO Î̂°~¡°. nxx
A B×  ̀ Ë ‹¬¶zª[ë~¡°.

5. : A B→f  ã„¬"Í°†Ç°O J<Ík A #°O_R B H÷ ‹¬O|O �̂ÎO. f J<Ík A #°O_R B H÷ ã„¬"Í°†Ç°O J~ò Í̀

ã„¬̂ Í‰×O : f …Õx ãH›=°†ÇòQêà� †³òH›ø ã„¬̂ ŠÎ=° x~¡¶„¬Hê� ‹¬q°u

"Œ¼„²ë   : f …Õx ãH›=°†ÇòQêà� †³òH›ø kÞf†Ç° x~¡¶„¬Hê� ‹¬q°u.

6. : A B→f  J~ò Í̀ A #° f H÷ ã„¬̂ Í‰×O Jx, B x f H÷ ‹¬‚¬ìã„¬̂ Í‰×O Jx JO\ìO. A …Õx =ü�Hê�
f- ã„¬uaOƒì� ‹¬q°u f (A) x, f "Œ¼„²ë JO\ìO. "Œ¼„²ë ‹¬‚¬ì ã„¬̂ Í‰§xH÷ L„¬‹¬q°u JO>è (A) B⊆f .

7. A …Õx qa�#ß =ü�Hê�ä›½ B …Õ qa�#ß ã„¬uaOƒì�° LO>è f #° J<Í¼H› ã„¬"Í°†Ç°O Jx JO\ì~¡°.
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8. A …Õx (ã„¬̂ Í‰×O) =ü�Hê�ä›½ "Œ¼„²ë…Õ XöH XH› =ü�H›O =ôO>è f #° |‚¬•ÐUH› ã„¬"Í°†Ç°O JO\ì~¡°.

9. ‹¬OãQ®‹¬ë ã„¬"Í°†Ç°O : : A B→f .  B …Õx ã„¬u =ü�H›O A …Õx H›h‹¬O XH› =ü�HêxïHá<Œ
ã„¬uaO|=°~ò Í̀ f #° ‹¬OãQ®‹¬ë ã„¬"Í°†Ç°O JO\ì~¡°.

: A B→f  ‹¬OãQ®‹¬ë ã„¬"Í°†Ç°O ⇔  ã„¬u B∈b  H÷ ( ) =f a b  J†Í°¼…ì A∈a  LO@°Ok.

10. kÞQ®°} ã„¬"Í°†Ç°O : : A B→f  J<ÍÞH›O, ‹¬OãQ®‹¬ëO ï~O_È¶ J~ò Í̀ f #° A #°Oz B H÷ kÞQ®°} ã„¬"Í°†Ç°O
JO\ì~¡°.

11. ‹²Ö~¡ ã„¬"Í°†Ç°O : : A B→f . f "Œ¼„²ë…Õ XöH XH› =ü�H›O LO>è f #° ‹²Ö~¡ ã„¬"Í°†Ç°O JO\ì~¡°.

12. Ç̀̀ Çr=° ã„¬"Í°†Ç°O : A XH› ‰×́ <Í¼ Ç̀~¡ ‹¬q°u. A #°Oz A ä›½ f ã„¬"Í°†Ç¶xß ã„¬u A∈x  ä›½ ( ) =f x x

Qê x~¡ÞzÀ‹ë P ã„¬"Í°†Ç¶xß Ç̀̀ Çr=° ã„¬"Í°†Ç°O JO\ìO. nxx AI  ̀ Ë ‹¬¶zª[ëO.

Q®=°xH› : ã„¬u Ç̀̀ Çr=° ã„¬"Í°†Ç°O kÞQ®°} ã„¬"Í°†Ç°O.

13. q…Õ=° ã„¬"Í°†Ç°O : A #°Oz B H÷ f XH› ‹¬O|O �̂ÎO.

{ }( , ) ( , )∈b a a b f  J<Í ‹¬O|O �̂¥xß 1−
f  `Ë ‹¬¶zª[ëO.

: A B→f  H÷ kÞQ®°} ã„¬"Í°†Ç°"³°Ø̀ Í { }1 ( , ) ( , )−
= ∈f b a a b f  J<Í ‹¬O|O �̂ÎO B #°Oz A H÷

ã„¬"Í°†Ç°O J=ô Ç̀°Ok. nxx  f q…Õ=° ã„¬"Í°†Ç°O JO\ìO.

14. ‹¬O†ÇòH›ë ã„¬"Í°†Ç°O : : A B→f , : B C→g  J~ò Í̀ ( ){ }, ( ) A∈a g f a a x ,f g  � ‹¬O†ÇòH›ë

ã„¬"Í°†Ç°O JO\ìO. nxx gof `Ë ‹¬¶zª[ëO : A C→gof .

15. XH› ã„¬"Í°†Ç°O Jk Wzó# JO Ç̀~¡O…Õ P~Ë‚¬ì} …è̂ ¥ J=~Ë‚¬ì} J~ò Í̀ ^¥xx UH›k+¬» ã„¬"Í°†Ç°O
JO Î̂°~¡°.

16. ( ) ( )− =f x f x  J~ò Í̀ f #° ‹¬iã„¬"Í°†Ç°O Jx JO\ì~¡°.

17. ( ) ( )− = −f x f x  J~ò Í̀ f #° ƒè‹² ã„¬"Í°†Ç°O JO\ì~¡°.

18. XH› ã„¬"Í°†Ç°O J<Í¼H›O =°i†Çò ‹¬OãQ®‹¬ëO J~ò Í̀<Í ̂ ¥xH÷ q…Õ=°O LO@°Ok.
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I. Ju‹¬Þ�æ ‹¬=¶ ̂¥# ã„¬‰×ß�° (1 =¶~¡°ø)

1. 7 H›O>è Ç̀ä›½ø= Q®� ‹¬‚¬ì[ ‹¬OY¼� ‹¬q°ux ã"Œ†Çò=ò.

[. A {1,2,3, 4,5,6}=

2. A { 3, 2, 1,0,1,2,3}= − − −  x ‹¬q°u x~Œà} ~¡¶„¬O…Õ ã"Œ†Ç°O_R.

[. A { : Z= ∈x x  =°i†Çò 3 3}− ≤ ≤x

3. A { : N= ∈x x  =°i†Çò 50 60}≤ ≤x  ~Ë+¬»~Ÿ …è̂ ¥ *ìa`Œ „¬̂ Îœu…Õ ã"Œ†Ç°O_R.

[. { }A 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60=

4. „¬iq° Ç̀ =°i†Çò J„¬iq° Ç̀ ‹¬q° Ç̀°�#° x~¡ÞzOKÇO_R.

[. =ü�Hê�#° …ÿH÷øOKÇ_¨xH÷ g�°Qê LO>è P ‹¬q°ux „¬iq°`Ç ‹¬q°u …è̂ ¥ …ÿH÷øOKÇ_¨xH÷ g�°Hêä›½O>è P
‹¬q°ux ''J„¬iq° Ç̀ÑÑ ‹¬q°u JO\ì~¡°.

5. Ç̀°�¼ ‹¬q°ux x~¡ÞzOKÇO_R?

[. { } { }A 1, 2, 3 ,  B ,  ,  = = a b c  WH›ø_È =ü�Hê� ‹¬OY¼ ‹¬=¶#O Hêh XöH =ü�Hê�° Hê=ô. W…ìO\÷

‹¬q° Ç̀°�#° ̀ Ç°�¼ ‹¬q° Ç̀°�° JO\ì~¡°.

6. H÷Ok "Œ\÷…Õ Uq ‹¬q° Ç̀°�°

i) S ̀ Ë "³ò Î̂�†Í°¼ "Œ~¡O…Õx ~ËA�°

[. ‹¬q°u J=ô Ç̀°Ok.

ii) 50 =~¡ä›½ Q®� ‹¬‚¬ì[ ‹¬OY¼

[. XH› ‹¬q°u J=ô Ç̀°Ok.

iii) g° ‡[~”¡‰§�…Õx …ì=ôQê LO_Í q^¥¼~¡°Ö�°

[. ‹¬q°u Hê Î̂°

7. H÷Ok ‹¬q° Ç̀°�#° ~Ë+¬»~Ÿ „¬̂ Îœu…ÕH÷ =¶ió ã"Œ†Ç°O_R.

i) A { : Z= ∈x x  =°i†Çò 5 0}− ≤ ≤x

[. { }A -5, -4, -3, -2, -1, 0=

ii) D { := x x  J#°#k ã„¬̂ �¥# ‹¬OY¼ =°i†Çò 60 x ƒ�ìyOKÍk}

[. D {2,  3, 5}=
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8. H÷Ok ‹¬q° Ç̀°�#° ‹¬q°u x~Œà} ~¡¶„¬O…Õ ã"Œ†Ç°O_R.

i) { }A 2,  4, 6, 8, 10=

[. A { := x x  J<Ík 10 H›O>è Ç̀ä›½ø= …è̂ ¥ ‹¬=¶#OQê Q®� ‹¬i ‹¬‚¬ì[ ‹¬OY¼}

ii) { }B 3,  6, 9, ...., = ∞

[. { : N∈x x  =°i†Çò x J<Ík 3 †³òH›ø Q®°}÷[O}

iii) { }C 2, 3, 5, 7=

[. { :x x  J<Ík 10 H›O>è Ç̀ä›½ø= Q®� ã„¬̂ �¥# ‹¬OY¼}

iv) ( )D 2, 2= −

[. D = { :x x  =°i†Çò 2 2 0− =x  ä›½ ª[ �̂Î#}

9. H÷Ok ^¥x…Õ Uq „¬iq° Ç̀ =°i†Çò Uq J„¬iq° Ç̀ ‹¬q° Ç̀°�°?

i) Wzó# ö~Yä›½ ‹¬=¶O Ç̀~¡O LO_Í ö~Y� ‹¬q°u

[. J„¬iq° Ç̀O

ii) ƒ�’¶q°Ì„á Q®� [O Ç̀°=ô� ‹¬q°u

[. „¬iq° Ç̀O

iii) =$ Ç̀ëOÌ„á aO Î̂°=ô� ‹¬q°u

[. J„¬iq° Ç̀O

10. H÷Ok "Œx…Õ Uq ‰×́ #¼ ‹¬q° Ç̀°�° …è̂ ¥ UH› =ü�H› ‹¬q° Ç̀°�°

i) A { : R= ∈x x  =°i†Çò x J<Ík 2 2 0+ =x  ª[ �̂Î#}

[. A ä›½ ª[ �̂Î# LO_È̂ Î° Hê=ô# ‰×́ #¼ ‹¬q°u.

ii) B { : Z= ∈x x  =°i†Çò x J#°#k 3 0− =x  ª[ �̂Î#}

[. ª[ �̂Î# LOk. Wk UH›=ü�H› ‹¬q°u.

iii) C { : R= ∈x x  =°i†Çò x J#°#k 2 3 0− =x  ª[ �̂Î#}

[. 2 3 0 3− = ⇒ = ±x x    x „¬î~¡â ‹¬OY¼� ‹¬q°uH÷ K³OkOk Hê=ô# Wk ‰×́ #¼ ‹¬q°u.

11. H÷Ok "Œ\÷x A = B …è̂ ¥ A �  B �#° Q®°iëOKÇO_R.

i) { }A . B { := =a x x  J<Ík ‹¬i„¬̂ Î# ‹¬OY¼}

[. A = B J=ô Ç̀°Ok.
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ii) A {1,2,3,4}, B { := = x x  J<Ík guava „¬̂ ÎO…Õx JH›Æ~¡O}

[. A B�  J=ô Ç̀°Ok.

iii) A { := x x  J<Ík 2
5 6 0− + =x x  ª[ �̂Î#} B {2,3}=

[. A = B J=ô Ç̀°Ok.

Q®=°xH› : ( )( )2 5 6 0 2 3 0− + = ⇒ − − =x x x x

2,3⇒ =x

{ }B 2,3∴ =

12. L#ß Ç̀ ‹¬q°ux x~¡ÞzOKÇ°=ò?

[. A B⊆  =°i†Çò A B≠  J~ò Í̀ J„¬ô_È° ‹¬q°u A #° B H÷ ãH›=° L„¬‹¬q°u Jx, ‹¬q°u B x ‹¬q°u
A ä›½ L#ß Ç̀ ‹¬q°u Jx JO Î̂°~¡°.

13. B { : N= ∈b b  =°i†Çò 1 3}≤ ≤y  „¦¬¶ Ç̀ ‹¬q°u ã"Œ†Ç°O_R.

[. ‹¬q°u B x B = {1, 2, 3} Qê ã"Œ†Ç°=KÇ°ó.

B H÷ L„¬‹¬q° Ç̀°�° { }φ , {1}, {2}, {3}, {1,2}, {1,3}, {2,3}, {1,2,3}

P(B) = {φ , {1}, {2}, {3}, {1,2}, {1,3}, {2,3}, {1,2,3}}

14. { }U 1,2,3,4,5= , { }A 2, 4=  =°i†Çò { }B 1,3=  J~ò Í̀ g\÷ "³<£ zã`Œ�#° w†Ç°O_R.

[.

15. A, B �° q†ÇòH›ë ‹¬q° Ç̀°�° HêH›‡é=_¨xH÷ "³<£ zã Ç̀O w†Ç°O_R.

[.
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16. „¬î~¡H› ‹¬q°ux "³<£ zã Ç̀O ̂ ¥Þ~Œ KÇ¶„²OKÇO_R?

[. A' U A= −

17. { }U 1,2,3,4,5,6,7,8,9,10= , { }A 2,3,5, 7=  J~ò# A'  ZO Ç̀?

[. { }A' U A= 1, 4,6,8,9,10= −

18. { }A 1,3,5, 7,9=  J~ò Í̀ H÷Ok Mìm�#° ‹¬i†³Ø°# Q®°~¡°ë�`Ë ‹¬¶zOKÇO_R.

i) ......Aφ

[. Aφ ⊂

ii) {2, 3, 9} ........A

[. ⊄

iii) 3..........A

[. ∈

iv) 10 ....... A

[. ∉

19. A = {a,b} J~ò Í̀ P(A) Zxß =ü�Hê�° LO_È°#°?

[. ( ) { }P A ,{ },{ },{ , } 4= φ =a b a b

20. A = {1, 2, 3, 4, 5}, B = {5, 6, 7} J~ò Í̀

i) A – B ZO Ç̀?

[. A – B = {1, 2, 3, 4}

ii) B – A ZO Ç̀?

[. B – A = {6, 7}
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21. ª[~¡ÞãuH› ‹¬q°u N ä›½ A, B, C, D �° ãH÷Ok q �̂ÎOQê x~¡ÞzOz# L„¬‹¬q° Ç̀°…ÿá̀ Í "Œ\÷ „¬î~¡H› ‹¬q° Ç̀°�#°
H›#°HËøO_R.

A = {x:x J#°#k ‹¬i‹¬‚¬ì[ ‹¬OY¼}

[. C
A { := x x  ƒè‹² ‹¬‚¬ì‹¬ ‹¬OY¼}

B = {x:x =°i†Çò x J#°#k 3 †³òH›ø Q®°}÷[=ò}

[. CB { : N= ∈x x  =°i†Çò x J<Ík 3 †³òH›ø Q®°}÷[O Hê Î̂°}

C = {x:x =°i†Çò 5}≥x

[. { }CC 1,2,3, 4=

D { : N= ∈x x   =°i†Çò 10}≤x

[. { }CD 11,12,13,.....=

22. A B∩  x "³<£ zã Ç̀O ^¥Þ~Œ Q®°iëOKÇO_R.

[.

23. A B∩ = φ  Jx "³<£ zã Ç̀O ^¥Þ~Œ Q®°iëOKÇO_R.

[.

24. A B∪  x "³<£ zã Ç̀O ^¥Þ~Œ Q®°iëOKÇO_R.

[.
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25. H÷Ok ‹¬q° Ç̀°� [ Ç̀�…Õ Uq q†ÇòH›ë ‹¬q° Ç̀°�°? Uq Hê=ô?

i) { :x x  J#°#k ‹¬i ‹¬‚¬ì[‹¬OY¼} , { :y y  J<Ík ‹¬i ‹¬‚¬ì[ ‹¬OY¼}

[. q†ÇòH›ë ‹¬q°u

ii) { :x x  J#°#k ã„¬̂ �¥# ‹¬OY¼ =°i†Çò 12#° ƒ�ìy‹¬°ëOk}

{ : Ny y ∈  =°i†Çò 3 5y≤ ≤ }

[. q†ÇòH›ë ‹¬q° Ç̀°�° Hê=ô.

iii) { :x x  J#°#k 52 À„H› =òH›ø�…Õ ~ŒA}

{ :y y  J#°#k 52 À„H› =òH›ø�…Õ _³á=°O_£ =òH›ø}

[. q†ÇòH›ë ‹¬q° Ç̀°�° Hê=ô.

26. H÷Ok "Œ\÷ #°O_R A =°i†Çò B � KÍó�̂ Î#O H›#°HËøO_R.

i) { } { }A : Z ,  B : Nx x x x= ∈ = ∈

[. { }: Nx x ∈

ii) A = {~Œ"£°, ~¡‚Ôì"£°, QËqO £̂, QÒ Ç̀"£°}

B = {‹Ồ Œ, g°~Œ, ‡¦[u=¶, =°}÷ã„Ồ Ÿ}

[. φ

27. A = {1, 2, 3, 4, 5},  B = {5, 6, 7, 8, 9, 10} J~ò Í̀ A B, A B∪ ∩  H›#°HËøO_R.

[. A B∪  = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}

A B∩  = {5}

28. A = {2, 4, 6, 8, 10}, B = {8, 10, 12, 14}, C = {14, 16, 18, 20} J~ò Í̀

i) A (B C)∪ ∪  �#° H›#°HËøO_R.

[. B C {8,10,12,14,16,18,20}∪ =

A (B C)∪ ∪B C {2, 4,6,8,10,12,14,16,18,20}∪ =

ii) A (B C)∩ ∩  x H›#°HËøO_R.

[. B C∩  = {14}

A (B C)∩ ∩ = φ
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29. µ = ={1, 2,3,....10},  A = {2,4,6,8,10}, B {1,3, 5, 7,9,10} J~ò Í̀

i) ( )A B '∪  H›#°HËøO_R?

[. A B={1,2,3,4,5,6,7,8,9,10}∪

( )A B '=∪ φ

ii) ( )A B '∩  H›#°HËøO_R.

[. ( ) ( )A B {10} A B ' {1,2,3,4,5,6, 7,8,9}∩ = ⇒ ∩ =

iii) (B')' #° H›#°HËøO_R.

[. B' = µ  – B = {2,4,6,8} ⇒  (B')' = {1,3,5,7,9,10}

iv) (B–A)' H›#°HËøO_R.

[. B–A = {1,3,5,7,9} ⇒  (B–A)' = {2,4,6,8,10}

30. i) ⊂B A J~ò#„¬ô_È° A B∩  "³<£ zã Ç̀O ̂ ¥Þ~Œ ‹¬¶zOKÇO_R.

[.

ii) A, B �° q†ÇòH›ë ‹¬q° Ç̀°�~ò Í̀ A B∩  "³<£ zã Ç̀O ^¥Þ~Œ KÇ¶„¬O_R.

[.

31. i) A B⊂  J~ò# A B∪  x "³<£ zã Ç̀O ^¥Þ~Œ Q®°iëOKÇO_R.

[.

A U

U
B

B
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ii) A, B �° q†ÇòH›ë ‹¬q° Ç̀°�~ò Í̀ A B∪  x "³<£ zã Ç̀O ^¥Þ~Œ Q®°iëOKÇO_R.

[.

32. i) A B⊂  J~ò#„¬ô_È° A–B =°i†Çò B–A "³<£ zã Ç̀O ^¥Þ~Œ Q®°iëOKÇO_R.

[.

ii) A, B �° q†ÇòHêë�~ò Í̀ A–B =°i†Çò B–A �#° "³<£ zã`Œ� ^¥Þ~Œ Q®°iëOKÇO_R.

[.

iii) A, B �° XH›̂ ¥xHùH›\÷ L„¬‹¬q° Ç̀°�° Hêä›½O_¨ =°i†Çò q†ÇòHêë�° Hê#„¬C_È° A–B =°i†Çò

B–A x Q®°iëOKÇO_R.

[.

U

A B

A–B = ϕ

U

A

B

B–A = Shaded portion

A B

A–B = A

A B

B–A = B

A

B

A–B = Shaded portion

A

B

B–A = Shaded portion
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33. A = {4,5,6,7}, B = {8,9}, C = {10} J~ò Í̀ A B× , A C×  �#° H›#°HËøO_R.

[. A B×  = ( ) ( )( )( )( )( )( ) ( ){ }4,8 4,9 5,8 5,9 6,8 6,9 7,8 7,9

A C×  = ( )( ) ( ) ( ){ }4,10 5,10 6,10 7,10

34. A = {2,4,5,6,7}, B = {2,3} ‹¬O|O �̂ÎO R #° A #°O_R B H÷ R = {(a,b) : A, Ba b∈ ∈  =°i†Çò
a #° b ƒ�ìy‹¬°ëOk} Qê x~¡ÞzÀ‹ë

i) *ìa`Œ ~¡¶„¬O…Õ ã"Œ†Ç°O_R.

[. R = {(2,2), (4,2), (6,2), (6,3)}

ii) R †³òH›ø ã„¬̂ Í‰×O

[. R ã„¬̂ Í‰×O « {2,4,6}

iii) R †³òH›ø "Œ¼„²ëx ³̀�æO_R.

[. R "Œ¼„²ë {2,3}

35. µ  J#°#k ª[~¡ÞãuH› ‹¬q°u =°i†Çò A, B �° ^¥xH÷ L„¬‹¬q° Ç̀°�°

µ  = {1,2,3,4,5}, A = {1,3,5}

B = {x:x J<Ík ã„¬̂ �¥# ‹¬OY¼} J~ò Í̀ A'× B' x H›#°HËøO_R.

[. A'× B' = {(2,1) (4,1) (2,4) (4,4)}

36. A = {4,6,8,10}, B = {2,3,4,5} J=ô Ç̀¶ A #°O_R B H÷ R #° XH› ‹¬O|O �̂ÎO

R = {(a,b) : A, Ba b∈ ∈  =°i†Çò a J<Ík b †³òH›ø Q®°}÷[O} Qê x~¡ÞzÀ‹ë

i) R #° ~Ë+¬»~Ÿ ~¡¶„¬O…Õ ã"Œ†Ç°O_R.

[. R = {(4,2) (4,4) (6,2) (6,3) (8,2) (8,4) (10,2) (10,5)}

ii) R †³òH›ø ã„¬̂ Í‰×O ã"Œ†Ç°O_R.

[. R ã„¬̂ Í‰×O « {4,6,8,10}

iii) R "Œ¼„²ë ã"Œ†Ç°O_R.

[. R †³òH›ø "Œ¼„²ë « {2,3,4,5}
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37. R J#° ‹¬O|O �̂¥xß N Ì„á

R = {
2

( , ) :x x x  J<Ík 15 H›O>è Ç̀ä›½ø=Qê Q®� ã„¬̂ �¥# ‹¬OY¼} Qê x~¡ÞzÀ‹ë

i) R #° ~Ë+¬“~Ÿ ~¡¶„¬O…Õ ã"Œ†Ç°O_R.

[. R = {(2,4), (3,9), (5,25), (7,49), (11,121), (13,169)}

ii) R †³òH›ø ã„¬̂ Í‰§xß ã"Œ†Ç°O_R.

[. R ã„¬̂ Í‰×O « {2,3,5,7,11,13}

iii) R †³òH›ø "Œ¼„²ëx ã"Œ†Ç°O_R.

[. R "Œ¼„²ë « {4,9,25,49,121,169}

38. H÷Ok "Œ\÷…Õ Uq A #°O_R B H÷ ã„¬"Í°†Ç¶�°? ã„¬"Í°†Ç¶�° HêH›‡é Í̀ Hê~¡}O ³̀�æO_R.

a) {(1,–2), (3,7), (4,–6), (8,11)}

A = {1,3,4,8}, B = {–2, 7, –6, 11}

[. ã„¬"Í°†Ç°O J=ô Ç̀°Ok.

b) {(1,0), (1,–1), (2,3), (4,10)},  A = {1,2,4}, B = {1,0,–1,3,10}

[. Wk ã„¬"Í°†Ç°O Hê Î̂°. ZO Î̂°H›O>è "³ò Î̂\÷ ï~O_È° ãH›=°†ÇòQêà�ä›½ ã„¬̂ �Î=° x~¡¶„¬H›O 1 LOk.

c) {(a,2), (b,3), (c,2), (d,3)},  A = {a,b,c,d}, B = {2,3}

[. ã„¬"Í°†Ç°O J=ô Ç̀°Ok.

d) {(1,1), (1,2), (2,3), (–3,4)},  A = {1,2,–3},  B = {1,2,3,4}

[. Wk ã„¬"Í°†Ç°O Hê Î̂°. ZO Î̂°H›O>è "³ò Î̂\÷ ï~O_È° ãH›=°†ÇòQêà�ä›½ ã„¬̂ ŠÎ=° x~¡¶„¬H›O 1 LOk.

e) { }
1 1 1 1 1 1 1

2, , 3, ,.... 10, ,  A 1,2,3,4 ,  B , , , ....
2 3 10 2 3 4 11

        
= =        

        

[. Wk ã„¬"Í°†Ç°O Hê Î̂°. ZO Î̂°H›O>è A …Õx 1 J<Í =ü�HêxH÷ B …Õ ã„¬uaO|O …è̂ Î°.

f) {(1,1), (–1,1), (2,4), (–2,4)},  A = {0,1,–1,2,–2},  B = {1,4}

[. ã„¬"Í°†Ç°O Hê Î̂°. ZO Î̂°H›#Qê A …Õx 0 J<Í =üHêxH÷ B …Õ ã„¬uaO|O …è̂ Î°.
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39. H÷Ok"Œ\÷…Õ "Í\÷x ã„¬"Í°†Ç¶�°Qê Q®°iëª[ë~¡°.

a)

[. ã„¬"Í°†Ç°O

b)

[. ã„¬"Í°†Ç°O

c)

[. A …Õx b J<Í =ü�HêxH÷ ï~O_È° ã„¬uaOƒì�° L<Œß~ò Hê=ô# ã„¬"Í°†Ç°O Hê Î̂°.

d)

[. ã„¬"Í°†Ç°O Hê Î̂°. B …Õx 3, 5 �ä›½ A …Õ „¬î~¡ÞaOƒì�° …è=ô.
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40. H÷Ok"Œ\÷…Õ "Í\÷x R R→  ä›½ ã„¬"Í°†Ç¶�°Qê x~¡Þzª[ëO.

a) 2 1y x= +

x 1 2 3

y 3 5 7

[. ã„¬"Í°†Ç°O J=ô Ç̀°Ok.

x | Î̂°�° q�°=�° WÀ‹ë y q�°=�° =KÇ°ó#°. {(1,3), (2,5), (3,7),.....}

b) 3y x> +

[. ã„¬"Í°†Ç°O Hê Î̂°.

c) 3 1y x> +

[. ã„¬"Í°†Ç°O Hê Î̂°.

d) 2 1y x= +

[. ã„¬"Í°†Ç°O J=ô Ç̀°Ok.

II. ‹¬Þ�æ ‹¬=¶ ̂¥# ã„¬‰×ß�° (2 =¶~¡°ø�°)

1. H÷Ok ã„¬"Í°†Ç¶�ä›½ ã„¬̂ Í‰×O, "Œ¼„¬ôë�#° ã"Œ†Ç°O_R.

a) ( )( )( ){ }2,2 5, 1 3,5−

[. ã„¬̂ Í‰×O « { }2, 5, 3

"Œ¼„²ë « { }2, 1,5−

b)
1 1 1

3, , 2, , 1,
2 2 2

      
− − −      
      

[. ã„¬̂ Í‰×O « { }3, 2, 1− − −

"Œ¼„²ë « 
1

2

 
 
 

c) ( )( )( )( ){ }1,1 0,0 2,2 1, 1− −

[. ã„¬̂ Í‰×O « { }1,0,2, 1−
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"Œ¼„²ë « { }1,0,2, 1−

d) {(n„¬H±, 16) (‹¬On„¹, 28) (~Œ[<£, 24)}

[. ã„¬̂ Í‰×O « {n„¬H±, ‹¬On„¹, ~Œ[<£}

"Œ¼„²ë « {16, 28, 24}

2. Rx ∈  ä›½ H÷Ok ã„¬"Í°†Ç¶� ã„¬̂ Í‰§�° H›#°HËøO_R.

a) i) 2y x=

[. ( )( )( )( )( ){ }... 2, 4 1, 2 0,0 1,2 2, 4 ....− − − −  Jhß "Œ‹¬ë"Œ� ‹¬q°u

2y x∴ =  ã„¬̂ Í‰×O « "Œ‹¬ë= ‹¬OY¼� ‹¬q°u

ii) 9 3y x= +

[. ã„¬̂ Í‰×O « "Œ‹¬ë= ‹¬OY¼� ‹¬q°u

iii) 2 5y x= +

[. ã„¬̂ Í‰×O « "Œ‹¬ë= ‹¬OY¼� ‹¬q°u

b) i)
1

3 1
y

x
=

−

[. ( )( )
1 1

1, 2,5 3,8 .... ,
2 3

    
∞    

    

1

3
x =  ä›½ x~¡ÞzO„¬|_È̂ Î° Hê=ô#

ã„¬̂ Í‰×O = 
1

R
3

 
−  
 

ii)
( )( )

1

4 1 5
y

x x
=

+ −

[. D ã„¬̂ Í‰×=ò 
1

4
x = −  ä›½ x~¡ÞzO„¬|_È̂ Î°. (WH›ø_È

1

4
−  ̀ Ç„¬æ Jxß "Œ‹¬ë= q�°=�#° f‹¬°HùO@°Ok)

     5x =  ä›½ x~¡ÞzO„¬|_È̂ Î°. (WH›ø_È 5 ̀ Ç„¬æ Jxß "Œ‹¬ë= q�°=�#° f‹¬°HùO@°Ok)

∴  Hê=ô# ã„¬̂ Í‰×O « 1
R ,5

4

 
− − 
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iii)
( )( )

1

3 5
y

x x
=

− −

[. WH›ø_È 3x =  #° ̀ Ç„¬æ Jxß "Œ‹¬ë= q�°=�#° f‹¬°HùO@°Ok.

=°i†Çò 5x =  #° ̀ Ç„¬æ Jxß "Œ‹¬ë= q�°=�#° f‹¬°HùO@°Ok.

J#Qê 3x =  =°i†Çò 5 J~ò#„¬ô_È° y q�°=#° x~¡ÞzOKÇ…è=ò.

∴  ã„¬̂ Í‰×O { }R 3,5= −

iv)
( )( )

1

3 5
y

x x
=

− −

∴  ã„¬̂ Í‰×O R { }R 3,5= −

c) i) 6y x= −

[. y †³òH›ø Jxß "Œ‹¬ë= q�°=�#° 6 0x− ≥  Hê"Œe
i.e., 6x ≤

6x∴ ≤  JQ®°#@°Á Jxß "Œ‹¬ë= q�°=�° ã„¬"Í°†Ç° ã„¬̂ Í‰×O JQ®°#°.

ã„¬̂ Í‰×O { }R : 6x x= ∈ ≤

ii) 7y x= +

[. y †³òH›ø Jxß "Œ‹¬ë= q�°=�#° 7 0x+ ≥  Hê"Œe
i.e., 7x ≥ −

∴  ã„¬̂ Í‰×=ò { }R : 7x x= ∈ ≥ −

iii) 3 5y x= +

[. y †³òH›ø Jxß "Œ‹¬ë= q�°=�#° 3 5 0x + ≥  Hê"Œe

i.e., 
5

3
x ≥ −

∴   ã„¬̂ Í‰×=ò = 

5
: R :

3
x x x
 

∈ ≥ − 
 

3. ãH÷Ok ã„¬"Í°†Ç¶�ä›½ ã„¬̂ Í‰§�° W=Þ|_R#q. "Œ¼„²ëx H›#°HËøO_R.

a) i) ( ) 3 10f x x= +    { }1,5,7, 1, 2x ∈ − −

[. "Œ¼„²ë « { }(1), (5), (7), ( 1), ( 2)f f f f f− −

∴  "Œ¼„²ë { }13,25,31,7,4=
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ii) 2( ) 2 1f x x= +    { }3,2,4,0x ∈ −

[. f "Œ¼„²ë ( ) ( ) ( ) ( ){ }3 , 2 , 4 , 0f f f f= −

"Œ¼„²ë { }19,9,33,1=

iii) 2( ) 2f x x x= − +  { }1,2,3,4,5x ∈

[. f "Œ¼„²ë ( ) ( ) ( ) ( ){ }1 , 2 , 4 , 5f f f f=

"Œ¼„²ë { }2, 4,8,14,22=

b) i) ( ) 2,  0 4f x x x= − ≤ ≤

0 4x≤ ≤

0 2 2 4 2x− ≤ − ≤ −

2 2 2x− ≤ − ≤ −

∴  "Œ¼„²ë ( ){ }2 2f x= − ≤ ≤

ii) ( ) 3 4,  1 2f x x x= + − ≤ ≤

3 3 6x− ≤ ≤

3 4 3 4 6 4x− + ≤ + ≤ +

∴  "Œ¼„²ë { }1 ( ) 10f x= ≤ ≤

c) i) 2( )f x x=  5 5x− ≤ ≤

2
y x=  J#°Hùx# ( )( )5 5 0y y+ − ≥  JQ®°#°.

Hêx ( )f x  ~¡°}è̀ Ç~¡ "Œ‹¬ë= ‹¬OY¼�° =¶ã Ç̀"Í° f‹¬°HùO\ì~ò.

∴  f  "Œ¼„²ë [ ]1,25

∴  "Œ¼„²ë { }( ) :1 ( ) 25f x f x= ≤ ≤

ii) ( ) 2    3 3f x x x= − ≤ ≤

3 3x− ≤ ≤

3 2 2 3 2x− × ≤ ≤ ×

6 2 6x− ≤ ≤
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∴  "Œ¼„²ë { }( ) : 6 ( ) 6f x f x= − ≤ ≤

iii) 2
( ) 1,  2 2f x x x= + − ≤ ≤

2
4 4x− ≤ ≤

24 1 1 4 1x− + ≤ + ≤ +

23 1 5x− ≤ + ≤

Hêx ( )f x  ~¡°}è̀ Ç~¡ "Œ‹¬ë= ‹¬OY¼�° =¶ã Ç̀"Í° f‹¬°HùO\ì~ò.

Hê=ô# "Œ¼„²ë (1,5)

∴  "Œ¼„²ë { }( ) :1 ( ) 5f x f x= ≤ ≤

iv) ( ) ,   0 25f x x x= ≤ ≤

2
y x x y= ⇒ =  JQ®°#°. ã„¬̂ Í‰×O « [0,5] JQ®°#°.

"Œ¼„²ë { }( ) : 0 ( ) 5f x f x= ≤ ≤

d) i) ( ) 5,  Rf x x x= + ∈

[. x J<Ík "Œ‹¬ë= ‹¬OY¼�ä›½ K³Ok#k Hê=ô# =KÍó "Œ¼„²ë "Œ‹¬ë= ‹¬OY¼�° J=ô#°.

∴  "Œ¼„²ë = R J=ô Ç̀°Ok.

ii) ( ) 2 3   Rf x x x= − ∈

[. x  "Œ‹¬ë= ‹¬OY¼�ä›½ K³Ok#k Hê=ô# =KÍó ‹¬OY¼�° Jxß†Çò "Œ‹¬ë= ‹¬OY¼�°

Hê=ô# "Œ¼„²ë  = R J=ô Ç̀°Ok.

iii) 3( )f x x=    Rx ∈

∴  "Œ¼„²ë Jhß "Œ‹¬ë= ‹¬OY¼…è.

∴  "Œ¼„²ë = R J=ô Ç̀°Ok.

iv) { }
1

( ) : 0f x x x
x

= <

Jq ~¡°} ‹¬OY¼�° Jxß†Çò 0 H›O>è ̀ Çä›½ø=.

∴  "Œ¼„²ë { }( ) : ( ) 0f x f x= <
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v) { }
1

( ) , : 1
2

f x x x
x

= ≤
−

( )f x  "Œ¼„²ë Ð1 =°i†Çò 0 � =° �̂Î¼ LO@°Ok.

1x =  J~ò Í̀ ( ) 1f x = −

0x =  J~ò Í̀ 
1

( )
2

f x = −

∴  "Œ¼„²ë { }( ) : 1 ( ) 0f x f x= − ≤ ≤

( )f x  "Œ¼„²ë = 
1

R
2

 
− − 
 

vi) { }
1

( ) : 0
3 2

f x x x
x

= <
−

f  "Œ¼„²ë { }( ) : 0.5 ( ) 0f x f x= ≤ <

x q�°= 
1

2
 H›O>è ̀ Çä›½ø=, ‹¬=¶#OQê L#ß„¬ô_È°  f(x) ã„¬"Í°†Ç°O x~¡ÞzOKÇ=KÇ°ó#°.

vii) { }
2

( ) : 0f x x x
x

= >

"Œ¼„²ë = { }( ) : ( ) 0f x f x >

viii) { }( ) ,  : 5
5

x
f x x x

x
= ≠ −

+

5 0x + ≠

5x ≠ −

∴  "Œ¼„²ë 5x = −  J~ò#„¬ô_È° ̀ Ç„¬æ ( )f x  Jxß q�°=�° f‹¬°HùO@°Ok.
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4. a)

ã„¬"Í°†Ç°=°Q®°<Œ?

[. ã„¬"Í°†Ç°O

b) : N Nf →   2
( )f x x=  Qê x~¡ÞzÀ‹ë ã„¬"Í°†Ç°=°Q®°<Œ?

[. J=ô#° ã„¬"Í°†Ç°=ò.

5. ãH÷Ok"Œx…Õ Uq J<ÍÞH› ã„¬"Í°†Ç¶�°

a) { } { }: 20,21,22 40, 42, 44f →  ( ) 2f x x=  Qê x~¡ÞzÀ‹ë

[. J<ÍÞH› ã„¬"Í°†Ç°=ò (qa�#ß =ü�Hê�ä›½ qa�#ß ã„¬uaOƒì�°)

b) ( ) 10f x =  { } { }: 7,8,9 10f →

[. Hê Î̂°

c) 3( )f x x=  Qê x~¡ÞzÀ‹ë  :1 Rf →

[. J<ÍÞH› ã„¬"Í°†Ç°O

d) 4( ) 2f x x= +  Qê x~¡ÞzÀ‹ë : R Rf →

[. J<ÍÞH›O Hê Î̂°

e) 4( ) 2f x x x= +  Qê x~¡ÞzÀ‹ë : N Nf →

[. J<ÍÞH› ã„¬"Í°†Ç°O

6. ãH÷Ok "Œx…Õ Uq |‚¬•ÐUH› ã„¬"Í°†Ç¶�°?

a) 2
( ) 2f x x= +  Qê { } ( ): 2, 1,1,2 2,5f − − →  x~¡ÞzÀ‹ë

[. |‚¬•ÐUH› ã„¬"Í°†Ç°O

b) ( ) 1f x =  x~¡ÞzÀ‹ë { } { }: 0,1,2 1f →

[. |‚¬•ÐUH› ã„¬"Í°†Ç°O

1

2

3

2

4

6

10
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c)

[. Hê Î̂°

7. ãH÷Ok ã„¬"Í°†Ç¶�ä›½ ãQê„¦¹ w†Ç°O_R.

a) 23y x=

[.

b) 25y x= −

[.

c) 22 1y x= +

[.

x 1 2 3 0 –1 –2 –3

y 3 12 27 0 3 12 27

x 1 2 3 0 –1 –2 –3

y 4 1 –4 5 4 1 –4

x 1 2 3 0 –1 –2 –3

y 3 9 19 1 3 9 19
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8. ãH÷Ok zã`Œ�…Õ Uq ã„¬"Í°†Ç¶�°?
a)

[. ã„¬"Í°†Ç°O Hê Î̂°. ZO Î̂°H›#Qê x q�°=�ä›½ J#°Q®°}OQê y …Õ q�°=�° UïHáH›O Hê Î̂°.

…è̂ ¥ =ãH›O 1 H›O>è Zä›½ø= aO Î̂°=ô� = Î̂í yÐJHÆêxß YO_R‹¬°ëOk.
b)

[. Wk ã„¬"Í°†Ç°O Hê Î̂°. Ì„á Hê~¡}O K³„¬æ=KÇ°ó.
c)

[. x, y q�°=�° UïHáH›O. Hê=ô# ã„¬"Í°†Ç°O. …è̂ ¥ XH› aO Î̂°=ô = Î̂í YO_R‹¬°ëOk. …è̂ ¥ UH©ƒ�’q‹¬°ëOk.
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d)

[. ã„¬"Í°†Ç°O.

XöH aO Î̂°=ô =° �̂Î¼ YO_R‹¬°ëOk.
e)

[. Wk ä›�_¨ ã„¬"Í°†Ç°O. XöH aO Î̂°=ô =° �̂Î¼ YO_R‹¬°ëOk.

9. Q®i+¬» „¬î~¡â ‹¬OY¼ ã„¬"Í°†Ç°O#° x~¡ÞzOKÇ°=ò.

[. [ ]( )f x x=  x H›O>è Ç̀ä›½ø= …è̂ ¥ ‹¬=¶#"³°Ø# Q®i+¬» „¬î~¡â‹¬OY¼ J~ò Í̀ ( )f x  #° Q®i+¬» „¬î~¡â ‹¬OY¼

ã„¬"Í°†Ç°O Jx JO Î̂°~¡°.

10.
x

e  ã‰õ_�Rx ã"Œ†Ç°O_R.

[.
2 3

1 .... ....
1 2 3

n

x x x x x
e

n
= + + + + + +

∠ ∠ ∠ ∠
 nx<Í „¦¬¶ Ç̀ã‰õ_�R JO Î̂°~¡°.

11. x
y e=  ä›½ q…Õ=° ã„¬"Í°†Ç°O ã"Œ†Ç°O_R.

[. log
y

e
x =

12. log
mn

a
 q�°= ZO Ç̀?

[. log log log
mn m n

a a a
= +

X
0

X
0
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13. log
n

m

a
 q�°=#° ã"Œ†Ç°O_R.

[. log log
n

m m

a a
n=

14. log
m

b
 q�°= ã"Œ†Ç°O_R.

[.
log

log
log

m

m a

b b

a

=

OR log log . log
m m a

b a b
=

15. ãH÷Ok"Œx…Õ Uq ‹¬i ã„¬"Í°†Ç¶�°? Uq ƒè‹² ã„¬"Í°†Ç¶�°?

a)

2

2
( )

5

x
f x

x

=
+

b) 2

1
( )

5
f x

x

=
+

c) 3

2
( )f x

x

= d) 2
( )

1

x
f x

x

=
+

e) 3( )f x x x= −

a)

2

2
( )

5

x
f x

x

=
+

[. ( ) ( )f x f x∴ − =  J~ò Í̀ J@°=O\÷ ̂ ¥xx ‹¬i ã„¬"Í°†Ç°O JO Î̂°~¡°.

2 2

2 2

( )
( )

5 ( ) 5

x x
f x

x x

−
− = =

+ − +

∴ Wk ‹¬i ã„¬"Í°†Ç°O.

b) 2

1
( )

5
f x

x

=
+

[. 2 2

1 1
( )

( ) 5 5
f x

x x

− = =
− + +

 Wk ‹¬i ã„¬"Í°†Ç°O.

c) 3

2
( )f x

x

=

[. 3 3

2 2
( )

( )
f x

x x

− = = −
−
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( ) ( )f x f x∴ − = − J~ò Í̀ ^¥xx ƒè‹² ã„¬"Í°†Ç°O JO\ì~¡°. Hê=ô# Wk ƒè‹² ã„¬"Í°†Ç° =°Q®°#°.

d) 2
( )

1

x
f x

x

=
+

[. 2 2
( ) ( )

( ) 1 1

x x
f x f x

x x

− −
− = = = −

− + +

∴  Wk ƒè‹² ã„¬"Í°†Ç°O

e) 3( )f x x x= −

[. 3( ) ( ) ( )f x x x− = − − − = 3( )x x− − −

3
x x= − +

( )3
x x= − +

( )f x= −

∴ Wk ƒè‹² ã„¬"Í°†Ç°O

16. ãH÷Ok ã„¬"Í°†Ç¶�…Õ |‚¬•„¬k, JH›~¡}©†Ç°, =ô¼ã Ç̀ø=° …è̂ ¥ ‹²Ö~¡ ã„¬"Í°†Ç¶�°Qê q_Èn†Ç°O_R.

a) 8 7 53 5 8y x x x= − +

[. Wk |‚¬•„¬k ã„¬"Í°†Ç°O

b)

2
3

3

2
   2 3 3

2 3

x x
y x x

x x

+
= − + ≠

− +

[. Wk JH›~¡}©†Ç° ã„¬"Í°†Ç°O

c)
1

9
y =

[. Wk ‹²Ö~¡ ã„¬"Í°†Ç°O

17. ( ) 1f x x= +  =°i†Çò 2
( ) 2g x x= +  …Õ  fog  =°i†Çò gof  q�°=�° ZO Ç̀?

[. [ ] 2 2 2
( ) ( ) 2 2 1 3fog x f g x f x x x = = + = + + = +

 

[ ] ( )
2

( ) ( ) 1 1 2 3gof x g f x g x x x = = + = + + = +
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∴  WH›ø_È fog gof≠ Jx ̀ ³�°‹¬°ëOk.

18. ãH÷Ok ã„¬"Í°†Ç¶�ä›½ , ,fog gof fof =°i†Çò gog �#° ã"Œ†Ç°O_R.

a) i) 2
( ) 4,   ( ) 2 5f x x g x x= − = +

[. { } [ ] ( )
2 2

( ) 2 5 2 5 4 4 25 20 4fog f g x f x x x x= = + = + − = + + −

24 20 21fog x x= + +

[ ] 2 2 2
( ) 4 2 4 5 2 8 5gof g f x g x x x   = = − = − + = − +

   

22 3gof x= +   fog gof∴ ≠

ii) [ ]
2

2 2 4 2( ) 4 4 4 16 8 4fof f f x f x x x x   = = − = − − = + − −
   

[. 4 28 12fof x x= − +

( ) [ ] [ ]2 5 2 2 5 5 4 10 5gof g g x g x x x = = + = + + = + + 

4 15gog x= +    fof gog∴ ≠ .

b) i) 2( ) ,   ( ) 3f x x g x= =  …Õ fog =°i†Çò gof �#° H›#°Qù#°=ò.

[. [ ] [ ] ( )
2

( ) 3 3 9fog f g x f= = = =

( ) 2 3gof g f x g x  = = =    .   fog gof∴ ≠

ii) fof =°i†Çò gog �#° H›#°Qù#°=ò.

[. [ ] ( )
2

2 2 4( )fof f f x f x x x = = = =
 

[ ] [ ]( ) 3 3gog g g x g= = =

19. 2
( )f x x=   ( )g x x=  J~ò Í̀ fog gof= Jx KÇ¶„¬ô=ò.

[. ( ) ( )
2

fog f g x f x f x x  = = = =   

( ) 2 2
gof g f x g x x x  = = = =   
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fog gof∴ =

20. ( )
1

3
1

( ) | |,   ( ) ,   ( ) ,   0f x x g x x h x x
x

= = = ≠

a) fog H›#°Qù#°=ò.

[ ]
1 1

3 3( )fog f g x f x x

 
 = = =
 
 

b) goh H›#°Qù#°=ò.

[ ]

1

3

1

3

1 1 1
( )goh g h x g

x x

x

   
= = = =  

   

c) foh H›#°Qù#°=ò.

[ ]
1 1

foh f h h
x x

 
= = = 

 

d) hog H›#°Qù#°=ò.

[ ]
1

1
3 3( )hog h g x h x x

 
= = = 

 

e) fogoh x H›#°Qù#°=ò.

[ ] [ ]
1

3

1 1
( ) ( )fogoh fog h x f g hx f g f

x
x

     = = = =        

(1) 1fogoh∴ =

21. i) 4 7y x= −  ã„¬"Í°†Ç¶xH÷ q…Õ=°O LO@°O Î̂x KÇ¶„¬O_R.

[.
7

4 7 7 4
4

y
y x y x x

+
= − ⇒ + = ⇒ =

1 7
( )

4

x
f x

− +
∴ =



‹¬q° Ç̀°�°, ‹¬O|O^¥�° =°i†Çò ã„¬"Í°†Ç¶�°

328 Q®}÷̀ ÇO H›Þ‰×ó<£ ƒì¼OH±

ii) f  J<Ík A  ã„¬̂ Í‰×O Qê#°, B H÷ "Œ¼„²ëQê#° Q®� XH› ã„¬"Í°†Ç°O J#°Hùx#  f  q…Õ=¶xH÷ ã„¬̂ Í‰×O
"Œ¼„²ë H›#°Qù#°=ò.

J~ò Í̀ 1
f

−  …Õ ã„¬̂ Í‰×O B =°i†Çò "Œ¼„²ë A JQ®°#°.

22. ãH÷Ok ã„¬"Í°†Ç¶�ä›½, q…Õ=¶�° =ôO>è H›#°Qù#°=ò.

a) ( ) 3  Rf x x x= + ∀ ∈

[. ( ) 3 3 3y f x x y x x y= = + ⇒ = + ⇒ = −

1( ) 3f x x
−

∴ = −

b) ( ) 1 3   Rf x x x= − ∀ ∈

[. 1 3 3 1  ory x x y= − ⇒ + =

     
1

3

y
x

−
=

1 1
( )

3

x
f x

− −
∴ =

c) 2( )   Rf x x x= ∀ ∈

[. 2
y x=  nxH÷ q…Õ=°O LO_È̂ Î°.

d)
1

( )
x

f x
x

+
=   0   Rx x≠ ∈

1 1 1
( ) 1

x x
f x

x x x x

+
= = + = +

1 1
1 1y y

x x
∴ = + ⇒ = −

1 1
1f x

x

−  
= − 

 

1 1
( )

1
f x

x

−⇒ =
−

�° q†ÇòH›ë ‹¬q° Ç̀°�° HêH›‡é Í̀
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23. H÷Ok „¬\ì�…Õx K�Œ†Ç¶ zã`Œ�° Q®� ƒ�ìQê�ä›½ ~Ë+¬“~Ÿ ~¡¶„¬O…Õ ã"Œ†Ç°O_R.

i) A = {1, 2, 3, 4, 5}

B = {5, 6, 7, 8, 9}

[. {1, 2, 3, 4, 6, 8, 9}

ii) A = {1, 2, 3, 4, 5, 6}

B = {2, 6, 8, 10, 12}

[. {8, 10, 12}

24. H÷Ok "Œ\÷x "³<£ zã`Œ� ^¥Þ~Œ Q®°iëOKÇO_R.

i) ( )A B '∪  #° A, B �° q†ÇòH›ë ‹¬q° Ç̀°�° HêH›‡é Í̀

[.

ii) ( )A B '∩  #° A, B �° q†ÇòH›ë ‹¬q° Ç̀°…ÿá̀ Í

[.

iii) ( )A B '−  #° A, B �° q†ÇòH›ë ‹¬q° Ç̀°�° HêH›‡é Í̀ Q®°iëOKÇO_R.

[.

15.62

15.63

15.95

15.96

15.97
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15.64

15.66

15.65

25. H÷Ok "³<£Ðzã`Œ�…Õx K�Œ†Ç¶ zã`Œ�° "Í\÷x ³̀e†Ç°*è‹¬°ëOk.
i)

[. ( ) ( )A B B C∩ ∩ ∩

ii)

[. ( )A B C∩ ∩

iii)

[. ( )A B C ' ∪ ∪ 

26. H÷Ok "Œ\÷H÷ "³<£ zã`Œ�° w†Ç°O_R.

i) ( )A' B C∩ ∩ ii) ( )A' C B∩ −

WH›ø_È A, B, C q†ÇòH›ë ‹¬q° Ç̀°�° =°i†Çò ª[~¡ÞãuH› ‹¬q°uH÷ L„¬‹¬q°`Ç°�°.

i) ( )A' B C∩ ∩

[.

15.98
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ii) ( )A' C B∩ −

[.

27. { } { } { }A 7,8,9 ,   B 9,10,11 ,   C 11,12= = =

i) ( ) ( ) ( )A B C A B A C× ∩ = × ∩ ×

[. { }B C 11∩ =

( )A B C× ∩  = ( ) ( ) ( ){ }7,11 , 8,11 , 9,11 ....(1)

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }A B 7,9 , 7,10 , 7,11 , 8,9 , 8,10 , 8,11 , 9,9 , 9,10 , 9,11× =

( ) ( ) ( ) ( ) ( ) ( ){ }A C 7,11 , 7,12 , 8,11 , 8,12 , 9,11 , 9,12× =

( ) ( ) ( ) ( ) ( ){ }A B A C 7,11 , 8,11 , 9,11× ∩ × = ....(2)

(1), (2)  � #°O_R

LHS = RHS

ii) ( ) ( ) ( )A B C A B A C× ∪ = × ∪ ×

( ) { }B C 9,10,11,12∪ =

( )A B C× ∪ = ( ) ( ) ( ) ( ){

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )}

7,9 , 7,10 , 7,11 , 7,12 ,

                           8,9 , 8,10 , 8,11 , 8,12 , 9,9 , 9,10 , 9,11 , 9,12 ...(1)

( ) ( ) ( ){ ( ) ( ) ( ) ( ) ( ) ( )}A B 7,9 , 7,10 , 7,11 , 8,9 , 8,10 , 8,11 , 9,9 , 9,10 , 9,11× =

15.99
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( ) ( ){ ( ) ( ) ( ) ( )}A C 7,11 , 7,12 , 8,11 , 8,12 , 9,11 , 9,12× =

( ) ( )A B A C× ∪ × = ( ) ( ) ( ) ( ){

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )}

7,9 , 7,10 , 7,11 , 7,12 ,

                           8,9 , 8,10 , 8,11 , 8,12 , 9,9 , 9,10 , 9,11 , 9,12 ...(2)

(1), (2) � #°O_R

LHS = RHS

28. ãH÷Ok ã„¬"Í°†Ç¶�ä›½ ã„¬̂ Í‰§�°, "Œ¼„²ë�° ã"Œ†Ç°O_R.

i) ( ) ( ) ( ) ( ) ( ){ }1 0,1 , 2,3 , 4,5 , 6,7 .... 100,101f =

[. 1f  ã„¬̂ Í‰×O { }0,2,4,6,.....100=

      "Œ¼„²ë   { }1,3,5,7,....,101=

ii) ( ) ( ) ( ){ }2 2, 4 , 4,16 , 6,36 ,....f = − − −

[. 2f  ã„¬̂ Í‰×O { }2, 4, 6,....= − − −

      "Œ¼„²ë { }4,16,36,....=

29. ãH÷Ok ã„¬"Í°†Ç¶�ä›½ ã„¬̂ Í‰§�° ã"Œ†Ç°O_R.

a) 3( )f x x=

[. Ì„á ã„¬"Í°†Ç°=ò#ä›½ Jxß "Œ‹¬ë= ‹¬OY¼…è Hê=ô#

ã„¬̂ Í‰×=ò = R

b) 2

1
( )

1
f x

x

=
−

[. 2 21 0 1 1x x x− ≠ ⇒ = ⇒ = ±

∴  ã„¬̂ Í‰×=ò { }R 1,1− −
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c) ( ) 3 1f x x= +

[. 3 1 0 3 1x x+ ≥ ⇒ ≥ −

     
1

3
x ≥ −

∴ ã„¬̂ Í‰×=ò 
1

 R
3

x x= ≥ − ∀ ∈

d)
( )( )

1
( )

1 3
f x

x x

=
+ +

x J<Ík 1 H›O>è Ì„ Î̂ík …è̂ ¥ ‹¬=¶#O =°i†Çò

x J<Ík Ð3 H›O>è z#ßk …è̂ ¥ ‹¬=¶#OQê L#ß„¬ô_È°

x q�°=�° f‹¬°HË Î̂°.

ã„¬̂ Í‰×O 1,  3x x= ≥ − ≤ −

30. ãH÷Ok ã„¬"Í°†Ç¶�ä›½ "Œ¼„²ë ã"Œ†Ç°O_R.

a) 3 2   Ry x x= + ∈

[. Ì„á ã„¬"Í°†Ç°Oä›½ "Œ¼„²ë Jxß "Œ‹¬ë= ‹¬OY¼…è. Hê=ô#

ã„¬̂ Í‰×=ò = R

b) { }
1

,  R 2
2

y x
x

= ∈ −
−

[. 2 0x − ≠

2x ≠

∴  Hê=ô# "Œ¼„²ë 2x =  Ç̀„¬æ y †³òH›ø Jxß q�°=�ä›½ x~¡ÞzO„¬|_È° Ç̀°Ok.

c) { }
1

,  0,2,3,5, 7,9
1

x
y x

x

−
= ∈

+
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= ⇒ = − = ⇒ =
1

0 1,  2
3

x y x y

2 1
3

4 2
x y= ⇒ = =

4 2
5

6 3
x y= ⇒ = =

6 3
7

8 4
x y= ⇒ = =

8 4
9

10 5
x y= ⇒ = =

∴  "Œ¼„²ë 1 1 2 3 4
1, , , , ,

3 2 3 4 5

 
= − 
 

31. 2 2( ) 3,  ( ) 2 1f x x g x x= + = +  J~ò Í̀ (3)fog  =°i†Çò (3)gof  q�°=#° H›#°Qù#°=ò.

[ ] ( ) ( )
2

2 2 4 2
( ) ( ) 2 1 2 1 4 1 4 3fog x f g x f x x x x= = + = + = + + +

i) [ ] 4(3) (3) 4(3) 1 4(9) 3 364fog f g= = + + + =

[ ] ( ) ( )
2

2 2 4 2( ) ( ) 3 2 3 1 2 18 12 1gof x g f x g x x x x= = + = + + = + + +

ii) [ ] 4 2(3) (3) 2(3) 18 12(3) 1 289gof g f= = + + + =
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16

ãuHË}q°f†Ç° ã„¬"Í°†Ç¶�°ÐI

„¬iKÇ†Ç°O :

ãH÷Ok Ç̀~¡Q®̀ Ç°�…Õ =°#O ãuHË}q°f†Ç° x+¬æ Ç̀°ë� Q®°iOz KÇk"Œ=ò.  �O|HË} ãuƒ'’°[ ƒ'’°*ì� =° '̂Î¼

x+¬æ Ç̀°ë�#° D q '̂ÎOQê x~¡ÞzOKŒ=°x Q®°~¡°ëä›½ ̀ ³KÇ°óHËO_8.

sin , cos , tan
c a c

b b a
θ = θ = θ=

cosec , sec , cot
b b a

c a c
θ = θ = θ =

D ãuHË}q°f†Ç° x+¬æ Ç̀°ë� =° '̂Î¼ D ãH÷Ok ‹¬O|O '̂¥�#° ä›;_¨ =°#O <Í~¡°óä›½<Œß=ò.

sin2θ + cos2θ = 1,  1+ tan2θ = sec2θ,  1 + cot2θ = cosec2θ

D J '̂¥¼†Ç°O…Õ ã„¬"Í°†Ç¶�#° L„¬†³¶yOz ãuHË}q°uH÷ K³Ok# *ìý<Œxß Ja'=$kœ K³‡Jë=ò.  XH›

†Çüx\˜ =$`Œëxß L„¬†³¶yOz ãuHË}q°f†Ç° ã„¬"Í°†Ç¶� ƒ'ì=##° Ì„O‡éOkªJëO.  JO Í̀HêH› HË}ìxH÷ ö~_8†Ç°<£

=¶<Œxß KÇió‹¬¶ë ãuHË}q°f†Ç° ã„¬"Í°†Ç¶…ÿá#  y = sin x, y = cos x, y = tan x,    y = cot x, y = sec x,

 y = cosec x, y = a sin x, y = b cos x  "³ò Î̂…ÿá# "Œ\÷x x~¡ÞzªJëO.  WH›ø_È x, y �° "Œ‹¬ë= ‹¬OY¼�°.

y = sin x, y = cos x, y = tan x, y = cot x, y = sec x, =°i†Çò y = cosec x, y = a sin x,

y = b cos x � ãQê„¦¹�#° wªJëO.
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�HÆê¼�° :

D J '̂¥¼†Ç°O KÇkq# Ç̀~ŒÞ Ç̀ h=ô

� '̂Î# =°i†Çò |°°} HË}ì�#° x~¡ÞzOKÇQ®�=ô.

� HË}ìxH÷ _8ãw =°i†Çò ö~_8†Ç°<£=¶<Œ�#° x~¡ÞzOKÇQ®�=ô.

� HË}ì�#° _8ãw #°O_8 ö~_8†Ç°<£ =¶<ŒxH÷, ö~_8†Ç°<£ =¶#O #°O_8 _8ãw�ä›½ =¶~¡ó_ÈO KÍ†Ç°Q®�=ô.

� l = r θ ‹¬¶ã`Œxß x~¡ÞzOKÇQ®�=ô.

� l = r θ ‹¬O|O '̂¥xß L„¬†³¶yOz ‹¬=°‹¬¼� ªJ '̂Î#.

� "Œ‹¬ë= ‹¬OY¼�Ì„á ãuHË}q°f†Ç° ã„¬"Í°†Ç¶� x~¡ÞKÇ#O.

� ãuHË}q°f†Ç° ã„¬"Í°†Ç¶� ãQê„¦¹�#° w†Ç°_ÈO, q=iOKÇ_ÈO.

� ãuHË}q°f†Ç° x+¬æ Ç̀°ë� P=~¡ëh†Ç° Ç̀#° ̀ ³�°‹¬°HË=_ÈO.

=òMì¼O‰§�° :

1. XH› H÷~¡}O ‹¬=¼k‰× …è̂ ¥ J„¬‹¬=¼ k‰×…Õ ãƒ'’=°}O KÍÀ‹ ̂ ¥xx |\÷“ HË}O ̂ 'Î<Œ Ç̀àH›O …è̂ ¥ |°°}ì Ç̀àH›O Jx
³̀�°‹¬°ëOk.

2. HË}ìxß ö~_8†Ç°<£�…Õ Hù�°ªJëO. 3600 « 2π  ö~_8†Ç°<£�°.

3. 'rÑ "Œ¼ªJ~¡ÖOQê Q®� =$ Ç̀ë öHOã Î̂O = Î̂í 'θ Ñ HË}O KÍÀ‹ KŒ„¬O ‡Ú_È=ô l J~ò Í̀ l = r θ.

4. XH› ã„¬=¶} (†Çüx\˜) =$ Ç̀ëOÌ„á U Í̂x aO Î̂°=ô P H÷ ~¡¶‡J�° ( ,x y ) J~ò Í̀ =~¡°‹¬Qê ãuHË}q°f†Ç°

x+¬æ`Ç°ë�#° 1
sin ,cos , tan ,cot ,sec

1 1
θ = θ = θ = θ = θ =

y x y x

x y x
 =°i†Çò 1

cosec θ =
y
 Qê

x~¡ÞzªJëO. ( )P ,x y x ( )P cos ,sinθ θ  Qê ä›;_¨ ~Œ†Ç°=KÇ°ó.

5. sin ,cosθ θ  ï~O_8O\÷ †³òH›ø Q®i+¬» q�°= {1 Jx, H›x+¬» q�°= Ð1. D ï~O_8O\÷ ã„¬"Í°†Ç¶� P=~¡ë#O
2π .

6. Tan , Cot θ θ� U q�°"³á<Œ −∞  =°i†Çò ∞  � =° '̂Î¼ LO@°Ok. Tan θ ã„¬"Í°†Ç°O 
2

π
 =°i†Çò

3

2

π
� = Î̂í qzó}#ßO ( )0,2π �…Õ nx P=~¡ë# π .
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7. Cot θ  P=~¡ë#O π Wk 0, ,2π π  � = Î̂í qzó}#ßO.

8. Sec θ  P=~¡ë#O 2π  Wk 
2

π
 =°i†Çò 

3

2

π
 � = Î̂í qzó}#ßO.

9. Cosec θ  P=~¡ë#O 2π Wk 0, ,2π π  � = Î̂í qzó}#ßO.

I. Ju‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (1 =¶~¡°ø)

H÷Ok HË}ì�#° _�ãw� #°O_� ö~_�†Ç°#Áä›½ =¶~¡óO_�.

1. 600

ªJ '̂Î# : 0
360 2= π  ö~_8†Ç°<£�°

0

0

2
1

180360

π π
= =

c

0 2
60 60

360

π
∴ = ×  ö~_8†Ç°#°Á « 

3

π
 ö~_8†Ç°<£�°

2. 750

ªJ '̂Î# : 0 2 5
75 75

360 12

π
= × =

0 5
75

12
=  ö~_8†Ç°<£�°

3. 2700

ªJ '̂Î# : 0 2 3
270 270

360 2

π π
= × =

0 3
270

2

π
=  ö~_8†Ç°<£�°

ãH÷Ok ö~_�†Ç°<£� #°O_� _�ãw�ä›½ =¶~¡óO_�.

4.
4

π
 q�°= ZO Ç̀?
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ªJ '̂Î# : 2π ö~_8†Ç°<£�° « 3600

1c  ö~_8†Ç°<£ « 
0360

2π

4

π
∴  ö~_8†Ç°<£�° 0360

45
2 4

π
= × =

π

0
45

4

π
=

c

5.
60

π
c

 q�°= ZO Ç̀?

ªJ '̂Î# : 0360
3

60 2 60

π π
= = =

π

c

0
3

60

π
=

c

6.
2

3

π
c

 q�°= ZO Ç̀?

ªJ '̂Î# : 02 360 2
120

3 2 3

π π
= × =

π

c

02
120

3

π
=

c

ãH÷Ok "Œ\÷ Q®°~¡°ë�#° =¶~¡óO_�.

7. 2
cos

3

π

ªJ '̂Î# :
3

π
 J#Qê 

0
0180

60
3

=  J<Ík "³ò Î̂\÷ ‡J Î̂O…Õx HË}O

Hê=ô# 2cos
3

π
 J<Ík '̂Î<Œ Ç̀àH›O.
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8.
2

sec
3

π

ªJ '̂Î# : 02 2 180
120

3 3

π ×
= =  ï~O_Ë ‡J Î̂O…Õx HË}O

∴ 
2

sec
3

π
 Q®°~¡°ë |°°}ì Ç̀àH›O.

9.
35

sec
18

π

ªJ '̂Î# : 035 35 180
350

18 18

× π ×
= =  <Œ�°QË ‡J Î̂O…Õx HË}O.

∴ 
35

sec
18

π
 Q®°~¡°ë '̂Î<Œ Ç̀àH›O.

10.
3

cot
4

π

ªJ '̂Î# :
3

4

π
 ï~O_Ë ‡J Î̂O…Õx HË}O

∴ 
3

cot
4

π
 |°°}ì Ç̀àH›O

ãH÷Ok"Œ\÷ q�°=�° H›#°HËøO_�.

11.
3

tan
4

π

ªJ '̂Î# : ( )0 0 03
tan tan125 tan 90 45 cot 45 1

4

π
= = + = − = −

12. tan
2

π

ªJ '̂Î# : x~¡ÞzO„¬…è=ò.

13. cos2π

ªJ '̂Î# :  ( )0 0 0 0
cos2 cos360 cos 270 90 sin 90 1π = = + = =
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14. tan θ  †³òH›ø Q®i+¬» q�°= ZO Ç̀?

ªJ '̂Î# : J#O Ç̀=ò.

15. cot θ  †³òH›ø Q®i+¬» q�°= ZO Ç̀?

ªJ '̂Î# : J#O Ç̀=ò.

16. ãQê„¦¹ #°O_8 cot 1θ = −  J~ò Í̀ θ  q�°= ZO Ç̀?

ªJ '̂Î# : cot 1θ = −  J~ò Í̀ 3

4

π
θ =

17. 2sin 3=y x  P=~¡ë#O H›#°HËøO_8.

ªJ '̂Î# : sin x  P=~¡ë#O 2π

sin3x  P=~¡ë#O 
2

3

π

18. 3cos2=y x  P=~¡ë#O H›#°HËøO_8.

ªJ '̂Î# : cos x  P=~¡ë#O 2π

cos2x  P=~¡ë#O 2

2

π
= π

19. tan 3=y x  P=~¡ë#O H›#°HËøO_8.

ªJ '̂Î# : tan x  P=~¡ë#O π

tan 3x  P=~¡ë#O 
3

π

20. 2sin 2=y x  P=~¡ë#O ZO Ç̀?

ªJ '̂Î# :
2

π
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II. ‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (2 =¶~¡°ø�°)

1. XH› ãuƒ'’°[ HË}ì�° 450, 650 =°i†Çò 700 J~ò Í̀ g\÷x ö~_8†Ç°#Á…Õ ³̀�æO_8.

ªJ '̂Î# : 0 02
45 45

360 4

π π
= × =

c

0 02 13
65 65

360 36

π π
= × =

0 02 7
70 70

360 18

π π
= × =

∴  ö~_8†Ç°#°Á « 
13 7

, ,
4 36 18

π π π

2. XH› KÇ̀ Ç°~¡°Ä}[O…Õx =ü_È° HË}ì�° 
2

, ,
6 3 3

π π π
 J~ò Í̀ <Œ�°QË HË}ìxß ö~_8†Ç°#Á…Õ ̀ ³�æO_8.

ªJ '̂Î# : <Œ�°QË HË}O x J#°Hù#°=ò.

KÇ̀ Ç°~¡°Ä}[O…Õx HË}ì� "³ò Ç̀ëO « 2π

2
2

6 3 3

π π π
+ + + = πx

2 2 12 1 2 4

1 6 3 3 6

π π π π π − π − π − π
= − − − =x

5

6

π
∴ =x

3. 15 Ì‹O.g°.� "Œ¼ªJ~¡ÖO Q®� =$ Ç̀ë öHOã Î̂O = Î̂í 2.5 Ì‹O.g°. ‡Ú_È=ôQ®� KŒ„¬O KÍÀ‹ HË}ìxß ö~_8†Ç°<£
=°i†Çò _8ãw�…Õ ³̀�æO_8.

ªJ '̂Î# : "Œ¼ªJ~¡ÖO r « 15 Ì‹O.g°.

KŒ„¬O ‡Ú_È=ô l « 2.5 Ì‹O.g°.

2.5 25 1

15 150 6
= θ⇒ θ = = = =

l
l r

r
 ö~_8†Ç°#°Á
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1

6
 ö~_8†Ç°#°Á 360 1

2 6
= ×

π

0360 1 360 7 210
9.55

22 6 44 6 22
2

7

×
= × = = =

×
×

1

6
 ö~_8†Ç°#°Á 09.55=

4. XH› ï~á�° =$`ŒëHê~¡ =¶~¡¾O…Õ Q®O@ä›½ 20 H÷.g°. "ÍQ®O`Ë ã„¬†Ç¶}÷‹¬°ëOk. P =$ Ç̀ëO "Œ¼ªJ~¡ÖO 
1

12
H÷.g°.

J~ò Í̀ P ï~á�° 3 Ì‹H›O_ÈÁ…Õ KÍÀ‹ HË}ìxß H›#°HËøO_8.

ªJ '̂Î# : ï~á�° "ÍQ®O Q®O@ä›½ 20 H÷.g°. Hê=ô#

15 Ì‹H›#Á…Õ Jk ‡é†Í° Î̂¶~¡O « 
20 3

60 60

×

×
 H÷.g°.

1

60
= H÷.g°.

1

60
∴ =l  H÷.g°. =°i†Çò 

1

12
=r  H÷.g°.

Hê=ô# 

1

12 160
1 60 5

12

θ = = = =
l

r
 ö~_8†Ç°<£�°

1

5
 ö~_8†Ç°#°Á 360 1 360 1 360 7

222 5 5 220
2

7

×
= × = × =

π
×

0126
11.45

11
= =

1

5
 ö~_8†Ç°#°Á 011.45=

5. 4 4 2 2sin cos sin cosθ − θ = θ − θ  Jx x~¡¶„²OKÇO_8.
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ªJ '̂Î# : ( ) ( )
2 2

4 4 2 2LHS sin cos sin cos= θ − θ = θ − θ

( ) ( )2 2
− = + −a b a b a b  Hê=ô#

 ( ) ( ) ( )( )
2 2

2 2 2 2 2 2
sin cos sin cos sin cosθ − θ = θ + θ θ − θ

( )2 21 sin cos= θ − θ

4 4 2 2sin cos sin cos∴ θ − θ = θ − θ

6. 2 2 2 2sin cosec sec cos
3 6 4 3

π π π π
+ + −  q�°= ZO Ç̀?

ªJ '̂Î# :
3 1

sin ,  cosec 2;  sec 2,  cos
3 2 6 4 3 2

π π π π
= = = =

( ) ( )
2 2

223 1
2 2

2 2

   
= + + −       

3 4 2 1

4 1 1 4
= + + −

3 16 8 1

4

+ + −
=

26 13 1
6

4 2 2
= = =

7.
1

sin sin cos cos
6 4 3 4 4

π π π π  
+ − +  

  
 q�°= H›#°HËøO_8.

ªJ '̂Î# :
1

sin cos sin cos sin cos sin cos
6 3 6 4 4 3 4 4 4

π π π π π π π π
− + − +

1 1 1 1 1 1 1 1 1
. .

2 2 2 2 42 2 2 2
= × − + − × +



ãuHË}q°f†Ç° ã„¬"Í°†Ç¶�°ÐI

344 Q®}÷̀ ÇO H›Þ‰×ó<£ ƒì¼OH±

1 1 1

4 2 4
= − +

1 2 1

4

− +
=

0=

8. [ ]0,2π  JO Ç̀~¡O…Õ θsin  †³òH›ø Q®i+¬» =°i†Çò H›x+¬» q�°=�° Uq?

ªJ '̂Î# : sin= θy

θ 0 / 2π π 3 / 2π 2π

y 0 1 0 –1 0

sin∴ θ  Q®i+¬» q�°= « 1

 H›x+¬» q�°= « Ð1

9. [ ],−π π  JO Ç̀~¡O…Õ sin=y x  ãQê„¦¹ w†Ç°O_8.

ªJ '̂Î# : x 0 / 2π     π      – / 2π       – π

sin x 0 1 0 –1     0

π

2

π3

2

1

–1
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10.
4

π
−  #°O_8 

4

π
 …Õ cos= θy  ãQê„¦¹ w†Ç°O_8.

ªJ '̂Î# :

11. 0 #°O_8 2π qKÇ~¡}…Õ cos3= θy  ãQê„¦¹ w†Ç°O_8.

ªJ '̂Î# :

12.
3

,
2 2

π π 
 
 

 JO Ç̀~¡O…Õ cos= θy  ãQê„¦¹ X ÐJHÆêxH÷ Ì„á# LO@°O^¥? XÐJHÆêxH÷ ãH÷Ok"³á„¬ô LO@°O^¥?

ªJ '̂Î# :

X ÐJHÆêxH÷ ãH÷O Î̂"³á„¬ô ãQê„¦¹ LO@°Ok.

θ 0 / 4π / 4−π

cos θ 1 1 / 2 1 / 2−

θ 0 / 3π / 2π π 3 / 2π 2 π

cos θ 3 –1 0 –3 0 1

θ / 2π π 3 / 2π

cos θ 0 –1 0

x' x

y'

y

–1

+1

0 π

2

π

2

π
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III. n~¡É ‹¬=¶ �̂¥# ã„¬‰×ß�° (5 =¶~¡°ø�°)

1.
1 cos

cosec cot
1 cos

+ θ
= θ + θ

− θ
 Jx KÇ¶„¬O_8.

ªJ '̂Î# : LHS  f‹¬°HËO_8.

     
( )

( )

( )

( )

( )
2

2

1 cos 1 cos 1 cos1 cos
LHS

1 cos 1 cos 1 cos 1 cos

+ θ + θ + θ+ θ
= = × =

− θ − θ + θ − θ

  2

1 cos 1 cos

sin1 cos

+ θ + θ
= =

θ− θ
2sin 1 cosθ = − θ∵

  
1 cos

sin sin

θ
= +

θ θ

  cosec cot= θ + θ

  RHS=

  LHS RHS∴ =

2. 6 6 2 2
sin cos 1 3sin cosθ + θ = − θ θ  Jx KÇ¶„¬O_8.

ªJ '̂Î# : LHS  f‹¬°HËO_8.

( ) ( )
3 3

6 6 2 2sin cos sin cosθ + θ = θ + θ

( ) ( )
33 3

3+ = + − +a b a b ab a b

( ) ( ) ( ) ( )
3 3 3

2 2 2 2 2 2 2 2
sin cos sin cos 3sin cos sin cosθ + θ = θ + θ − θ θ θ + θ

3 2 21 3sin cos  (1)= − θ θ

     6 6 2 2sin cos 1 3sin cos∴ θ + θ = − θ θ

        LHS RHS∴ =
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3. cos sin
cos sin

1 tan 1 cot

θ θ
+ = θ + θ

− θ − θ
 Jx KÇ¶„¬O_8.

ªJ '̂Î# : LHS  f‹¬°HËO_8.

cos sin

1 sin 1 cos

1 cos 1 sin

θ θ
+

θ θ
− −

θ θ

2 2cos sin

cos sin sin cos

θ θ
= +

θ − θ θ − θ

2 2
cos sin

cos sin cos sin

θ θ
= −

θ − θ θ − θ

( )

2 2cos sin

cos sin

θ − θ
=

θ − θ

( )( )

( )

cos sin cos sin

cos sin

θ + θ θ − θ
=

θ − θ

cos sin
cos sin

1 tan 1 cot

θ θ
∴ + = θ + θ

− θ − θ

  LHS RHS∴ =

4. tan sin
cot cosec  sec 

1 cos 1 cos

θ θ
+ = θ + θ θ

+ θ − θ
 Jx KÇ¶„¬O_8.

ªJ '̂Î# : LHS  f‹¬°HËO_8.

  
( ) ( )

( )( )

tan 1 cos sin 1 costan sin

1 cos 1 cos 1 cos 1 cos

θ − θ + θ + θθ θ
+ =

+ θ − θ + θ − θ

2

tan tan cos sin sin cos

1 cos

θ − θ θ + θ + θ θ
=

− θ

2

tan sin sin sin cos

1 cos

θ − θ + θ + θ θ
=

− θ
tan cos sinθ θ = θ∵
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2

tan sin cos

sin

θ + θ θ
=

θ

2 2

tan sin cos

sin sin

θ θ θ
= +

θ θ

cosec sec cot= θ θ + θ

tan sin
cot cosec sec

1 cos 1 cos

θ θ
∴ + = θ + θ + θ

+ θ − θ

LHS RHS∴ =

5. A ,  B
3 6

π π
= =  Qê f‹¬°Hùx

i) ( )
tanA tanB

tan A B
1 tanA  tanB

+
+ =

−
 x ‹¬iKÇ¶_ÈO_8.

ªJ '̂Î# : LHS  f‹¬°HËO_8.

tan
3 6

π π 
= + 

 

2
tan

6

π + π 
=  

 

3
tan

6

π
=

tan
2

π
=

= x~¡ÞzO„¬|_È̂ Î°.

RHS  f‹¬°HËO_8.

tan tan
tanA tanB 3 6

1 tanA tanB
1 tan tan

3 6

π π
+

+
=

π π−
−
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+
+

= = =

− ×

3 1

3 1 41 3
1 03.01 3
3

= ∞  x~¡ÞzOKÇ|_È̂ Î°.

LHS RHS∴ =

6. ( )cos A B cosA cos B sin Asin B+ = −  �#° ‹¬iKÇ¶_ÈO_8.

ªJ '̂Î# : A ,   B
3 6

π π
= =

LHS  f‹¬°HËO_8.

    ( )cos A B cos
3 6

π π 
+ = + 

 

2
cos

6

π + π 
=  

 

3
cos

6

π 
=  

 

cos
2

π
=

0= ... (1)

RHS  f‹¬°HËO_8.

      cos A cosB sin Asin B cos cos sin sin
3 6 3 6

π π π π
− = −

1 3 1 3
. .

2 2 2 2
= −

0= ...(2)

∴ (1), (2) � #°O_8 LHS RHS∴ =
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7.
4

π
θ =  J~ò Í̀

2 2 2 2
cos2 cos sin 2 cos 1 1 2sinθ = θ − θ = − = − θ  �#° ‹¬iKÇ¶_ÈO_8.

ªJ '̂Î# : cos2 cos2. cos 0
4 2

π π
θ = = =

2 2 2 2cos sin cos sin
4 4

π π
θ − θ = −

2 2
1 1

2 2

   
= −   
   

0=

  2 22 cos 1 2.cos 1
4

π
θ − = −

1
2. 1

2

 
= − 

 

1 1 0= − =

   
2

2 1
1 2sin 1 2

2

 
− θ = −  

 

1
1 2.

2
= −

1 1 0= − =

8. 2500 g°. "Œ¼ªJ~¡ÖO Q®� =$`ŒëHê~¡ ƒì@ "³O|_8 XH› ï~á�° Q®O@ä›½ 75 H÷.g°. "ÍQ®O`Ë H›̂ Î°�° Ç̀°Ok.
J~ò Í̀ XH› xq°+¬O Hê�O…Õ Jk Zxß ö~_8†Ç°<£� HË}O KÍ‹¬°ëOk.

ªJ '̂Î# : "Œ¼ªJ~¡ÖO r « 2500 g°.

KŒ„¬O ‡Ú_È=ô l « 75 H÷.g°.

ï~á�° "ÍQ®O Q®O@ä›½ 75 H÷.g°. Hê=ô# 60 Ì‹H›<£�…Õ Jk ‡é†Í° Î̂¶~¡O « 
75 60 5

60 60 4

×
=

×
 H÷.g°.
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5

4
∴ =l  H÷.g°. =°i†Çò r « 2.5 H÷.g°.

Hê=ô# 
5

5 50 14

2.5 4 2.5 4 25 2
θ = = = = =

× ×

l

r

Hê=ô# 1

2
θ =  ö~_8†Ç°<£�°

9.
2 2

tan cot
2sin cos

1 tan 1 cot

θ θ
+ = θ θ

+ θ + θ
 Jx x~¡¶„²OKÇO_8.

ªJ '̂Î# : LHS  f‹¬°HËO_8. 2 2 2 21 tan sec ,  1 cot cosec∴ + θ = θ + θ = θ

2 2

tan cot

sec cosec

θ θ
= +

θ θ

2 2

sin cos

cos .sec sin .cosec

θ θ
= +

θ θ θ θ

2 2

sin cos

sec sin .cosec

θ θ
= +

θ θ θ

sin cos

sec cosec

θ θ
= +

θ θ

sin cos cos sin= θ θ + θ θ

2sin cos RHS= θ θ =

LHS RHS∴ =
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IV. "Œ¼‹¬~¡¶„¬ ‹¬=¶ �̂¥# ã„¬‰×ß�° (8 =¶~¡°ø�°)

1. ( )
21 sin

tan sec
1 sin

+ θ
= θ + θ

− θ
 Jx x~¡¶„²OKÇO_8.

ªJ '̂Î# : Take LHS

1 sin 1 sin

1 sin 1 sin

+ θ + θ
= ×

− θ + θ

( )+ θ
=

− θ

2

2

1 sin

1 sin

( ) ( )− θ + θ = − θ
2

1 sin 1 sin 1 sin

( )( )+ − = −
2 2

a b a b a b  ~¡¶„¬O…Õ H›� Î̂°

 Hê=ô# 
2

2

1 sin 2sin

cos

+ θ + θ
=

θ

2

2 2 2

1 sin 2sin

cos cos cos

θ θ
= + +

θ θ θ

2 2
sec tan 2tan sec= θ + θ + θ θ

( )
2

tan sec= θ + θ

RHS=

LHS RHS∴ =

2. ( )( )8 8 2 2 2 2
sin cos sin cos 1 2sin cosθ − θ = θ − θ − θ θ  Jx x~¡¶„²OKÇO_8.

ªJ '̂Î# : Take LHS

( ) ( )
2 2

8 8 4 4
sin cos sin cosθ − θ = θ − θ

( ) ( ) ( ) ( )
2 2 2

2 2 2 2
sin cos sin cos

   
= θ + θ θ − θ   
   

( )
22 2

2a b a b ab+ = + −   Hê=ô#

( ) ( ) ( )
2

2 2 2 2 2 2 2 2
sin cos 2sin cos sin cos sin cos

   = θ + θ − θ θ θ + θ θ − θ    



ãuHË}q°f†Ç° ã„¬"Í°†Ç¶�°ÐI

Q®}÷̀ ÇO H›Þ‰×ó<£ ƒì¼OH± 353

   = − θ θ θ − θ
   

2 2 2 2
1 2sin cos sin cos

( )( )2 2 2 2
sin cos 1 2sin cos= θ − θ − θ θ

= RHS

       LHS RHS∴ =

3.
4

π
θ =  J~ò Í̀ 3

sin3 3sin 4sinθ = θ − θ  ‹¬iKÇ¶_ÈO_8.

ªJ '̂Î# : Take LHS

sin3 3sin3.
4

π
θ =

0
sin135=

( )0
sin 90 45= +

0
cos45=

1

2
= ....(1)

Take RHS

3 3
3sin 4sin 3sin 4sin

4 4

π π
θ − θ = −

3
1 1

3. 4
2 2

 
= −  

 

3 1 1
4. .

22 2
= −

3 2

2 2
= −

3 2

2

−
=

1

2
= ...(2)

(1), (2) � #°O_8 LHS = RHS    Hence proved.
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17

ãuHË}q°f†Ç° ã„¬"Í°†Ç¶�°ÐII

ãH÷Ok J 	̂¥¼†Ç°O…Õ =°#=ò "Œ‹¬ë= ‹¬OY¼�Ì„á ãuHË}q°u ã„¬"Í°†Ç¶� Q®°iOz =°i†Çò ãuHË}q°u
ã„¬"Í°†Ç¶� ö~Mì zã`Œ�° w†Ç°_ÈO, WOHê "Œ\÷x q~¡}ì Ç̀àH›OQê <Í~¡°óä›½<Œß=ò.  D J 	̂¥¼†Ç°O…Õ cos(A + B),

sin (A + B) =°i†Çò tan (A + B) � ‹¬OH›�#O =°i†Çò =¼=H›�# ‹¬¶ã`Œ�#° ~Œ|@°“̀ Œ=ò.  JO Í̀HêH› Q®°}÷[,
L„¬Q®°}÷[ HË}ì�#° x~¡Þz‹¬¶ë "Œ\÷H÷ ªé^¥‚¬ì~¡}�° WªHë=ò.  ãuHË}q°f†Ç° ã„¬"Í°†Ç¶� ªH 	̂Î#�#° ä›K_¨ D
J 	̂¥¼†Ç°=ò…Õ KÇióªHëO.

�HÆê¼�° :

1.
π

− ± ± π ±, , , ,
2 2

x
x x y x x  (WH›ø_È ,x y �° "Œ‹¬ë= ‹¬OY¼�°)�ä›½ ãuHË}q°f†Ç° x+¬æ Ç̀°ë�° ã"Œ†Ç°_ÈO.

2. ( ) cos cos sin sincos A B A B A B± = ∓

( )sin sin sin cos cosA B A B A B± = ±  =°i†Çò

( )tan
1

TanA TanB
A B

TanATanB

+
± =

∓
� ‹¬OH›�#, =¼=H›�#° ‹¬¶ã`Œ�#° xiàOKÇ_ÈO.

3. cos2 ,sin 2 , tan 2 ,cos3 ,sin3 , tan3 ,sin ,cos
2 2

A
A A A A A A

Α
 =°i† Çò

2

A
Tan =O\÷

Q®°}÷[, L„¬Q®°}÷[ HË}ì� ‹¬¶ã`Œ�° x~¡ÞzOKÇ_ÈO =°i†Çò

sin 0,cos 0x x= = ~¡Hê� ãuHË}q°f†Ç° ‹¬g°H›~¡}ì�#° ªHk	OKÇ_ÈO.

sin sin ,cos cos ,x x Tanx Tan= α = α = α

=òMì¼O‰§�°  :

1. ( ) ( )2sin cos sin sinA B A B A B= + + −

( ) ( )2cos sin sin sinA B A B A B= + − −

( ) ( )2sin sin cos cosA B A B A B= − − +
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2. sin sin 2sin cos
2 2

C D C D
C D

+ −
+ =

sin sin 2cos sin
2 2

C D C D
C D

+ −
− =

cos cos 2cos cos
2 2

C D C D
C D

+ −
+ =

cos cos 2sin sin
2 2

C D D C
C D

+ −
− =

3. ( ) ( ) 2 2sin sin sin sinA B A B A B+ − = −

( ) ( ) 2 2cos cos cos sinA B A B A B+ − = −

4. 2

2
sin 2 2sin cos

1

TanA
A A A

Tan A
= =

+

2
2 2 2 2

2

1
cos2 cos sin 2cos 1 1 2sin

1

Tan A
A A A A A

Tan A

−
= − = − = − =

+

2

2
2

1

TanA
Tan A

Tan A
=

−

5.
2

2 2 21 cos2 1 cos 1 cos2
sin ,cos ,

2 2 1 cos2

A A A
A A Tan A

A

− + −
= = =

+

6. = −
3sin3 3sin 4sinA A A

3cos3 4 cos 3cosA A A= −

3

2

3
3

1 3

TanA Tan A
Tan A

Tan A

−
=

−

7. 3 33sin sin 3cos cos3
sin ,cos

4 4

A A A A
A A

− +
= =

8.
1 cos 1 cos

sin ,cos
2 2 2 2

A A A A− +
= ± = ±
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1 cos

2 1 cos

A A
Tan

A

−
= ±

+

9. 0 05 1 5 1
sin18 ,cos 6

4 4

− +
= 3 =

10. θ = ⇒ θ = π ∈sin 0 ,n n I

( )
π

θ = ⇒ θ = + ∈cos 0 2 1 ,
2

n n I

0Tan nθ = ⇒ θ = π

11. ( )θ = α ⇒ θ = π + − α ∈sin sin 1 ,
n

n n I

θ = α⇒ θ = π + α ∈cos cos 2 ,n n I

θ = α⇒ θ = π ± α ∈,Tan Tan n n I

θ = α ⇒ θ = π ± α ∈
2 2sin sin ,n n I

θ = α⇒ θ = π ± α ∈
2 2cos cos ,n n I

θ = α⇒ θ = π ± α ∈
2 2tan tan ,n n I

I. Ju‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (1 =¶~¡°ø)

1. sin
10

π
q�°= ZO Ç̀?

ªH 	̂Î#: 0 5 1
sin sin18

10 4

π −
= =

<Ë\˜: 0 0 5 1
sin18 cos72

4

−
= =

2. cos
4

π
q�°= ZO Ç̀?

ªH 	̂Î#: 0 10 2 5
cos cos18

10 4

π +
= =
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<Ë\̃ : 0 0 10 2 5
cos18 sin72

4

+
= =

3. cos
5

π
 q�°= ZO Ç̀?

ªH 	̂Î#: 0 5 1
cos cos36

5 4

π +
= =

<Ë\˜ 1: ( )0 0cos 90 54 sin 54− =

<Ë\ ̃2: 0 0 5 1
cos36 sin 54

4

+
= =

4. sin
5

π
 q�°= ZO Ç̀?

ªH 	̂Î#: 0 10 2 5
sin sin 36

5 4

π −
= =

<Ë\̃ : ( )0 0 0 0sin 36 sin 90 54 cos54= − =

0 0 10 2 5
sin 36 cos54

4

−
∴ = =

5. θ#° Ç̀$„²ë„¬iKÍ ã„¬̂ 	¥# q�°=�° H›#°HËøO_d.

1)
3

sin sin
2 3

π 
θ = =  

 

( )1
3

n
n

π
θ = π + − ∈n I

2) cos 2 cos
4

ec ec
π 

θ = =  
 

θ ã„¬̂ 	¥#=ò ( )
π

= π + − ∈1
4

n
n n I
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3)
3

sin sin
2 3

− π 
θ = = + − 

 

θ  ã„¬̂ 	¥#=ò ( )
4

1
3

n
n

π
= π + −  ∈n I

4) sec 2 sec
4

π 
θ = − =  

 

3
2

4

π
θ = π ±n ∈n I

5) 1
4

Tan Tan
−π 

θ = − =  
 

θ ã„¬̂ 	¥#=ò 
π

= π + ∈
3

4
n n I

6) 1 an
4

Tan T
−π 

θ = − =  
 

π
θ = π + ∈

3

4
n n I

II. ‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (2 =¶~¡°ø�°)

1.
5

sin
12

π
 q�°=#° H›#°HËøO_d.

ªH 	̂Î#: 5
sin sin

12 4 6

π π π 
= + 

 

WH›ø_È ( )sin A B+ ~¡¶„¬O…Õ H›� Î̂° Hê=ô#

( )sin sin cos cos sinA B A A A B+ = +

sin sin cos cos sin
4 6 4 4 4 6

π π π π π π 
+ = + 

 

1 3 1 1

2 22 2
= × + ×
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sin

12

π 3 1 3 1

2 2 2 2 2 2

+
= + =

2. sin sin
12 4 6

π π π 
= − 

 

ªH 	̂Î#: 
3 1 3 1

2 2 2 2 2 2

−
= − =

3 1
sin

12 2 2

π −
∴ =

3.
2 2

sin cos cos sin
9 9 9 9

π π π π
+ q�°= ZO Ç̀?

ªH 	̂Î#:Wk sin cos cos sinA B A B+ ~¡¶„¬O…Õ H›� Î̂°.

2
sin sin

9 9 3

π π π   
= + =   

   

3

2
=

4. ãH÷Ok "Œ\÷x x~¡¶„²OKÇO_d.

( )
1

sin cos 3 sin
6 2

A A A
π 

+ = + 
 

LHS =

sin sin cos cos sin
6 6 6

A A A
π π π 

+ = + 
 

1 3
cos sin

2 2
A A= +

( )
1

cos 3 sin
2

A A= +

5.
5

cos
12

π
- q�°=#° H›#°HËøO_d.
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5
cos cos

12 4 6

π π π 
= + 

 

( )cos A B= +  ~¡¶„¬O…Õ H›� Î̂°.

cos cos sin sin
4 6 4 6

π π π π
= −

1 3 1 1
. .

2 22 2
= −

5 3 1
cos

12 2 2

π −
=

6. sin sin
4 4

A A
π π   

+ −   
   

 q�°= ZO Ç̀?

 ( ) ( )sin sinA B A B+ − ~¡¶„¬O…Õ LOk. nx q�°= 2 2sin sinA B−

ªH 	̂Î#: 2 2sin sin sin sin
4 4 4 4

A A A A
π π π π       

+ − = + − −       
       

= sin cos cos sin sin cos cos sin
4 4 4 4

A A A A
π π π π   

+ −  
   

=
   

+ −  
   

1 1 1 1
cos sin cos sin

2 2 2 2
A A A A

= ( ) ( )
1 1

cos sin cos sin
2 2

A A A A+ −

2 21
cos sin

2
A A = −

 

7. 1
4 4

Tan Tan
π π   

+ θ − θ =   
   

 Jx x~¡¶„²OKÇO_d.

ªH 	̂Î#:
4 4

1 1
4 4

Tan Tan Tan Tan

Tan Tan Tan Tan

π π   
+ θ − θ   

=    
π π   − θ + θ
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1 1

1 1

Tan Tan

Tan Tan

+ θ − θ   
=    − θ + θ   

1=

8. ( )
+

− =
−

cot cot 1
cot

cot cot

A B
A B

B A

ªH 	̂Î#: ( )
( )

( )

− +
− = =

+ −

cos cos cos sin sin
cot

sin sin cos cos sin

A B A B A B
A B

A B A B A B

�= ‚¬ð~Œ�#° sinA sinB  �KÍ ƒ	ìyOKÇQê

   
cot cot 1

cot cot

A B

B A

+
=

−

9. . 1
12 6 12 6

Tan Tan Tan Tan
π π π π

+ + =  Jx x~¡¶„²OKÇO_d.

ªH 	̂Î#: 0 0 0 015 30 15 30 1Tan Tan Tan Tan+ + =

LHS =

( )0 0 045 30 15Tan Tan= +

045 1Tan∴ =

0 0

0 0

30 15
1

1 30 15

Tan Tan

Tan Tan

+
=

−

0 0 0 01 30 15 30 15Tan Tan Tan Tan− =

0 0 0 015 30 15 30 1Tan Tan Tan Tan∴ + =

…è^¥
12 6

12 6
1

12 6

Tan Tan
Tan

Tan Tan

π π
+

π π 
+ =  π π  −
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12 6

4
1

12 6

Tan Tan
Tan

Tan Tan

π π
+

π 
=  π π  −

1 .
12 6 12 6

Tan Tan Tan Tan
π π π π

= + +

10. 2sin4 sinθ θ �ƒìœxß "³ò Ç̀ëOQê …è̂ ¥ ƒè̂ 	ÎOQê ã"Œ†Ç°O_d.

ªH 	̂Î#: ( ) ( )2sin sin cos cosA B A B A B= − − +  ‹¬¶ã`Œxß L„¬†³¶yOKŒe.

( ) ( )2sin 4 sin cos 4 cos 4θ θ = θ − θ − θ + θ

cos3 cos5= θ − θ

11.
π π

2cos cos
4 12

�ƒìíxß "³ò Ç̀ëOQê, …è̂ ¥ ƒè̂ 	ÎOQê ã"Œ†Ç°O_d.

ªH 	̂Î#: ( ) ( )2cos cos cos cosA B A B A B= + + −

2cos cos cos cos
4 4 4 12 4 12

π π π π π π   
= + + −   

   

3 3
cos cos

12 12

π + π π − π   
= +   

   

cos cos
3 6

π π
= +

12. 2sin cos
4 6

π π
 �ƒìœxß "³ò Ç̀ëOQê …è̂ ¥ ƒ	è̂ ÎOQê ã"Œ†Ç°O_d.

ªH 	̂Î#: 2sin cos sin sin
4 6 4 6 4 6

π π π π π π   
= + + −   

   

3 2 3
sin sin

12 12

π + π π − π   
= +   

   

5
sin sin

12 12

π π
= +

13. sin6 sin4θ + θ #° �|œOQê ã"Œ†Çò=ò
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ªH 	̂Î#: sin sinC D+ ~¡¶„¬O…Õ LOk.

sin sin 2sin cos
2 2

C D C D
C D

+ −
+ =

6 4 6 4
sin6 sin 4 2sin cos 2sin5 sin

2 2

θ + θ θ − θ
∴ θ + θ = = θ θ

14. cos 2 cos 4θ − θ #° �|œOQê ã"Œ†Ç°O_d.

+ −
− = −cos cos 2sin sin

2 2

C D C D
C D  …è̂ ¥ 2sin sin

2 2

C D D C+ −

2 4 4 2
cos2 cos4 2sin sin

2 2

θ + θ θ − θ
θ − θ =

2sin3 sin= θ θ

15. cos7 cos5θ + θ#° �|œOQê ã"Œ†Ç°O_d.

cos cos 2cos cos
2 2

C D C D
C D

+ −
+ =

7 5 7 5
cos7 cos5 2cos cos

2 2

θ + θ θ − θ
θ + θ =

2cos6 cos= θ θ

16. 2 2 2 2cos2 cos sin 2cos 1 1 2sinA A A A A= − = − = −  q�°= ZO Ç̀?

3
A

π
=  J~ò#

( )0 0 0 0 1
cos2 cos2 cos120 cos 90 30 sin30

3 2
A

π −
= = = + = − =

2 2 2 2 1 3 1 3 1
cos sin cos sin

3 3 4 4 4 2
A A

π π − −
− = − = − = =

2 2 1 1 2 4 1
2cos 1 2.cos 1 2.

4 1 4 2
A

− −
− = − = − = =
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2 2 1 3 4 6 1
1 2sin 1 2sin 2.

3 4 4 4 2
A

π − −
− = − = − = =

2 2 2 2cos2 cos sin 2cos 1 1 2sinA A A A A∴ = − = − = −

17. cot 2cot2A TanA A− =  Jx x~¡¶„²OKÇO_d.

ªH 	̂Î#:
1

cot
1

TanA
A TanA

TanA
− = −

21 Tan A

TanA

−
=

( )2

2

2 1 2

22

1

Tan A

TanATanA

Tan A

−
= =

−

2
2cot2

2
A

TanA
= =

18. 2 2 3
cos cos

8 8

π π
+  q�°=#° H›#°Qù#°=ò.

ªH 	̂Î#: 2 2

3
1 cos 1 cos

3 4 4cos cos
8 8 2 2

π π
+ +

π π
+ = +

1 1 1 1

1 12 2

22 2

+ −

= +

2 1 2 1 2 1 2 1 2 2

2 2 2 2 2 2 2 2

+ − + + −
= + = =

1=

19. ãH÷Ok ‹¬O Î̂~ŒÄr�…Õ sin 2Aq�°=#° H›#°HËøO_d.

)a
3

cos
5

A =  J~ò Í̀

ªH 	̂Î#: sin2 2sin cosA A A=
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4 3
2

5 5
= × ×

24
sin 2

25
A =

)b
12

sin
13

A =  J~ò Í̀

120
sin 2

169
A =

)c
16

63
TanA = J~ò Í̀

=
+

2

2
sin 2

1 tan

TanA
A

A

( )

( )

2

2

16 32 32
2

63 63 63
1 256 3969 256161
1 3963 7969

1 63

×

= = =
+

+
+

32
32 3969 201663

4225 63 4225 4225

3969

= = × =

20. D ãH÷Ok "Œx…Õ cos2A  q�°=#° H›#°HËøO_d.

5

12
TanA =  J~ò Í̀

ªH 	̂Î#:
2

2

1 25 144 25
1 1 144 144cos2

1 25 144 251
1 144 144

−
−

−
= = =

++ +

Tan A
A

Tan A

119

169
=
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21. ãH÷Ok ‹¬O Î̂~ŒÄr�…Õ 2Tan A  q�°=#° H›#°HËøO_d.

)a
3

4
TanA = J~ò Í̀

ªH 	̂Î#: 2

3 3 3
2

2 4 2 22
1 9 16 9 71
1 16 16 16

TanA
Tan A

Tan A

×

= = = =
−− −

3 16 24

2 70 7
= × =

)b
a

TanA
b

=  J~ò Í̀

ªH 	̂Î#: 2 2 2

2 2

2 2

1

1

a a

b bTanA
a b a

b b

= =
−

−

2 2

2ab
TanA

b a
=

−

22. 2 2 3
sin sin

8 8

π π
+  q�°=#° H›#°HËøO_d.

ªH 	̂Î#:
1 1 1 13

1 cos 1 cos
1 12 24 4

2 2 2 2

π π
− +− −

= + = +

2 1 2 1 2 1 2 1 2 2
1

2 2 2 2 2 2 2 2

− + − + +
= + = = =

23. ãH÷Ok ‹¬O Î̂~ŒÄr�…Õ sin3Aq�°=#° H›#°HËøO_d.

)a
2

sin
3

A =

3sin3 3sin 4sinA A A= −
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3
2 2

3. 4.
3 3

 
= −  

 

2 32 54 32 22

1 27 27 27

−
= − = =

)b sin
P

A
Q

=

3sin3 3sin 4sin= −A A A

3

3. 4.
P P

Q Q

 
= −  

 

3 2 3

3 3

3 4 3 4P P PQ P

Q Q Q

−
= − =

−
=

2 3

3

3 4pq p

q

24.
3

A
π

=  ãH÷Ok "Œ\÷x „¬ijeOKÇO_d.

)a
1 cos

2 2

A A
sin

−
=

ªH 	̂Î#:
1

6 2
sin

π
=

1 1 1
1 cos 11 2 2

2 2 2 4

−
−

= = =
A 1

2
=

)b
1 cos

2 1 cos

A A
Tan

A

−
=

+

ªH 	̂Î#:
2

A
Tan=

1

6 3
Tan

π
= =
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1 1 1
1 cos 11 2 2

1 1 31 cos 3

1 2 2

A

A

−
−

= = =
+

+

25. sin
12

π
 =°i†Çò sin

24

π
 q�°=#° H›#°HËøO_d.

ªH 	̂Î#:
1 cos

sin
2 2

A A−
=

1)
1 1 3

cos
2 31 6 1 2sin

12 2 2 4

π
− −

π −
= = =

−
=

4 2 3

8
( )

2
4 2 3 1 3 2 3 3 1− = + − = −

( )−
=

2
3 1

2 2

3 1

2 2

−
=

26. ãH÷Ok "Œ\÷ q�°=�#° H›#°Qù#°=ò.

)a sin
8

π

1 cos
1 cos 4sin sin

2 2 8 2

A A
π

−
− π

= ⇒ =

1 1

2 1 2 21 2

2 22 2

−
− −

= = =

27. θ#° Ç̀$„²ë„¬iKÍ ã„¬̂ 	¥# q�°=�° H›#°HËøO_d.
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1)
1

sin 2
2

θ =

1
sin 2 sin

2 6

π 
θ = =  

 

2
6 12

π π
θ = ⇒ θ =

∴θ ã„¬̂ 	¥#=ò ( )1
2 12

nnπ π
= + −

28. 1
3

3
Tan θ =

1
3

63
Tan Tan

π 
θ = =  

 

3
6 18

π π
θ = ⇒ θ =

θ ã„¬̂ 	¥#=ò 
π π

= + ∈
3 18

n
n I

29. θ =
2 1

sin 2
4

π 
θ = ⇒ θ = =  

 

2 1 1
sin 2 sin 2 sin

4 2 6

2
6 12

π π
θ = ⇒ θ =

θ ã„¬̂ 	¥#=ò ( )
π π

= ± − ∈1
6 12

nn
n I

30. 2 3
cos 2

4
θ =

2 3 3
cos 2 cos2 cos

4 2 6

π 
θ = ⇒ θ = ± = ±  
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2
6 12

π π
θ = = θ =

θ ã„¬̂ 	¥#=ò 
π π

= ±
2

2 2

n

π
= π ± ∈

2
n n I

31. ( ) ( )
2 2

2 2

cos cos

cos sin

B A
Tan A B Tan A B

B A

−
+ − =

−
 Jx x~¡¶„²OKÇO_d.

LHS =

( ) ( )Tan A B Tan A B= + −

( ) ( )

( ) ( )

sin sin

cos cos

A B A B

A B A B

+ −
=

+ −

2 2

2 2

sin sin

cos sin

A B

A B

−
=

−

2 2

2 2

cos cos

cos sin

B A

B A

−
=

−
RHS=

32. θ#° ̀ Ç$„²ë„¬iKÍ ã„¬̂ 	¥# q�°=#° H›#°HËøO_d.

)a
3

sin
2

θ =

3
sin sin

2 3

π
θ = =

θ  ã„¬̂ 	¥# q�°= « ( )
π

π ± − ∈1   
3

n
n n I

)b
2 1

sin
2

θ =

2 1 1
sin sin sin

2 42

π
θ = ⇒ θ = ± =
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( )
π

θ = π ± − ∈1
4

n
n n I

)c
2

sec
3

θ =

2
sec sec

33

π
θ = =

θ ã„¬̂ 	¥# q�°= 
π

= π ± ∈2
3

n n I

III. n~¡É ‹¬=¶ �̂¥# ã„¬‰×ß�° (5 =¶~¡°ø�°)

1.
π 

θ + θ = θ − 
 

cos sin 2 cos
4
 Jx x~¡¶„²OKÇO_d.

ªH 	̂Î#: Take LHS

2 2
cos sin cos sin

2 2
θ + θ = θ + θ

1 1
2 cos sin

2 2

 
= θ + θ 

 

1 1
2 cos sin

2 2

 
= θ θ 

 

2 cos cos sin
4 4

π π 
= θ + θ 

 

2 cos
4

 π 
= θ −  

  

RHS=

LHS RHS∴ =

2. 3 sin cos 2sin
6

π 
θ − θ = θ − 

 
 Jx x~¡¶„²OKÇO_d.
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ªH 	̂Î#: Take LHS =

3 2
3 sin cos 2 sin cos

2 2
θ − θ = θ − θ

3 1
2 sin cos

2 2

 
= θ − θ  

 

3 1
2 sin cos

2 2

 
= θ − θ  

 

2 sin cos cos sin
6 6

π π 
= θ − θ 

 

( )sin cos cos sin sinA B A B A B∴ − = − ~¡¶„¬O…Õ H›� Î̂°.

2sin
6

π 
= θ − 

 

RHS=

LHS RHS∴ =

3. ( )cos cos sin sin cos
4 4 4 4

A B A B A B
π π π π       

+ − + + − = +       
       

 Jx x~¡¶„²OKÇO_d.

ªH 	̂Î#: LHS =

cos cos sin sin
4 4 4 4

A B A B
π π π π       

+ − + + −       
       

Wk +cos cos sin sinA B A B  ~¡¶„¬O…Õ H›� Î̂° Hê=ô# ( )cos A B−  ~¡¶„¬O…Õ ã"Œ†Ç°Qê

cos
4 4

A B
 π π 

= + − −  
  

cos
4 4

A B
π π 

= + − + 
 

( )cos A B= +
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RHS=

LHS RHS∴ =

4. π π   
+ + = −   

   

3
1

4 4
Tan A Tan A  Jx x~¡¶„²OKÇO_d.

ªH 	̂Î#: LHS =

3

4
3

1 1
4 4

Tan TanA Tan TanA
A

Tan TanA Tan TanA

π π   
+ +   

=    
π π   − −

   

1 1

1 1

TanA TanA

TanA TanA

+ − +   
=    − +   

1 1

1 1

+ − 
= − × − + 

TanA TanA

TanA TanA

1= −

5.
cos sin

cos sin 4
Tan

θ + θ π 
= + θ 

θ − θ  

ªH 	̂Î#:
cos sin

cos sin

θ + θ
=

θ − θ

�=‚¬ð~Œ�#° cos θKÍ ƒ	ìyOKÇQê

cos sin

cos cos
cos sin

cos cos

θ θ
+

θ θ=
θ θ

−
θ θ

1

1

Tan

Tan

+ θ
=

− θ

4

1
4

Tan Tan

Tan Tan

π
+ θ

=
π

− θ
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4
Tan

π 
= + θ 

 

RHS=

LHS RHS∴ =

6. ãH÷Ok "Œ\÷x x~¡¶„²OKÇO_d.

5 4
sin cos cos

18 9 9

π π π
+ =

ªH 	̂Î#:
5 4 4 4

sin cos sin cos
18 9 2 18 9

π π π π π 
+ = − + 

 

4 4
cos cos

18 9

π π
= +

2 4
cos cos

9 9

π π
= +

2 4 2 4

9 9 9 92cos cos
2 2

π π π π   
+ −   

=    
      
   

6 2
2cos cos

18 18

π − π   
=    

   

2cos cos
3 9

π π   
=    

   

1
2. cos cos

2 9 9

π π
= =

cos
9

π
=

7.
5 7

sin sin sin 0
18 18 18

π π π
− + = Jx x~¡¶„²OKÇO_d.

ªH 	̂Î#: LHS =

« 

5 7 5 7

18 18 18 182cos sin sin
2 2 18

π π π π   
+ −    π

+   
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12 2
2cos sin sin

36 36 18

π − π π   
= +   

   

2cos sin sin
3 18 18

π π π   
= − +   

   

1
2. sin sin

2 18 18

π π
= − +

sin sin
18 18

π π
= − +

0=

RHS=

LHS RHS∴ =

8. 2 2 3
cos sin

4 12 4

π π
− =  Jx x~¡¶„²OKÇO_d.

ªH 	̂Î#: LHS =

( ) ( )2 2cos sin cos cosA B A B A B− = + −

2 2cos sin
4 12

π π
= −

cos cos
4 12 4 12

π π π π   
= + −   

   

3 3
cos cos

12 12

π + π π − π   
=    

   

2
cos cos

3 12

π π   
=    

   

1
cos

2 6

π 
= ×  

 

1 3

2 2
= ×
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3

4
= RHS=

LHS RHS∴ =

9. 21 sin 2

1 sin 2 4

A
Tan A

A

+ π 
= + 

−  
Jx x~¡¶„²OKÇO_d.

ªH 	̂Î#: LHS =

2

2 4

4
1

4

Tan TanA
Tan A

Tan TanA

π 
+ π 

+ =    π   −
 

1 
+ + +   

= = =    − −    −
 

2

2 2
sin

1 cos sin1 cos
1 sin1 cos sin

1 cos

A
TanA A AA

ATanA A A

A

2 2

2 2

cos sin 2sin cos

cos sin 2sin cos

A A A A

A A A A

+ +
=

+ −

1 sin 2

1 sin 2

A

A

+
=

−
RHS=

LHS RHS∴ =

10. =
−

sin 2
cot

1 cos2

A
A

A
 Jx x~¡¶„²OKÇO_d.

ªH 	̂Î#: 2cos2 1 2sinA A= −   =sin 2 2sin cosA A A

22sin 1 cos2A A= −

   LHS =  = 2

2sin cos

2sin

A A

A

   cot A=

LHS RHS∴ =
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11.
cos

1 sin 4 2

A A
Tan

A

π 
= − 

+  
 Jx x~¡¶„²OKÇO_d.

ªH 	̂Î#: =RHS

4 2

4 2
1

4 2

A
Tan Tan

A
Tan

A
Tan Tan

π
−

π 
− =  π  +

1
2

1
2

A
Tan

A
Tan

−

=

+

cos sin
2 2

cos sin
2 2

A A

A A

−

=

+

�= ‚¬ð~Œ�#° cos sin
2 2

A Α 
+ 

 
KÍ Q®°}÷OKÇQê

2 2

2

cos sin
2 2

cos sin
2 2

A A

A A

−

=

 
+ 

 

2 2

cos

cos sin 2sin cos
2 2 2 2

A

A A A A
=

+ +

cos

1 sin

A

A
=

+
= LHS

LHS RHS∴ =

12.
1 1

cos
2
a

a

 
θ = + 

 
 J~ò Í̀ 3

3

1 1
cos3

2
a

a

 
θ = + 

 
 Jx x~¡¶„²OKÇO_d.
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ªH 	̂Î#: 3cos3 4 cos 3cosθ = θ − θ

3
1 1 1 1

4 3
2 2
a a

a a

      
= + − +      

      

3 2

2 3

4 1 1 1 3 3
3 3

8 2 2

a
a a a

a aa a

 
= + + + − − 

 

3

3

1

2 2

a

a
= +

3

3

1 1

2
a

a

 
= + 

 

13.
1

sin sin sin
3 3 4

π π   
α + α − α =   

   
Jx x~¡¶„²OKÇO_d.

1 2
sin sin sin sin cos2 cos

3 3 2 3

π π π     
α + α − α = α α −     

     

2 21
sin 1 2sin 1 2sin

2 3

 π 
= α − α − −  

  

2 21
2. sin sin sin

2 2

π 
= α − α 

 

3
23 3sin 4sin

sin sin
4 4

α − α 
= α − α = 

 

1
sin3

4
= α

14.
1

cos cos cos cos3
3 3 4

π π   
α + α − α = α   

   

ªH 	̂Î#:  = LHS

cos cos cos
3 3

π π   
= α + α − α   
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2 2cos cos sin
3

π 
= α − α 

 

21
cos sin

4

 
= α − α 

 

21 4 4 cos
cos

4

 − + α
= α  

 
 

( )31
4 cos 3cos

4
= α − α

1
cos3

4
= α

15. 22sin 3 cos 1 0θ + θ + = #° ̀ Ç$„²ë„¬iKÍ ã„¬̂ 	¥# q�°=#° H›#°HËøO_d.

ªH 	̂Î#: ( )22 1 cos 3 cos 1 0− θ + θ + =

22 2cos 3 cos 1 0− θ + θ + =

22cos 3 cos 3 0− θ + θ + =

22cos 3 cos 3 0θ − θ − =

22cos 2 3 cos 3 cos 3 0θ − θ + θ − =

22cos 3 cos 2 3 cos 3 0θ + θ − θ − =

( ) ( )2cos cos 3 3 cos 3 0θ θ − + θ − =

( ) ( )cos 3 2cos 3 0θ − θ + =

1) cos 3∴ θ =  ;
3

2cos 3 cos
2

−
θ = − ⇒ θ =

∴θ  ã„¬̂ 	¥# q�°= LO_È̂ Î°.

2) 3
cos

2

−
θ =  Hê=ô# ∴θ  ã„¬̂ 	¥# q�°= 

π
π ±

5
2

6
n
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16. 24cos 4sin 1θ − θ = #° Ç̀$„²ë„¬iKÍ ã„¬̂ 	¥# q�°=#° H›#°Qù#°=ò.

ªH 	̂Î#: ( )24 1 sin 4sin 1− θ − θ =

24 4sin 4sin 1− θ − θ =

24sin 4sin 3− θ − θ = −

24sin 4sin 3 0θ + θ − =

24sin 6sin 2sin 3 0θ + θ − θ − =

( ) ( )θ θ + − θ + =2sin 2sin 3 1 2sin 3 0

( ) ( )2sin 1 2sin 3 0θ − θ + =

1
2sin 1 0 sin sin

2 6

π
θ − = ⇒ θ = =

θ ã„¬̂ 	¥# q�°= « ( )1
6

n
n

π
π + −

17. cos 3 sin 2cos
3

π 
θ − θ = θ + 

 
 Jx x~¡¶„²OKÇO_d.

ªH 	̂Î#: LHS =

cos 3 sin= θ − θ

1 3
2 cos sin

2 2

 
= θ − θ 

  

2 cos cos sin sin
3 3

π π 
= θ − θ 

 

2 cos
3

 π 
= θ +  

  

RHS=
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18.
4

A B
π

+ =  J~ò Í̀ ( ) ( )1 1 2TanA TanB+ + =  Jx x~¡¶„²OKÇO_d.

ªH 	̂Î#:
4

A B
π

+ =

( )
4

Tan A B Tan
π

+ =

1
1

TanA TanB

TanATanB

+
=

−

1+ = −TanA TanB TanATanB

1+ + =TanA TanBTanA TanB

1 1 1TanA TanB TanA TanB+ + + + = +

( )1 1 2TanA TanB TanA+ + + =

( ) ( )1 1 2TanA TanB+ + =

19. ( ) ( ) ( )sin sin sin
0

cos cos cos cos cos cos

A B B C C A

A B B C C A

− − −
+ + =  Jx x~¡¶„²OKÇO_d.

LHS =

ªH 	̂Î#:
sin cos cos sin sin cos cos sin sin cos cos sin

cos cos cos cos cos cos

A B A B B C B C C A C A

A B B C C A

− − −
= + +

sin cos cos cos sin cos cos sin cos cos cos sin sin cos cos cos cos sin

cos cos cos

A B C A B C A B C A B C C A B B C A

A B C

− + − + −
=

0

cos cos cosA B C
= RHS=

LHS RHS∴ =

20.
cos sin

2 sec 2
cos sin

Tan
θ + θ

= θ + θ
θ − θ

LHS =
cos sin cos sin

cos sin cos sin

θ + θ θ + θ
= ×

θ − θ θ + θ
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( )
2

2 2

cos sin

cos sin

θ + θ
=

θ − θ

2 2cos sin 2sin cos

cos2

θ + θ + θ θ
=

θ

1 sin 2

cos2

+ θ
=

θ

1 sin 2

cos2 cos2

θ
= +

θ θ

sec 2 2Tan= θ + θ RHS=

LHS RHS∴ =

21.
2 4 8 1

cos cos cos
9 9 9 8

π π π −
=  Jx x~¡¶„²OKÇO_d.

ªH 	̂Î#:
2 4

cos cos cos
9 9 9

C
π π π 

= π − 
 

2 4
cos cos cos

9 9 9
C

π π π
= −

2 4
sin sin sin

9 9 9
S

π π π
=

2 2 4 4
. sin cos sin cos sin cos

9 9 9 9 9 9
C S

π π π π π π
= −

1 2 2 2 2 4 4
2sin cos sin cos sin cos

2 9 9 2 9 9 2 9 9

− π π π π π π    
=    

    

− π π π     
=      

     

1 2 1 4 1 8
sin sin sin

2 9 2 9 2 9

1 2 4
. sin sin sin

8 9 9 9
C S

− π π π 
=  
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1
. .

8
C S S

−
=

1

8
C

−
=

2 4 8 1
cos cos cos

9 9 9 8

π π π −
∴ =

22.
sec8 1 8

sec4 1 2

A Tan A

A Tan A

−
=

−
 Jx x~¡¶„²OKÇO_d.

ªH 	̂Î# LHS =

sec8 1

sec 4 1

A

A

−
=

−

1 1 1 cos8

cos8 1 cos8
1 1 1 cos4

cos4 1 cos 4

A

A A
A

A A

−
−

= =
−

−

1 cos8 cos4

cos8 1 cos4

A A

A A

−
= ×

−

=

2

2

2sin 4 cos4

cos8 .2sin 2

A A

A A

2sin4 cos4 sin4

cos8 .2sin2 .sin2
=

A A A

A A A

sin8 2sin 2 cos2

cos8 2sin 2 sin 2

A A A

A A A
= ×

tan8 cot2A A= ×

8

2

Tan A

Tan A
= RHS=

LHS RHS∴ =
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23. sin sin 2 sin3 sin4 0θ + θ + θ + θ =  ªHk	OKÇO_d.

ªH 	̂Î# ( ) ( )θ + θ + θ + θ =sin 3 sin sin 4 sin 2 0

2sin2 cos 2sin3 cos 0θ θ + θ θ =

( )2cos sin 2 sin 3 0θ θ + θ =

2cos 0θ =  …è̂ ¥ sin2 sin3 0θ + θ =

cos 0θ = …è̂ ¥ 
2 3 2 3

2sin cos 0
2 2

θ + θ θ − θ
=

cos 0θ = …è̂ ¥ 
5

2sin cos 0
2 2

θ θ
=

cos 0θ = …è̂ ¥ 
5

sin 0
2

θ
= …è̂ ¥ cos 0

2

θ
=

2

5

nπ
θ = …è̂ ¥ 

π
θ = π + ∈

2
n n I …è̂ ¥  ( )2 1 ,θ = − π ∈n n I

IV. "Œ¼‹¬~¡¶„¬ ‹¬=¶ �̂¥# ã„¬‰×ß�° (8 =¶~¡°ø�°)

1. D ãH÷Ok "Œ\÷x x~¡¶„²OKÇO_d.

)a
sin sin3 sin5 sin7

4
cos cos3 cos5 cos7

Tan
θ + θ + θ + θ

= θ
θ + θ + θ + θ

LHS =

7 7 3 5 3 5
2sin cos 2sin cos

2 2 2 2

7 7 3 5 3 5
2 cos .cos 2 cos .cos

2 2 2 2

θ + θ θ − θ θ + θ θ − θ       
+       

       
=

θ + θ θ − θ θ + θ θ − θ       
+       

       

2sin 4 cos3 2sin 4 cos

2cos4 cos3 2cos4 cos

θ θ + θ θ
=

θ θ + θ θ

sin 4 cos3 sin 4 cos

cos4 cos3 cos4 cos

θ θ + θ θ
=

θ θ + θ θ
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( )

( )

sin 4 cos3 cos

cos4 cos3 cos

θ θ + θ
=

θ θ + θ

4Tan= θ RHS=

LHS RHS∴ =

2. ( ) ( )
2 2 2cos cos sin sin 4cos

2

α − β 
α + β + α + β =  

 
Jx x~¡¶„²OKÇO_d.

ªH 	̂Î#: LHS =

2 2 2cos cos 2cos cos sin sin 2sin sin2
= α + β + α β + α + β + α β

( )2 2 cos cos sin sin= + α β + α β

 ∴ α + α =
 =
 ∴ β + β = 

2 2

2 2

sin cos 1

sin cos 1

( )2 2cos= + α − β

( )( )2 1 cos= + α − β

22.2cos
2

α − β 
=  

 

24 cos
2

α − β 
=  

 

RHS=

LHS RHS∴ =
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18

q…Õ=° ãuHË}q°f†Ç° ã„¬"Í°†Ç¶�°
ã H÷Ok J 	̂¥¼† Ç°O… Õ h=ô  ã„¬"Í° †Ç°  x~¡ÞK Ç# O, q q 	̂Î ~¡H ê" ã„¬"Í° †Ç¶"°  Q®° iOz K Çk"Œ=ô .  q …Õ= ° ã „¬"Í° † Ç° O

Q®° iOz ä ›,_ ¨  = ° # O ³̀"° ‹¬° ä ›½ <Œß = ò.  "Œ\÷x ‹¬OH ÷Æ„¬ëOQê Q®° ~¡° ëä ›½  ̀ ³K Ç° ó ä ›½ O^¥O !!

'f Ñ  J<Ík A # ° O_ =  B H ÷ X H › kÞQ®° }  ã „¬"Í° † Ç° O
J# ° H ù x,  'y Ñ  J<Ík B … Õ X H › = ü"H ›O J~ò# „¬ô _ È°
f (x) = y ‹¬Oã Q®‹¬ëO JQ®° #@ ° Á Ax∈  LO_ È° #° . 'f Ñ  J<Ík
J<ÍÞH ›O ä ›,_ ¨  H ê= ô #  'x Ñ   J<Ík UïH áH ›O.

D q 	̂ÎOQê f (x) = y JQ®° # @ ° Á ã „¬u By ∈  H ÷ A
… Õ x J<Í UïH áH › = ü"H ›O Ax∈  = ô O_ È° # ° .

H ê= ô #  1
f

−  J<Í  ã „¬"Í° † Ç¶xß  1 : B Af
−

→  Qê x~¡ÞzOK Ç= K Ç° ó .

1( ) ( )f y x f x y
−

∴ = ⇔ =

Ì „á#  À „~ù ø # ß  1
f

−  # °  f   ä ›½  ''q … Õ=°  ã „¬"Í° † Ç° OÑ Ñ JO\ì~¡°.  U ³̂á#  X H › ã „¬"Í° † Ç° O q… Õ= ° O Hê"Œ"O>è Jk

kÞQ®° } O J~ò Í̀<Í ªR 	̂Î¼= ° Q®° # ° .

D ‹¬O Î̂~¡Ä TO… Õ 1
f

−  † ³òH ›ø  ã „¬̂ Í‰ ×O f  ä ›½  "Œ¼„²ë = ° i† Çò 1
f

−  "Œ¼„²ë,  f  ä ›½  ã „¬̂ Í‰ ×O JQ®° # ° .

1
f

−  "Œ¼„²ë « f  ã „¬̂ Í‰ ×O    1
f

−  ã „¬̂ Í‰ ×O « f  "Œ¼„²ë.

= ° ~ù H › L^¥‚¬ì~¡}  f‹¬° ä ›½ O>è :

X H › ã „¬"Í° † Ç° O f  :  car  →  ilã À ‹“+¬<£ <³O.
     g : ilã À ‹“+¬<£ <³O. →  car Qê ã "ŒÀ ‹ë
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'f  ' ã „¬̂ Í‰ ×O,  'g' "Œ¼„²ë = ° i† Çò ' f  ' "Œ¼„²ë,   'g'  H ÷ ã „¬̂ Í‰ ×O JQ®° # ° .  H ê= ô #  'g Ñ  x 'f  Ñ  ä ›½  q … Õ= °  ã „¬"Í° † Ç° O
JO Î̂°~¡°.

i.e.,  g = 1
f

−

D J 	̂¥¼†Ç° O… Õ q … Õ=°  ã uHË } q °f† Ç°  ã „¬"Í° † Ç¶" Q®° iOz,  "Œ\÷ ã„¬̂ Í‰§"° ,  "Œ¼„²ë = °i† Çò "Œ\÷…Õx ‹¬= ° ‹¬¼"# °
‹¬¶H ©ÆàH ›iOK Ç_ ÈO <Í~¡° ó ä ›½ O\ì= ò.

�HÆê¼�°:

� q … Õ= °  ã uH Ë } q ° f† Ç°  ã „¬"Í° † Ç¶xß  x~¡ÞzOK Ç_ ÈO.

� UU ‹¬O Î̂~ŒÄ "… Õ q … Õ= °  ã uH Ë } q ° f† Ç°  ã „¬"Í° † Ç° O = ¼= ‹²Ö̀ Ç= ° = ô Ç̀° O^Ë  K ³„¬æ Q®"Q®_ ÈO.

� q … Õ= °  ã uH Ë }  q ° f† Ç°  ã „¬"Í° † Ç¶" ã „¬̂ Í‰ ×O,  ã "Œ¼„²ëx x~¡ÞzOK Ç_ ÈO.

� q … Õ= °  ã uH Ë }  q ° f† Ç°  ã „¬"Í° † Ç¶" 	̂Î~Œà"# °  K ³„¬æ Q®"Q®_ ÈO.

� q … Õ= °  ã uH Ë }  q ° f† Ç°  ã „¬"Í° † Ç¶"`Ë  ä ›,_ =#  ‹¬= ¶ªR"# °  ‹¬¶H ©ÆàH ›iOK Ç_ ÈO.

=òMì¼O‰§�°

D ã „¬"Í° † Ç¶"°  ã H ÷Ok ã „¬̂ Í‰ §"# °  x~¡Þz Ç̀= ° = ô `Œ~ò.

1. 1sin x y
−

=  J~ò#  sin ;  1 1  
2 2

y x x y
π π

= − ≤ ≤ − ≤ ∈

2. 1cos x y
−

=  J~ò#  cos ;  1 1   0y x x y= − ≤ ≤ ≤ ≤ π

3. 1tan x y
−

=  J~ò#  tan ;   R
2 2

y x x y
π π 

= ∈ − < < 
 

4. 1cot x y
−

=  J~ò#  [ ]cot ;  R 0y x x y= ∈ < < π

5. 1
sec x y

−
=  J~ò#  sec ;   1;   0 y

2
y x x

π
= ≥ ≤ ≤  … è̂ ¥ 1,

2
x y

π
≤ − < ≤ π

6. 1cosec x y
−

=  J~ò#  cosec ;  1  0
2

y x x y
π

= ≥ < ≤  … è̂ ¥ 1, 0
2

x y
−π

≥ − ≤ <

7. ( ) ( ) ( )1 1 1sin sin ,  tan tan ,  tan tan− − −
θ = θ θ = θ θ = θ  = ° i† Çò ( )1

sin sin
−

θ = θ .
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8. 1 1 1 1 1 11 1 1
cosec sin ,  cot tan ,  sec cosx x x

x x x

− − − − − −     
= = =     

     

9. ( ) ( ) ( )1 1 1 1 1 1sin sin , tan tan ,cos cosx x x x x x
− − − − − −

− = − − = − − = π −

10. ( )1 1 1 1 1 1sin cos ;  tan cot ,  cosec sec
2 2 2

x x x x x x
− − − − − −π π π

+ = + = + =

11.
1 1 1 1 1 1tan tan tan ;  tan tan tan

1 1

x y x y
x y x y

xy xy

− − − − − −   + −
+ = − =   

− +   

12.
2

1 1 1 1

2 2 2

2 1 2
2 tan sin cos tan

1 1 1

x x x
x

x x x

− − − −
 −   

= = =     + + −    

13. 1 1 1 2 2
sin sin sin 1 1x y x y y x

− − −  ± = − ± −
  

14. 1 1 1 2 2
cos cos cos 1 1x y xy x x y

− − −  ± = − −
  
∓

I. ‹¬Þ�æ ‹¬=¶ 
̂¥# ã„¬‰×ß�° (2 =¶~¡°ø�°)

ã H ÷Ok "Œ\÷ ã „¬̂ 	¥#  q "° = "°  H ›# ° H Ë ø O_ =.

1. 1 3
cos

2

−

ªR 	̂Î#  : 1 3
cos

2

−
= θ  J# ° Hù # ° =ò.

3
cos cos

2 6

π
θ = =

6

π
∴θ =
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2. 1 1
tan

3

− − 
 
 

ªR 	̂Î#  : 1 1
tan

3

− − 
= θ 

 
 J#° Hùx#

1
tan tan

63

− −π   
θ = =   

  

6

−π
⇒ θ =

3. ( )1
tan 3

−

ªR 	̂Î#  : ( )1
tan 3

−
= θ  J#°Hù x#

tan 3 tan
3

π
θ = =

    
3

π
θ =

4. 1 1
cos cos

3

− 
 
 

ªR 	̂Î#  : 1 1
cos cos

3

− 
 
 

 1 1 1
cos cos

3 3

−
∴ = θ⇒ θ =

5. 1 2
cos cosec

3

− 
 
 

ªR 	̂Î#  : 1 2
cosec

3

−
= θ  J#° Hùx#

2 1 2
cosec

sin3 3
= ⇒ =

θ
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3
sin

2
⇒ θ =    2 1 3

cos 1 sin
1 4

∴ θ = − θ = −

1 1
cos

4 2
θ = =

6. ( )1tan sec 2−

ªR 	̂Î#  : ( )1
tan sec 2

−

1sec 2−
= θ  J#° Hùx#

2sec 2    tan sec 1θ = ⇒ θ = θ −

tan 2 1 1θ = − =

ã H ÷Ok ‹¬= ¶ªR"# °  ‹¬¶H ©ÆàH ›iOK ÇO_ =.

7. ( )1sec tan x
−

ªR 	̂Î#  : 1
tan x

−
= θ  J# ° H ù x#  tan xθ =

2 2sec 1 tan 1 xθ = + θ = +

8. ( )1 2
tan sin 1 x

−
−

ªR 	̂Î#  : 1 2
sin 1 x

−
− = θ  J#° Hùx#

2
1

sin
1

x−
θ =

2
1

tan
x

x

−
θ =
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II. n~¡É‹¬=¶ 
̂¥# ã„¬‰×ß�°  ( 5 =¶~¡°ø�°)

1. 1 1 11 1 2
tan tan tan

7 13 9

− − −     
+ =     

     
 Jx K Ç¶„¬ô = ò.

ªR 	̂Î#  : Take LHS

1 1 1
tan A tan A

7 7

−  
= ⇒ = 

 

1 1 1
tan B tan B

13 13

−  
= ⇒ = 

 

( )

1 1

tan A tan B 7 13tan A+B
1 1 11 tan A tan B

.
1 7 13

+
+

= =
− −

−

    

13 7

20 213.7
91 1 90 9

13.7

+

= = =
−

  ( )
2

tan A B
9

+ =

1 2
A B tan

9

−  
+ =  

 

1 1 11 1 2
tan tan tan

7 13 9

− − −
∴ + =

2. 1 1 14 12 33
cos cos cos

5 13 65

− − −     
+ =     

     
 x~¡¶„²OK ÇO_=.

ªR 	̂Î#  : ( )1 1 1 2 2cos cos cos 1 1x y xy x y
− − −

+ = − − −

1 1 14 12 4 12 16 144
cos cos cos 1 1

5 13 5 13 25 169

− − −
    

+ = × − − −    
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  1 48 3 5
cos

65 5 13

−  
= − × 

 

  1 1 148 3 48 15 33
cos cos cos

65 13 65 65

− − −−     
= − = =     

     

3. 1 11 1
tan tan    0

1 2

x
x x

x

− −− 
= > 

+ 
 ªRk	OK ÇO_ =.

ªR 	̂Î#  : tanx = θ  J#° Hùx#

( )1 11 tan 1
tan tan tan

1 tan 2

− −− θ 
= θ 

+ θ 

1 1
tan tan

4 2

−  π 
− θ = θ  

  

    
1

4 2

π
− θ = θ

2
.

4 3 6

π π
θ = =

      
1

tan
6 3

x
π 

∴ = = 
 

4.     
2

1 1

2 2

1 2 1
tan sin cos

2 1 1

x y

x y

− −
 −

+ 
+ +  

 Q®}÷OK ÇO_ =.

ªR 	̂Î#  : tan Ax =  J# ° H ù # ° = ò.   tan By =  J# ° H ù # ° = ò.

2
1 1

2 2

1 2 tan A 1 tan B
tan sin cos

2 1 tan A 1 tan B

− −
  − 

= +     + +    

( ) ( )1 11
tan sin sin 2A cos cos2B

2

− − = +
 

[ ]
1

tan 2A 2B
2

= +

[ ]tan A B= +
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tan A tan B

1 tan A tanB

+
=

−

1

x y

xy

+
=

−

5. 1 1 13 8 77
sin sin sin

5 17 85

− − −     
+ =     

     
 Jx x~¡¶„²OKÇO_ =.

ªR 	̂Î#  : 1 3 3 4
sin A sin A   cosA

5 5 5

−  
= ⇒ = ∴ = 

 

1 8 8
sin B sin B

17 17

−
= ⇒ =

15
cosB

17
=

    ( )sin A B sin A cosB cos Asin B+ = +

3 15 4 8

5 17 5 17
= × + ×

45 32

85 85
= +

    ( )
77

sin A B
85

+ =

1 77
A B sin

85

−  
+ =  

 

1 1 13 8 77
sin sin sin

5 17 85

− − −  
∴ + =  

 

6. 1 1 11 1 23
2 tan tan tan

2 5 11

− − −   
+ =   

   

ªR 	̂Î#  : Take LHS
1 1

2

2
2 tan tan

1

x
x

x

− −  
∴ =  

− 
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   LHS 
1 1

1
2

12tan tan
1 5

1
4

− −

 
×   

= +   
  −

 

1 14 1
tan tan

3 5

− −   
= +   

   

1

4 1

3 5tan
4 1

1 .
3 5

−

 
+ 

=  
 −
 

1

20 3

15tan
15 4

15

−

+ 
 

=  
−

 
 

1 23
tan

11

−  
=  

 

RHS=

LHS RHS∴ =

7. ( )1 1 11 1
tan 2 tan tan 2

2 3

− − −   
+ =   

   

ªR 	̂Î#  :
− −  

=  
− 

∵
1 1

2

2
2 tan tan

1

x
x

x

LHS
1 1

2

1 3tan tan
12

1
9

− −

 
  

= +   
   −
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1 11 3
tan tan

2 4

− −   
= +   

   

1

1 3

2 4tan
1 3

1 .
2 4

−

 
+ 

=  
 −
 

1 1

2 3

4tan tan (2)
5

8

− −

+ 
 

= = 
 
 

        RHS=

LHS RHS∴ =

III.  "Œ¼‹¬~¡¶„¬ ‹¬=¶ 
̂¥# ã„¬‰×ß�°  ( 8 =¶~¡°ø�°)

1. X H ›"Í̂ × 1 1 1cos cos cosx y z
− − −

+ + = π  J~ò Í̀

2 2 2 2 1x y z xyz+ + + =  Jx x~¡¶„²OK ÇO_ =.

ªR 	̂Î#  : 1
cos A cos Ax x

−
= ⇒ =

1cos B cos By y
−

= ⇒ =

1
cos C cos Cz z

−
= ⇒ =

A + B + C∴ = π

2 2 2 2 2 2cos A cos B cos Cx y z+ + = + +

2 2 2
cos A 1 sin B cos C= + − +

( )2 2 21 cos A sin B cos C= + − +

( ) ( ) 21 cos A+B cos A B cos C= + − +

( ) ( ) 21 cos C cos A B cos C= − π − + +

( ) ( )1 cosC cos A B cos A B = − − + + 
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[ ]1 cosC 2 cosA cosB= −

    2 2 2
1 2x y z xyz+ + = −

2 2 2
2 1x y z xyz∴ + + + =

2.
1 11 2

sin sin
25 5

− − π   
+ =   

   
 Jx x~¡¶„²OKÇO_ =.

ªR 	̂Î#  : 1 11 2
sin ;    sin

5 5

− −   
= α = β   

   

1 2
sin     sin

5 5
α = β =

2
1

cos 1
5

 
α = −  

 

1 4
sin

1 5
β = −

5 1
cos

5

−
α =

1
cos

5
β =

2
cos

5
α =

1
cos

5
β =

    ∴  ( )sin sin cos cos sinα + β = α β + α β

1 1 2 2

5 5 5 5
= × + ×

1 4

5 5
= +

    ( )
5

sin
5

 
α + β =  

 

( ) ( )1 1sin 1 sin sin
2

− − π 
α + β = =  
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2

π
α + β =

1 11 2
sin sin

25 5

− − π   
∴ + =   

   

3. 1 1 14 5 16
sin sin sin

5 13 65 2

− − − π
+ + =  Jx x~¡¶„²OKÇO_ =.

ªR 	̂Î#  : 1 4 4 3
sin sin ;   cos

5 5 5

−
= α⇒ α = α =

1 5 5 12
sin sin ;   cos

13 13 13

−
= β⇒ β = β =

  ( )cos cos cos sin sin∴ α + β = α β − α β

3 12 4 5
.

5 13 5 13
= −

    ( )
16

cos
65

α + β =

1 16
cos

65

−  
∴α + β =  

 

1 1 14 5 16
sin sin cos

5 13 65

− − −
∴ + =

LHS∴

1 1 14 5 16
sin sin sin

5 13 65

− − −      
= + +      

      

1 116 16
cos sin

65 65

− −
= +

2

π
= ( 1 1

sin cos
2

x x
− − π

+ =∵ )

LHS RHS∴ =
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19

ãuƒ � ’ °[=ò  †³ ò H› ø ƒ� ’ °*ì�ä› ½ =°i†Ç ò
HË}ì�ä› ½ Q®� ‹¬O |O ^� ÎO

ãH÷̀ ÇO J 
̂¥¼†Ç°O…Õ =°#O "Œ‹¬ë= ‹¬OY¼� †³òH›ø ãuHË}q°f†Ç° x+¬æ Ç̀°ë�°, "Œ\÷ =° 
̂Î¼ ‹¬O|O 
̂ÎO ãuHË}q°f†Ç°

x+¬æ Ç̀°ë� ö~Mìzã`Œ�° w†Ç°_ÈO, D ö~Mìzã`Œ� #°O_3 "Œ\÷ �H›Æ}ì�#° KÇk"Œ=ò =°i†Çò "Œ‹¬ë= ‹¬OY¼� †³òH›ø

ãuHË}q°f†Ç° x+¬æ Ç̀°ë� "³ò Ç̀ë=ò =°i†Çò ƒè̂ 
Î=ò Q®°iOz Q®°}÷[, Q®°}÷[ HË}ì� ãuHË}q°f†Ç° x+¬æ Ç̀°ë�°

KÇk"Œ=ò. =°i†Çò q…Õ=° ãuHË}q°f†Ç° x+¬æ Ç̀°ë�°, "Œ\÷ 
̂Î~Œà�° =°i†Çò "Œ\÷Ì„á P 
̂¥~¡„¬_3# ƒ
ì=#�ä›½

‹¬O|Ok
Oz# ªG 
̂Î# ‹¬=°‹¬¼�¶ KÇk"Œ=ò.

D J 
̂¥¼†Ç°O…Õ ãuƒ
’°[O †³òH›ø ƒ
’°*ì�° =°i†Çò HË}ì�=° 
̂Î¼ ‹¬O|O 
̂¥xH÷ ‹¬O|Ok
Oz# „¦¬e`Œ�

Q®°iOz ̀ ³�°‹¬°Hù#°@ä›½ ã„¬†Ç°uß^¥œO.

�HÆê¼�° :

1. Ì‹á<£ ‹¬¶ã`Œ�°, HùÌ‹á<£ ‹¬¶ã`Œ�° =°i†Çò qöHÆ„¬ ‹¬¶ã`Œ�#° x~¡ÞzOKÇQ®�=ò.

2. ‹¬=°‹¬¼� ªG 
̂Î#…Õ g\÷x J#°=iëOKÇ_ÈO.

=òMì¼O‰§�° :

1. Ì‹á<£ ‹¬¶ã Ç̀O :
sin sin sin

a b c

A B C
= =

2. HùÌ‹á<£ ‹¬¶ã`Œ�°:
2 2 2

cos
2

b c a
A

bc

+ −
=

2 2 2

cos
2

c a b
B

ca

+ −
=

2 2 2

cos
2

a b c
C

ab

+ −
=
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3. qöHÆ„¬ ‹¬¶ã`Œ�° : cos cosa b c c B= +

cos cosb c A a C= +

cos cosc a B b A= +

I. n~¡É‹¬=¶ �̂¥# ã„¬‰×ß�°  ( 5 =¶~¡°ø�°)

sin  ‹¬¶ã`Œxß L„¬†³¶yOz ãH÷Ok "Œ\÷x x~¡¶„²OKÇO_3.

1.
2

2

A B
Tan

a b

A B a b
Tan

−

−
=

+ +

ªG 
̂Î#:
sin sin

a b
K

A B
= =  J#°Hù#°=ò

sin
sin

a
K a K A

A
= ⇒ =

sin
sin

b
K b K B

B
= ⇒ =

sin sin

sin sin

a b K A K B

a b K A K B

− −
=

+ +

( )

( )

sin sin

sin sin

K A B

K A B

−
=

+

2cos sin
2 2

2sin cos
2 2

A B A B

A B A B

+ −

=
+ −

cot .
2 2

A B A B
Tan

+ −   
=    
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2

2

A B
Tan

A B
Tan

− 
 
 

=
+ 

 
 

2. ( )sin cos
2 2

B C A
a b c

−
= −

ªG 
̂Î#: RHS =

( ) ( )cos sin sin cos
2 2

A A
b c K B K C− = −

( )sin sin cos
2

A
K B C= −

2cos sin cos
2 2 2

B C B C A
K

+ −
=

90
2 2

B C A+
= −

sin
2 2

B C A
cos

+
=

2 sin sin cos
2 2 2

A B C A
RHS K

−
=

sin .sin
2

B C
K A

−
=

sin
2

B C
a

−
=

LHS=

3. , cot
2 2

b c B C B C
Tan

b c

+ + −
=

−

ªG 
̂Î#: LHS : 
( )

( )

sin sinsin sin

sin sin sin sin

K B Cb c K B K C

b c K B K C K B C

++ +
= =

− − −
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sin sin

sin sin

B C

B C

+
=

−

2sin cos
2 2

2cos sin
2 2

B C B C

B C B C

+ −

=
+ −

cot
2 2

B C B C
Tan

+ −
=

RHS=

4. U ³̂á# ãuƒ
’°[=ò…Õ 
cos cos

a b

A B
=  J~ò Í̀ Jk ‹¬=°kÞƒì‚¬• ãuƒ
’°[=ò JxKÇ¶„¬O_3.

ªG 
̂Î#:
cos cos

a b

A B
=

cos cosa B b A=

= = =
sin sin sin

a b c
k

A B C
 J#°ä›½O>è

∴ = =sin ;   sina k A b k B

cos cos 0a B b A− =

sin cos sin cos 0K A B K B A− =

( )sin cos cos sin 0K A B A B− =

( )sin 0K A B− =

( )sin 0A B⇒ − =

0A B A B⇒ − = ⇒ =

ABC∴∆ ‹¬=°kÞƒì‚¬ú ãuƒ
’°[O.

5. sin‹¬¶ã`Œxß L„¬†³¶yOz ( ) ( ) 2cos cos 2 cos
2

a C B b c
Α

− = −
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ªG 
̂Î#:
sin sin sin

a b c
K

A B C
= = = J#°Hù#°=ò.

sin ; sin ; sina K A b K B c K C= = =

RHS =

( )= −
22 sin sin cos

2

A
K B C

+ − 
=  

 

22 2cos .sin cos
2 2 2

B C B C A
K

24 sin sin cos
2 2 2

B C A
K

Α −
=

2 sin sin cos
2 2

B C A
K A

−
=

2 sin sin
2 2

B C B C
a

− +
=

[ ]cos cosa C B= −

RHS=

6. U ³̂á<Œ ãuƒ
’°[O…Õ 
2 2 2cos cos cos

2

A B C a b c

a b c abc

+ +
+ + =

ªG 
̂Î#: LHS =

2 2 2 2 2 2 2 2 2

2

a c a a c b a b c

abc

+ − + + − + + −
=

2 2 2

2

a b c

abc

+ +
=

RHS=

7. ABC∆ …Õ 060A∠ = …Õ 1
b c

c a c b
+ =

+ +
Jx x~¡¶„²OKÇO_3.

ªG 
̂Î#:
2 2 2

060 cos
2

b c a
A A

bc

+ −
∠ = ⇒ =
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2 2 21

2 2

b c a

bc

+ −
⇒ =

2 2 2
b c a bc+ − =  …è̂ ¥ 2 2 2

b c a bc+ = + ... (1)

RHS = ( ) ( )

2 2
b c ab b c ac

c a c b c a a b

+ + +
+ =

+ + + +

( ) ( )

2
ab ac a bc

c a a b

+ + +
=

+ +
.. (1) #°O_3.

( ) ( )

( ) ( )

a a b c a b

c a a b

+ + +
=

+ +

( ) ( )

( ) ( )

a b a c

a b a c

+ +
=

+ + 1=

8. ( ) ( ) ( )sin sin sin 0a B C b C A C A B− + − + − =  Jx x~¡¶„²OKÇO_3.

ªG 
̂Î#:
sin sin sin

a b c
K

A B C
= = =  J#°Hù#°=ò

( ) ( ) ( )sin sin sin sin sin sinK A B C K B C A K C A B= − + − + −

( ) ( )[sin sin cos cos sin sin sin cos cos sinK A B C B C B C A C A= − + −

( )sin sin cos cos sinC A B A B+ −

[sin sin cos sin cos sin sin sin cosK A B C A B C B C A= − +

sin sin cos sin sin cos sin sin cos ]A B C A C B B C A− + −

( )0K=

0=

RHS=

9.
cos sin

cos sin

a b C C

c b A A

−
=

−

ªG 
̂Î#: LHS =
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cos

cos

a b C

c b A

−
=

−

cos cos cos

cos cos cos

b C c B b C

a B b A b A

+ −
=

+ −

=
cos

cos

c B

a B

sin

sin

c C

a A
= =

RHS=

10. ABC∆ …Õ ( ) 2 cot
2 2 2

A B C
a b c Tan Tan c

 
+ + + = 

 
JxKÇ¶„¬ô=ò.

ªG 
̂Î#: LHS = ( )
2 2

A B
a b c Tan Tan

 
+ + + 

 

( ) ( )
2
 ∆ ∆

= +  − − 
s
s s a s s b

( ) ( )

 
= ∆ +  − − 

1 1
2

s a s b

( ) ( )

 − + −
= ∆  

− −  
2

s b s a

s a s b

( ) ( )

 ∆
=  

− −  
2C

s a s b

2 cot
2

C
C=

LHS RHS=

11. sin cos
2 2 2

A B a b C− − 
= 

 
 JxKÇ¶„¬O_3.
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ªG 
̂Î#:
2cos sin

sin sin 2 2

sin
2sin cos

2 2

A B A B

a b A B

C Cc C

+ −

− −
= =

−

=

2 sin sin
2 2

2 sin cos
2 2

C A B

C C

sin
2

cos
2

A B

a b

Cc

−

−
=

( )
cos sin

2 2

A Ba b C

c

−−
∴ =

12. ( ) ( )
2 22 2 2cos sin

2 2

B B
c a c a b− + + =  JxKÇ¶„¬O_3.

ªG 
̂Î#: LHS =

( ) ( )2 2 2 2 2 22 cos 2 sin
2 2

B B
c a ca c a ca= + − + + +

( )2 2 2 2 2 2cos sin 2 cos sin
2 2 2 2

B B B B
c a ca

   
= + + − −  

   

2 2 2 cosc a ca B= + −

2
b=

RHS= .
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II.  "Œ¼‹¬~¡¶„¬ ‹¬=¶ �̂¥# ã„¬‰×ß�°  ( 8 =¶~¡°ø�°)

U ³̂á<Œ ãuƒ
’°[O…Õ H÷O Î̂ "Œ\÷x x~¡¶„²OKÇO_3.

1.
2 2 2 2 2 2

2 2 2
sin 2 sin 2 sin 2 0

b c c a a b
A B C

a b c

− − −
+ + =

ªG 
̂Î#:
2 2 2 2 2 2 2

2 2 2 2

sin sin sin sin
sin 2 sin 2

sin sin

K B K C K C K A
A B

K A K B

− −
+

2 2 2 2

2 2

sin sin
sin 2

sin

K A K B
C

K C

−
+

2 2 2 2 2 2

2 2 2

sin sin sin sin sin sin
sin 2 sin 2 sin 2

sin sin sin

B C C A A B
A B C

A B C

− − −
= + +

( ) ( ) ( ) ( )
2 2

sin sin sin sin
2sin cos 2sin cos

sin sin

A B B C C A C A
A A B B

A B

+ − + −
= +

( ) ( )
2

sin sin
2sin cos

sin

A B A B
C C

C

+ −
+

( ) ( ) ( )2cos sin 2cos sin 2cos sinA B C B C A C A B= − + − + −

( ) ( )2cos sin cos cos sin 2cos sin cos cos sinA B C B C B C A C A= − + −

( )2cos sin cos cos sinC A B A B+ −

0 RHS= =

LHS RHS∴ =

2. ( ) ( ) ( )2 2 2 2 2 2cot cot cot 0b c A c a B a b C− + − + − =

ªG 
̂Î#: LHS =

( ) ( )2 2 2 2 2 2sin sin cot sin sin cot sin sin cotB C A C A B A B C − + − + −
 

( ) ( ) ( ) ( ) ( ) ( )sin sin cot sin sin cot sin sin cotB C B C A C A C A B A B A B C= + − + + − + + −

( ) ( ) ( )
cos cos cos

sin sin . sin sin sin sin
sin sin sin

A B C
B C A C A B A B C

A B C
= − + − + −

[ ] [ ]cos sin cos cos sin sin sin cos cos sinA B C B C B C A C A= − + −

[ ]cos sin cos cos sinC A B A B+ −
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0 RHS= =

3. ãuƒ
’°[O ABC …Õ 9 , 8 , 4a cm b cm c cm= = =  J~ò Í̀ 6cos 4 3cosC B= +  JxKÇ¶„¬O_3.
ªG 
̂Î#: LHS =

2 2 2

6cos 6
2

a b c
C

ab

 + −
=  

  

81 64 16
6

2 9 8

+ − 
=  × × 

129
6

144

 
=  

 

387

72
= .. (1)

:RHS

2 2 2

4 3cos 4 3
2

a c b
B

ac

 + −
+ = +  

  

81 16 64
4 3

2 9 4

+ − 
= +  × × 

33
4 3

72

 
= +  

 

288 99

72

+
=

387

72
RHS= =

LHS RHS∴ =

4. ( ) ( ) ( )cos cos cosb c A c a B a b C a b c+ + + + + = + +  JxKÇ¶„¬O_3.

ªG 
̂Î#: LHS cos cos cos cos cos cosb A c A c B a B a C b C= + + + + +

= + + + + +cos cos cos cos cos cosb A a B b C c B c A a C

c a b= + +

a b c= + +

RHS=

5. ABC∆ …Õ cos cos ,a A b B a b= ≠  J~ò Í̀ ABC  �O|HË} ãuƒ
’°[O JxKÇ¶„¬O_3.
ªG 
̂Î#: cos cosa A b B=
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2 2 2 2 2 2

2 2

b c a c a b
a b

bc ac

   + − + −
⇒ =   

      

2 2 2 2 2 2 2 2
a b c a b a c b   + − = + −

   

2 2 2 2 4 2 2 2 2 4
a b a c a a b b c b+ − = + −

( ) ( ) ( )2 2 2 2 2 2 2
c a b a b a b− = − +

2 2 2
c a b⇒ = +

ABC∴∆  �O|HË} ãuƒ
’°[O.
6. : : 7 : 8 : 9a b c = cos : cos : cos 14 :11:16=A B C  JxKÇ¶„¬O_3.

ªG 
̂Î#:
7 8 9

a b c
K= = =  J#°Hù#°=ò.

7 ; 8 ; 9a K b K c K= = =

( ) ( )

2 2 2 2 2 264 81 49
cos

2 2 8 9

b c a K K K
A

bc K K

+ − + −
= =

2

2

96 2

3144

K

K

= =

( ) ( )

2 2 2 2 2 281 49 64
cos

2 2 9 7

c a b K K K
B

ca K K

+ − + −
= =

2

2

66 11

21126

K

K

= =

( ) ( )

2 2 2 2 2 249 64 81
cos

2 2 7 8

a b c K K K
C

ab K K

+ − + −
= =

2

2

32 2

7112

K

K

= =

2 11 2
cos : cos : cos : :

3 21 7
A B C =

cos : cos : cos 14 :11 : 6A B C =
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20
J=k� =°i†Çò Jqzó�#ß Ç̀

2 1
( )

1

−
=

−

x
f x

x
 ã„¬"Í°†Ç¶xß „¬iQ®}÷OKÇO_�.  (x−1) ‚¬ð~¡O…Õ L#ßk Hê=ô# x = 1 = Î̂í f(x) ã„¬"Í°†Ç°=ò

x~¡ÞzO„¬|_È̂ Îx Q®=°xOKÇ=KÇ°ó.  1H÷  ‹¬=¶#O Hêä›½O_¨, 1H÷ J Ç̀¼O Ç̀ ‹¬g°„¬O…Õ LO_Í@°Á x q<°=<#°
f‹¬°HË=_¨xß H÷Ok „¬\÷“H›< ~¡¶„¬O…Õ KÇ¶_È=KÇ°ó.  D ‹¬O Î̂~¡ÄCO…Õ x ≠ 1 Hê|\÷“ (x − 1) ≠  0 J=ô Ç̀°Ok.

(x − 1) ≠  0 Hê|\÷“ 
2 1 ( 1)( 1)

( ) 1
1 1

− + −
= = = +

− −

x x x
f x x

x x
 Qê ã"Œ†Ç°=KÇ°ó#° Hê=ô# (x−1) KÍ

ƒFìQ®‚¬ð~¡=ò ªI F̂Î¼"Í°.

„¬\÷“H› Ð 1 „¬\÷“H› Ð 2

x f(x) x f(x)

0.5 1.5 1.9 2.9

0.6 1.6 1.8 2.8

0.7 1.7 1.7 2.7

0.8 1.8 1.6 2.6

0.9 1.9 1.5 2.5

0.91 1.91 : :

: : : :

: : 1.1 2.1

0.99 1.99 1.01 2.01

: : 1.001 2.001

: : : :

0.9999 1.9999 : :

1.00001 2.00001

Ì„á „¬\÷“H›< ^¥Þ~Œ, x q<°= 1x ‹¬g°„²‹¬°ë#ß Hù<k, Ç̀̂ Î#°Q®°}OQê f(x) q<°= 2x ‹¬g°„²‹¬°ëO_È@O
KÇ¶_È=KÇ°ó.

=¶_È¶¼…˜ Ð V
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U ³̂á<Œ, x = 1 = Î̂í f(x) ~ü ‹¬O Î̂~¡ÄCO…Õ x~¡ÞzO„¬|_È…è̂ Î°.  nxx x q<°= 1x ‹¬g°„²Oz#„¬ô_È° f(x)

J=kF q<°=#° 2Qê =¼H©ëH›iOKùKÇ°ó.

W„¬ô_È°, f(x) = 2x J<Í =°~Ë ã„¬"Í°†Ç¶xß Q®=°x^¥íO.  aO Î̂°=ô  '1Ñ ‹¬g°„¬O…Õ =°i†Çò x = 1 = Î̂í nx
ã„¬=~¡ë##° „¬ije^¥íO.  x q<°= 1x ‹¬g°„²Oz#„¬ô_È° ̀ Ç̂ Î#°Q®°}OQê x = 1 = Î̂í f(x) q<°= 2 #° ‹¬g°„²‹¬°ëO_È@O
=°i†Çò f(x) q<°= '2Ñ Hê=_ÈO Q®=°xOKùKÇ°ó.

Ì„á „¦¬e`Œ<#° Q®=°xOKÇ_ÈO ̂ ¥Þ~Œ, x = 2 ‹¬g°„¬O…Õ =°i†Çò x = 2 = Î̂í ã„¬"Í°†Ç°„¬ô ã„¬=~¡ë# Q®°iOz WOHê
Uq° K³„¬æ=KÇ°ó?

D ‡I~”¡O…Õ, XH› „¦¬…ì# aO Î̂°=ô ‹¬g°„¬O…Õ =°i†Çò „¦¬…ì# aO Î̂°=ô = Î̂í, ã„¬"Í°†Ç°O x~¡ÞzO„¬|_�<Œ,
x~¡ÞzO„¬|_ÈH›‡é~ò<Œ, ̂ ¥x ã„¬=~¡ë##° ̀ ³<°‹¬°ä›½<Í ã„¬†Ç° Ç̀ßO KÍªIëO.

�HÆê¼�° :

D ‡I~”Œ¼O‰×=ò KÇkq# ̀ Ç~¡°"Œ Ç̀, ̀ ³<°‹¬°HËQ®ey# q+¬†Ç¶<°.

1. XH› ã„¬"Í°†Ç°„¬ô J=kF q<°= ƒFì=##° ö~Mìzã`Œ<° =°i†Çò L^¥‚¬ì~¡}< ^¥Þ~Œ q=iOKÇ°@.

2. x a=  = Î̂í ( )y f x=  ã„¬"Í°†Ç°„¬ô Z_È=°, ä›½_� J= F̂Î°<#° x~¡ÞzOz, L Î̂‚¬ìiOKÇ@O.

3. x a=  = Î̂í ( )=y f x  ã„¬"Í°†Ç°„¬ô J=kFx x~¡ÞzOKÇ@O.

4. J= F̂Î°<Ì„á ã‡I Š̂Îq°H› ‹²̂ ¥œO`Œ<#° ã„¬=zOz, qx†³¶yOKÇ@O.

5. XH› JO Ç̀~¡O…Õ ã„¬"Í°†Ç°„¬ô JqzóC#ß Ç̀#° x~¡ÞzOKÇ@O.

6. XH› aO Î̂°=ô = Î̂í ã„¬"Í°†Ç°„¬ô JqzóC#ß Ç̀ …è̂ ¥ W Ç̀~¡=ò<#° x~ŒœiOKÇ@O =°i†Çò

7. ã„¬"Í°†Ç¶< JqzóC#ß Ç̀Ì„á ‹²̂ ¥œO`Œ<#° ã„¬=zOz, L^¥‚¬ì~¡}< ^¥Þ~Œ L„¬†³¶yOKÇ@O.

=òMì¼O‰§�°

' 'x , ' 'a  x ‹¬g°„²Oz#„¬ô_È° ( )f x ã„¬"Í°†Ç°=ò#° ' 'l #° ‹¬g°„²OKÇ_¨xH÷ ( )f x  J=kF ' 'l  Jx JO\ìO.

nxx ( )lim
x a

f x l
→

= Qê ~ŒªIëO.

( )lim
x a

f x l
→

=  =°i†Çò ( )lim
x a

g x m
→

=  J~ò#„¬ô_È°

1. ( ) ( )lim lim
x a x a

K f x K f x Kl
→ →

= =
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2. ( ) ( )( ) ( ) ( )
→ → →

± = ± = ±lim lim lim
x a x a x a

K x g x f x g x l m

3. ( ) ( )( ) ( ) ( )
→ → →

= =lim lim lim
x a x a x a

f x g x f x g x lm

4. ( )

( )

( )

( )
( )

lim
lim , lim 0

lim
x a

x a x a
x a

f xf x l
g x

g x g x m
→

→ →
→

= = ≠  Hê#„¬ô_È°

=òY¼ ã„¬"Í°†Ç¶� J= �̂Î°�°

1. 1lim
n n

n

x a

x a
na

x a

−

→

−
=

−

2.
0

lim sin 0
x

x
→

=

3.
0

lim cos 1
x

x
→

=

4.
sin

lim 1
x a

x

x→
=

5. ( )
0

lim 1 x
x

x e
1

→
+ =

6.
( )

0

log 1
lim 1
x

x

x→

+
=

7.
0

1
lim 1

x

x

e

x→

 −
= 

 
 

ä›½_! J=k� :

+
→
lim ( )
x a

f x  x ‡ÚO Î̂\ìxH÷

= +x a h  ã„¬"Í‰×Ì„@“O_�.

( )
→

+
0

lim
h

f a h  H›#°HËøO_�.
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Z_È=° J=k� :

( )lim
→x a

f x x ‡ÚO Î̂\ìxH÷

= −x a h  ã„¬"Í‰×Ì„@“O_�.

( )
→

−
0

lim
h

f a h  H›#°HËøO_�.

Jqzó(#ßO

( ) ( )lim
x a

f x f a
→

=  J~ò#

x a=  = Î̂í ( )f x  JqzóC#ßO.

I. Ju‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (1 =¶~¡°ø)

1.
3

2

8
lim

2x

x

x→

−

−
#° Q®°}÷OKÇO_�.

ªI F̂Î#:
3

2

8
lim

2x

x

x→

−

−

( ) ( )2

2

2 2 4
lim

2x

x x x

x→

− + +
=

−
( ) ( )( )3 3 2 2a b a b a ab b− = − + +∵

( )2

2
lim 2 4
x

x x
→

= + +

22 2 2 4 12= + × + =

2.
→−

−

+

2

5

25
lim

5x

x

x
#° Q®°}÷OKÇO_�.

ªI F̂Î#:
→−

−

+

2

5

25
lim

5x

x

x

( ) ( )

→−

+ −
=

+5

5 5
lim

5x

x x

x
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( )
→−

= −
5

lim 5
x

x

= − − = −5 5 10

3.
3

1

1
lim

1x

x

x→

−

−
#° Q®°}÷OKÇO_�.

ªI F̂Î#:
3

1

1
lim

1x

x

x→

−

−

( ) ( )2

1

1 1
lim

1x

x x x

x→

− + +
=

−

( )2

1
lim 1
x

x x
→

= + +

1 1 1 3= + + =

4.
→

−
2

0

1
lim

x

x

e

x
#° Q®°}÷OKÇO_�.

ªI F̂Î#:
→

−
2

0

1
lim

x

x

e

x

→

 −
= × 

 
 

2

2 0

1
lim 2

2

x

x

e

x 0

1
lim 1
→

 −
= 

 
 
∵

x

x

e

x

1 2 2= × =

5.
2

20

sin
lim

5x

x

x→
#° Q®°}÷OKÇO_�.

ªI F̂Î#:
2

20

sin
lim

5x

x

x→

2

20

1 sin
lim

5 x

x

x→
= ×

1
1

5
= ×

0

sin
lim 1
x

x

x→

 
= 

 
∵
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1

5
=

6.
0

sin
lim

sinx

ax

bx→
#° Q®°}÷OKÇO_�.

ªI F̂Î#:
0

sin
lim

sinx

ax

bx→

0

sin

lim
sinx

ax
ax

ax
bx

bx
bx

→

×

=

×

1

1

a a

b b

×
= =

×

7.
0

sin 3
lim
x

x

x→
#° Q®°}÷OKÇO_�.

ªI F̂Î#:
0 0

sin 3 sin 3
lim lim 3

3x x

x x

x x→ →
= × (3KÍ Q®°}÷Oz, ƒFìyOKÇQê)

→
=

3 0

sin3
3 lim

3x

x

x
0 3 0x x→ ⇒ →

3 1 3= × =

0

sin 3
lim 3.
x

x

x→
∴ =

II. ‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (2 =¶~¡°ø�°)

1.
4

1

1
lim

1x

x

x→

−

−
#° Q®°}÷OKÇO_�.

ªI F̂Î#:
4

1

1
lim

1x

x

x→

−

−

( ) ( )2 2

1

1 1
lim

1→

− +
=

−x

x x

x
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( ) ( ) ( )2

1

1 1 1
lim

1x

x x x

x→

− + +
=

−

( ) ( )2

1
lim 1 1
x

x x
→

= + + ( )1x ≠∵

( ) ( )21 1 1 1 4= + + =

2. ( )

2 1
, 1

1

     1,    1

 −
 ≠

=  −
 =

x
x

f x x

x

  J~ò Í̀ ( )
1

lim
x

f x
→

 H›#°HËøO_�.

ªI F̂Î#: ( )
2 1

1

x
f x

x

−
=

−

( ) ( )1 1

1

x x

x

− +
=

−

1x= + ( )1x ≠∵

( ) ( )
1 1

lim lim 1
x x

f x x
→ →

∴ = +

1 1 2= + =

Q®=°xH› : 1x =  =^Îí 
2 1

1

x

x

−

−
 x~¡ÞzO„¬|_È^Î°. 1x = =^Îí ( )f x q<°=Ì„á ( )

1
lim
x

f x
→

 q<°=

P F̂¥~¡„¬_�†ÇòO_È̂ Î°.

3.
5

5
lim

5x

x

x→

−

−
 =¼=‹²Ö̀ ÇO Hê Î̂x KÇ¶„¬O_�.

ªI F̂Î#:
5 0

5 5 5
lim lim

5 5 5x h

x h

x h→ →

− + −
=

− + −

0
lim
h

h

h→
=

( )
0

lim 0,
h

h
h h h

h→
= > =∵



J=k� =°i†Çò Jqzó�#ß Ç̀

416 Q®}÷̀ ÇO H›Þ‰×ó<£ ƒì¼OH±

1=

→ →

− − −
=

− − −5 0

5 5 5
lim lim

5 5 5x h

x h

x h

→

−
=

−0
lim
h

h

h

0
lim
h

h

h→
=

−
( )→ − =∵ 0,| |h h h

1=−

∴ (1) =°i†Çò  (2)< #°O_�

5 5

5 5
lim lim

5 5+ −
→ →

− −
≠

− −x x

x x

x x

5

5
lim

5→

−
∴

−x

x

x
 =¼=‹²Ö̀ Ç=ò Hê Î̂°.

4. 2x =  = Î̂í ( ) 5f x x= −  †³òH›ø JqzóC#ß Ç̀#° „¬sH÷ÆOKÇO_�.

ªI F̂Î#: ( ) ( )
2 2

lim lim 5
→ →

= −
x x

f x x

2 5 3= − = −  =°i†Çò

( ) = − = −2 2 5 3f

( ) ( )
2

lim 2
x

f x f
→

∴ =

( )f x∴  JqzóC#ß=ò

5. x q= −  = Î̂í ( )f x px q= +  †³òH›ø JqzóC#ß Ç̀#° „¬sH÷ÆOKÇO_�.

ªI F̂Î#: ( ) ( )lim lim
x q x q

f x px q
→− →−

= +

pq q= − +

( ) ( )f q P q q pq q− = − + = − +
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( ) ( )
→−

∴ = −lim
x q

f x f q

( )f x∴  JqzóC#ß=ò.

6. ( ) sinf x x=  JqzóC#ß ã„¬"Í°†Ç°=°x KÇ¶„¬O_�.

ªI F̂Î#: ( ) sinf x x=  =°i†Çò sin x  ã„¬"Í‰×=ò R

' 'a XH› †Ç¶ F̂Î$zóCH› "Œ‹¬ë= ‹¬OY¼ J#°ä›½O^¥O.

( ) ( )
0

lim lim
x a h

f x f a h
→ →

= +

( )
0

lim sin
h

a h
→

= +

( )
0

lim sin cosh cos sinh
h

a a
→

= +

0 0
sin lim cosh cos lim sinh

h h
a a

→ →
= +

sin 1 cos 0a a= × + ×

sina= ..(1)   (
0

lim sin 0
x

x
→

=∵  =°i†Çò 
0

lim cos 1
x

x
→

= )

=°i†Çò ( ) sinf a a= .. (2)

∴ (1), (2)< #°O_�

( ) ( )lim
x a

f x f a
→

=

x a∴ =  = Î̂ísin x  JqzóC#ß=ò.

7. ( ) cosf x x=  JqzóC#ß ã„¬"Í°†Ç°=°x KÇ¶„¬O_�.

ªI F̂Î#: ( ) cosf x x=  =°i†Çò cos x  ã„¬̂ Í‰×=ò R

' 'a XH› †Ç¶ F̂Î$zóCH› "Œ‹¬ë= ‹¬OY¼ J#°ä›½O^¥O.

( ) ( )
0

lim lim
x a h

f x f a h
→ →

= +

( )
0

lim cos
h

a h
→

= +
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( )
0

lim cos cosh sin sinh
h

a a
→

= −

0 0
cos lim cosh sin lim sinh

h h
a a

→ →
= −

cos 1 sin 0a a= × − ×
0 0

lim cos 1, lim sin 0
x x

x x
→ →

 
= = 

 
∵

= →cos (1)a

=°i†Çò ( ) cosf a a= ... (2)

∴ (1), (2)< #°O_�

( ) ( )lim
x a

f x f a
→

=

x a∴ =  = Î̂í ( ) cosf x x=  JqzóC#ß=ò.

8. 1x =  = Î̂í ( )f x XH›  JqzóC#ß ã„¬"Í°†Ç°"³°Ø, ( ) 5f x ax= +  =°i†Çò ( )1 4f =  J~ò#„¬ô_È° ' 'a

H›#°HËøO_�.

ªI F̂Î#: ( ) ( )
1 0

lim lim 1
x h

f x f h
→ →

= +

( )( )
0

lim 1 5
h

a h
→

= + +

( )
0

lim 5
h

a ah
→

= + +

0 5a= + +

5a= + .. (1)

=°i†Çò ( )1 4f = .. (2)

1x =  = Î̂í ( )f x  JqzóC#ß"³°Ø̀ Í, , ( ) ( )
1

lim 1
x

f x f
→

=  J=ô Ç̀°Ok.

∴(1), (2)< #°O_�

5 4a + =

4 5a = −

1a∴ = −
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III. n~¡É‹¬=¶ �̂¥# ã„¬‰×ß�°  ( 5 =¶~¡°ø�°)

1.
2

3 1
lim

2x

x

x→

− −

−
#° Q®}÷OKÇO_�.

ªI F̂Î#: <=O#° JH›~¡}©†Ç°O KÍ†Ç°Qê

− − − − − +
= ×

− − − +

3 1 3 1 3 1

2 2 3 1

x x x

x x x

( ) ( )
3 1

2 3 1

x

x x

− −
=

− − + ( ) ( )( )2 2a b a b a b− + = −∵

( ) ( )
2

2 3 1

x

x x

−
=

− − +

1

3 1x
=

− +

( ) ( )1 2

3 1 2
lim lim

2 2 3 1x x

x x

x x x→ →

− − −
∴ =

− − − +

( )2

1
lim

3 1x x→
=

− +

1

3 2 1
=

− +

1 1

1 1 2
= =

+

2.
0

lim
1 1x

x

x→ + −
 #° Q®}÷OKÇO_�.

ªI F̂Î#:
0

lim
1 1x

x

x→ + −



J=k� =°i†Çò Jqzó�#ß Ç̀

420 Q®}÷̀ ÇO H›Þ‰×ó<£ ƒì¼OH±

0

1 1
lim

1 1 1 1x

x x

x x→

   + +
=     + − + +   

( )
( )0

1 1
lim

1 1x

x x

x→

+ +
=

+ −

( )
0

lim 1 1
x

x
→

= + +

1 0 1= + +

1 1 2= + =

3. ( )
5, 2

1, 2

ax x
f x

x x

+ < 
=  

− ≥ 
J~ò, ( )

2
lim
x

f x
→

 =¼=‹²Ö̀ ÇO J~ò Í̀ ' 'a  q<°= H›#°HËøO_�.

ªI F̂Î#: ( ) ( )
+ +

→ →
= −

2 2
lim lim 1
x x

f x x ( )( )= − ≥∵ 1, 2f x x x

( )
0

lim 2 1
h

h
→

= + −

( )
0

lim 1 1 0 1
h

h
→

= + = + =

( ) ( )
− −

→ →
= +

2 2
lim lim 5
x x

f x ax ( )( )5, 2f x ax if x= + <∵

( )
0

lim 2 5
h

a h
→

 = − + 

[ ]
0

lim 2 5
h

a ah
→

= − +

2 0 5a a= − × +

2 5a= +

( )
2

lim
x

f x
→

∴  =¼ Ç̀‹²Ö̀ ÇO.

( ) ( )
+ −

→ →
=

2 2
lim lim
x x

f x f x

1 2 5a∴ = +
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2 1 5 4a = − = −

4

2
a

−
=

2a∴ = −

4. ( )

1, 2

1, 2

1, 2

x x

f x x

x x

− < 
 

= = 
 + > 

 J~ò, =¼=‹²Ö̀ Ç"³°Ø̀ Í ( )
2

lim
x

f x
→

#° H›#°HËøO_�.

ªI F̂Î#: ( ) ( )
+ +

→ →
= +

2 2
lim lim 1
x x

f x x

( )
0

lim 2 1
h

h
→

= + +

( )
0

lim 3
h

h
→

= +

3 0 3= + = .. (1)

( ) ( )
− −

→ →
= −

2 2
lim lim 1
x x

f x x

( )
0

lim 2 1
h

h
→

= − −

( )
0

lim 1
h

h
→

= −

1 0 1= − = .. (2)

(1),  (2) < #°O_�

( ) ( )
+ −

→ →
≠

2 2
lim lim
x x

f x f x

( )
2

lim
x

f x
→

∴  J=kF =¼=‹²Ö̀ ÇO Hê Î̂°.

5.
0

lim
x x

x

e e

x

−

→

−  q<°= H›#°HËøO_�.

ªI F̂Î#:
→

−
=

0

1
lim 1

x

x

e

x
... (1)
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(1)…Õ x x= −  =ôOKÇ@O ^¥Þ~Œ

0

1
lim 1

x

x

e

x→

−
=

−
... (2)

−

→

− + −

0

1 1
lim

x x

x

e e

x
((1), (2)<#° ä›�_È@O ^¥Þ~Œ)

0

1 1
lim

x x

x

e e

x x→

 − −
= + 

 
 

0 0

1 1
lim lim

x x

x x

e e

x x

−

→ →

   − −
= +   

   −   

1 1= + ((1), (2) <#°O_�)

2=

0
lim 2

x x

x

e e

x

−

→

−
= = .

6. Q®°}÷OKÇO_�. 
1

lim
1

x

x

e e

x→

−

−

ªI F̂Î# 0h→  J~ò#„¬ô_È° 1x h= +  =ôOKÇO_�.

1

1 0
lim lim

1

x h

x h

e e e e

x h

+

→ →

− −
=

−

1

0

.
lim

h

h

e e e

h→

−
=

( )
0

1
lim

h

h

e e

h→

−
=

( )
0

1
lim

h

h

e
e

h→

−
=

1e e= × =
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1

1
lim

1

h

x

e
e

x→

−
∴ =

−

7.
( )

2

2

1 cos2
lim

2π
→

+

π −x

x

x

 q<°= H›#°HËøO_�.

ªI F̂Î#:
2

x h
π

= +  ã„¬uöHÆ„²OKÇO_�.

0
2

x h
π

→ + →  J~ò#„¬ôæ_È°

2 2x h= π +

( ) ( )( )
2 20

2

1 cos2
1 cos2 2

lim lim
2 2π →

→

π 
+ + 

+  
=

π − π − π +h
x

h
x

x h

( )

→

+ π +
=

20

1 cos 2
lim

4h

h

h

20

1 cos2
lim

4h

h

h→

−
=

2

20

2sin
lim

4h

h

h→
=

2

0

1 sin
lim

2 h

h

h→

 
=  

 

21 1 1
1 1

2 2 2
= × = × =

( )
2

2

1 cos2 1
lim

22π
→

−
∴ =

π −x

x

x

8.
0

sin
lim
x

ax

Tanbx→
Q®}÷OKÇO_�.
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ªI F̂Î#: 0 0

sin
sin

lim lim
x x

ax
a

ax ax
TanbxTanbx

b
bx

→ →

×

=

×

0

0

sin
lim

lim

x

x

ax

a ax
Tanbxb

bx

→

→

=

1

1

a

b
= ×

a

b
=

0

sin
lim
x

ax a

Tanbx b→
∴ =

9. 20

1 cos 2
lim

3x

x

Tan x→

−
 Q®}÷OKÇO_�.

ªI F̂Î#:
→ →

−
=

2

2 20 0

2

1 cos2 2sin
lim lim

3 sin
3.

cos

x x

x x

Tan x x

x

2

0

2
lim cos

3 x
x

→
=

( )
2

0

2
lim cos

3 x
x

→
=

2
1

3
= ×

2

3
=

20

1 cos2 2
lim

33x

x

Tan x→

−
∴ =
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10.
0

1 cos
lim

1 cosx

ax

bx→

−

−
 q<°=#° H›#°HËøO_�.

ªI F̂Î#:

2

0 0 2

2sin
1 cos 2lim lim
1 cos

2sin
2

x x

ax
ax

bxbx→ →

−
=

−  
 
 

2
2

2

0 2
2

2

sin
2

2

2
lim

sin
2

2

2

x

ax

ax

ax

bx

bx

bx

→

  
     ×  

   
  

  =
  
  

   ×  
   
  

  

2

02
2

2 2

0
2

sin
2lim

2

sin
2lim

2

ax

bx

ax

ax

a

b bx

bx

→

→

 
 
 
 
 

=

 
 
 
 
 

2 2 2

2 2 2

1

1

a a

b b
= × =

11.
sin

lim
x

x

x→ π π −
 Q®}÷OKÇO_�.

ªI F̂Î#: 0x x= → π ⇒ π − →

π − = ⇒ = π − Let x h x h
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( )

0

sinsin
lim lim
x h

hx

x h→π →

π −
=

π −

0

sinh
lim
h h→

=

1=

sin
lim 1
x

x

x→π
∴ =

π −

12.
1

cos
2lim

1x

x

x→

π

−
 Q®}÷OKÇO_�.

ªI F̂Î#: 1 1 0x x→ ⇒ − →

1 1Let x h x h− = ⇒ = −

( )

1 0

cos cos 1
2 2lim lim

1x h

x h

x h→ →

π π
−

=
−

0

cos
2 2

lim
h

h

h→

π π 
− 

 
=

0

sin
2lim

2

2
h

h

h
→

π

π
= ×

π

0
2

sin
2lim

2
2

h

h

hπ
→

π

π
= ×

π 0 0
2

h
h

π 
→ ⇒ → 

 
∵

1
2 2

π π
= × =
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1

cos
2lim

1 2x

x

x→

π

π
∴ =

−

13. ( ) 5xf x e=  JqzóC#ß ã„¬"Í°†Ç°=°x KÇ¶„¬O_�.

ªI F̂Î#: 5xe  ã„¬̂ Í‰×=ò R

a Rε J<Ík †Ç¶ F̂Î$zóCH›~Œt J#°ä›½O^¥O.

( ) ( )
0

lim lim
x a h

f x f a h
→ →

= +

( )5

0
lim

a h

h
e

+

→
=

5 5

0
lim a h

h
e e

→
=

5 5

0
lima h

h
e e

→
=

5 51a ae e= × = ..(1)

WOH›#¶, ( ) 5af a e= ..(2)

(1), (2)< #°O_� ( ) ( )lim
x a

f x f a
→

=

x a∴ =  = Î̂í ( )f x JqzóC#ßO.

' 'a  †Ç¶ Î̂$zóCH› ~Œt Hê=ô#, xe  JqzóC#ß ã„¬"Í°†Ç°=ò.

14. ( ) 2 5xf x e− +
=  JqzóC#ß ã„¬"Í°†Ç°=°x KÇ¶„¬O_�.

ªI F̂Î#: 2 5xe− +  ã„¬̂ Í‰×=òR

a Rε  J<Ík †Ç¶ F̂Î$zóCH›~Œt J#°ä›½O^¥O.

( ) ( )
0

lim lim
x a h

f x f a h
→ →

= +

( )2 5

0
lim

a h

h
e

− + +

→
=
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2 5 2

0
lim .a h

h
e e− + −

→
=

2 5 2

0
lima h

h
e e− + −

→
=

2 5 1ae− +
= ×

2 5ae− +
= ... (1)

WOH›#¶ ( ) 2 5af a e− +
= ...(2)

(1), (2)< #°O_� ( ) ( )lim
x a

f x f a
→

=

x a∴ =  = Î̂í ( )f x  JqzóC#ßO.

' 'a  †Ç¶ F̂Î$zóCH›~Œt Hê=ô# 2 5xe− +  JqzóC#ß ã„¬"Í°†Ç°O

15.
0

1 1
lim
x

x x

x→

+ − −  #° Q®}÷OKÇO_�.

ªI F̂Î#:
0

1 1
lim
x

x x

x→

+ − −
, <"Œxß JH›~¡}©†Ç°O KÍ†Ç°Qê

0

1 1 1 1
lim

1 1x

x x x x

x x x→

+ − − + + −
= ×

+ + −

( ) ( )

( )0

1 1
lim

1 1x

x x

x x x→

+ − −
=

+ + −

( )0

2
lim

1 1x

x

x x x→
=

+ + −

0

2
lim

1 1x x x→
=

+ + −

2 2 2
1

1 1 21 0 1 0
= = = =

++ + −
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0

1 1
lim 1
x

x x

x→

+ − −
∴ =

16.
( ) ( )
( ) ( )1

2 3 1
lim

2 3 1x

x x

x x→

− −

+ −
#° Q®}÷OKÇO_�.

ªI F̂Î#:
( ) ( )
( ) ( )1

2 3 1
lim

2 3 1x

x x

x x→

− −

+ −

( ) ( )
( ) ( ) ( )1

2 3 1
lim

2 3 1 1→

− −
=

+ + −x

x x

x x x
( ) ( ) ( )

2 21 1 1 1x x x x
 

− = − = + − 
 
∵

( ) ( )1

2 3
lim

2 3 1→

−
=

+ +x

x

x x

( ) ( )
2 1 3

2 1 3 1 1

× −
=

× + +

1 1

5 2 10

− −
= =

×

( ) ( )
( ) ( )1

2 3 1 1
lim

2 3 1 10x

x x

x x→

− − −
∴ =

+ −

IV.  "Œ¼‹¬~¡¶„¬ ‹¬=¶ �̂¥# ã„¬‰×ß�°  ( 8 =¶~¡°ø�°)

1. ( )
sin 2

, 0

2, 0

x
x

f x x

x

 
≠ 

=  
 = 

 J~ò Í̀ 0x =  = Î̂í ( )f x  JqzóC#ß=¶, Hê^¥ H›#°HËøO_�.

ªI F̂Î#: ( )
sin 2

, 0

2, 0

x
x

f x x

x

 
≠ 

=  
 = 

 Z_È=° J=kF 
0

sin 2
lim
x

x

x−
→

=
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( )

0

sin 2 0
lim

0h

h

h→

−
=

−

0

sin 2
lim
h

h

h→

−
=

−

0

sin 2
lim 2

2h

h

h→

 
= × 

 

0

sin 2
2. lim

2h

h

h→
=

2 1 2= × = ... (1)

ä›½_� J=kF 
0

sin 2
lim
x

x

x+
→

=

( )

0

sin 2 0
lim

0h

h

h→

+
=

+

0

sin 2
lim 2

2h

h

h→
= ×

0

sin 2
2. lim

2h

h

h→
=

2 1 2= × = ... (2)

WOHê, ( )0 2f =  ( Î̂̀ ŒëO‰×O)

(1), (2)< #°O_�

( ) ( )
0

lim 2 0
x

f x f
→

= =

0x∴ =  = Î̂í ( )f x  JqzóC#ßO.

2. 1x ≠ H÷ ( )
2 1

1

−
=

−

x
f x

x
 =°i†Çò 1x = H÷ ( ) 2f x =  J~ò Í̀ 1x =  = Î̂í ( )f x  ã„¬"Í°†Ç°=ò JqzóC#ßO

Jx KÇ¶„¬O_�.
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ªI F̂Î#: ( )

2 1
, 1

1

2, 1

x
x

f x x

x

 −
 ≠

=  −
 = 

Z_È=° J=kF ( )
−

→
=

1
lim
x

f x

( )
0

lim 1
h

f h
→

= −

( )

( )

2

0

1 1
lim

1 1h

h

h→

− −
=

− −

2

0

1 2 1
lim
h

h h

h→

− + −
=

−

( )

0

2
lim
h

h h

h→

−
=

−

( )
0

lim 2
h

h
→

= − −

2= ... (1)

ä›½_� J=kF ( )
+

→
=

1
lim
x

f x

( )
0

lim 1
h

f h
→

= +

( )
2

0

1 1
lim

1 1h

h

h→

+ −
=

+ −

2

0

1 2 1
lim
h

h h

h→

+ + −
=

( )

0

2
lim
h

h h

h→

+
=

( )
→

= +
0

lim 2
h

h

2= ... (2)
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WOH›#¶, ( )1 2f = ( Î̂̀ ŒëO‰×O) .. (3)

∴ (1), (2), (3)< #°O_�

( ) ( )
0

lim 1
x

f x f
→

=

 D q F̂ÎOQê 1x = = Î̂í ( )f x  JqzóC#ßO.

3. ( )
sin 4 , 0

2 0

x x
f x

x

≠ 
=  

= 
, 0x =  = Î̂í ã„¬"Í°†Ç°„¬ô JqzóC#ß Ç̀#° „¬sH÷ÆOKÇO_�.

ªI F̂Î#: ( )
sin 4 , 0

2, 0

≠ 
=  

= 

x x
f x

x

Z_È=° J=kF 
0

lim sin 4
x

x
−

→
=

( ) ( )
0 0

lim sin 4 0 lim sin 4
h h

h h
→ →

= − = −

0
lim sin 4
h

h
→

= −

0= ..(1)
0

lim sin 0
x

x
→

 
= 

 
∵

ä›½_� J=k
0

lim sin 4
x

x
+

→
=

( )
0

lim sin 4 0
h

h
→

= +

0
lim sin 4
h

h
→

=

0= → (2)

WOHê, ( )0 2f = ..(3)

∴ (1), (2), (3)< #°O_�

( ) ( )
0

lim 0
x

f x f
→

≠

0x∴ =  = Î̂í ( )f x  qzóC#ßO.
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4. ' 'a  †³òH›ø U q<°=<ä›½ ã„¬"Í°†Ç°=ò =x a  = Î̂í JqzóC#ßO?

ªI F̂Î#: ( )
sin 5

, 0
3

, 0

x
x

f x x

a x

 
≠ 

=  
 = 

Z_È=° J=kF ( )
− −

→ →
= =

0 0

sin 5
lim lim

3x x

x
f x

x

( )

( )0

sin5 0
lim

3 0h

h

h→

−
=

−

( )

0

sin 5
lim

3h

h

h→

−
=

−

0

sin 5
lim

3h

h

h→

−
=

−

0

1 sin 5
lim 5

3 5h

h

h→
= × ( )0 5 0h h→ ⇒ →∵

5 0

5 sin 5
. lim

3 5h

h

h→
=

5 5
1

3 3
= × = ... (1)

ä›½_� J=kF 
+

→
=

0

sin5
lim

3x

x

x

( )

( )0

sin5 0
lim

3 0h

h

h→

+
=

+

0

sin 5
lim

3h

h

h→
=

0

1 sin 5
lim

3 h

h

h→
=

0

1 sin 5
lim 5

3 5h

h

h→
= ×
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→
=

5 0

5 sin5
lim

3 5h

h

h

5 5
1

3 3
= × = .. (2)

(1), (2)< #°O_�

( )
0

5
lim

3x
f x

→
=

WOH›#¶, ( )0f a=  ( Î̂̀ ŒëO‰×O)   ...(3)

x a=  = Î̂í ( )f x  JqzóC#ßO.

( ) ( )
0

lim 0
x

f x f
→

∴ =

5

3
a∴ =

5

3
a∴ =

5. ( )

2 16
, 4

4

, 4

x
x

f x x

K x

 −
 ≠

=  −
 = 

  J~ò Í̀ K †³òH›ø  U q<°=ä›½ 4x =  = Î̂í ( )f x  JqzóC#ßO?

ªI F̂Î#: ( )

2 16
, 4

4

, 4

x
x

f x x

K x

 −
 ≠

=  −
 = 

Z_È=° J=kF ( )
−

→
=

4
lim
x

f x

( )
0

lim 4
h

f h
→

= −

( )
2

0

4 16
lim

4 4h

h

h→

− −
=

− −
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2

0

16 8 16
lim
h

h h

h→

+ − −
=

−

( )
( )

0 0

8
lim lim 8
h h

h h
h

h→ →

−
= = − −

−

( )
0

lim 8
h

h
→

= −

8 0 8= − = ...(1)

ä›½_� J=kF ( )
+

→
=

4
lim
x

f x

( )
0

lim 4
h

f h
→

= +

( )
2

0

4 16
lim

4 4h

h

h→

+ −
=

+ −

2

0

16 8 16
lim
h

h h

h→

+ + −
=

( )

0

8
lim
h

h h

h→

+
=

( )
0

lim 8
h

h
→

= +

0 8 8= + = ... (2)

WOH›#¶, ( )4f K= ... (3)

4x = = Î̂í ( )f x  JqzóC#ßO

∴ (1), (2), (3)< #°O_�

( ) ( )
4

lim 4
x

f x f
→

=

8 K=

∴ 8K =
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21

J=H›�#O
W„¬C_È°  = °# O L„¬† ³¶y‹¬° ë#ß  J= H›�#= ò J<Í ã „¬ã H÷† Ç° #°  (J= H›�[O J<Í „¦¬e`ŒxßK Íó X H› Q®} ÷̀ Ç ã „¬ã H÷† Ç° )

S*ìH± #¶¼@<£ ã H©.‰×. 1665 …è̂ ¥ 1666 Hê�O… Õ ̀ ù�° Ç̀ H›#°Qù#_ÈO…Õ J=H›�# H›�# Q®}÷̀ Ç=ò ã‡ B~¡OƒF’=° ~ò#k.
# ¶¼@ <£ = ° i† Çò … ÿc ß * ˜ H ›# ° Qù # ß  J<ÍH › „¬i‰ Õ F̂Î# �… Õ,  ~ò Ç̀~¡ „¦¬e`Œ�`Ë  H ›e‹² ‹¬O† ÇòH ›ë ã „¬"Í° † Ç¶� ‹¬OH ›�# ,
Q®°} Hê~¡, ƒFìQ®‚¬ð~¡ J= H›�*ì�#°  H ›#° Qù<Í „¬̂ Îœ̀ Ç° �° ä›V_¨  =ô <Œß~ò. D ‡ B~”¡O…Õ =°# O XH› ã „¬"Í°† Ç° O J=H›�[O,
^¥x * ì¼q ° f† Ç°  = ° i† Çò ƒFºuH › q = ~¡} ,  q q F̂Î ~¡H ê� J=H ›�#  „¬̂ Îœ̀ Ç° �# °  Q®° iOz ³̀�° ‹¬° H Ë = @ O`Ë ‡ B@ ° ,
ï~O_ Ë  ̀ Ç~¡Q®u J= H ›�[ ƒFì= # # °  ä ›V_ ¨  ̀ ³�° ‹¬° ä ›½ O\ìO.

�HÆê¼�° :

D ‡ B~”¡= ò K Çkq #  „²= ° à@  g ° ~¡°  <Í~¡° ó ä ›½ <Í JO‰ §�° :

♦ x a=  = Î̂í ( )y f x=  J= H ›�* ìxß  x~¡ÞzOK Ç@ O = ° i† Çò * ì¼q ° f† Ç° OQê q ‰ õÁ+²OK Ç@ O.

♦ ( ) n
f x x=  † ³òH ›ø  J= H ›�* ìxß  H ›# ° H Ë ø = _ ÈO = ° i† Çò W Ç̀~¡ ã „¬"Í° † Ç¶� J= H ›�* ì�# °  H ›# ° H Ë ø = _ ¨ xH ÷

nxx L„¬† ³¶yOK Ç_ ÈO.

♦ C ( ), ( ) ( )f x f x g x± , W Ç̀~¡ | ‚¬• „¬̂ Î ã „¬"Í° †Ç¶� J= H ›�* ì�# °  H ›# ° H Ë ø = _ ÈO.

♦ X H › ã „¬"Í° † Ç° „¬ô  Qù �° ‹¬°  ‹¬¶ã `Œxß  ã „¬= zOz,  L„¬†³¶yOK Ç@ O. J= H ›�* ì�# °  H ›# ° H Ë ø = _ ÈO.

♦ X H › ã „¬"Í° † Ç° „¬ô  ï~O_ Ë  ̀ Ç~¡Q®u J= H ›�* ìxß  H ›# ° H Ë ø =_ ÈO.

=òMì¼O‰§�° :

♦ x Î̂$‘ B“¼ ( )f x  J= �[O 
0

( ) ( )
'( ) lim , 0

x

f x x f x
f x x

xδ →

+ δ −
= δ >

δ
 Qê x~¡ÞK Çh† Ç° O.

♦ ‹²Ö~¡~Œt J= H ›�[O ‹¬° <Œß .

♦ ( ) 1.n nd
x n x

dx

−
= .

♦ [ ]C ( ) C. '( )
d

f x f x
dx

= .

♦ ‹¬OH ›�#  … è̂ ¥ = ¼= H ›�#  ‹¬¶ã Ç̀O : [ ] [ ] [ ]( ) ( ) ( ) ( )
d d d

f x g x f x g x
dx dx dx

± = ± ..
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♦ Q®° } H ê~¡ x† Ç° = ° O : [ ] ( ) [ ]( ). ( ) ( ) ( ) ( ). ( )
d d d

f x g x f x g x g x f x
dx dx dx

= +

♦ ƒFìQê‚¬ð~¡ x† Ç° = ° O : ( )
( ) ,  ( ) 0

( )

f x
x g x

g x
φ = ≠  J~ò Í̀ 

[ ]
2

( ) '( ) ( ) '( )
'( )

( )

g x f x f x g x
x

g x

+
φ =

♦ Qù �° ‹¬°  x† Ç° = ° O : [ ] [ ] [ ]( ( )) ' ( ) . ( )
d d

f g x f g x g x
dx dx

= .

♦ x Î̂$‘ B“¼ y ï~O_ Ë  J= H ›�[O 
2

2

d dy d y

dx dx dx

 
= 

 
.

I. Ju‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (1 =¶~¡°ø)

1. 10
x  J= H›�[O H›# ° H Ë øO_ v.

ªB F̂Î#  : ( )10 10 1 910 10
d

x x x
dx

−
= =  ( ) 1n nd

x nx
dx

− 
= 

 
∵

2. 1
, 0x

x
≠  J= H ›�* ìxß  H ›# ° H Ë ø O_ v.

ªB F̂Î#  : ( )1

2

1 1d d
x

dx x dx x

− 
= = − 

 

3. x  J= H›�[O H›# ° H Ë øO_ v.

ªB F̂Î#  : ( )
1

2

d
x

dx x

= .

4. 2
5x x+  J= H ›�* ìxß  H ›# ° H Ë ø O_ v.

ªB F̂Î#  : ( )2 5 2 5.1 2 5
d

x x x x
dx

+ = + = +

5. 12y =  J~ò#  'y  H ›# ° H Ë ø O_ v.

ªB F̂Î#  : ' 0y = . (∵‹²Ö~¡ ã „¬"Í° † Ç°  J= H ›�[O ‹¬° <Œß )

6. 12 12y x= +  J~ò#  'y  H ›# ° H Ë ø O_ v.
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ªB F̂Î#  : ' 12 1 0 12y = × + = .

7. 3 2
2 3y x x= −  J~ò#  'y  H ›# ° H Ë ø O_ v.

ªB F̂Î#  : 2 2
' 2 3 3 2 6 6y x x x x= × − × = −

8. 3

2

1 1
,  0y x x

xx

= + − ≠  J=H ›�[O H ›#° H Ë ø O_ v.

ªB F̂Î#  :
3

2

1 1
y x

xx

= + −

− −
= + −

3 2 1
y x x x

( )− −
= − − −

2 3 2' 3 2 1y x x x

2

3 2

2 1
' 3y x

x x

∴ = − +

9.
1

( )f x x

x

= −  J~ò#  '( )f x  # °  H ›# ° H Ë ø O_v.

ªB F̂Î#  :    
1

( )f x x

x

= −

1

2x x

−

= −

3

2
1 1

'( )
22

f x x

x

− 
= − − 

 

1 1

2 2x x x

= +
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II. ‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (2 =¶~¡°ø�°)

1. ( )
1

f x x
x

= +  J= H ›�* ìxß  H ›# ° H Ë ø O_ v.

ªB F̂Î#  : ( ) 11
f x x x x

x

−
= + = +

( )
2

1
' 1f x

x

= −

2.
2

( )
2

x a
f x

a

−
=

−
,  2a ≠  J= H ›�* ìxß  H ›# ° H Ë ø O_v.

ªB F̂Î#  :
2

( )
2

x a
f x

a

−
=

−

2

'( )
2

d x a
f x

dx a

 −
=   − 

1
2

2
x

a
= ×

−

2

2

x

a
=

−

3.
8 6 4

( ) 2
8 6 4

x x x
f x = − + −  J~ò#  '( )f x  H ›# °H Ë ø O_ v.

ªB F̂Î#  :
8 6 4

( ) 2
8 6 4

x x x
f x = − + −  ( ) 1

 
n nd

x n x
dx

− 
= 

 
∵

7 5 38 6 4
'( ) 0

8 6 4

x x x
f x = − + −

7 5 3'( )f x x x x∴ = − + .

4.
4

73
( ) 2 5

4 7

x
f x x x= + + −  J~ò#  '( 2)f −  # °  H›# ° H Ë ø O_ v.
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ªB F̂Î#  :
4

73
( ) 2 5

4 7

x
f x x x= + + −

3
64 3

'( ) 7 2 1 0
4 7

x
f x x= + × + × −

3 6'( ) 3 2f x x x∴ = + +

3 6'( 2) ( 2) 3( 2) 2f − = − + − +

8 3 64 2= − + × +

8 192 2= − + +

      '( 2) 186f∴ − =

5. ( ) 16 2f x x= +  J~ò Í̀ '(0), '(3), '(8)f f f  �# ° H ›# ° H Ë ø O_ v.

ªB F̂Î#  : ( ) 16 2f x x= +

'( ) 16 1 0f x = × +

  '( ) 16f x =

'(0) 16f∴ =

  '(3) 16f =

  '(8) 16f =

6. ( )6 25 7 4y x x x= +  J~ò Í̀ 
dy

dx
 H ›# ° H Ë ø O_ v.

ªB F̂Î#  : „¬̂ Îœu (1) : y  ï~O_ È°  ã „¬"Í° † Ç¶� �| œO H ê| \÷“

( ) ( ) ( )6 2 2 6
5 . 7 4 7 4 5

dy d d
x x x x x x

dx dx dx
= + + +

( ) ( )6 2 55 . 7 2 4 1 7 4 .30x x x x x= × + × + +

7 6 7 670 20 210 120x x x x= + + +

7 6280 140
dy

x x
dx

∴ = + .
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„¬̂ ÎœuÐ 2 : ( )6 25 7 4y x x x= +

   8 7
35 20y x x= +

7 635 8. 20 7.
dy

x x
dx

∴ = × + ×

7 6280 140x x= + .

7. Q®° } H ê~¡ x† Ç° = ¶xß  L„¬† ³¶yOz,  ( ) ( 1)( 3 7)f x x x= + − −  ã „¬"Í° † Ç°  J= H ›�[O H ›# ° H Ë ø O_ v.

ªB F̂Î#  : ( ) ( 1)( 3 7)f x x x= + − −

( ) ( ) ( )'( ) ( 1). 3 7 3 7 1
d d

f x x x x x
dx dx

= + − − + − − +

( )( ) ( )1 3 3 7 1x x= + − + − − ×

3 3 3 7x x= − − − −

6 10 2(3 5)x x= − − = − +

8. ( )( )2 3( ) 4 5 2u x x x x= − + −  ã „¬"Í° †Ç°  J= H›�[O H ›#° H Ë ø O_ v.

ªB F̂Î#  : ( )( )2 3( ) 4 5 2u x x x x= − + −

( ) ( ) ( ) ( )2 3 3 2
'( ) 4 5 . 2 2 4 5

d d
u x x x x x x x

dx dx
= − + − + − − +

( ) ( ) ( )2 2 34 5 .3 2 . 2 4x x x x x= − + + − −

4 3 2 4 3
3 12 15 2 4 4 8x x x x x x= − + + − − +

4 3 2
'( ) 5 16 15 4 8u x x x x x∴ = − + − +

9. ( )2 22 3 8y x x x= + +  ã „¬"Í° † Ç°  J= �[O H ›# °H Ë ø O_ v.

ªB F̂Î#  : ( )2 2
2 3 8y x x x= + +
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4 3 22 3 8y x x x= + +

3 2
' 2 4 3 3 8 2

dy
y x x x

dx
∴ = = × + × + ×

3 2
8 9 16x x x= + + .

III. n~¡É ‹¬=¶ �̂¥# ã„¬‰×ß�° (5 =¶~¡°ø�°)

1. ( )( )( )( ) 1 2 3f x x x x= − − −  ã „¬"Í° † Ç°  J= H›�[O H ›# ° H Ëø O_ v.

ªB F̂Î#  : ( )( )( )( ) 1 2 3f x x x x= − − −

( )( ) ( ) ( )( ) ( ) ( )( ) ( )'( ) 1 2 . 3 1 3 . 2 2 3 . 1
d d d

f x x x x x x x x x x
dx dx dx

= − − − + − − − + − − −

( ) ( ) ( ) ( ) ( )( )1 2 1 1 3 1 2 3 1x x x x x x= − − × + − − × + − − ×

2 2 2
2 2 3 3 3 2 6x x x x x x x x x= − − + + − − + + − − +

2
3 12 11x x= − + .

2. ( )( )( )2 2( ) 3 7 5 1 3 9 8f x x x x x= + − + +  ã „¬"Í° †Ç°  J= H ›�[O H ›#° H Ë ø O_ v.

ªB F̂Î#  : ( )( )( )2 2( ) 3 7 5 1 3 9 8f x x x x x= + − + +

( )( ) ( )2 2
'( ) 3 7 5 1 . 3 9 8

d
f x x x x x

dx
= + − + + +

( )( ) ( ) ( )( ) ( )2 2 2 2
5 1 3 9 8 . 3 7 3 7 3 9 8 . 5 1

d d
x x x x x x x x

dx dx
− + + + + + + + −

( )( ) ( ) ( )( )2 2
'( ) 3 7 5 1 6 9 5 1 3 9 8 .6f x x x x x x x x= + − × + + − + +

( )( )2 23 7 3 9 8 .5x x x+ + + +
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3. 2( ) ,  ( ) 3,  ( )f x x g x x h x x x= = − = +  J~ò Í̀ [ ]( ). ( ). ( )f x g x h x  † ³òH ›ø  J= H ›�[O H ›# ° H Ë ø O_ v.

ªB F̂Î#  : „¬̂ ÎœuÐ 1 : ( )( )2( ). ( ). ( ) 3f x g x h x x x x x= − +

      ( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )2 2 23 3 . . 3
d d d d

f x g x h x x x x x x x x x x x x x
dx dx dx dx

  = − + + − + + + − 

   ( )( ) ( )( ) ( )2 23 2 1 3 1 1x x x x x x x x x= − + + − + × + + ×

     3 24 6 6
dy

x x x
dx

∴ = − −

„¬̂ ÎœuÐ 2 : ( )( ) ( )( )2 2 23 3y x x x x x x x x= − + = − +

( ) ( ) ( ) ( )2 2 2 23 . 3
dy d d

x x x x x x x x
dx dx dx

= − + + + −

( )( ) ( ) ( )2 23 2 1 . 2 3x x x x x x= − + + + −

3 2 2 3 2 2
2 6 3 2 3 2 3x x x x x x x x= − + − + − + −

  3 2
4 6 6

dy
x x x

dx
∴ = − −

4.
4 3 1

( ) ,
2 1 2

x
f x x

x

+
= ≠

−
 J~ò Í̀ '( )f x  H ›# ° H Ë ø O_ v.

ªB F̂Î#  :
( ) ( ) ( ) ( )

( )
2

2 1 4 3 4 3 2 1

'( )
2 1

d d
x x x x

dx dx
f x

x

− + − + −

=
−

( )( ) ( )( )

( )
2

2 1 4 4 3 2

2 1

x x

x

− − +
=

−

( )
2

8 4 8 6

2 1

x x

x

− − −
=

−
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( )
2

10
'( )

2 1
f x

x

−
∴ =

−

5. 2

3 2

1

x
y

x x

−
=

+ −
 J=H ›�[O H ›#° H Ë ø O_ v.

ªB F̂Î#  : 2

3 2

1

x
y

x x

−
=

+ −

( ) ( ) ( ) ( )

( )

2 2

2
2

1 3 2 3 2 . 1

1

d d
x x x x x x

dy dx dx

dx
x x

+ − − − − + −

=

+ −

( ) ( ) ( )

( )

2

2
2

1 .3 3 2 . 2 1

1

x x x x

x x

+ − − − +
=

+ −

( )

2 2

2
2

3 3 3 6 4 3 2

1

x x x x x

x x

+ − − + − +
=

+ −

( )

2

2
2

3 4 1

1

dy x x

dx
x x

− + −
∴ =

+ −

6. 3
( )

4

x
f x

x

=
+

 J=H ›�[O H ›#° H Ë ø O_ v.

ªB F̂Î#  : 3
( )

4

x
f x

x

=
+

( ) ( ) ( )

( )

3 3

2
3

4 . 4

'( )

4

d d
x x x x

dx dx
f x

x

+ − +

=

+
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( )

( )

3 2

2
3

1
4 .3

2

4

x x x

x

x

+ −

=

+ ( )

3 3

2
3

4 6

2 4

x x

x x

+ −
=

+

( )

3

2
3

4 5
'( )

2 4

x
f x

x x

−
∴ =

+

7. 4 28 1y x x= + +  J~ò Í̀ 
dy

dx
 H ›# ° H Ë ø O_ v.

ªB F̂Î#  : 4 28 1y x x= + +  ̂ Î̀ ŒëO‰ ×O

4 2
8 1t x x= + +  Qê ã Q®‚²ìOz

y t=  Qê ~Œ^¥íO.

31
,    4 16

2

dy dt
x x

dx dxt

= = +

     H ê| \÷“ .
dy dy dt

dx dt dx
=

( )31
. 4 16

2
x x

t

= +

3

4 2

4 16

2 8 1

x x

x x

+
=

+ +

          
3

4 2

2 8

8 1

dy x x

dx
x x

+
∴ =

+ +

8. J= H ›�[O H ›# ° H Ë ø O_v. 
( )

7
2

5

3

y

x

=

−
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ªB F̂Î#  :      ( )
7

2
5. 3

dy d
x

dx dx

− 
= − 

 

( ) ( ) ( )
8

2 25 7 . 3 . 3
d

x x
dx

−

= × − − −

( )
8

2
35 3 .2x x

−

= − −

( )
8

2

70

3

dy x

dx
x

−
∴ =

−
.

9. 2

1

3 1
y

x x

=
+ +

 J= H›�[O H›# ° H Ë øO_ v.

ªB F̂Î#  :      2

1

3 1

dy d

dx dx x x

 
=  

+ + 

( )
1

2
3 1

d
x x

dx

−

= + +

( ) ( )
2
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IV. "Œ¼‹¬~¡¶„¬ ‹¬=¶ �̂¥# ã„¬‰×ß�° (8 =¶~¡°ø�°)
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=   − 

1 1

11
2

1

d x

dx xx

x

+ 
= ×  

−+  

−

( ) ( ) ( ) ( )

( )
2

1 . 1 1 1
1 1

2 1 1

d d
x x x x

x dx dx

x x

 
− + − + − −

= ×  
+ − 

 

( ) ( ) ( )

( )
2

1 .1 1 11 1

2 1 1

x xx

x x

 − − + −−
 = ×

+  − 

    
( )

2

1 1 1 1

2 1 1

dy x x x

dx x x

 − − + +
 = ×

+  − 

    
( ) ( )

3 3

2 2

1 2 1

2 1
1 1 1

dy

dx x
x x x

+ +
= × =

+
− + −

( … è̂ ¥ )

( ) ( )( )

1

1 1 1

dy

dx x x x

+
=

− + −

   ( ) ( )( )2 2

1 1

1 1 1 1x x x x

+
= =

− − − −



J=H›�#O

Q®}÷̀ ÇO H›Þ‰×ó<£ ƒì¼OH± 463

8.
2

1
y x

x

 
= + 
 

ã „¬"Í° †Ç¶xH ÷ J= H›�[O H ›# °H Ë ø O_ v.

ªB F̂Î#  :
2

1
y x

x

 
= + 
 

    
2

1dy d
x

dx dx x

 
= + 

 

2
1

2
d

x x
dx

− 
 = +
 
 

1 1

2 22 .
d

x x x x
dx

− −   
   = + +
   
   

3

2
1 1 1

2 . .
22

x x

x x

−    = + −      

1 1 1
2

2 2
x

x x x x

  
= + −  

  

1 1 1
2 1

2

x

xx x

 +  
= × −   

  

1 1x x

x x

+ −  
=   
  

2

2

1x

x

−
=

2

1
1

dy

dx x

∴ = −
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22

ãuHË}q°f†Ç° ã„¬"Í°†Ç¶� J=H›�#O
Q®}÷̀ Ç‰§GO…Õx ƒ�ìQê�~ò# H›�# Q®}÷̀ ÇO, ‹¬k‰×�°, ãu„¬i=¶} x~¡¶„¬H›*ì¼q°u, ‹¬~¡̂ × =°i†Çò ‚¬ì~Œ Ç̀àH›

ã„¬"Í°†Ç¶�° =ïQá~Œ�xßO\÷x J �̂Î¼†Ç°#O KÍÀ‹ J=Hê‰§xß ãuHË}q°u ƒ�ìQ®O H›�°Q®*è‹¬°ëOk.  WOH›#¶, xö~œtOKÇ|_C#

„¬ik�…Õ q…Õ=° ãuHË}q°f†Ç° ã„¬"Í°†Ç¶� Q®°iOz KÇ̂ Î=_ÈO ä›H_¨ ‹¬Oƒ�’="Í°.

W„¬æ\÷=~¡ä›½ <Í~¡°óä›½x †Çò#ß J=H›�# ‹¬¶ã`Œ�xß ãuHË}q°f†Ç° ã„¬"Í°†Ç¶�ä›½ =iëªPë†Ç¶ J#ßk ~òH›ø_È

L Î̂~òOKÍ ã„¬‰×ß.

ãuHË}q°f†Ç°, q…Õ=° ãuHË}q°f†Ç° ã„¬"Í°†Ç¶�ä›½ ‹¬O|Ok�Oz# J=H›�# ã„¬ãH÷†Ç°, J=H›�# ‹¬¶ã`Œ�°,

„¦¬e`Œ�° ~Œ|@“_È=°<Í ã„¬u‡P Î̂##° ~ü ‡P~”¡O…Õ J=�OaªPëO.  ~ü ‹¬O Î̂~¡Ä\OQê, ãuHË}q°f†Ç°, q…Õ=°

ãuHË}q°f†Ç° ã„¬"Í°†Ç¶�#° ö~_C†Ç°<£ =¶#O…Õ<Í =¼‚¬ìiªPëO.

�HÆê¼�° :

D ‡P~”Œ¼O‰×=ò KÇkq# ̀ Ç~¡°"Œ Ç̀, ̀ ³�°‹¬°HËQ®ey# q+¬†Ç¶�°.

1. =ü� ‹¬¶ã Ç̀O #°O_C ãuHË}q°f†Ç°, q…Õ=° ãuHË}q°f†Ç° ã„¬"Í°†Ç¶� J=H›�#O.

2. Q®°}Hê~¡, ƒ�ìQ®‚¬ð~¡ =°i†Çò Qù�°‹¬° x†Ç°=¶�#° L„¬†³¶yOz ãuHË}q°f†Ç°, q…Õ=° ãuHË}q°f†Ç°
ã„¬"Í°†Ç¶� J=H›�#O.

3. ï~O_Ë ̀ Ç~¡Q®u J=H›�*ì�°.

=òMì¼O‰§�°

1. )i ( )sin cos
d

x x
dx

= )ii ( )cos sin
d

x x
dx

= − )iii

( ) 2sec
d
Tanx x

dx
=

. )iv  ( ) 2cot cosec
d

x x
dx

= − )v  ( )sec sec tan
d

x x x
dx

=
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)vi  ( )sec cos cot
d
co x ecx x

dx
= −

2. x Î̂$‘P“¼ J=H›�h†Ç° ã„¬"Í°†Ç°O J~ò Í̀..

)i  ( ) =sin cos
d du

u u
dx dx

)ii ( )cos sin
d du

u u
dx dx

= −

)iii  ( ) 2sec
d du
Tanu u

dx dx
= )iv ( ) 2cot cos

d du
u ec u

dx dx
= −

)v  ( )sec sec tan
d du

u u u
dx dx

= )vi ( )cos cos cot
d du

ecu ecu u
dx dx

= −

3. )i ( )1

2

1
sin

1

d
x

dx x

−
=

−
)ii ( )1

2

1
cos

1

d
x

dx x

− −
=

−

)iii  ( )1

2

1

1

d
Tan x

dx x

−
=

+
)iv ( )1

2

1
cot

1

d
x

dx x

− −
=

+

)v  ( )1

2

1
sec

1

d
x

dx x x

−
=

−
)vi

( )1

2

1
cos

1

d
ec x

dx x x

−
=

−

I. Ju‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (1 =¶~¡°ø)

1. sin2x  †³òH›ø J=H›�*ìxß H›#°Qù#O_C.

ªP �̂Î#: sin 2y x=

( )= = × =cos2 . 2 cos2 2 2cos2
dy d

x x x x
dx dx

2. y Tan x= †³òH›ø J=H›�*ìxß H›#°Qù#O_C.

ªP �̂Î#: y Tan x=

2sec .
dy d

x x
dx dx

=

2 21 1
sec sec

2 2
x x

x x
= × =
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3. 2siny x= †³òH›ø J=H›�*ìxß H›#°Qù#O_C.

ªP �̂Î#: 2siny x=

( )2 2 2 2cos . cos 2 2 cos
dy d

x x x x x x
dx dx

= = × =

4. cot3y x= π †³òH›ø J=H›�*ìxß H›#°Qù#O_C.

ªP �̂Î#: cot3y x= π

( )cot3 cos 3 . 3
dy d

x ec x x
dx dx

= −π

= − π3 cot3  cosec3x x

II. ‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (2 =¶~¡°ø�°)

1.
sin

1 cos

x
y

x
=

+
†³òH›ø J=H›�*ìxß H›#°Qù#O_C.

ªP �̂Î#:
sin

1 cos

x
y

x
=

+

2

2sin cos
2 2

2cos
2

x x

x
=

2

x
y Tan=

2 21
sec . sec

2 2 2 2

dy x d x x

dx dx

 
∴ = = 

 

2. 3siny x= †³òH›ø J=H›�*ìxß H›#°Qù#O_C.

ªP �̂Î#: ( )
1

3 3 2sin siny x x= =
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( ) ( )
1

1
3 32

1
sin . sin

2

dy d
x x

dx dx

−

=

( ) ( )

1
3 22

1
sin .3sin . sin

2

d
x x x

dx
=

2

3

1
.3sin .cos

2 sin

x x

x

=

3
sin .cos

2
x x=

3.
1 sin

1 sin

x
y

x

−
=

+
†³òH›ø J=H›�*ìxß H›#°Qù#O_C.

ªP �̂Î#:
1 sin

1 sin

x
y

x

−
=

+

1 sin 1 sin

1 sin 1 sin

x x

x x

− −
= ×

+ −

2

1 sin 1 sin

cos1 sin

x x

xx

− −
= =

−

secy x Tanx= −

2sec sec
dy

xTanx x
dx

∴ = −

2 2

sin 1

cos cos

x

x x
= −

2 2

sin 1 sin 1

cos 1 sin

x x

x x

− −
= −

−

1

1 sin

dy

dx x

−
∴ =

+

4. ( ) sin 3f x x=  †³òH›ø J=H›�*ìxß H›#°Qù#O_C.
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ªP �̂Î#: ( ) sin 3y f x x= =

( ) ( )1 1
sin 3

2 sin 3

dy d
f x x

dx dxx
= = ×

( )
1

cos3 . 3
2 sin 3

d
x x
dxx

=

3
cos3

2 sin 3
x

x
=

5. ( ) sinf x x x=  †³òH›ø J=H›�*ìxß H›#°Qù#O_C.

ªP �̂Î#: ( ) sinf x x x=

( ) ( )1 sin sin .
d d

f x x x x x
dx dx

= +

cos sin 1x x x= + ×

( )1 cos sinf x x x x∴ = +

6. 3siny x=  †³òH›ø J=H›�*ìxß H›#°Qù#O_C.

ªP �̂Î#: 3siny x=

( )23sin . sin
dy d

x x
dx dx

=

23sin cosx x=

7. 4y Tan x=  †³òH›ø J=H›�*ìxß H›#°Qù#O_C.

ªP �̂Î#: 4y Tan x=

( )34 .
dy d

Tan x Tanx
dx dx

=

3 24 .secTan x x=

8. 1 2cos x−  †³òH›ø J=H›�*ìxß H›#°Qù#O_C.
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ªP �̂Î#: 1 2cosy x−
= J#°Hùx#

( )
( )2

2
2

1

1

dy d
x

dx dx
x

−
= ×

−
( )1

2

1
cos

1

d
x

dx x

−
 −
 =
 

− 

∵

4

1
2

1

x

x

−
= ×

−

4

2

1

dy x

dx x

−
∴ =

−

9. 1 1
cos

x

−  
 
 

 †³òH›ø J=H›�*ìxß H›#°Qù#O_C.

ªP �̂Î#: 1 1
cosy

x

−  
=  

 

2

1 1
.

1
1

dy d

dx dx x

x

−  
∴ =  

  
−  
 

( )1

2

1
cos

1

d
x

dx x

−
 −
 =
 

− 

∵

22

1 1

1 xx

x

− −
= ×

−

2

1

1

dy

dx x x

∴ =

−

10. ( )1 cos cotTan ecx x−
−  †³òH›ø J=H›�*ìxß H›#°Qù#O_C.

ªP �̂Î#: ( )1 cos coty Tan ecx x−
= −  J#°Hùx#

( )
( )

2

1
cos cot

1 cos cot

dy d
ecx x

dx dxecx x
= × −

+ −
( )1

2

1

1

d
Tan x

dx x

− 
= 

+ 
∵

( )2

2 2

1
cos cot cos

1 cos cot 2cos cot
ecx x ec x

ec x x ecx x
= × − +

+ + −
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( )
2

2
cos cos cot

2cos 2cosec cot
= × −

−
ecx ecx x

ec x x x

( )
( )

1
2cos cos cot

2cos cos cot
ecx ecx x

ecx ecx x
= × −

−

1

2

dy

dx
∴ =

11. ( )1 3cos 4 3x x−
−  †³òH›ø J=H›�*ìxß H›#°Qù#O_C.

ªP �̂Î#: ( )1 3cos 4 3y x x−
= −

cosx = θ  J#°Hùx# 1cos x−
θ =

( )1 3cos 4 cos 3cosy −
= θ − θ

( )1cos cos3 3−
= θ = θ

13cosy x−
∴ =

2

3

1

dy

dx x

−
=

−

12. sin x  †³òH›ø ï~O_È= ̀ Ç~¡Q®u J=H›�*ìxß H›#°Qù#O_C.

ªP �̂Î#: siny x=

x  Î̂$‘P“¼ J=H›�#O KÍ†Ç°Qê

cos
dy

x
dx

=

uiy x  Î̂$‘P“¼ J=H›�#O KÍ†Ç°Qê

( )
2

2
cos sin

d y d
x x

dxdx
= =

2

2
sin

d y
x

dx
∴ = −
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13. 3 2

2

x
y x Tan=  J~ò# 

dy

dx
 #° H›#°Qù#O_C.

ªP �̂Î#: 3 2

2

x
y x Tan=

( )3 2 2 3.
2 2

dy d x x d
x Tan Tan x

dx dx dx

   
∴ = +   

   

3 2 2 21
2 .sec . .3

2 2 2 2

x x x
x Tan Tan x

 
= × +  

 

3 2 2 2sec 3
2 2 2

dy x x x
x Tan x Tan

dx

 
∴ = +  

 

14.. 3 3cos , sinx a y a= θ = θ J~ò#
2

1
dy

dx

 
+  
 

 H›#°Qù#O_C.

ªP �̂Î#: 3 3cos , sinx a y a= θ = θ

= − θ θ = θ θ
θ θ

2 2 23 cos sin , 3 sin cos
dx dy

a a
d d

dy dy d

dx d dx

θ
∴ = ×

θ
 (Qù�°‹¬° x†Ç°=°=ò #°O_C)

2

2

1
3 sin cos

3 cos sin
a

a

−
= θ θ ×

θ θ

dy
Tan

dx
∴ = − θ

III. n~¡É ‹¬=¶ �̂¥# ã„¬‰×ß�° (5 =¶~¡°ø�°)

1. =ü� ‹¬¶ã Ç̀O #°O_C Tanx†³òH›ø J=H›�*ìxß H›#°Qù#O_C.

ªP �̂Î#: y Tanx=

( )+ δ = + δy y Tan x x
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( )+ δ − = + δ −y y y Tan x x Tanx

   
( )

( )

+ δ
δ = −

+ δ

sin sin

cos cos

x x x x
y

x x x

( ) ( )

( )

+ δ − + δ
=

+ δ

sin cos cos sin

cos cos

x x x x x x x

x x x

( )

( )

+ δ −
=

+ δ

sin

cos cos

x x x

x x x

( )

δ
=

+ δ

sin

cos cos

x

x x x

  ( )

δ
=

δ + δ

sin

cos cos

dy x

dx x x x x

( )δ → δ → δ →

δ δ
∴ = ×

δ δ + δ0 0 0

sin 1
lim lim lim

cosx x x

y x

x x cox x x x

2

1
1

cos

dy

dx x
= ×

( ) 2sec
d
Tanx x

dx
=

2. ã‡P Š̂Îq°H› ‹¬¶ã Ç̀O #°O_È cos2y x=  †³òH›ø J=H›�*ìxß H›#°Qù#O_C.

ªP �̂Î#: cos2y x=  J#°Hù#°=ò

( ) ( )+ δ = + δ = + δcos2 cos 2 2y y x x x x

( )+ δ − = + δ = −cos 2 2 cos 2y y y x x x

+ δ + + δ −   
δ = −    

   

2 2 2 2 2 2
2sin .sin

2 2

x x x x x x
y

    ( ) ( )= − + δ δ2sin 2 sinx x x
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( ) ( )− + δ δδ
=

δ δ

2sin 2 sinx x xy

x x

( )

→ →

− + δ δδ
=

δ δ0 0

2sin 2 sin
lim lim
x x

x x xy

x x

( )
→ →

δ
= − + δ

δ0 0

sin
2 lim sin 2 . lim
x x

x
x x

x

2sin 2 1
dy

x
dx

∴ = − ×

( )cos2 2sin 2
d

x x
dx

∴ = −

3. =ü� ‹¬¶ã Ç̀O #°O_C cot 2x  †³òH›ø J=H›�*ìxß H›#°Qù#O_C.

ªP �̂Î#: cot2y x= J#°Hù#°=ò

( ) ( )+ δ = + δ = + δcot 2 cot 2 2y y x x x x

( )+ δ − = + δ −cot 2 2 cot2y y y x x x

( )

( )

+ δ
δ = −

+ δ

cos 2 2 cos2

sin 2 2 sin 2

x x x
y

x x x

    
( ) ( )

( )

+ δ − + δ
=

+ δ

cos 2 2 sin 2 sin 2 2 cos2

sin 2 2 sin 2

x x x x x x

x x x

( )( )
( )

− + δ
=

+ δ

sin 2 2 2

sin 2 2 .sin 2

x x x

x x x

( )

( )

− δ
δ =

+ δ

sin 2.

sin 2 2 .sin 2

x
y

x x x

( )

( )

− δδ
=

δ + δ

sin 2

sin 2 2 .sin 2

xy

x x x x

( )

( )→ →

− δδ
=

δ + δ δ0 0

sin 2
lim lim

sin 2 2 sin 2x x

xy

x x x x x
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( )

( )

→ →

δ
= − ×

+ δ δ0 0

sin 21
lim lim 2

sin 2 2 sin 2 2x x

x

x x x x

1
1 2

sin 2 .sin 2x x
= − × ×

( ) 2cot2 2cos 2
dy

x ec x
dx

∴ = − .

4. =ü� ‹¬¶ã Ç̀O #°O_C 22sin x  †³òH›ø J=H›�*ìxß H›#°Qù#O_C.

ªP �̂Î#: 22siny x=

( )+ δ − = + δ
22siny y y x x

   ( )( )δ = + δ −
2 22 sin siny x x x

( ) ( )= + δ + + δ −2sin .sinx x x x x x

( )= + δ δ2sin 2 sinx x x

( )+ δ δδ
=

δ δ

2sin 2 sinx x xy

x x

( )

δ → δ →

+ δ δδ
=

δ δ0 0

2sin 2 sin
lim lim
x x

x x xy

x x

( )
δ → δ →

δ
= + δ

δ0 0

sin
2 lim sin 2 . lim
x x

x
x x

x

2.sin 2 1
dy

x
dx

= ×

( )22sin 2sin 2
d

x x
dx

∴ =

5. =ü� ‹¬¶ã Ç̀O #°O_C 2Tan x  †³òH›ø J=H›�*ìxß H›#°Qù#O_C.

ªP �̂Î#: 2y Tan x= J#°Hù#°=ò.

( )+ δ = + δ
2y y Tan x x
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( )+ δ − = + δ −
2 2y y y Tan x x Tan x

   
( )

( )

+ δ
δ = −

+ δ

2 2

2 2

tan sin

cos cos

x x x
y

x x x

( ) ( )

( )

+ δ + δ
=

+ δ

2 2 2

2 2

sin .cos sin

cos cos

x x x x x

x x x

( ) ( )( ) ( ) ( )( )

( )

+ δ + + δ + δ − + δ
=

+ δ
2 2

sin cos cos sin sin cos cos sin

cos cos

x x x x x x x x x x x x x

x x x

( ) ( )

( )

+ δ + + δ −
=

+ δ
2 2

sin .sin

cos cos

x x x x x x

x x x

( )

( )

+ δ δ
δ =

+ δ
2 2

sin 2 sin

cos

x x x
y

cox x x x

( )

( )

+ δ δδ
=

δ + δ × δ
2 2

sin 2 sin

cos

x x xy

x cox x x x x

( )

( )δ → δ →

+ δ δδ
=

δ + δ × δ
2 20 0

sin 2 sin
lim lim

cos cosx x

x x xy

x x x x x

( )

( )δ → δ →

+ δ δ
= ×

δ+ δ
2 20 0

sin 2 sin
lim lim

cos cosx x

x xdy x

dx xx x x

2 2

sin 2
1

cos .cos

x

x x
= ×

2 2

2sin cos

cos cos

x x

x x
=

= =
22 .sec

dy
Tanx x

dx
 …è̂ ¥

( )2 22 .sec
d
Tan x Tanx x

dx
=
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6. ( ) ( )sin , 1 cosx a t t y a t= + = −  J~ò<Œ 
dy

dx
 #° H›#°Qù#O_C.

ªP �̂Î#: ( ) ( )sin , 1 cosx a t t y a t= + = −

( )1 cos
dx

a t
dt

= + , = sin
dy

a t
dt

Qù�°‹¬° x†Ç°=°=ò #°O_C

dy dy dt

dx dt dx
= ×

( )

sin

1 cos

a t

a t
=

+

2

2sin cos
2 2

2cos
2

t t

t
=

2

dy t
Tan

dx
∴ =

7. ( ) sin 2 cos3f x x x=  †³òH›ø J=H›�*ìxß H›#°Qù#O_C.

( ) sin 2 cos3f x x x=

( ) ( ) ( )1 sin 2 . cos3 cos3 . sin 2
d d

f x x x x x
dx dx

= +

( ) ( )= + ×sin 2 .sin3 3 cos3 2cos2 2
d d

x x x x x x
dx dx

3sin 2 .sin3 2cos3 .sin 2x x x x= − +

( )1 2cos3 sin 2 3sin 2 .sin3f x x x x x∴ = −

8. cos 2
2

y x
π 

= + 
 

 = Î̂í 
3

x
π

=  = Î̂í J=H›�*ìxß H›#°Qù#O_C.
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ªP �̂Î#: cos 2
2

y x
π 

= + 
 

sin 2 2
2 2

dy d
x x

dx dx

π π   
= − + +   

   

( )sin 2 2 1 0
2

x
π 

= − + × × + 
 

2sin 2
2

dy
x

dx

π 
= − + 

 

3
x

π
=  = Î̂í

sin 2
3 2

dy

dx

π π 
= − + 

 

7
2sin

6

π 
= −  

 

2sin
6

π 
= − π + 

 

2sin
6

π
= ( )( )sin sinπ + θ = − θ∵

1
2 1

2
= × =

1
dy

dx

 
∴ = 
 

9.
1 sin

cos

x
y

x

+ 
=  
 

 ã„¬"Í°†Ç¶xH÷ 
4

x
π

= = Î̂í J=H›�*ìxß H›#°Qù#O_C.

ªP �̂Î#:
1 sin

cos

x
y

x

+
=
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( ) ( ) ( )

( )

+ − +

=
2

cos . 1 sin 1 sin . cos

cos

d d
x x x x

dy dx dx

dx x

( ) ( )
2

cos .cos 1 sin sin

cos

x x x x

x

− + −
=

2 2

2

cos sin sin

cos

x x x

x

+ +
=

2

1 sin

cos

dy x

dx x

+
∴ =

4
x

π
=  = Î̂í

22

1
11 sin

24

1cos
4

2

dy

dx

π
++

 
= =  π   

 
 

( )

2 1

2
2 2 1

1

2

+

= = +

2 2
dy

dx

 
∴ = + 
 

10. ( )cos cosy x a y= +  J~ò# 2cos
sin

dy a y

dx a

+ 
=  

 
 Jx KÇ¶„¬O_C.

ªP �̂Î#: ( )cos cosy x a y= +  …è̂ ¥

( )

cos

cos

y
x

a y
=

+

x  Î̂$‘P“¼ J=H›�#O KÍ†Ç°Qê,
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( ) ( ) ( )( )( )

( )2

cos . sin cos . sin
1

cos

a y y y a y dy

dxa y

+ − − − +
=

+

( ) ( )

( )2

sin cos cos sin
1

cos

y a y y a y dy

dxa y

 − + + +
 =
 + 

( )

( )2

sin
1 .

cos

a y y dy

dxa y

+ −
∴ =

+

( )2cos

sin

a ydy

dx a

+
∴ =

11. =ü� ‹¬¶ã Ç̀O #°O_C 1sin x−  †³òH›ø J=H›�*ìxß H›#°Qù#O_C.

ªP �̂Î#: 1siny x−
=  J#°Hùx# sinx y=

( )∴ + δ = + δsinx x y y

( )δ → ⇒ + δ −0 sin sinx y y y

W~¡°"³á„¬ô�δx `Ë ƒ�ìyOKÇQê

( ) ( )+ δ − + δ − δ
= ⇒ =

δ δ δ

sin sin sin sin
1 1 .

y y y y y y y

x y x

( )

δ → δ →

+ δ − δ
=

δ δ0 0

sin sin
1 lim lim

y x

y y y y

y x

δ →

δ δ   
+   

   
=

δ0

2cos sin
2 2

1 lim .
y

y y
y

dy

y dx

δ → δ →

δ 
 

δ   
= + × 

δ  
 
 

0 0

sin
2

lim cos lim .
2

2

y y

y

y dy
y

y dx
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1 cos 1
dy

y
dx

= × ×

∴ = = =

− −
2 2

1 1 1

cos 1 sin 1

dy

dx y y x

( )1

2

1
sin

1

d
x

dx x

−
∴ =

−

12.  =ü� ‹¬¶ã Ç̀O #°O_C 1sec x−  †³òH›ø J=H›�*ìxß H›#°Qù#O_C.

ªP �̂Î#: 1secy x−
=  J#°Hùx# secx y=  =°i†Çò

( )sec+ δ = + δx x y y

 δ → ⇒ δ →0 0x y

( )δ = + δ −sec secx y y y

( )+ δ −
=

δ

sec sec
1

y y y

x

  
( )+ δ − δ

=
δ δ

sec sec
.

y y y y

y x

( )

δ → δ →

+ δ − δ
=

δ δ0 0

sec sec
1 lim lim

y x

y y y y

y x

( )δ →

   
+ δ δ   

   
=

δ + δ0

1 1
2sin sin

2 2
lim .

.cos cosy

y y y
dy

y y y y dx

( )δ →

   
+ δ δ   

   
=

δ + δ δ0

1 1
2sin sin

2 2
lim

.cos cos .y

y y y
dy

dx y y y y y

( )δ → δ →

   
+ δ δ   

   
=

δ+ δ  
 
 

0 0

1 1
sin sin

2 2
lim lim

cos .

2

y y

y y y
dy

ydx y cox y y
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sin
. 1
cos .cos

dy y

dx y y
= ×

1 sec ,
dy

y Tany
dx

=

2

1 1

sec sec sec 1

dy

dx yTany y y

∴ = =

−

2

1

1

dy

dx x x

=

−

( )1

2

1
sec

1

d
x

dx x x

−
∴ =

−

13. _³…ì“ „¬̂ Îœu ^¥Þ~Œ 1sin− x  †³òH›ø J=H›�*ìxß H›#°Qù#O_C.

ªP �̂Î#: 1sin−
=y x  J#°Hùx# sin =y x

=°i†Çò ( )+ δ = + δsin y y x x

( )sin sin( ) sin+ δ = + δ − = + δ −y y y y y x x x

2cos sin
2 2

δ δ + δ −   
+ = × + δ +   

+ δ +   

y y x x x
y x x x

x x x

δ
=

+ δ +

x

x x x

2cos sin
12 2

δ δ   
+   

   
=

δ + δ +

y y
y

x x x x

…è̂ ¥ 
2cos sin

12 2

2

δ δ   
+   

δ    
=

δδ   + δ +
 
 

y y
y

y

yx x x x
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0 0 0 0

sin
12

lim lim cos lim lim
2

2

δ → δ → δ → δ →

δ 
 

δ δ   
+ = 

δδ   + δ + 
 
 

x y y x

y

y y
y

yx x x x

( )0 0δ → ⇒ δ →∵ x y

1
cos .1

2

dy x
y

dx x x x
∴ = =

+

2

1 1

2 cos 2 1 sin

dy

dx x y x y

= =

−

( )1 1
sin

2 1

d
x

dx x x

−
∴ ==

−

14. 1 2cot 1 x x−  
+ + 

 
 †³òH›ø J=H›�*ìxß H›#°Qù#O_C.

ªP �̂Î#: 1 2cot 1y x x−  
= + + 

 

cotx = θ  J#°Hùx#, 1cot x−
θ =

2 21 1 cot cotx x+ + = + θ + θ

cos cotec= θ + θ

22cos
1 cos 2

sin
2sin cos

2 2

θ 
 

+ θ  
= =

θ θθ    
   
   

cot
2

θ 
=  

 

1 2cot 1y x x−  
∴ = + + 

 



ãuHË}q°f†Ç° ã„¬"Í°†Ç¶� J=H›�#O

Q®}÷̀ ÇO H›Þ‰×ó<£ ƒì¼OH± 483

1cot cot
2

y −  θ 
⇒ =   

  

2
y

θ
=

1cot

2

x
y

−

=

( )2 2

1 1 1

2 1 2 1

dy

dx x x

 − −
∴ = = 

+  +

15. 1

2

2
sin

1

x

x

−  
 

+ 
 Î̂$‘P“¼. 1

2

2

1

x
Tan

x

−  
 

− 
 †³òH›ø J=H›�#O 1 Jx KÇ¶„¬O_C.

ªP �̂Î#: 1

2

2

1

x
y Tan

x

−  
=  

− 
 =°i†Çò 1

2

2
sin

1

x
z

x

−  
=  

+ 
 J#°Hù#°=ò.

x Tan= θ  J#°Hùx#

1

2

2

1

Tan
y Tan

Tan

−  θ
=  

− θ 
 =°i†Çò 1

2

2
sin

1

Tan
z

Tan

−  θ
=  

+ θ 

( )1 2Tan Tan−
= θ  =°i†Çò ( )1sin sin 2z −

= θ

2y = θ  =°i†Çò 2z = θ

2 1 2
dy

d
∴ = × =

θ
2 1 2

dz

d
= × =

θ

.
dy dy d

dx d dz

θ
∴ =

θ
  (Qù�°‹¬° x†Ç°=°=ò ^¥Þ~Œ)

1
2. 1

2
= =

1
dy

dx
∴ =
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16. 1Tan x−  Î̂$‘P“¼ 
1

11

Tan x

Tan x

−

−
+

 †³òH›ø J=H›�*ìxß H›#°Qù#O_C.

ªP �̂Î#:
1

11

Tan x
y

Tan x

−

−
−

+
 =°i†Çò 1Z Tan x−

=

x Tan= θ  J~ò# 1Tan x−
θ =

1
y

θ
∴ =

+ θ
 =°i†Çò Z = θ

( )

( )
2

1 .1 .1
, 1

1

dy dz

dx d

+ θ − θ
= =

θ+ θ

( )
2

1

1
=

+ θ

( )
2

1

1

1

dy

d
Tan x−

=
θ

+

.
dy dy d

dx d dx

θ
∴ =

θ
 (Qù�°‹¬° x†Ç°=°=ò ^¥Þ~Œ)

( )
2

1

1
1

1 Tan x−

= ×

+

( )
2

1

1

1

dy

dx
Tan x−

∴ =

+ .
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IV. "Œ¼‹¬~¡¶„¬ ‹¬=¶ �̂¥# ã„¬‰×ß�° (8 =¶~¡°ø�°)

1. 1siny x−
=  J~ò#, ( )2

2 11 0x y xy− − =  Jx KÇ¶„¬O_C. WO Î̂°…Õ  2y  =°i†Çò 1y �° x Î̂$‘P“¼

ï~O_È= Ç̀~¡Q®u =°i†Çò "³ò Î̂\÷ Ç̀~¡Q®u J=H›�*ì�°.

ªP �̂Î#: 1siny x−
=  J#°Hùx#

 W~¡°"³á„¬ô� x  Î̂$‘P“¼ J=H›�#O KÍ†Ç°Qê

2

1

1

dy

dx x

=

−

W~¡°"³á„¬ô� =~¡¾O KÍ†Ç°Qê

2

2

1

1

dy

dx x

 
= 

  −

( )2 2
11 0x y− =

x  Î̂$‘P“¼ J=H›�#O KÍ†Ç°Qê

( ) ( ) ( )2 2
1 1 11 2 . 2 . 0
d

x y y x y
dx

− + − =

( )2 2
1 2 11 2 2 0x y y xy− − =

( )2
2 11 0x y xy∴ − − =

2. 2 1y x Tan x−
=  †³òH›ø ï~O_È= ̀ Ç~¡Q®u J=H›�*ìxß H›#°Qù#O_C.

ªP �̂Î#: 2 1y x Tan x−
=  J~ò#

x  Î̂$‘P“¼ J=H›�#O KÍ†Ç°Qê

( ) ( )2 1 1 2. .
dy d d

x Tan x Tan x x
dx dx dx

− −
= +

( )2 1

2

1
. 2
1

x Tan x x
x

−
= +

+



ãuHË}q°f†Ç° ã„¬"Í°†Ç¶� J=H›�#O

486 Q®}÷̀ ÇO H›Þ‰×ó<£ ƒì¼OH±

2
1

2
2

1

dy x
xTan x

dx x

−
= +

+

uiy x  Î̂$‘P“¼ J=H›�#O KÍ†Ç°Qê

( ) ( )

( )

2 2
2

1

2 2 2
2

1 2 . 2 1
2 . .1

11

x x x xd y
x Tan x

dx xx

−
+ −  

= + + 
+ +

( )
1

2 2
2

2
2

11

x x
Tan x

xx

− 
= + + 

+ +

( )
1

2 2
2

2 2
2

11

x x
Tan x

xx

−
= + +

++

( )

( )

2

1

2
2

2 2 1
2

1

x x x
Tan x

x

−
+ + +

= +

+

( )

3
1

2
2

4 2
2

1

x x
Tan x

x

−+
= +

+

( )

( )

2
2

1

2 2
2

2 2
2

1

x xd y
Tan x

dx x

−
+

∴ = +

+

3. ( )
2

11
sin

2
y x−

=  J~ò# ( )2
2 11 1x y xy− − =  Jx KÇ¶„¬O_C.

ªP �̂Î#: ( )
2

11
sin

2
y x−

=  J~ò#

( )1 11
2sin . sin

2

dy d
x x

dx dx

− −
= ×
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1

2

sin

1

dy x

dx x

−

=

−

1

1
2

sin

1

x
y

x

−

=

−

2 1
11 sinx y x−

− =

W~¡°"³á„¬ô� =~¡¾O KÍ†Ç°Qê

( ) ( )
2

2 2 1
11 sinx y x−

− =

( )2 2
11 2x y y∴ − =

W~¡°"³á„¬ô� x  Î̂$‘P“¼ J=H›�#O KÍ†Ç°Qê

( ) ( )2 2
1 2 1 11 2 . 2 2x y y y x y− + − =

( )2
2 11 1x y xy∴ − − =

4. ( )sin siny x=  J~ò# 
2

2

2
cos 0

d y dy
Tanx y x

dxdx
+ + =  Jx KÇ¶„¬O_C.

ªP �̂Î#: ( )sin siny x= ... (1)

x  Î̂$‘P“¼ J=H›�#O KÍ†Ç°Qê

( ) ( )cos sin sin
dy d

x x
dx dx

= ×

( )cos sin .cos
dy

x x
dx

=

( )
1

cos sin .
cos

dy
x

x dx
⇒ = ... (2)

x  Î̂$‘P“¼ uiy J=H›�#O KÍ†Ç°Qê
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( ) ( ) ( )( )
2

2
cos sin . cos cos . cos sin

d y d d
x x x x
dx dxdx

= +

( ) ( )
2

2
cos sin sin cos .sin sin .cos

d y
x x x x x

dx
= − −

( )
2

2

2

1
sin cos

cos

d y dy
x x y

dx xdx
∴ = − × −

(∵ ‹¬g°H›~¡}O 1,2 � #°O_C ( )sin siny x= , ( )
1

. cos sin
cos

dy
x

x dx
= )

2
2

2
cos

d y dy
Tanx y x

dxdx
= − +

2
2

2
cos 0

d y dy
Tanx y x

dxdx
∴ + + =

5. ( )cos cos=y x  J~ò# 
2

2

2
cot . sin 0

d y dy
x y x
dxdx

− + =  Jx KÇ¶„¬O_C.

ªP �̂Î#: ( )cos cosy x=

( )sin cos sin
dy

x x
dx

= − × −

( )sin sin cosx x=

( )( ) ( ) ( )
2

2
sin . sin cos sin cos . sin

d y d d
x x x x
dx dxdx

= +

( ) ( ) ( )= − +sin .cos cos sin sin cos .cosx x x x x

2 1
sin . cos

sin

dy
x y x

dx x
= − + ×

2
2

2
sin cot .

d y dy
y x x

dxdx
= − +
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2
2

2
cot sin 0

d y dy
x y x
dxdx

∴ − + =

6. 1y Tan x−
=  J~ò# ( )2

2 11 2 0x y xy+ + =  Jx KÇ¶„¬O_C.

ªP �̂Î#: 1y Tan x−
=  J#°Hùx#,

2

1

1

dy

dx x
=

+

( )2
11 1x y∴ + =

x  Î̂$‘P“¼ uiy J=H›�#O KÍ†Ç°Qê

( ) ( )2
2 11 2 0x y y x+ + =

( )2
2 11 2 0x y xy∴ + + =
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23

„¦¬¶`Ç =°i†Çò ‹¬O=~¡¾=¶# ã„¬"Í°†Ç°=ò� J=H›�#O
ª�= ¶# ¼= òQê [<Œƒ�ì ‹¬OY¼ Ì „~¡° Q®° # x = ° # ä ›½  ³̀!° ‹¬° .  = ° iH ù xß  q +¬† Ç° = ò!… Õ Ç̀~¡° Q®° Î̂!# °  ä ›/_ ¨

Q®= ° xOK ÇQ®!= ò.  K Œ… ì q +¬† Ç° = ò!… Õ Ì „~¡° Q®° Î̂! = ° i† Çò ̀ ÇQ®° ¾̂ Î! J# ° # q  Jq zó 7# = òQê LO@ ¶ LO_ È\ìxß
Q®= ° xOK ÇQ®!= ò.  L^¥‚¬ì~¡} Qê PiÖH › = ¼= ‹¬Ö,  = ¼= ª�† Ç° O = ° i† Çò "Œ¼‡ �~¡~¡OQ®O.  g \÷… Õ Jq zó 7# ß = òQê
Ì„~¡°Q®° Î̂! =°i†Çò ̀ ÇQ®°¾̂ Î! LO\ì~ò.  ã „¬‹¬° ë̀ ÇO L#ß  10,00,000 ƒìH©“i† Ç¶!° 10Q®O@ !…Õ ï~\÷“O„¬ô  J= ô`Œ†Ç°x
J# ° H ù O>è,  Wq  30, 00, 000 H ê= _ ¨ xH ÷ Z O Ç̀ ‹¬= ° † Ç° O „¬_ È° Ç̀° Ok J<Í q +¬† Ç° O ³̀!° ‹¬° H Ë "Œ!<Í ‹¬= ° ‹¬¼!ä ›½
["Œ| ° # °  ‹¬OH ›!#  „¬̂ Îœu … èH › Q®° } ÷[„¬̂ Îœu H êä ›½ O_ ¨  = ° i† ³òH › q �̂Î= òQê ³̀!° ‹¬° H ù # ° @ ä ›½  +¬̄ Ç̀ ã „¬"Í° † Ç° O
L„¬† ³¶Q®„¬_ È° Ç̀° Ok. „¦¬¶ Ç̀ ã „¬"Í° † Ç° = ò ‹¬O= ~¡¾ = ¶#  ã „¬"Í° †Ç° = ò# ä ›½  q … Õ= ° = ò.

D ‡ �~”Œ¼O‰ ×= ò # O Î̂°  +¬̄ Ç̀ ã „¬"Í° † Ç° = ò = ° i† Çò ̂ ¥x † ³ òH ›ø  J= H ›!# = ò!# °  Q®¶ió  ̀ ³!° ‹¬° H ù O^¥= ò.

�HÆê¼�° :

D ‡ �~”Œ¼O‰ ×= ò <Íió #  ̀ Ç~¡° "Œ Ç̀,  D ã H ÷Ok q +¬† Ç° = ò!# °  g° ~¡°  ̀ ³!° ‹¬° H ù O\ì~¡° .

♦ „¦¬¶ Ç̀ = ° i† Çò ‹¬O= ~¡¾= ¶#  ã „¬"Í° † Ç° = ò! x~¡ÞK Ç#= ò = ° i† Çò J= H ›![= ò!° .

♦ c [Q®} ÷̀ Ç,  ã uH Ë } q ° f† Ç° ,  „¦¬¶ Ç̀ = ° i† Çò ‹¬O= ~¡¾=¶#  „¦¬¶ Ç̀ ã „¬"Í° † Ç° = ò! J= H ›![= ò!°  = ° i† Çò

♦ "Œ\÷ † ³òH ›ø  ï~O_ È=  Ç̀~¡Q®u J= H ›![= ò!° .

=òMì¼O‰§�° :

♦ ( )x xd
e e

dx
=

♦ ( )ax b ax bd
e ae

dx

+ +
=

♦ ( )
1

log
d

x
dx x

=

♦ ( )log
d a

ax b
dx ax b

 + =  +

♦ ( ) logx xd
a a a

dx
=
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I. Ju‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (1 =¶~¡°ø)

1.
7

2
x

e

−

 J= H ›![O H ›# ° Qù # ° = ò.

ª� �̂Î#  :
7 7

2 2
7

.
2

x xd d
e e x

dx dx

− −     = −     

    
7 7

2 2
7 7

1
2 2

x x

e e

− −

= × − × = −

2. 2

2
x

e x+  J= H ›![O H ›# ° Qù # ° = ò.

ª� �̂Î#  : ( ) ( ) ( )
2 2

2 2x xd d d
e x e x

dx dx dx
+ = +

2 2

2 2 1 2 2x x
e x xe= × + × = +

3. 5sin 2 x
y x e= −  J~ò#  

dy

dx
 H ›# ° Qù # ° = ò.

ª� �̂Î#  : 5sin 2 x
y x e= −

     5sin 2
xdy d

x e
dx dx

 = −
 

( ) ( )5 sin 2
xd d

x e
dx dx

= −

5cos 2 x
x e= − .

4. 1
5

3

x
y e e= −  J~ò#  

dy

dx
 H ›# ° Qù # ° = ò.

ª� �̂Î#  :
1

5
3

x
y e e= −

1
5

3

xdy d
e e

dx dx

 
= − 
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( ) ( )
1

5.
3

xd d
e e

dx dx
= −

1
5 0

3

x
e= − × ( e =∵ ‹²Ö ~¡„¬̂ Î = ò)

3

x
e

=

5. 1x
y e

+
=  J~ò#  

dy

dx
 H ›# ° Qù # ° = ò.

ª� �̂Î#  : 1x
y e

+
=

( ) ( )1 1 . 1x xdy d d
e e x

dx dx dx

+ +
= = +

  
1

1 1

2 1 2 1

x

x e
e

x x

+
+

= × =
+ +

6. logy x=  J~ò#  
dy

dx
 H ›# ° Qù # ° = ò.

ª� �̂Î#  : logy x=

1

2
1

log log
2

x x= =

( )
1 1

log log
2 2

dy d d
x x

dx dx dx

 
∴ = = 

 

      
1 1 1

2 2x x
= × = .

7. ( ) 5sin 2 logf x x x= −  ã „¬"Í° † Ç°  J= H ›![O H ›#° Qù # ° = ò.

ª� �̂Î#  : [ ]'( ) 5sin 2 log
d

f x x x
dx

= −

( ) ( )5 sin 2 log
d d

x x
dx dx

= −
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1
5.cos 2.x

x
= −

2
'( ) 5cosf x x

x
∴ = − .

II. ‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (2 =¶~¡°ø�°)

1. 2sin( ) x x
f x e=  J= H ›![O H ›# ° Qù # ° = ò.

ª� �̂Î#  : 2sin( ) x x
f x e=

( )
2

sin'( ) x xd
f x e

dx
=

( )
2

sin 2sinx x d
e x x

dx
= ×

( )
2sin 2 2

. sin sin . ( )
x x d d

e x x x x
dx dx

 
= + 

 

2sin 2
.2sin .cos sin 1

x x
e x x x x = + ×

 

( )
2sin

.sin 2 cos sin
x xdy

e x x x x
dx

∴ = +

2. ( )( ) 1 x
f x x e= −  J= H ›![O H ›# ° Qù # ° = ò.

ª� �̂Î#  : ( )( ) 1 x
f x x e= −

( )'( ) 1
xd

f x x e
dx

 = −
 

( ) ( ) ( )1 . 1x xd d
x e e x

dx dx
= − + −

( )1 . 1x x
x e e= − + ×
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( )1 1x
e x= − +

'( )
x

f x xe∴ = .

3. 2 2
( ) .sin

x
f x e x=  J= H ›![O H ›# ° Qù # ° = ò.

ª� �̂Î#  :   ( )2 2'( ) .sinxd
f x e x

dx
=

( ) ( )2 2 2 2. sin sin .x xd d
e x x e

dx dx
= +

( ) ( )2 2 2.2sin sin sin . . 2x xd d
e x x x e x

dx dx
= +

2 2 2
.2sin cos sin . 2

x x
e x x x e= + ×

( )2'( ) 2sin  cos sinx
f x x e x x∴ = +

4.
2

2 1

x
e

y

x

=

+
 J~ò#  

dy

dx
 H ›# ° Qù # ° = ò.

ª� �̂Î#  :
( ) ( )

( )

2 2 2 2

2
2

1. . 1

1

x xd d
x e e x

dy dx dx

dx
x

+ − +

=

+

2 2 2

2

2

1
1. 2 2

2 1

1

x x
x e e x

x

x

+ × − × ×

+
=

+

 

( )

( )

( )

( )

2 2 2 2 2

32 2
2 2

2 . 1 2 2

1 1
1

x x x
e x xe e x x

dy

dx
x x

x

+ − + −
∴ = =

+ +
+

5. ( )log sec tany x x= +  J~ò#  
dy

dx
 H ›# ° Qù # ° = ò.
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ª� �̂Î#  : ( )log sec tany x x= +

     ( )log sec tan
dy d

x x
dx dx

 = + 

( )
1

. sec tan
sec tan

d
x x

x x dx
= +

+

( )21
sec tan sec

sec tan
x x x

x x
= +

+

( )
1

sec tan sec
sec tan

x x x
x x

= × +
+

 sec
dy

x
dx

∴ =

6. ( )log logy x=  J= H ›![O H ›# ° Qù # ° = ò.

ª� �̂Î#  : ( )log logy x=

    ( )log log
dy d

x
dx dx

 =  

( )
1

log
log

d
x

x dx
= ×

1 1

log x x
= ×

1

log

dy

dx x x
∴ =

7. ( )( )log sin logy x=  J= H ›![O H ›# ° Qù # ° = ò.

ª� �̂Î#  : ( )( )log sin logy x=

    ( )( )log sin log
dy d

x
dx dx

 =  
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( )
( )

1
sin log

sin log

d
x

x dx
 = ×  

( )
( ) ( )

1
cos log log

sin log

d
x x

x dx
= × ×

( )
1

cot log x
x

= ×

  
( )cot log xdy

dx x
∴ =

8.
2

. log
x

y e x=  J= H ›![O 
dy

dx
 H ›# ° Qù # ° = ò.

ª� �̂Î#  :
2

. log
x

y e x=

    
2

. logxdy d
e x

dx dx

 =
  

( ) ( )
2 2

. log log .x xd d
e x x e

dx dx
= +

2 21
log . 2

x x
e x e x

x
= × + ×

 
2 1

2 log
xdy

e x x
dx x

 
∴ = + 

 

III. n~¡É ‹¬=¶ �̂¥# ã„¬‰×ß�° (5 =¶~¡°ø�°)

1. x
y x=  ã „¬"Í° † Ç°  J= H ›![O H ›# ° Qù # ° = ò.

ª� �̂Î#  : x
y x=

log log x
y x=

log logy x x=
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x  Î̂$‘ �“¼ J= H ›!# O K Í† Ç° Qê

( ) ( )log log
d d

y x x
dx dx

=

( ) ( )
1

. . log log
dy d d

x x x x
y dx dx dx

= +

1 1
. . log .1
dy

x x
y dx x

= +

[ ]1 log
dy

y x
dx

= +

( )1 logxdy
x x

dx
∴ = +

2. 5x
y =  J= H ›![O H ›# ° Qù # ° = ò.

ª� �̂Î#  : 5x
y =

    ( )5xdy d

dx dx
=

5 log5x
=

3. ( )sin 5x
y =  J= H ›![O H ›# ° Qù # ° = ò.

ª� �̂Î#  : ( )sin 5x
y =

( )sin 5
xdy d

dx dx

 =
 

( ) ( )cos 5 . 5x xd

dx
=

( )cos 5 .5 . log 5x xdy

dx
∴ =
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4. ( )tan
x

y x=  J= H ›![O H ›# ° Qù # ° = ò.

ª� �̂Î#  : ( )tan
x

y x=

( )log log tan
x

y x=

log log tany x x=

( ) [ ]log log  tan
d d

y x x
dx dx

=

( ) ( )
1

. . log tan log tan .
dy d d

x x x x
y dx dx dx

= +

21 1
. .sec log tan .1
tan

dy
x x x

y dx x
= +

log tan
sin cos

dy x
y x

dx x x

 
= + 

 

( )tan log tan
sin cos

xdy x
x x

dx x x

 
∴ = + 

 

IV. "Œ¼‹¬~¡¶„¬ ‹¬=¶ �̂¥# ã„¬‰×ß�° (8 =¶~¡°ø�°)

1. y x y
x e

−
=  J~ò#  

( )
2

log

1 log

dy x

dx x

=
+

 Jx K Ç¶„¬O_o.

ª� �̂Î#  : y x y
x e

−
=

log log
y x y

x e
−

=

( )log logy x x y e= −

( ) .1x y= −
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logy x y x+ =

( )log 1y x x+ =

1 log

x
y

x
=

+

  
1 log

dy d x

dx dx x

 
∴ =  

+ 

( ) ( ) ( )

( )
2

1 log . . 1 log

1 log

d d
x x x x

dx dx

x

+ − +

=
+

( )

( )
2

1
1 log .1 .

1 log

x x
x

x

+ −

=
+

( )
2

1 log 1

1 log

x

x

+ −
=

+

  
( )

2

log

1 log

dy x

dx x

∴ =
+

2. ( )
( )

( )cos ...
cos

cos
x

x
y x

∞

=  J~ò#  
dy

dx
 q !° =  Z O Ç̀?

ª� �̂Î#  : ( )
( )

( )cos ...
cos

cos
x

x
y x

∞

= ( )cos
y

x=

( )log log cos
y

y x=

( )log cosy x=

( ) ( )log .log cos
d d

y y x
dx dx

 =  
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( ) ( )
1

. . log cos log cos .
dy d dy

y x x
y dx dx dx

 = + 

( ) ( )
1

. cos logcos .
cos

d dy
y x x

x dx dx
= +

( ) ( )
1

log cos . sin
cos

dy dy y
x x

y dx dx x
− = −

( )
1

log cos . tan
dy

x y x
y dx

 
− = − 

 

1 logcos
tan

y x dy
y x

y dx

 −
= − 

 

2 tan

1 . log cos

dy y x

dx y x

−
∴ =

−

3. ( ) ( )
cot

tan cot
x x

y x x= +  J= H ›!# = ò H ›# ° HË ø O_o.

ª� �̂Î#  : ( ) ( )
cot

tan cot
x x

y x x= +

( )
cot

1 tan
x

y x= ,  ( )2 cot
x

y x=  J# ° H ù # ° = ò.

1 2
1 2

dy dydy
y y y

dx dx dx
∴ = + ⇒ = + . . . . (i)

( )
cot

1 tan
x

y x=

( )
cot

1log log tan
x

y x=

( )1log cot . log tany x x=

( ) ( )1log cot . log tan
d d

y x x
dx dx

 =  

( ) ( ) ( )1

1

1
. cot log tan log tan cot
dy d d

x x x x
y dx dx dx

 = + 
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( ) ( ) ( )21
cot . . tan log tan cosec

tan

d
x x x x

x dx
= + −

( )2 2cot
.sec cosec .log tan

tan

x
x x x

x
= −

2 2cosec cosec . log tanx x x= −

( )21

1

1
cosec 1 log tan

dy
x x

y dx
= −

( )21
1 cosec 1 log tan

dy
y x x

dx

 ∴ = −
 

( ) ( )
cot 21 tan .cosec . 1 log tan

xdy
x x x

dx
∴ = − . . . (ii)

( )2 cot
x

y x=

( )2log log cot
x

y x=

( ) [ ]2 2log .log cot log log cot
d d

y x x y x x
dx dx

= ⇒ =

( )2

2

1 ( )
. . log cot log(cot ).
dy d d x

x x x
y dx dx dx

 = + 

( ) ( )
1

. . cot log cot .1
cot

d
x x x

x dx
= +

( ) ( )22

2

1
. cosec log cot

cot

dy x
x x

y dx x
= − +

2
2

2

cosec
log cot

cot

dy x x
y x

dx x

 −
= + 

  

( )cot logcot
sin cos

x x
x x

x x

 
= − + 
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( … è̂ ¥ )

( ) 22 cot  cosec .tan logcot
xdy

x x x x x
dx

 ∴ = − +
  . . . (iii)

 (i), (ii), (iii)∴  ! # ° O_ o

1 2dy dydy

dx dx dx
= +

( ) ( ) ( )
cot 2 2tan .cosec 1 log tan cot cosec tan log cot

x xdy
x x x x x x x x

dx

 ∴ = − + − +
 

4. ( )
costan sin

xx
y x x= +  J= H ›![= ò H ›# ° H Ë ø O_o.

ª� �̂Î#  : tan
1

x
y x=

( )
cos

2 sin
x

y x=   J# ° H ù x#

1 2y y y= +

1 2dy dydy

dx dx dx
∴ = + . . . (i)

tan
1

x
y x=

tan
1log log x

y x=

1log tan . logy x x=

( ) ( )1

1

1
. tan . log log . tan
dy d d

x x x x
y dx dx dx

= +

 21
tan . log .secx x x

x
= +

21
1

tan
sec log

dy x
y x x

dx x

 
= + 
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tan 21 tan
sec log

xdy x
x x x

dx x

 
∴ = + 

 
. . . (ii)

( )
cos

2 sin
x

y x=

( )
cos

2log log sin
x

y x=

( )2log cos . log siny x x=

( ) [ ]2log cos . logsin
d d

y x x
dx dx

=

( ) ( )2

2

1
. cos . logsin logsin . cos
dy d d

x x x x
y dx dx dx

= +

( ) ( )
1

cos . . sin logsin . sin
sin

d
x x x x

x dx
= + −

cos
.cos sin logsin

sin

x
x x x

x
= −

2
2

2

cos
sin logsin

sin

dy x
y x x

dx x

 
= − 

  

( ) [ ]
cos2 sin cos .cot sin logsin

xdy
x x x x x

dx
∴ = − . . . (iii)

(i), (ii), (iii)∴  ! # ° O_ o

1 2dy dydy

dx dx dx
= +

( ) [ ]
costan 2tan

sec log sin cos cot sin logsin
xxdy x

x x x x x x x x
dx x

 
∴ = + + − 

 

5. log log log ...y x x x= + + + ∞  J~ò#  ( )

1

2 1

dy

dx x y
=

−
 Jx K Ç¶„¬O_ o.
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ª� �̂Î#  : log log log ...y x x x= + + + ∞  J#°Hù x#

logy x y= +

W~¡° "³á„¬ô ! = ~¡¾O K Í† Ç° Qê,

2 logy x y∴ = +

( ) ( )2 log
d d

y x y
dx dx

= +

( )2 . log
dy d dy

y x
dx dx dx

= +

1
2 .

dy dy
y

dx x dx
= +

1
2 .

dy dy
y

dx dx x
− =

( )
1

2 1 .
dy

y
dx x

− =

( )

1

2 1

dy

dx x y
∴ =

−

6.
1cosa x

y e
−

=  J~ò#  ( )
2

2 2

2
1 0

d y dy
x x a y

dxdx

− − − =  Jx K Ç¶„¬ô = ò.

ª� �̂Î#  :       1cosa x
y e

−

=

    ( )
1cosa xdy d

e
dx dx

−

=

( )
1cos 1cosa x d

e a x
dx

−
−

=

1
cos

2
1

a x a
e

x

−  −
=  

 
− 
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2
1

dy ay

dx
x

= −

−

2 2 2

21

dy a y

dx x

 
∴ = 

− 

( )
2

2 2 21
dy

x a y
dx

 
− = 

 

( ) ( )
2

2 2 21
d dy d

x a y
dx dx dx

  
− =  

   

( ) ( )
2 2

2 2 21 . 1 .2 .
d dy dy d dy

x x a y
dx dx dx dx dx

    
− + − =    

     

( ) ( )
2

2 21 .2 . 2 2
dy d dy dy dy

x x a y
dx dx dx dx dx

   
− + − =   

   

( )
2

2 2

2
2 1 . . 2

dy d y dy dy
x x a y

dx dx dxdx

 
− − = 

  

( )
2

2 2

2
1

d y dy
x x a y

dxdx

∴ − − =

( )
2

2 2

2
1 0

d y dy
x x a y

dxdx

∴ − − − =

7. 1tan x
y e

−

=  J~ò#  ( ) ( )
2

2

2
1 2 1 0

d y dy
x x

dxdx

+ + − =  Jx K Ç¶„¬ô = ò.

ª� �̂Î#  : 1tan x
y e

−

=

( )
1tan xdy d

e
dx dx

−

=
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( )
1tan 1

. tan
x d

e x
dx

−
−

=

1

1
tan

tan

2 2

1
.
1 1

x

xdy e
e

dx x x

−

−

= =
+ +

( )21
dy

x y
dx

+ =   ( )
1tan x

y e
−

=∵

( )21
d dy dy

x
dx dx dx

 
+ = 

 

( ) ( )2 21 . . 1
d dy dy d dy

x x
dx dx dx dx dx

 
+ + + = 

 

( )
2

2

2
1 .2

d y dy dy
x x

dx dxdx

+ + =

( )
2

2

2
1 2 0

d y dy dy
x x

dx dxdx

+ + − =

( ) ( )
2

2

2
1 2 1 0

d y dy
x x

dxdx

∴ + + − =

8. ( )
x

x
x  J= H›![O H›# ° H Ë øO_ o.

ª� �̂Î#  : ( )
x

x
x

1
x

y x=  J# ° H ù x# ,   
1
x

y y= . . . (i)

 
1log log

x
y x=

logx x=

( ) ( )1log log
d d

y x x
dx dx

=
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( ) ( )1

1

1
. . log log .
dy d d

x x x x
y dx dx dx

= +

1
. log .1x x
x

= +

1

1

1
. 1 log
dy

x
y dx

= +

( )1
1 1 log

dy
y x

dx
= +

( )1 1 logxdy
x x

dx
= + . . . (ii)

(i)  # °O_o

1
x

y y=

1log log x
y y=

= 1log logy x y

( ) ( )1log log
d d

y x y
dx dx

=

( ) ( )1 1

1
. . log log .
dy d d

x y y x
y dx dx dx

= +

1
1

1

1
. . log .1

dy
x y

y dx
= +

( ). 1 log logx x

x

x
x x x

x

= + +

( )1 log logx x x x= + +

 
1

. 2 log
dy

x x x
y dx

= +
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( )2 log
dy

y x x x
dx

= +

( ) [ ]. 2 log
x

xdy
x x x x

dx
∴ = +

9. ( )x
x

x  J= H ›!# O H›# ° HË ø O_o.

ª� �̂Î#  : ( )x
x

y x=

1
x

y x=  J# ° H ù x# ,   1y
y x=

1log log
y

y x=

1log logy y x=

( ) ( )1log log
d d

y y x
dx dx

=

( ) 1
1

1
. . log log .

dydy d
y x x

y dx dx dx
= + ( )1 1 log

xdy
x x

dx

 
= + 

 
∵

( )1

1
. log . 1 log

x
y x x x

x
= + +

( )log 1 log
x

xx
x x x

x
= + +

( )1 log 1 logx xdy
y x x x x

dx

− ∴ = + +
 

( )
( )1 log 1 log

x
x x xdy

x x x x x
dx

− ∴ = + +
  .

10. ( ) ( )
log sin

tan cos
x x

y x x= +  J= H›![O H›# ° H Ë øO_ o.
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ª� �̂Î#  : ( ) ( )
log sin

tan cos
x x

y x x= +

( ) ( )
log sin

1 2tan ,   cos
x x

y x y x= =  J#° Hùx#

1 2
1 2

dy dydy
y y y

dx dx dx
= + ⇒ = + . . . (i)

( )
log

1 tan
x

y x=

( )
log

1log log tan
x

y x=

( )1log log . log tany x x=

( ) ( )1log log .log tan
d d

y x x
dx dx

 =  

( ) ( ) ( )1

1

1
. log . log tan log tan . log
dy d d

x x x x
y dx dx dx

 = + 

( ) ( )
1 1

log . . tan log tan .
tan

d
x x x

x dx x
= +

2log log tan
.sec

tan

x x
x

x x
= +

1
1

log log tan

sin cos

dy x x
y

dx x x x

 
∴ = + 

 

( )
log1 log tan

tan 2cosec 2 .log
xdy x

x x x
dx x

 
∴ = + 

 
. . . (ii)

( )
sin

2 cos
x

y x=

( )
sin

2log log cos
x

y x=

2log sin . logcosy x x=
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( ) [ ]2log sin logcos
d d

y x x
dx dx

=

[ ] ( )2

2

1
. sin . logcos log cos sin
dy d d

x x x x
y dx dx dx

= +

( ) ( )
1

sin . . cos logcos cos
cos

d
x x x x

x dx
= +

( )
sin

sin cos logcos
cos

x
x x x

x
= × − +

[ ]2
2 sin tan cos logcos

dy
y x x x x

dx
= − +

( ) [ ]
sin

cos . sin tan cos logcos
x

x x x x x= − + . . . (iii)

 (i), (ii), (iii)∴  ! # ° O_ o

( ) ( ) [ ]
cos sinlog tan

tan 2cosec2 .log cos sin tan cos logsin
x xdy x

x x x x x x x x
dx x

 
= + + − + 
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24

‹¬ æ~ ¡ Å ö ~ Y
 ° =° i†Ç ò Ja �
 O | ö ~ Y
 °
''X Ð  JH ›ÆO ̂ 
Î#  k‰ ×̀ Ë  J„¬‹¬= ¼k‰ ×… Õ L J<Í T ö~œÞ Ç̀~¡ ö~Y θ  H Ë } O K ÍÀ ‹ë,  tan θ  # °  P ‹¬~¡̂ ×ö~Y"Œ-° Ñ Ñ

JO\ì= ° x WO Ç̀ä ›½  = òO Î̂~¡ ‡7~”Œ¼O‰ §-… Õ <Í~¡° ó H ù x L<Œß =ò.  T ~¡œÞOQê … èx ‹¬~¡̂ ×ö~Y "Œ-° x ª7 
̂¥~¡} OQê m

`Ë  ‹¬¶zª7ëO.

J Í̂ q 
̂Î= òQê (x
1 

, y
1

) = ° i† Çò (x
2 

, y
2

) a O Î̂° = ô - Q®° O_ ¨  ‡ é= ô  ‹¬~¡̂ ×ö~Y "Œ-° ,  2 1

2 1

y y
m

x x

−
=

−
 D

‡ 7~”Œ¼O‰ ×= ò… Õ X H › = ã H êxH ÷ ‹¬æ ~¡Åö~Y x~¡ÞK Ç# O,  J= H ›-*ìxH ÷ * ì¼q ° f† Ç°  q = ~¡} ,  ~Ë … ˜ ‹²̂ ¥œO Ç̀O = ° i† Çò
… ÿã QêO* ˜ = ° 
̂Î¼= °  = ü-¼ ‹²̂ ¥œO Ç̀O Ð  "Œ\÷ J# ° = ~¡ë<Œ- Q®°iOz <Í~¡° ó ä ›½ O^¥O.


HÆê¼
° :
D ‡ 7~”Œ¼O‰ ×= ò <Í~¡° ó H ù # ß ,  g ° ~¡°  D ã H ÷Ok q +¬† Ç¶-# °  <Í~¡° ó H ù O\ì~¡° .

♦ X H › = ã H êxH ÷ X H › a O Î̂° = ô  = Î̂í Q®- ‹¬æ ~¡Åö~Y = ° i†Çò J a 
-O| ö~Y.

♦ ‹¬æ ~¡Åö~Y = ° i† Çò Ja 
-O| ö~Y- ‹¬g ° H ›~¡} ì-° .

♦ ~Ë … ˜ ‹²̂ ¥œO Ç̀= ò = ° i† Çò … ÿã QêO* ˜ = ° 
̂Î¼= °  = ü-¼ ‹²̂ ¥œ O Ç̀O.

♦ Ì „á ‹²̂ ¥œO Ç̀= ò-# °  L„¬† ³¶yOK Ç° @ ä ›½  H ê= -‹²#  x† Ç° = ° = ò-°  = ° i† Çò "Œ\÷x L„¬† ³¶yOz … ÿH ›ø -# °
ª7k
OK Ç° @ .

=òMì¼O‰§
° :
1. ( )=y f x  = ã H ›OÌ „á ( , )p a b  X H › a O Î̂° = ô  J# ° H ù O^¥O. J„¬C_ È°

♦ P  = Î̂í ‹¬æ ~¡Åö~Y "Œ-°  
( , )

'( )
 

= = =  
  a b

dy
m f a

dx

♦ P  = Î̂í ‹¬æ ~¡Åö~Y ‹¬g ° H ›~¡} O ( )− = −y b m x a

♦ Ja 
-O| ö~Y "Œ-°  « 
1 1

                   

−
= −

m‹¬æ ~¡Åö~Y "Œ-°
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♦ P  = Î̂í Ja 
-O|  ö~Y ‹¬g ° H ›~¡} O,  ( )
1−

− = −y b x a
m

2. P( , )a b  = Î̂í ( )=y f x  = ã H ›= ò# ä ›½  ‹¬æ ~¡Åö~Y

♦ X - JH ›Æ= ò# ä ›½  ‹¬= ¶O Ç̀~¡= òQê # ° # ß  † ³° _È-,  ̂ ¥x ‹¬g ° H ›~¡} = ò =y b  JQ®° # ° .

♦ Y -  JH ›Æ= ò# ä ›½  ‹¬= ¶O Ç̀~¡= òQê # ° # ß ,  ‹¬æ ~¡Åö~Y ‹¬g ° H ›~¡} O =x a  JQ®° # ° .

3. ~Ë…˜ ‹²̂ ¥œO Ç̀O :

[ ],a b  Ì „á x~¡ÞzOz#  "Œ‹¬ë=  ã „¬"Í° † Ç° = ò J# ° Hù O^¥O.

♦ [ ],a b  Ì „á f  Jq zó n# ß = ò

♦ ( ),a b  Ì „á f  J= H ›-h† Ç° = ò

♦ ( ) ( )=f a f b

J~ò#  † ³° _ È- '( ) 0=f c  J† Í° ¼@ @ ° ÁQê q = $`ŒO Ç̀~¡O ( ),a b  … Õ H ›h‹¬O X H › a O Î̂° = ô  ‘c’

LO@° Ok.

4. …ÿãQêO*˜ =° �̂Î¼=° =ü
¼ ‹²̂ ¥œO Ç̀O

[ ],a b  Ì „á x~¡ÞzO„¬| _ s#  "Œ‹¬ë=  ã „¬"Í° † Ç° = ò f .

♦ [ ],a b  Ì „á f  Jq zó n# ß = ò

♦ ( ),a b  Ì „á f  J= H ›-h† Ç° = ò. J„¬C_ È°  
( ) ( )

'( )
−

=
−

f b f a
f c

b a
 J† Í° ¼@ @ ° ÁQê,  H ›h‹¬O X H ›

, ( , )c a b  … Õ LO@ ° Ok.

I. J u‹¬Þ 
æ  ‹¬=¶ �̂¥ # ã„¬‰ ×ß
° (1  =¶ ~¡°ø )

1. ( )1 1,x y  aO Î̂°=ô = Î̂í ‹¬æ~¡Åö~Y ‹¬g°H›~¡}=ò ã"Œ†Ç°O_7.

ª9 �̂Î# : ( )1 1− = −y y m x x ( →∵m ‹¬æ~¡Åö~Y "Œ-°)

2. ( )1 1,x y  aO Î̂°=ô = Î̂í Ja�
O|ö~Y ‹¬g°H›~¡}=ò ã"Œ†Ç°O_7.

ª9 �̂Î# : ( )1 1

1−
− = −y y x x

m
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II. ‹¬Þ 
æ  ‹¬=¶ �̂¥ # ã„¬‰ ×ß
° (2 =¶ ~¡°ø 
°)

1. 2 2
3 5+ + =x y y  ä›½ (1,1)  = Î̂í ‹¬æ~¡Åö~Y =°i†Çò Ja�
O| ö~Y
 "Œ
°
#° H›#°Qù#°=ò.

ª9 �̂Î# : 2 2
3 5+ + =x y y

J= H ›-# = ò K Í† Ç° Qê

( ) ( ) ( ) ( )2 23 5+ + =
d d d d

x y y
dx dx dx dx

2 3. 2 . 0+ + =
dy dy

x y
dx dx

( )3 2 2+ = −
dy

y x
dx

2

3 2

−
=

+

dy x

dx y

( )1,1

2 2

3 2 5

− − 
= = 

+ 

dy x

dx y

∴  ‹¬æ ~¡Åö~Y "Œ-°  
2

5

−
=

Ja 
-O| ö~Y "Œ-°  1 1 5

2                   2

5

− −
= = =

−

2. ( )6, 1,6=xy  = Î̂í ‹¬æ~¡Åö~Y, Ja�
O|ö~Y
 "Œ
°
° H›#°Qù#O_7.

ª9 �̂Î# : 6=xy

J= H ›-# O K Í† Ç° Qê,

. .1 6+ =
dy

x y
dx

6 −
=

dy y

dx x

 
( )1,6

6 6
0

1

− 
= = 

 

dy

dx

‹¬æ ~¡Åö~Y "Œ-°
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∴  ‹¬æ ~¡Åö~Y "Œ-°  
( )1,6

0
 

= = = 
 

dy
m

dx

∴  Ja 
-O|  ö~Y "Œ-° 1 1

0

− −
= = = ∞

m

.

III. n~¡É ‹¬=¶ �̂¥ # ã„¬‰×ß
° (5 =¶ ~¡°ø 
°)

1. ( ) ( )sin , 1 cos= θ − θ = + θx a y a , 
2

π
θ =  = Î̂í ‹¬æ~¡Åö~Y, Ja�
O| ö~Y
 "Œ
°
° H›#°Qù#O_7.

ª9 �̂Î# : ( ) ( )sin ,  1 cos= θ − θ = + θx a y a

( ) ( )1 cos ,  sin sin= − θ = − θ = − θ
θ θ

dx dy
a a a

d d

( )

/ sin

/ 1 cos

θ − θ
∴ = =

θ − θ

dy dy d a

dx dx d a

      2

2sin cos
 

cot2 2

2
2sin

2

− θ θ

− θ
= =

θ

2

cot cot 1
2 2 4π

θ=

π π 
= − = − = − 

× 

dy

dx

∴  ‹¬æ ~¡Åö~Y "Œ-°  
2

1
π

θ=

 
= = = − 

 

dy
m

dx

Ja 
-O|  ö~Y "Œ-°  1 1
1

1

− −
= = =

−m

.

2.. ( )2 3,am am  aO Î̂°=ô = Î̂í 2 3
=ay x  =ãH›=ò#ä›½ Ja�
O| ö~Mì ‹¬g°H›~¡}O H›#°HËøO_7.

ª9 �̂Î# : 2 3
=ay x
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J= H ›-# O K Í† Ç° Qê

2
.2 . 3=

dy
a y x

dx

      
2

3

2
=

dy x

dx ay

( )

( )
2 3

2
2

3
,

3.

2 .

 
= 

  am am

am
dy

dx a am

2 4

2 3

3

2
=

a m

a m

3

2
=

m

∴  ‹¬æ ~¡Åö~Y "Œ-°  3

2
=

m

∴  Ja 
-O|  ö~Y "Œ-°  « 
1 1 2

3                     3

2

− − −
= =

m m

∴  Ja 
-O|  ö~Y ‹¬g ° H ›~¡} O

( )1 1

1−
− = −y y x x

m

( )3 22

3

−
− = −y am x am

m

4 23 3 2 2− = − +my am x am

2 4
2 3 2 3∴ + = +x my am am

(… è̂ ¥) ( )2 2
2 3 2 3 0+ − + =x my am m

3. 2 2 18+ =x y  =ãH›=ò#ä›½ U aO Î̂°=ô
 = Î̂í ‹¬æ~¡Åö~Y ‹¬~¡̂ ×ö~Y, 3+ =x y  ä›½ ‹¬=¶O Ç̀~¡=òQê LO_È°#°.

ª9 �̂Î# : 2 2 18+ =x y ...(i)

J= H ›-# O K Í† Ç° Qê

‹¬æ ~¡Åö~Y "Œ-°
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2 2 . 0+ =
dy

x y
dx

     
−

=
dy x

dx y

∴  ‹¬æ ~¡Åö~Y "Œ-°  1

−
=

x
m

y

   ‹¬~¡̂ ×ö~Y 3+ =x y ...(ii)

"Œ-°  « 2

1
1

1

− −
= = = −

a
m

b

‹¬æ ~¡Åö~Y,  ‹¬~¡̂ ×ö~Y ‹¬= ¶O Ç̀~¡OQê L# ß  "Œ\÷ "Œ-° -°  ‹¬= ¶# = ò

1 2∴ =m m

1
−

= − ⇒ =
x

x y
y

=x y  q -° = # °  (i) … Õ ã „¬uöH Æ„²OK ÇQê

2 2
18+ =x x

    2
2 18=x

     2
9 3= ⇒ = ±x x

    3∴ = = ±y x

∴  P a O Î̂° = ô  ( ) ( )3,3 , 3, 3= − − .

4. 4 3 26 13 10 5= − + − +y x x x x  ä›½ (0,5)  = Î̂í ‹¬æ~¡Åö~Y, Ja�
O|ö~Y
 ‹¬g°H›~¡}=ò
° H›#°HËøO_7.

ª9 �̂Î# : 4 3 2
6 13 10 5= − + − +y x x x x

3 24 18 26 10∴ = − + −
dy

x x x
dx

( )0,5

10
 

= − 
 

dy

dx

∴  ‹¬æ ~¡Åö~Y "Œ-°  10= = −m
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∴  (0,  5) = Î̂í ‹¬æ ~¡Åö~Y "Œ-°  ‹¬g ° H ›~¡} = ò

( )1 1− = −y y m x x

  ( )5 10 0− = − −y x

  5 10− = −y x

 10 5 0+ − =x y

Ja 
-O| ö~Y "Œ-°  « 
1 1 1 1

                    10 10

− − −
= = =

−m

∴  (0,  5) = Î̂í Ja 
-O| ö~Y ‹¬g ° H ›~¡} = ò

        ( )1 1

1−
− = −y y x x

m

         ( )
1

5 0
10

− = −y x

     10 50− =y x

10 50 0∴ − + =x y .

5. 2
8 1=k  J~ò# =ãH›=ò
° 2

=x y  =°i†Çò =xy k  
° „¬~¡‹¬æ~¡=ò 
O|=òQê YO_7OKÇ°HùO\ì†Ç°x

KÇ¶„¬ô=ò.

ª9 �̂Î# : = ã H › ‹¬g ° H ›~¡} ì-°

  2
=x y ...(i)

=xy k ...(ii)

         2 .∴ =y y k

1

3 3= ⇒ =y k y k

y q -° = # °  (i) … Õ ã „¬uöH Æ„²OK ÇQê

2
1 2

3 3
 
 = =
 
 

x k k

‹¬æ ~¡Åö~Y "Œ-°
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∴  = ã H ›= ò- YO_ È#  a O Î̂° = ô  
2 1

3 3,
 
 
 
 

k k

(i) x J= H ›-# O K Í† Ç° Qê

( ) ( )2
=

d d
x y

dx dx

      1 2 .=
dy

y
dx

  
1

2
∴ =

dy

dx y

∴  (i) "Œ-°  2 1

3 3

1 1
,

3

1

2

 
 
 
 

 
= = 
  k k

dy
m

dx

k

...(iii)

(ii)  # ° O_ s =xy k  # °  J= H ›-# O K Í† Ç° Qê,

. .1 0+ =
dy

x y
dx

−
=

dy y

dx x

(ii) "Œ-°  2 1

3 3

1

3

2 2 1
,

3 3

1
 
 
 
 

− − 
= = = 
  k k

dy k
m

dx

k k

...(iv)

(iii), (iv)∴  - # ° O_ s

1 2 1 1

3 3

1 1
.

2

−
= ×m m

k k

1 2 2

3

1

2

−
=m m

k
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( )

3

3

1 2 2 2

3

1 1 1
1

18
2

 
− − − 

= = = = − 
 
 

m m

k

k

2( 8 1=∵ k  Î̂̀ ŒëO‰ ×= ò)

1 2 1∴ = −m m

(i), (ii)∴  -°  „¬~¡‹¬æ ~¡= ò -O| = òQê YO_ sOK Ç° H ù O\ì~ò.

IV. " Œ ¼‹¬~¡¶ „¬ ‹¬=¶ �̂¥ # ã„¬‰×ß
° (8  =¶ ~¡°ø 
°)

1. [ ]
3 2

5
( ) 2 ,  0,3

3 3
= − + ∈

x x
f x x x  ã„¬"Í°†Ç°=ò#ä›½ ~Ë…˜ ‹²̂ ¥œO Ç̀=ò#° ‹¬iKÇ¶_ÈO_7.

ª9 �̂Î# : [ ]
3 2

5
( ) 2 ,  0,3

3 3
= − + ∈

x x
f x x x

(i) ( )f x  ‹¬= ¶‹¬= ò H ê= ô #  (0,  3) Ì „á Jq zó n# ß =ò.

(ii) ( ), (0,3)f x  Ì „á J= H ›-h† Ç° = ò.

(iii) (0) 0=f

3 2
3 5 3

(3) 2 3 9 15 6 0
3 3

×
= − + × = − + =f

(0) (3)∴ =f f

~Ë … ˜ ‹²̂ ¥œO Ç̀= ò… Õx Jxß  x† Ç° = ° = ò-°  Ç̀$„²ë K ³Ok# q

23 5 2
'( ) 2

3 3

×
= − +

x x
f x

    2 10
2

3
= − +

x
x

2 10
'( ) 0 2 0

3
= ⇒ − + =

c
f c c

23 10 6 0− + =c c

2
10 10 4 3 6

2 3

± − × ×
=

×
c
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10 28 5 7

6 3

± ±
= =

∴c  † ³òH ›ø  ï~O_ È°  q -° = -°  q = $`ŒO Ç̀~¡O (0, 3)… Õ L#ß q .

2. ( ) sin cos 1,  0,
2

π 
= + − ∈  

 
f x x x x  ã„¬"Í°†Ç°=ò#ä›½ ~Ë…˜ ‹²̂ ¥œO Ç̀=ò#° ‹¬iKÇ¶_ÈO_7.

ª9 �̂Î# : Î̂̀ Çë ã „¬"Í° † Ç° = ò ã uH Ë } q ° f† Ç°  ã „¬"Í° † Ç° = ò.

∴  Wk 0,
2

π 
 
 

 Ì „á Jq zó n# ß = ò = ° i† Çò 0,
2

π 
 
 

 Ì „á J= H ›-h† Ç° = ò.

(0) sin 0 cos0 1 1 1 0= + − = − =f

sin cos 1 1 1 0
2 2 2

π π π 
= + − = − = 

 
f

(0)
2

π 
∴ =  

 
f f

~Ë … ˜ ‹²̂ ¥œO Ç̀= ò… Õx Jxß  x† Ç° = ° = ò-°  Ç̀$„²ë K ³Ok# q .

'( ) cos sin∴ = −f x x x

'( ) 0 cos sin 0= ⇒ − =f c c c

  sin cos=c c

  tan 1=c

   
4

π
∴ =c

0,
4 2

π π 
= ∈ 

 
c  … Õ LO@ ° Ok.

0,
2

π 
∈ 
 

c  H ê= ô #

'( ) 0=f c  J† Í° ¼@ @ ° Á ( )0,∈ πc … Õ L# ß k.
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3. ( )
2

3= −y x  „¬~Œ=†Ç°
OÌ„á (3,0), (4,1) 
° ï~O_È° aO Î̂°=ô
°. D aO Î̂°=ô
#° H›eÀ„ *ì¼ =ãH›OÌ„á

U aO Î̂°=ô = Î̂í ‹¬æ~¡Åö~Yä›½ ‹¬=¶O Ç̀~¡OQê LO@°O^Ë H›#°HËøO_7.

ª9 �̂Î# : ( )
2

3= −y x  # °  J= H ›-# O K Í† Ç° Qê

( )2 3= −
dy

x
dx

( )1 2 3∴ = −m x

(3, 0),  (4, 1) -# °  H ›eÀ „ * ì¼ "Œ-°  2 1

2 1

−
=

−

y y

x x

     2

1 0
1

4 3

−
= =

−
m

‹¬= ¶O Ç̀~¡ ö~Y- "Œ-° -°  ‹¬= ¶# = ò i.e., 1 2=m m

( )2 3 1∴ − =x

1
3

2
− =x

1 7
3 3.5

2 2
= + = =x

( )3.5 3,4∴ = ∈x  (… ÿã QêO* ˜ = ° 
̂Î¼= °  = ü-¼ ‹²̂ ¥œO Ç̀= ò ã „¬H ê~¡O)

3.5=x  J~ò#

( )
2

3= −y x

  ( ) ( )
2 2 1

3.5 3 0.5 0.25
4

= − = = =

∴  = ã H ›OÌ „á 
7 1

,
2 4

 
 
 

 a O Î̂° = ô  = Î̂í ‹¬æ ~¡Åö~Y ‹¬= ¶O Ç̀~¡OQê LO_ È° # ° .
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25

Q®i+¬» Ð H›x+¬» q°=°
Z…ìO\÷ Hù#°QË�°…Õ#~ò<Œ, Hù<Í =‹¬°ë=ô� ‹¬OY¼ Ì„iy# Hù�k K³eÁOKŒe&# "³ò Ç̀ë=ò Ì„~¡°Q®° Ç̀¶

LO@°O Î̂x =°#O Î̂~¡ä›½ ̀ ³�°‹¬°.  f (x) = 2x + 1,  x > 0 J<Í ã„¬"Í°†Ç¶xß „¬iQ®}÷̂ ¥íO.  'xÑ Hù<Í =‹¬°ë=ô� ‹¬OY¼

J~ò#„¬C_È°,  f (x) ã„¬"Í°†Ç°=ò K³eÁOKŒe&# "³ò`Œëxß ‹¬¶z‹¬°ëO Î̂#°HùO^¥O.

'x' qaE#ß q�°=�ä›½ y  = f (x) = 2x + 1, x > 0 ö~Mìzã Ç̀„¬@O „¬@O 25.1…Õ KÇ¶„¬|_LOk.

„¬@O 25.1

Ì„áö~Mìzã`Œxß XH›ªPi „¬ijeÀ‹ë,  x ÊÎ<Œ Ç̀àH› q�°=�ä›½ ã„¬"Í°†Ç°O P~Ë‚²ì‹¬°ëO_È\ìxß Q®=°xOKÇ=KÇ°ó.  x

Ì„iy#„¬C_È°, ã„¬"Í°†Ç°O q�°= Ç̀~¡Q®\ìxß "Íö~ L^¥‚¬ì~¡} ^¥Þ~Œ T‚²ìOKÇQ®�=¶?  J…ìO\÷̂ Í̂ ³á<Œ Hê�=ò,
=¶#=‰×H÷ëH÷ ‹¬O|OkEOz# ³̂á =ôO@°Ok.  Wq q…Õ=¶#°‡P`Œxß ‹¬¶zªPë†Ç°x =°#O ³̀�°‹¬°HËQ®�O.  "Íö~
=¶@…ÕÁ K³‡Pæ�O>è „¬x KÍÀ‹ "Œi ‹¬OY¼ ̀ Çy¾‡é Ç̀°#ß„¬C_È°, „¬x „¬î~¡ë†Í°¼ Hê�O Ì„~¡°Q®° Ç̀°O Î̂x J~¡ÖO KÍ‹¬°HËQ®�O.

J…ìO\÷ XH› ã„¬"Í°†Ç¶xß 2
( ) , 0= >g x x

x

 Qê ãQ®‚²ìOz#„¬C_È° 'xÑ qaE#ß q�°=�ä›½  g(x)  q�°=�° „¬@O

25.2…Õ zãfH›iO„¬|_L<Œ~ò.
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„¬@O 25.2

D L^¥‚¬ì~¡}�#° „¬ijeÀ‹ë, KÇ�~Œ‰×Ã�° qaE#ß=ò…ÿá#„¬æ\÷H© ã„¬"Í°†Ç°O P~Ë‚²ì‹¬°ëOk …è̂ ¥ J=~Ë‚²ì‹¬°ëOk J<Í

L=°à_L ̂ EÎ~Œà� Q®°iOz ̀ ³�°‹¬°ä›½O\ìO.  WOHê ã„¬"Í°†Ç¶�° P~Ë‚²ìOKÍ …è̂ ¥ JkE~Ë‚²ìOKÍ JO Ç̀~Œ�#° KÇió‹¬¶ë,

Ç̀̂ ¥Þ~Œ Q®i+¬» =°i†Çò H›x+¬» q�°=�ä›½ ‹¬O|OkEOz# ‹¬=°‹¬¼�#° ªPkEªPëO.

�HÆê¼�° :

D ‡P~”¡O KÇkq# „²=°à@ g°~¡° <Í~¡°óä›½<Í JO‰§�° :

1. UH›k+¬“ (P~Ë‚¬ì} =°i†Çò J=~Ë‚¬ì}) ã„¬"Í°†Ç¶xß x~¡ÞzOKÇ@O.

2. P~Ë‚¬ì} ã„¬"Í°†Ç¶xH÷ 0
dy

dx
> , J=~Ë‚¬ì} ã„¬"Í°†Ç¶xH÷ 0

dy

dx
< Jx ̀ ³�°‹¬°HË=@O.

3. Q®i+¬“, H›x+¬“ aO Î̂°=ô�#° x~¡ÞzOKÇ@O =°i†Çò ö~Mì zã Ç̀O ̂ ¥Þ~Œ ã„¬"Í°†Ç¶� ªPÖxH›, Q®i+¬“, H›x+¬“
q�°=eß Q®°iëOKÇ@O.

4. "³ò Î̂\÷, ï~O_Ë Ç̀~¡Q®u J=H›�*ì� ^¥Þ~Œ ã„¬"Í°†Ç¶�° Q®i+¬“, H›x+¬“ q�°=�#° ~Œ|>è“ ã„¬ãH÷†Ç°#°
H›#°HËø=@O.

5. Q®i+¬“, H›x+¬“ q�°=�Ì„á ‹¬~¡̂ ×"³°Ø# ‹¬=°‹¬¼eß ªPkEOKÇ@O.

=òMì¼O‰§�°

1. P~Ë‚¬ì} ã„¬"Í°†Ç°O : ( )f x  ã„¬"Í°†Ç°=ò ( ),a b JO Ç̀~¡O…Õ P~Ë‚¬ì} K³Ok Í̀ ã„¬u 2 1x x> H÷

( ) ( )2 1d x f x>  J=ô Ç̀°Ok.

2. J=~Ë‚¬ì} ã„¬"Í°†Ç°O : ( )f x ã„¬"Í°†Ç°=ò ( ),a b JO Ç̀~¡O…Õ J=~Ë‚¬ì}O K³Ok Í̀ ã„¬u 2 1x x> H÷
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( ) ( )2 1d x f x<  J=ô Ç̀°Ok.

3. XH› JO Ç̀~¡O…Õ x a= aO Î̂°=ôä›½ Z_È=°"³á„¬ô ( )1 0f x > , ä›½_L"³á„¬ô ( )1 0f x <  J~ò Í̀ x a= ,

( )f x  ã„¬"Í°†Ç¶xH÷ ªPÖxH› Q®i+¬“O LO@°Ok.

4. XH› JO Ç̀~¡O…Õ x a=  aO Î̂°=ôä›½ Z_È=°"³á„¬ô ( )1 0f x < , ä›½_L"³á„¬ô ( )1 0f x >  J~ò Í̀ x a=

= Î̂í ( )f x ã„¬"Í°†Ç¶xH÷ ªPÖxH› H›x+¬“O LO@°Ok.

5. ï~O_Ë Ç̀~¡Q®u J=H›�# „¬sH›Æ :

1) ( ) ( )1 110, 0f a f a= <  J~ò Í̀ x a=  = Î̂í ( )f x   ã„¬"Í°†Ç¶xH÷ ªPÖxH› Q®i+¬“O LO@°Ok.

2) ( ) ( )1 110, 0f a f a= >  J~ò Í̀ x a= = Î̂í ( )f x ã„¬"Í°†Ç¶xH÷ ªPÖxH› H›x+¬“O LO@°Ok.

3) ( ) ( )1 110, 0f a f a= =  J~ò# ‹¬O Î̂~¡Ä�O…Õ  x a= = Î̂í Q®i+¬“, H›x+¬“�#° x~¡â~òOKÇ_¨xH÷

xq�°= a  ^¥Þ~Œ ‡é~ò#„¬ôæ_È° ( )1f x …Õ =KÍó Q®°~¡°ë =¶~¡°æ#° „¬ijeªPëO.

II. ‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (2 =¶~¡°ø�°)

1. ã„¬u ∈x R�ä›½ ( ) 4 7f x x= +  UH› k+¬“ ã„¬"Í°†Ç°=°x KÇ¶„¬O_L.

ªP ÊÎ# : x†³òH›ø ï~O_È° q�°=�° ∈1 2,x x R�°

2 1x x>  J†Í°¼…ì L#ß†Ç°#°ä›½O^¥O. ... (1)

(1)x  4KÍ Q®°}÷OKÇQê, 2 14 4x x> ... (2)

(2)ä›½ W~¡°"³á„¬ô…ì  7 ä›�_ÈQê 2 14 7 4 7x x+ > +

JO>è ( ) ( )2 1f x f x>

JO>è 1 1x x> H÷ ( ) ( )2 1f x f x>  J~òO Î̂#ß=¶@.

( ) 4 7f x x∴ = +  UH›k+¬“ ã„¬"Í°†Ç°O (P~Ë‚²ì Ç̀ ã„¬"Í°†Ç°O.)

2. Jxß ∈x R�ä›½ ( ) 7 2f x x= −  ã„¬"Í°†Ç°=ò UH›k+¬“ J=~Ë‚¬ì}=°=ô Ç̀°O Î̂x KÇ¶„¬O_L

ªP ÊÎ#: x  †³òH›ø ï~O_È° q�°=�° ∈1 2,x x R�°

2 1x x>  J†Í°¼…ì L<Œß†Ç°#°ä›½O^¥O ... (1)
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(1) x  -2KÍ Q®°}÷OKÇQê 2 12 2x x− < − .. (2)

(2) ä›½ W~¡°"³á„¬ô…ì 7 H›�°„¬Qê 2 17 2 7 2x x− < −

JO>è ( ) ( )2 1f x f x<

JO>è 2 1x x> H÷ ( ) ( )2 1f x f x< J~òO Î̂#ß=¶@.

( ) 7 2f x x∴ = −  UH›k+¬“ J=~Ë‚¬ì} ã„¬"Í°†Ç°O.

3. Jxß 0x < �ä›½ ( ) 2f x x=  H›zó Ç̀ J=~Ë‚¬ì} ã„¬"Í°†Ç°=°x KÇ¶„¬O_L.

ªP ÊÎ#: x  †³òH›ø U ï~O_È° q�°=�ä›½ J~ò#, 1 2>x x Qê ãQ®‚²ìOz.. (1)

2 2 1 2. ,x x x x< 2(x  KÍ W~¡°"³á„¬ô…ì Q®°}÷À‹ë)

2
2 1 2.x x x< ...(2)

WOH›#¶ 1 2 1 1. .x x x x<  ( 1x KÍ W~¡°"³á„¬ô…ì Q®°}÷À‹ë)

2
1 2 1x x x< ... (3)

(2), (3)� #°O_L 2 2
2 1 2 1x x x x< <

( ) ( )2 2
2 1 2 1x x f x f x⇒ < ⇒ <

∴(1), (4)� #°O_L 2 1x x> H÷ ( ) ( )2 1f x f x< Hê=ô#

Jxß 0x < �ä›½ ( )f x H›zó Ç̀ J=~Ë‚¬ì} ã„¬"Í°†Ç°O.

III. n~¡É ‹¬=¶ �̂¥# ã„¬‰×ß�° (5 =¶~¡°ø�°)

1. x†³òH›ø "Í° q�°=� = Î̂í ( ) 2 6 8f x x x= − +  ã„¬"Í°†Ç°O P~Ë‚¬ì}O …è̂ ¥ J=~Ë‚¬ì}O J†Í°¼k H›#°HËøO_L.

ªP ÊÎ#: ( ) 2 6 8f x x x= − +

( ) 2 6f x x1
= −

P~Ë‚¬ì} ã„¬"Í°†Ç¶xH÷ ( ) 0f x1
>

2 6 0x⇒ − >
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( )2 3 0x⇒ − >

3 0x∴ − > H÷ ⇒ 3 0x − >  …è̂ ¥ 3x >

( )1 0f x <  P~Ë‚¬ì}O

J=~Ë‚¬ì} ã„¬"Í°†Ç¶xH÷ 2 6 0x⇒ − <

( )2 3 0x⇒ − <

3 0x⇒ − <  …è̂ ¥ 3x <

3x∴ <  …è̂ ¥ ( )f x J=~Ë‚¬ì}O

2. ( ) 3 22 3 12 6f x x x x= − − +  ã„¬"Í°†Ç°O P~Ë‚¬ì}O …è̂ ¥ J=~Ë‚¬ì}O HêQ®� JO Ç̀~Œ�#° H›#°HËøO_L.

ªP ÊÎ#: ( ) 3 22 3 12 6f x x x x= − − +

( ) 26 6 12f x x x= − −

( )26 2x x= − −

( ) ( )6 2 1x x= − +

P~Ë‚¬ì} ã„¬"Í°†Ç¶xH÷ ( )1 0f x >

( ) ( )6 2 1 0x x⇒ − + >

( ) ( )2 1 0x x⇒ − + >

ï~O_È° Hê~¡}ìOHê� �|œO ̂ EÎ<Œ Ç̀àH›"³°Ø#„¬ô_È°, P Hê~¡}ìOHê�° ï~O_È°#¶ ̂ EÎ<Œ Ç̀àH›O …è̂ ¥ ~¡°}ì Ç̀àH›O J~ò
LO_¨e.

JO>è ( )2 0x − >  =°i†Çò 1 0x + > =°i†Çò 2 0x − < =°i†Çò 1x < −

2, 1x x⇒ > > − …è^¥ 2, 1x x< < −

2, 1x x⇒ > > − …è^¥ 1, 2x x< − <

2x∴ >  =°i†Çò 1x < −

( )f x∴ P~Ë‚²ìOKÍ JO Ç̀~¡O 2, 1x x> < −
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P~Ë‚¬ì} ã„¬"Í°†Ç¶xH÷, ( )1 0f x <

( ) ( )6 2 1 0x x⇒ − + <

( ) ( )2 1 0x x⇒ − + <

ï~O_È° Hê~¡}ìOHê� �|œO ~¡°}ì Ç̀àH›"³°Ø#„¬ô_È°, P Hê~¡}ìOHê…ÕÁ XH›\÷ ̂ EÎ<Œ Ç̀àH›O, ï~O_Ëk ~¡°}ì Ç̀àH›O J~ò
LO_¨e.

2 0x − >  =°i†Çò 1 0x + <  …è̂ ¥

2x − <  =°i†Çò 1 0x + >

2, 1x x⇒ > < −  …è̂ ¥ 2, 1x x< > −

2x >  =°i†Çò 1x < −  J<Ík XöHªPi ‹¬OƒE’=O Hê Î̂°.

2x > , 1x > −  JO>è 2, 1x x< − <

Hê|\÷“ nxx 1 2x− < <  Qê ~Œ†Ç°=KÇ°ó.

( )f x∴  J=~Ë‚²ìOKÍ JO Ç̀~¡O : 1 2x− < <

3. ã„¬"Í°†Ç°=ò ( ) 3 26 36 7f x x x x= − − +  P~Ë‚²ìOKÍ …è̂ ¥ J=~Ë‚²ìOKÍ JO Ç̀~Œ�#° H›#°HËøO_L.

ªP ÊÎ#: ( ) 3 26 36 7f x x x x= − − +

( ) ( )1 3 2 23 12 36 7 3 4 12f x x x x x x= − − + = − −

( ) ( )3 6 2x x= − +

 P~Ë‚¬ì} ã„¬"Í°†Ç¶xH÷, ( )1 0f x >

( ) ( )3 6 2 0x x⇒ − + >

( ) ( )6 2 0x x⇒ − + >

ï~O_È° Hê~¡}ìOHê� �|œO ̂ EÎ<Œ Ç̀àH›"³°Ø#„¬ôæ_È°, P Hê~¡}ìOHê�° ï~O_È°#¶ ̂ EÎ<Œ Ç̀àH›O …è̂ ¥ ~¡°}ì Ç̀àH›O J~ò
LO_¨e.

( )6 0x − >  =°i†Çò 2 0x + >  …è̂ ¥ 6 0x − <  =°i†Çò 2 0x + <

6, 2x x⇒ > > −  …è̂ ¥ 6, 2x x< < −
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6, 2x x⇒ > > −  …è̂ ¥ 2, 6x x< − <

( )f x∴  =°i†Çò 6, 2x x> < −

6x∴ > =°i†Çò 2x < −

( )f x∴  P~Ë‚²ìOKÍ JO Ç̀~¡=ò 6, 2x x> < −

 J=~Ë‚¬ì} ã„¬"Í°†Ç¶xH÷ ( )1 0f x <

( ) ( )3 6 2 0x x⇒ − + <

( ) ( )6 2 0x x⇒ − + <

ï~O_È° Hê~¡}ìOHê� �|œO ~¡°}ì Ç̀ø"³°Ø#„¬ôæ_È°, P Hê~¡}ìOHê…ÕÁ XH›\÷ ̂ EÎ<Œ Ç̀àH›O, ï~O_Ëk ~¡°}ì Ç̀àH›O J~ò
LO_¨e. JO>è

6 0x − >  =°i†Çò 2 0x + <  …è̂ ¥ 6 0x − <  =°i†Çò 2x > −

6x > , 2x < −  …è̂ ¥ 6x < , 2x > −

6, 2x x∴ < < −  XöHªPi ‹¬O|=O Hê Î̂°.

2 6x⇒ − < <

( )f x∴  J=~Ë‚²ìOKÍ JO Ç̀~¡O 2 6x− < <

4.
2

, 0
2

x
y x

x
= + ≠  ã„¬"Í°†Ç°O P~Ë‚²ìOKÍ …è̂ ¥ J=~Ë‚²ìOKÍ JO Ç̀~Œ�#° H›#°HËøO_L.

ªP ÊÎ#:
2

, 0
2

x
y x

x
= + ≠

( ) ( )2

2 2 2

2 21 2 4

2 2 2

x xdy x

dx x x x

− +−
= − = =

 Jxß "Œ‹¬ë= x�ä›½ 2x  ÊÎ<Œ Ç̀àH›O.

 P~Ë‚¬ì} ã„¬"Í°†Ç¶xH÷ ( )1 0f x >

( ) ( )2 2 0x x⇒ − + >

( )2 0, 2 0x x⇒ − > + >  …è̂ ¥ 2 0, 2 0x x⇒ − < + <



Q®i+¬» Ð H›x+¬» q°=°

Q®}÷̀ ÇO H›Þ‰×ó<£ ƒì¼OH± 529

2, 2x x⇒ > > −  …è̂ ¥ 2, 2x x< < −

2x⇒ >  =°i†Çò 2x < −  �ä›½ ã„¬"Í°†Ç°O P~Ë‚¬ì}O

J=~Ë‚¬ì} ã„¬"Í°†Ç¶xH÷ ( )1 0f x <

( ) ( )2 2 0x x− + <

2 0, 2 0x x⇒ − > + <  …è̂ ¥ 2 0, 2 0x x− < + >

2, 2x x⇒ > < −   …è̂ ¥ 2, 2x x< > −

2, 2x x⇒ > < −  …è̂ ¥ 2, 2x x< − <

2 2∴− < <x  �ä›½ ã„¬"Í°†Ç°O J=~Ë‚¬ì}O

5. ( ) 4 22f x x x= −  ã„¬"Í°†Ç°O P~Ë‚¬ì} …è̂ ¥ J=~Ë‚¬ì} JO Ç̀~Œ�#° H›#°HËøO_L.

ªP ÊÎ#: ( ) 4 22f x x x= −

( ) ( )1 2 24 4 4 1f x x x x x= − = −

( ) ( )4 1 1x x x= − +

( )11 0x f x> ⇒ >

( )11 0 0x f x− < < ⇒ >

1, 1 0x x∴ > − < < …Õ ( )f x  P~Ë‚¬ì}O

( )11 0x f x> − ⇒ <

( )10 1 0x f x< < ⇒ <

1,0 1x x∴ > − < < …Õ ( )f x  J=~Ë‚¬ì}O.

6.
4

, 0
4

x
y x

x
= + ≠  ã„¬"Í°†Ç°O P~Ë‚¬ì} …è̂ ¥ J=~Ë‚¬ì} JO Ç̀~Œ�#° H›#°HËøO_L.

ªP ÊÎ#: ( )
4

4

x
f x

x
= +
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( )
2

1

2 2

1 4 16

4 4

x
f x

x x

−
= − =

Jxß "Œ‹¬ë= x�ä› 24x  ÊÎ<Œ Ç̀àH›O

 P~Ë‚¬ì} ã„¬"Í°†Ç¶xH÷ ( )1 0f x >

( )2 16 0x⇒ − >

( ) ( )4 4 0x x− + >

4 0, 4 0x x⇒ − > + >  …è̂ ¥ 4 0, 4 0x x− < + <

4, 4x x⇒ > > − …è̂ ¥ 4, 4x x< < −

4x⇒ >  =°i†Çò 4x < − �ä›½ ã„¬"Í°†Ç°O P~Ë‚¬ì}O

J=~Ë‚¬ì} ã„¬"Í°†Ç¶xH÷ ( )1 0f x <

( ) ( )4 4 0x x⇒ − + <

4 0, 4 0x x⇒ − > + <  …è̂ ¥ 4 0, 4 0x x− < + >

4, 4x x⇒ > < −  …è̂ ¥ 4, 4x x< > −

4, 4x x⇒ > < − …è̂ ¥ 4, 4x x< − <

4 4x⇒ − < < �ä›½ ã„¬"Í°†Ç°O J=~Ë‚¬ì}O.

IV. "Œ¼‹¬~¡¶„¬ ‹¬=¶ �̂¥# ã„¬‰×ß�° (8 =¶~¡°ø�°)

1. ( ) 3 23 9f x x x x= − −  ã„¬"Í°†Ç¶xH÷ Q®i+¬“ (ªPÖxH› Q®i+¬“) =°i†Çò H›x+¬“ (ªPÖxH› H›x+¬“) q�°=�#°

H›#°HËøO_L.

ªP ÊÎ#: ( ) 3 23 9f x x x x= − −

( )1 23 3 9f x x x= − −

ªé‡P#O 1: ( )1 20 3 6 9 0f x x x= ⇒ − − =

2 2 3 0x x⇒ − − =
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( ) ( )3 1 0x x⇒ − − =

3, 1x⇒ = −

∴x‰×ó� aO Î̂°=ô�° 3, 1x = −

ªé‡P#O2: ( )13 0x f x< ⇒ <  =°i†Çò

( )13 0x f x> ⇒ >

3∴  ‹¬g°„¬̀ Ç…Õ ( )1f x  Q®°~¡°ë ~¡°}ì Ç̀àH›O #°O_L ̂ EÎ<Œ Ç̀àH›O J=ô Ç̀°Ok.

3x∴ =  = Î̂í ( )f x  H›x+¬“ q�°= ‡ÚOk L#ßk.

ªé‡P#O3: ( )11 0x f x< − ⇒ >  =°i†Çò

( )11 0x f x> − ⇒ <

1∴−  ‹¬g°„¬̀ Ç…Õ ( )1f x Q®°~¡°ë ̂ EÎ<Œ Ç̀àH›O #°O_L ~¡°}ì Ç̀àH›O J=ô Ç̀°Ok.

1x∴ = −  = Î̂í ( )f x  Q®i+¬“ q�°= ‡ÚOk L#ßk.

1, 3x x∴ = − = �° ã„¬"Í°†Ç¶xH÷ Q®i+¬“ =°i†Çò H›x+¬“ aO Î̂°=ô�°.

∴Q®i+¬“ q�°= ( ) ( ) ( ) ( )
3 2

1 1 3 1 9 1f= − = − − − − −

1 3 9 5= − − + =

H›x+¬“ q�°= ( ) ( ) ( )
233 3 3 3 9 3 27f = − − = −

∴ ( ) ( )1,5 , 3, 27− − �° ªPÖxH› Q®i+¬“, H›x+¬“ aO Î̂°=ô…ÿá L#ßq.

2. ( ) 3 22 3 12 8f x x x x= − − +  ã„¬"Í°†Ç¶xH÷  Q®� Jxß ªPÖxH› Q®i+¬“ =°i†Çò H›x+¬“ q�°=eß H›#°HËøO_L.

ªP ÊÎ#: ( ) 3 22 3 12 8f x x x x= − − +

( )1 26 6 12f x x x= − −

( )26 2x x= − −

( ) ( ) ( )1 6 1 2f x x x= + −
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( ) ( ) ( )1 0 6 1 2 0f x x x= ⇒ + − =

1, 2x x⇒ = − =

1, 2x x∴ = − = � = Î̂í ( )1 0f x =

D aO Î̂°=ô�° ªPÖxH› Q®i+¬“ …è̂ ¥ ªPÖxH› H›x+¬“ …è̂ ¥ †Í°nHê Î̂° J<Ík „¬ije^¥œO.

1x = −  Z_È=°"³á„¬ô 1.1x = −  =°i†Çò ä›½_L"³á„¬ô q�°= 0.9x = −  = Î̂í ( )1 0f x =  „¬ije^¥œO.

( ) ( ) ( )1 1.1 6 1.1 1 1.1 2− = − + − −f

( )1 0f x⇒ >

( ) ( ) ( ) ( )1 10.9 6 0.9 1 0.9 2 0f f x− = + − − ⇒ <

1x∴ = −  = Î̂í ªPÖxH› Q®i+¬“O L#ßk.

2x = ä›½ Z_È=° "³á„¬ô q�°= 1.9x =  =°i†Çò ä›½_L"³á„¬ô q�°= 2.1x = = Î̂í

( ) ( ) ( )1 1.9 6 1.9 1 1.9 2 0f = + − <

( )1 1.9 0f∴ <

( ) ( ) ( )1 2.1 6 2.1 1 2.1 2 0f = + − >

( )1 2.1 0f⇒ >

D ï~O_L\÷ #°Oz 2x = J<Ík ªPÖxH› Q®i+¬“ aO Î̂°=ô.

( )1 2 3 12 8 15f − = − − + + =

( ) ( ) ( ) ( )2 2 8 3 4 12 2 8 12f = − − + = −

( )1f x  Q®°~¡°ë

    1x = −  aO Î̂°=ô        2x =  aO Î̂°=ô

1− H÷ Z_È=° 1− H÷ ä›½_L 2 H÷ Z_È=° 2 H÷ ä›½_L

ÊÎ<Œ Ç̀àH›O ~¡°}ì Ç̀àH›O ~¡°}ì Ç̀àH›O ÊÎ<Œ Ç̀àH›O

ªPÖxH› Q®i+¬“O ªPÖxH› H›x+¬“O.
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3.
2

x
π

− < < H÷ ( ) sin cosf x x x= + ã„¬"Í°†Ç¶xH÷ ªPÖxH› Q®i+¬“ =°i†Çò H›x+¬“ q�°=�#° H›#°HËøO_L.

ªP ÊÎ#: ( ) sin cosf x x x= +

( )1 cos sinf x x x= −

( )1 0 cos sin 0f x x x= ⇒ − =

1Tanx⇒ =

0
4 2

x x
π π 

⇒ = < < 
 

4
x

π
= = Î̂í cos sin

4
x x x

π
< ⇒ >

( )1 cos sin 0f x x x⇒ = − >

cos sin 0
4

x x x
π

> ⇒ − <

( )1 cos sin 0f x x x⇒ = − <

4

π
∴ ‹¬g°„¬̀ Ç…Õ ( )1f x ÊÎ<Œ Ç̀àH›O #°O_L ~¡°}ì Ç̀àH›OQê =¶~¡° Ç̀°Ok. Hê=ô# 

4
x

π
=  J<Ík ªPÖxH› Q®i+¬“

aO Î̂°=ô =°i†Çò

 Q®i+¬“ q�°= 
1 1

2
4 2 2

f
π 

= = + = 
 

∴ªPÖxH› Q®i+¬“ aO Î̂°=ô , 2
4

π 
=  
 

4. ( ) ( ) ( )
2

1 2f x x x= − +  ã„¬"Í°†Ç¶xH÷ ªPÖxH› Q®i+¬“ =°i†Çò H›x+¬“ aO Î̂°=ô�#° Q®°iëOz, P aO Î̂°=ô�

= Î̂í ªPÖxH› Q®i+¬“ =°i†Çò H›x+¬“ q�°=eß ä›�_¨ H›#°HËøO_L.

ªP ÊÎ# : ( ) ( ) ( )= − +
2

1 2f x x x

( ) ( ) ( ) ( )
2

.1
' 1 2 2 2= − + + +f x x x x
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( ) ( )2 2 2 2x x x= + − + +

( )3 2x x= +

ªé‡P#O1: ( ) ( )1 0 3 2 0f x x x= ⇒ + =

0, 2x⇒ = −

∴x‰×ó� aO Î̂°=ô�° 0, 2x = −

ªé‡P#O 2: ( )10 0x f x< ⇒ <

( )1. 0x f x>⇒ >

∴ 0 ‹¬g°„¬̀ Ç…Õ ( )f x Q®°~¡°ë ~¡°}ì Ç̀àH›O #°O_L ̂ EÎ<Œ Ç̀àH›O J=ô Ç̀°Ok.

0x∴ =  = Î̂í ( )f x H›x+¬“ q�°= ‡ÚOk L#ßk.

ªé‡P#O 3: ( )12 0x f x< − ⇒ >

( )12 0x f x> − ⇒ <

Ð2 ‹¬g°„¬̀ Ç̀ Ë ( )f x  Q®°~¡°ë ̂ EÎ<Œ Ç̀àH›O #°O_L ~¡°}ì Ç̀àH›O J=ô Ç̀°Ok.

∴-2 = Î̂í ( )f x  Q®i+¬“ q�°= ‡ÚOk L#ßk.

2x∴ = − , -2�° ã„¬"Í°†Ç¶xH÷ H›x+¬“ =°i†Çò H›x+¬“ aO Î̂°=ô…ÿá L#ßq.

∴ H›x+¬“ q�°= ( ) ( )
2

0 1 2 4f= = − = −

Q®i+¬“ q�°= ( ) ( )2 1 0 0f= − = − =

( ) ( )0, 4 , 2,0∴ − − �° ªPÖxH› H›x+¬“, ªPÖxH› Q®i+¬“ aO Î̂°=ô…ÿá L#ßq.

5. ( ) 3 22 21 36 20f x x x x= − + −  ã„¬"Í°†Ç¶xH÷ ªPÖxH› H›x+¬“ q�°=#° H›#°HËøO_L.

ªP ÊÎ#: ( ) 3 22 21 36 20f x x x x= − + −  J#°ä›½O^¥O.

( )1 26 42 36f x x x= − +

( )26 7 6x x= − +
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( ) ( )6 1 6x x= − −

 ªPÖxH› H›x+¬“ …è̂ ¥ Q®i+¬“ä›½ ( )1 0f x =

( ) ( )6 1 6 0x x⇒ − − =

1,6x⇒ =

( ) ( )( )11 1d
f x f x

dx
=

( )26 7 6
d

x x
dx

 = − +
  

( )6 2 7 12 42x x= − = −

( ) ( )111 1 6 2.1 7 30 0x f= ⇒ = − = − <

1x∴ =  J<Ík ªPÖxH› Q®i+¬“ aO Î̂°=ô.

( ) ( ) ( ) ( )
3 2

1 2 1 21 1 36 1 20 3f = + + − =  ªPÖxH› Q®i+¬“ q�°=

( ) ( )116 6 6 2.6 7 30 0x f= ⇒ = − = >

6x∴ =  J<Ík ªPÖxH› H›x+¬“ aO Î̂°=ô.

( ) ( ) ( ) ( )∴ = − + − = −
3 2

6 2 6 21 6 36 6 20 128f  ªPÖxH› H›x+¬“ q�°=

6. )a [ ]3, 1− −  JO Ç̀~¡O…Õ 32 24 107x x− +  †³òH›ø Q®i+¬“ q�°=#° H›#°HËøO_L.

)b [ ]1,3  JO Ç̀~¡O…Õ Ì„á ã„¬"Í°†Ç¶xH÷ H›x+¬“ q�°=#° H›#°HËøO_L.

ªP ÊÎ#: )a ( ) 32 24 107f x x x= − +  J#°ä›½O>è..

( ) 2' 6 24= −f x x

Q®i+¬“, H›x+¬“�ä› ( )' 0=f x

26 24 0x⇒ − =

2 4 0x⇒ − =
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2,2x⇒ = −

-2 q�°= [ ]3, 1− − JO Ç̀~¡O…Õ =ôO@°Ok. Hê=ô# 2x = −  = Î̂í =¶ã Ç̀"Í° Q®i+¬“O =ôO@°Ok.

( )" 12=f x x

( ) ( )" 2 12 2 24 0− = − = − <f

2x∴ = −  = Î̂í Q®i+¬“O LO@°Ok.

∴ Q®i+¬“ q�°= ( ) ( )
3

2 2 24 2 107 139= − − − + =

 D q ÊÎOQê, Q®i+¬“ aO Î̂°=ô  2−  …è̂ ¥ [ ]3, 1− − JO Ç̀~ŒxH÷ K³Ok#"³á, Q®i+¬“ q�°= 139H›ey

L#ßk.

)b ( )" 12=f x x

[ ]1,3  JO Ç̀~¡O…Õ 2=ôO@°Ok. Hê|\÷“

( ) ( )" 2 12 2 24 0= = >f

2x∴ = = Î̂í ( )f x H›x+¬“ q�°=#° H›ey LO@°Ok.

H›x+¬“ q�°= ( ) ( )
3

2 2 24 2 107 75= − + =

7. ( )0,π …Õ ( ) ( )sin 1 cosf x x x= + ã„¬"Í°†Ç¶xH÷ Q®� Q®i+¬“ =°i†Çò H›x+¬“ q�°=eß H›#°HËøO_L.

ªP ÊÎ#: ( ) ( )sin 1 cosf x x x= +

( ) ( ) ( )' cos 1 cos sin sin= + + −f x x x x x

2 2cos cos sinx x x= + −

( )2 2cos cos 1 cosx x x= + − −

22cos cos 1x x= + − .

x‰×ó� aO Î̂°=ô�ä›½ ( )' 0=f x

22cos cos 1 0x x⇒ + − =
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1 1 8 1 3 1
cos 1.

4 4 2
x

− ± + − ±
⇒ = = = −

,
3

x
π

∴ = π

( ) ( )" 4 cos sin sin= − −f x x x x

4cos sin sinx x x= − −

" 4 cos sin sin
3 3 3 3

π π π π 
= − − 

 
f

1 3 3
4. .

2 2 2
= −

3
3

2
= − −

∴ " 0
3

π 
< 

 
f

∴ 
3

x
π

=  = Î̂í Q®i+¬“ q�°= LO@°Ok.

3 1 3 3
sin 1 cos 1

3 3 3 2 2 4
f

π π π     
= + = + =     

     

( ) ( )" 0 0, " 0= π =f f

( ) ( )0 0, 0f f= π =

3
x

π
∴ =  = Î̂í ( )f x  Q®i+¬“ q�°= 3 3

4
=

0,x = π � = Î̂í H›x+¬“ q�°= 0= .

8. ( ) 3 212 5f x x x= − + −  ã„¬"Í°†Ç¶xH÷ ï~O_Ë ̀ Ç~¡Q®u J=H›�*ì�#° L„¬†³¶yOz ªPÖxH› Q®i+¬“ =°i†Çò

ªPÖxH› H›x+¬“ q�°=�#° H›#°HËøO_L.

ªP ÊÎ#: ( ) 3 212 5f x x x= − + −
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( ) ( )2' 3 24 3 8= − + = − −f x x x x x

ªPÖxH› Q®i+¬“ …è̂ ¥ H›x+¬“ä›½, ( )' 0=f x .

( )3 8 0x x⇒ − − =

0,8x⇒ =

( )" 6 24= − +f x x

( )0 " 0 24 0= ⇒ = >x f

0x∴ =  J<Ík ªPÖxH› H›x+¬“ aO Î̂°=ô.

( ) 3 20 0 12 0 5 5f = − + × − = −  ªPÖxH› H›x+¬“ q�°=

( )8 " 8 6 8 24 48 24 24 0= ⇒ = − × + = − + = − <x f

8x =  J<Ík ªPÖxH› Q®i+¬“ q�°=

( ) 3 28 8 12 8 5 512 768 5 251f = − + × − = − + − =  ªPÖxH› Q®i+¬“ q�°=.

9. ( ) sin cos ,0
2

f x x x x
π

= + < <  ï~O_Ë ̀ Ç~¡Q®u J=H›�*ì�#° L„¬†³¶yOz ªPÖxH› Q®i+¬“ =°i†Çò ªPÖxH›

H›x+¬“ q�°=�#° H›#°HËøO_L.

ªP ÊÎ#: ( ) sin cosf x x x= +

( )' cos sin= −f x x x

 x‰×ó� aO Î̂°=ô�ä›½, ( )' 0=f x

cos sin 0x x⇒ − =

1
4

Tanx x
π

⇒ = ⇒ =

0
4 2

x x
π π

= ε < <

( ) ( )" cos sin= −
d

f x x x
dx
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sin cosx x= − −

" sin cos
4 4 4 4

π π π π 
= ⇒ = − − 

 
x f

1 1 2
0

2 2 2

− −
= − = <

4
x

π
=  = Î̂í ªPÖxH› Q®i+¬“ q�°=.

1 1 2
sin cos 2

4 4 4 2 2 2
f

π π π 
= + = + = = 

 

4
x

π
∴ =  = Î̂í Q®i+¬“ q�°= 2 .

10. "³ò Ç̀ëO 70 =°i†Çò �|œO Q®i+¬“O J†Í°¼ ï~O_È° ̂ EÎ#~Œ‰×Ãeß H›#°HËøO_L.

ªP ÊÎ#: XH› ~Œt x  J#°ä›½O^¥O.

ï~O_È° ~Œ‰×Ã� "³ò Ç̀ëO 70 Hê|\÷“ ï~O_Ë~Œt 70 x− J=ô Ç̀°Ok. D ï~O_È°#¶ ̂ EÎ#~Œ‰×Ã�° Hê=ô#

Jq ( )0, 70 0x x> − >  J=ô`Œ~ò.

70 0 70x x− > ⇒ <

< <0 70x

 g\÷ �|œO ( )f x J#°ä›½O>è

( ) ( ) 270 70f x x x x x= − = −

( )' 70 1 2 70 2⇒ = × − = −f x x x

Q®i+¬“O Hù~¡ä›½ ( )' 0=f x

70 1 2 0x⇒ × − =

35x⇒ =

( ) ( )" 70 2= −
d

f x x
dx
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( )" 2= −f x

( )" 35 2 0= − <f

35x∴ =  = Î̂í ( )f x ä›½ Q®i+¬“O LO@°Ok.

70 70 35 35x− = − =  ï~O_Ë ‹¬OY¼ J=ô Ç̀°Ok.

Hê"Œe&# ~Œ‰×Ã�° …è̂ ¥ ‹¬OY¼�° 35,35

11. ï~O_È° ‹¬OY¼� "³ò Ç̀ëO 15 J~ò, XH› ^¥x =~¡¾=ò =°i†Çò ï~O_Ë ^¥x „¦¬°#=ò� �|í=ò Q®i+¬“"³°Ø̀ Í P
‹¬OY¼�#° H›#°HËøO_L.

ªP ÊÎ#: XH› ~Œt x  J#°ä›½O^¥O.

ï~O_È° ~Œ‰×Ã� "³ò Ç̀ëO 15 J~ò# ï~O_È= ~Œt 15 x− J=ô Ç̀°Ok.

( ) ( )
32 15f x x x∴ = −  J#°Hù#°=ò

   ( ) ( ) ( ) ( )= × − − + −
2 32' .3 15 1 15 .2f x x x x x

( ) ( )
2

15 3 2 15x x x x = − − + − 

( ) ( )
2

15 30 5x x x= − −

x‰×ó� aO Î̂°=ô�ä›½ ( ) ( ) ( )
2

' 0 15 30 5 0= ⇒ − − =f x x x x

0,15,6x⇒ =

( ) ( ) ( )2 2" 15 30 5 = − −
  

d
f x x x x

dx

( ) ( ) ( ) ( ) ( )= − − + − × − −
2 215 30 10 30 5 2 15 1x x x x x

( ) ( ) ( ) ( )210 15 3 2 30 5 15x x x x x= − − − − −

( )0 " 0 10 15 3 2 0 450 0= ⇒ = × × − × = >x f

0x∴ =  = Î̂í H›x+¬“ q�°=

( )15 " 15 0= ⇒ =x f
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15x =  = Î̂í H›x+¬“, Q®i+¬“ q�°=�° ï~O_È° …è=ô.

( ) ( ) ( ) ( ) ( )
2

6 " 6 10 15 6 3 6 2 6 30 6 15 6= ⇒ = − − − × − −x f

( )10 81 3 12 24 9= × × − − × ×

2430 2592= − −

5022= −

( )" 6 0∴ <f

6x =  = Î̂í ( )f x  Q®i+¬“O.

6x =  J~ò# 15 15 6 9x− = − =  ï~O_È= ~Œt

 P ï~O_È° ‹¬OY¼�° 6,9.

12. Î̂̀ Çë "³á‰§�¼O Q®� n~¡ÉKÇ̀ Ç°~¡ãªPxH÷ H›x+¬“ KÇ°@°“ Hù� Ç̀#° H›ey LO_Ík. KÇ̀ Ç°~¡ã‹¬=°x KÇ¶„¬O_L.

ªP ÊÎ#: n~¡É KÇ̀ Ç°~¡ã‹¬O ‡Ú_È=ô, "³_È�°æ�° ,x y  J#°ä›½O^¥O.

∴ "³á‰§�¼O A xy=

A
y

x
= ... (1)

n~¡É KÇ̀ Ç°ã~¡ã‹¬O KÇ°@°“ Hù� Ç̀ ( )2P x y= +

2
A

P x
x

 
= + 

 

2
2 1

d A

dx x

 
∴ = − 

 

H›x+¬“ä›½ 0
dp

dx
=

2
2 1 0

A

x

 
⇒ − = 
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2A x⇒ =  …è̂ ¥ x A=

2

2 2
2 1

d P d A

dxdx x

  
= −  

  

( )
3

2
2

A

x

− −
= ×

3

4A

x
=  Wk ÊÎ<Œ Ç̀àH›O.

x A∴ =  J~ò#„¬ôæ_È° KÇ°@°“Hù� Ç̀ H›x+¬“O.

2A x
y x

x x
= = = ( )2A x=∵

∴n~¡É KÇ̀ Ç°~¡ã‹¬O J<Ík H›x+¬“ KÇ°@°“Hù� Ç̀ä›½ KÇ̀ Ç°~¡ã‹¬O J=ô Ç̀°Ok.

13. Î̂̀ Çë =$ Ç̀ëO…Õ JO Ç̀iÁdOKÇ|_L# Q®i+¬“ n~¡É KÇ̀ Ç°~¡ã‹¬O KÇ̀ Ç°~¡ã‹¬O J=ô Ç̀°O Î̂x KÇ¶„¬O_L.

ªP ÊÎ#: ' 'r  "Œ¼ªP~¡ÖO Q®� =$ Ç̀ëO…Õ ABCD  n~¡É KÇ̀ Ç°~¡ã‹¬O JO Ç̀iÁdOKÇ|_LO Î̂#°ä›½O^¥O.

 „¬@O…Õ, =$ Ç̀ë"Œ¼‹¬O 2AC r=

,AB x BC y= =  J#°ä›½O>è

2 2 2AB BC AC+ =  …è̂ ¥ ( )
22 2 22 4x y r r+ = = ...(1)

 n~¡É KÇ̀ Ç°~¡ã‹¬ "³á‰§�¼O A xy=

2 24A x r x= −

( ) 2 2

2 2

2
4 1

2 4

x xdA
r x

dx r x

−
∴ = + − ×

−

2 2

2 2

4 2

4

dA r x

dx r x

−
∴ =

−

Q®i+¬“, H›x+¬“�ä›½ 0
dA

dx
= .

D C

A B

0
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2 2
2 2

2 2

4 2
0 4 2 0

4

r x
r x

r x

−
⇒ = ⇒ − =

−

2x r⇒ = −

( ) ( )
( )

( )

2 2 2 2

2 2 2

2 2
2 2

2
4 4 4 2

2 4

4

x
r x x r x

d A r x

dx
r x

−

−
− − − −

−
=

 
− 

 

( ) ( )

( )

2 2 2 2

2
2 2

4 4 4 2

4

x r x x r x

r x

− − + −
=

−

( )

( )

2

3
2 2

4 2 2 0

2

r

r

+

=

3

3

8 2
4 0

2 2

r

r

−
= = − <

2x r∴ =  J~ò Í̀ Q®i+¬“O.

(1) #°O_L 2 24 2 2= − =y r r r

∴ n~¡ÉKÇ̀ Ç°~¡ã‹¬O ABCD  XH› KÇ̀ Ç°~¡ã‹¬=ò

14. HùO Ç̀ L„¬i Ç̀…ìxß =°i†Çò Q®i+¬“ „¦¬°#„¬i=¶}ìxß H›ey# =ü Ç̀Q®� �O| =$`ŒëHê~¡ ‹¬¶Ö„¬O Z Ç̀°ë, ^¥x
ƒE’¶"Œ¼ªPxH÷ ‹¬=¶#=°x KÇ¶„¬O_L.

ªP ÊÎ#: ‹¬¶Ö„¬O L„¬i Ç̀�O ' 'S , „¦¬°#„¬i=¶}O ' 'V , Z Ç̀°ë ' 'h , ƒE’¶"Œ¼ªP~¡ÖO ' 'r  J#°Hù#°=ò.

22 2S rh r∴ = π + π ... (1)

2V r h= π
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2
2 2

2

s r
V r

r

 − π
= π  

 π 

( )22
2

r
s r= − π

3

2

sr
V r= − π

( )23
2

dv s
r

dr
= − π

Q®i+¬“ …è̂ ¥ H›x+¬“ä›½ 0
dv

dr
=

( )− π =
23 0

2

s
r

26S r= π

(1) #°O_L

   2 26 2 2r rh rπ = π + π

24 2r rhπ = π

2r h= ... (2)

2
2

2
3

2

d v d s
r

drdr

 
= − π 

 

6 r= − π 0
2

d s

dr

  
=  

  
∵

2

2
0

d v

dr
∴ <

∴ �O| =$`ŒëHê~¡ ‹¬¶Ö„¬ Q®i+¬“ „¦¬°#„¬i=¶}ìxH÷ Z Ç̀°ë =  ƒE’¶"Œ¼‹¬O. JO>è 2h r=

15. 48Ì‹O.g°. ƒE’°[=ò Hù� Ç̀ Q®� KÇ̀ Ç°~¡ãªPHê~¡„¬ô ö~ä›½ =òH›ø <Œ�°Q®° =ü�� #°O_L <Œ�°Q®° KÇ̀ Ç°~¡ãªPHê~¡
=òH›ø�#° H›uëiOz q°ye# ö~ä›½#° =°_Lz =ü Ç̀…èx Ì„>ÿ“#° Ç̀†Ç¶~¡° KÍ‰§~¡°. P Ì„>ÿ“ „¦¬°#„¬i=¶}O
Q®i+¬“O J~ò Í̀ H›uëiOz# KÇ̀ Ç°~¡ãªPHê~¡„¬ô =òH›ø ƒE’°[O Hù� Ç̀ H›#°HËøO_L.
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ªP ÊÎ#: H›uëiOz# =òH›ø ƒE’°[O Hù� Ç̀ x  J#°ä›½O>è, Ì„>ÿ“ ã„¬u ƒE’°[=ò ‡Ú_È=ô ( )48 2x−  =°i†Çò Z Ç̀°ë

x  J=ô Ç̀°Ok.

0,48 2 0 24x x x> − > ⇒ <

WOHê 0 24x< <

Ì„>ÿ“ „¦¬°#„¬i=¶}O V lbh=

( ) ( ) ( )48 2 48 2x x x= − −

( )
2

48 2V x x= −

( ) ( ) ( )
2

48 2 1 .2 48 2 2
dv

x x x
dx

= − × + − −

( ) ( )48 2 48 6x x= − −

Q®i+¬“ …è̂ ¥ H›x+¬“ä›½, 0
dv

dx
=

( ) ( )48 2 48 6 0x x⇒ − − =

24x⇒ =  …è̂ ¥ 8x =

0 24x< <  Hê|\÷“ 8x =  „¬iQ®}÷̂ ¥œO.

( ) ( )
2

2
48 2 48 2

d v d
x x

dxdx
 = − − 

( ) ( ) ( ) ( )48 2 6 48 6 2x x= − − + − −

24 384x= −

2

2
8

24 8 384

x

d v

dx
=

 
= × − 

 
 

192 0= − <

8x∴ = ä›½ „¦¬°#„¬i=¶}O Q®i+¬“O.

∴ H›uëiOz# KÇ̀ Ç°~¡ãªPHê~¡„¬ô =òH›ø Hù� Ç̀ 8Ì‹O.g°.
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16. r  Ì‹O.g°. "Œ¼ªP~¡ÖO Q®� QËˆ×O…Õ JO Ç̀iÁdOKÇ|_L# Q®i+¬“ ‹¬¶Ö„¬O „¦¬°#„¬i=¶}O H›#°HËøO_L.

ªP ÊÎ#: JO Ç̀iÁdOKÇ|_L# ‹¬¶Ö„¬O Z Ç̀°ë 'h , ƒE’¶ "Œ¼ªP~¡ÖO ' 'R , „¦¬°#„¬i=¶}O ' 'V  J#°ä›½O>è

2V R h= π ... (1)

ãuƒE’°[=ò OCB#°Oz

2
2 2

2

h
r R

 
= + 
 

... (2) ( )2 2 2OB OC BC= +∵

2
2 2

4

h
R r= −

2 3
2 2

4 4

h h
V r h r h

  π
= π − = π − 

 
 

2
2 3

4

dv h
r

dh

π
∴ = π −

Q®i+¬“, H›x+¬“ä›½ 0
dv

dh
= .

2
2 3

0
4

h
r

π
π − =

2
2 4 2

3 3

r r
h h⇒ = ⇒ =

2

2

3

2

d v h

dh

− π
=

 
= 

 

  − π ×
∴ = 
  × 

2

2 2

3

3 2

2 3r
h

d v r

dh

3 0r= − π <

2

3

r
h =  J~ò Í̀ V  Q®i+¬“O.

A' B'

A B

2

h

2

h
r

C
R
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2

3

r
h = #° (2) …Õ ã„¬uöHÆ„²À‹ë,

2 2
2 2 4 2

4 3 3

r r
R r= − =

×

∴ =
2

3
R r

∴ ‹¬¶Ö„¬O Q®i+¬“ „¦¬°#„¬i=¶}O 2R h= π

π 
= π = 

 

3
2 32 2 4

3 3 3 3

r r
r cm

17. 100 „¦¬°.Ì‹O.g°. „¦¬°#„¬i=¶}O L#ß =ü Ç̀ Q®� �O| =$`ŒëHê~¡ ‹¬¶Ö‡PxH÷ H›x+¬“ ‹¬O„¬î~¡ầ Ç� "³á‰§�¼O
LO>è ƒE’¶"Œ¼ªP~¡ÖO H›#°HËøO_L.

ªP ÊÎ#:  ‹¬¶Ö„¬ „¦¬°#„¬i=¶}O 2 100r h= π =

2

100
h

r
=

π

=ü Ç̀Q®� ‹¬¶Ö„¬ ‹¬O„¬î~¡ầ Ç� "³á‰§�¼O ( )2T r r h= = π +

2

100
2T r r

r

 
∴ = π + 

π 

3

2

100
2

r
r

r

 π +
= π  

 π 

( )32
100r

r
= π +

2 200
2T r

r
= π +

2

200
4

dT
r

dr r
= π −

 Q®i+¬“ / H›x+¬“ q�°=�ä›½ 0
dT

dr
=
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2

200
4 0r

r
π − =

( )34 50 0r⇒ π − =

1

33 50 50
r

 
⇒ = =  

π π 

2

2 2 3

200 2 200
4 4

d T d
r

drdr r r

  ×
= π − = π − 

 

= π − = π − π = − π <

π

400
4 4 8 4 0

50

∴ ‹¬O„¬î~¡ầ Ç� "³á‰§�¼O Q®i+¬“O.

∴ ƒE’¶ "Œ¼ªP~¡ÖO 
1

350
,r

 
= =  

π 
 Z Ç̀°ë 

1

350
2 ,
 

=  
π 

ÐÐÐ
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‹¬=¶H›�#O
J=H›�# ã„¬"Í°†Ç°O †³òH›ø ƒ�ì=##° „¬î~¡Þ ‡�~”¡¼ ƒ�ìQêO‰§�…Õ <Í~¡°óHù<ŒßO.  J=H›�*ì� J#°=~¡ë<Œ�#°

qq �̂Î ‹¬O Î̂~ŒÄ2�…Õ <Í~¡°óHù<ŒßO.

J=H›�[O W=Þ|_7#„¬C_È° (ã„¬"Í°†Ç° ~¡¶„¬O…Õ P ã„¬"Í°†Ç°O †³òH›ø q…Õ=° „¬̂ Îœux „¬ije^¥íO. J=H›�<ŒxH÷
q…Õ=° ã„¬ãH÷†Ç°†Í° ‹¬=¶H›�#O.  ‹¬=¶H›�# qq �̂Î „¬̂ Îœ̀ Ç°�#°, ã„¬=¶}÷H› ~¡¶‡��#° KÇ̂ Î°=ôHùO^¥O

�HÆê¼�° :

D ‡�~”Œ¼O‰×=ò Jƒ�’¼‹²Oz# Ç̀~¡°"Œ Ç̀, h=ô Q®=°xOKÇQ®� q+¬†Ç¶�° :

♦ J=H›�<ŒxH÷ q…Õ=° ã„¬ãH÷†Ç° (ã„¬̀ Ç¼=H›�[O)Qê ‹¬=¶H›�#O Jx q‰×̂ Î„¬~¡KÇQ®�=ô.

♦
2 2 1

,sin ,cos ,sec ,cosec , tan ,cosec cot ,
n x

x x x x x x x x e
x

♦ "³òII ‹¬~¡̂ × ã„¬"Í°†Ç¶� ‹¬=¶H›�<Œ�#° ̀ ³�°‹¬°Hù<³̂ Î=ô.

♦ D ãH÷Ok „¦¬e`Œ�#° q=iOKÇ_ÈO

(i) [ ]( ) ( ) ( ) ( )± = ±∫ ∫ ∫f x g x dx f x dx g x dx

(ii) [ ]( ) ( )± = ±∫ ∫kf x dx k f x dx

♦ cr†Ç°, ãuHË}q°f†Ç°, q…Õ=° ãuHË}q°f†Ç°, „¦¬¶uH› ã„¬"Í°†Ç¶� ‹¬=¶H›�#°�#° H›#°HËø=_ÈO.

♦ ã„¬uöHÆ„¬} „¬̂ Îœu ^¥Þ~Œ ã„¬"Í°†Ç¶� ‹¬=¶H›�#O H›#°HËø=_ÈO.

♦ D =¶ki ‹¬=¶H›�#°�#° Q®}÷OKÇO_7

2 2 2 2 22 2 2 2
,  ,  ,  ,  ,

± − + +± −
∫ ∫ ∫ ∫ ∫

dx dx dx dx dx

x a a x ax bx cx a a x

( ) ( )
22 2

,  ,  
+ +

=
+ ++ + + +

∫ ∫ ∫
px q dx px qdx

dx

ax bx cax bx c ax bx c

♦ =ô¼ Ç̀æ#ß „¦¬e`Œxß L„¬†³¶yOKÇ_ÈO

26
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'( )
log ( )

( )
= +∫

f x
dx f x c

f x

♦ qƒ�ìQ® ‹¬=¶H›�# „¬̂ Îœux q=iOz, L„¬†³¶yOKÇ_ÈO.

♦ D ãH÷Ok ~¡¶„¬O…Õ L#ß ‹¬=¶H›�#°�#° Q®}÷OKÇ@O

2 2 2 2
,  ,  sin  ,  cos   ± −∫ ∫ ∫ ∫

ax ax
x a dx a x dx e bx dx e bx dx ,

( ) 2 1 1 ,  sin  ,  cos  − −
+ + +∫ ∫ ∫px q ax bx c dx x dx x dx ,

sin  cos  ,  ,  
sin cos+ +∫ ∫ ∫

n m dx dx
x x dx

a b x a b x

♦ =ô¼ Ç̀æ#ßO KÍ‹²# „¦¬e`Œxß L„¬†³¶yOKÇ_ÈO

[ ]( ) '( )  . ( )+ = +∫
x x

e f x f x dx e f x c  =°i†Çò ‡�H÷ÆH› a�<Œß�#° L„¬†³¶yOz JH›~¡}©†Ç° ‹¬=¶ª��

‹¬=¶H›�#O KÍ†Ç°_ÈO.

=òMì¼O‰§�° :

J=H›�<ŒxH÷ q…Õ=° ã„¬ãH÷†Ç°Qê ‹¬=¶H›�#O.

Jxtó Ç̀ ‹¬=¶H›�#°� Hùxß ã‡� Š̂Îq°H› ~¡¶‡��°.

1. ( )
1

1
1

+

= + ≠ −
+∫
n

n x
x dx c n

n

2.
1

log= +∫ dx x c
x

3. sin  cos= − +∫ x dx x c

4. cos  sin= +∫ x dx x c

5.
2sec  tan= +∫ x dx x c

6.
2cosec  cot= − +∫ x dx x c

7. sec tan  sec= +∫ x x dx x c

8. cosec cot  cosec = − +∫ x x dx x c



‹¬=¶H›�#O

Q®}÷̀ ÇO H›Þ‰×ó<£ ƒì¼OH± 551

9.
1

2

1
sin

1

−
= +

−
∫ dx x c

x

10.
1

2

1
tan

1

−
= +

+
∫ dx x c

x

11.
1

2

1
sec

1

−
= +

−
∫ dx x c

x x

12. = +∫
x x

e dx e c

13.
log

= +∫
x

x a
a dx c

a
( )0,  and 1> ≠a a

Jxtó`Ç ‹¬=¶H›�#°� �̂Î~Œà�°

1. [ ]( ) ( ) ( ) ( )± = ±∫ ∫ ∫f x g x dx f x dx g x dx

2. ( ) ( )=∫ ∫kf x dx k f x dx

3. ( )
( )

( )

1
1

1

+
+

+ = +
+∫

n

n ax b
ax b dx c

a n
( )1≠ −n

4.
1 1

log= + +
+∫ dx ax b c

ax b a

5. ( ) ( )
1

sin cos
−

+ = + +∫ ax b dx ax b c
a

6. ( ) ( )
1

cos sin+ = + +∫ ax b dx ax b c
a

7. ( ) ( )2 1
sec tan+ = + +∫ ax b dx ax b c

a

8. ( ) ( )2 1
cosec cot

−
+ = + +∫ ax b dx ax b c

a

9. ( ) ( ) ( )
1

sec tan sec+ + = + +∫ ax b ax b dx ax b c
a
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10. ( ) ( ) ( )
1

cosec cot cosec
−

+ + = + +∫ ax b ax b dx ax b c
a

11.
1+ +

= +∫
ax b ax b

e dx e c
a

12.
'( )

log ( )
( )

= +∫
f x

dx f x c
f x

13. tan  log cos log sec= − + = +∫ x dx x c x c

14. cot  log sin= +∫ x dx x c

15. sec  log sec tan= + +∫ x dx x x c

16. cosec  log cosec cot= − +∫ x dx x x c

17. 2 2

1 1
log

2

+
= +

−−
∫

a x
dx c

a a xa x

18. 2 2

1 1
log

2

−
= +

+−
∫

x a
dx c

a x ax a

19.
1

2 2

1 1
tan

−  
= + 

+  
∫

x
dx c

a ax a

20.
1

2 2

1
sin −  

= + 
 −

∫
x

dx c
a

a x

21.
2 2

2 2

1
log= + − +

−
∫ dx x x a c

x a

22.
2 2

2 2

1
log= + + +

+
∫ dx x x a c

x a

23.

2 2 2
2 2 1

sin
2 2

−−  
− = + + 

 
∫

x a x a x
a x dx c

a
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24.
2 2 2

2 2 2 2log
2 2

−
− = − + − +∫

x x a a
x a dx x x a c

25.
2 2 2

2 2 2 2log
2 2

+
+ = + + − +∫

x a x a
a x dx x a x c

26. [ ]( ) '( ) ( )+ = +∫
x x

e f x f x dx e f x c

I. Ju‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (1 =¶~¡°ø)

1. 3  ∫ x dx  Q®}÷OKÇO_).

ª+ �̂Î# :

1
11

3
3 3 

1
1

3

+

= = +

+
∫ ∫

x
x dx x dx c

1

1

+ 
=  + 

∫∵
n

n x
x dx

n

    

4/3
4/33

4 4

3

= + = +
 
 
 

x
c x c

2.
2

cos

sin

θ
θ

θ
∫ d  Q®}÷OKÇO_).

ª+ �̂Î# : 2

cos
cot .cosec .

sin

θ
θ = θ θ θ

θ
∫ ∫d d

     cosec = − θ + c

3. 1
∫ dx

x

 Q®}÷OKÇO_).

ª+ �̂Î# :

1
11

2
2

1

1
1

2

−
+−

= = +
−

+
∫ ∫

x
dx x dx c

x
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1

2

2
1

2

= + = +
x

c x c

4.
2

1

sin
θ

θ
∫ d  Q®}÷OKÇO_).

ª+ �̂Î# :
2

2

1
cosec  cot

sin
θ = θ θ = − θ +

θ
∫ ∫d d c

5. 7−

∫ x dx  Q®}÷OKÇO_).

ª+ �̂Î# :
7 1 6

7

7 1 6

− + −
−

= + = +
− + −∫
x x

x dx c c

6. ( )sin 4 5−∫ x dx  Q®}÷OKÇO_).

ª+ �̂Î# : ( )
( )cos 4 5

sin 4 5
5

− −
− = +∫

x
x dx c

7. ( ) ( )sec 3 5 tan 3 5+ +∫ x x dx  Q®}÷OKÇO_).

ª+ �̂Î# : ( ) ( )
( )sec 3 5

sec 3 5 tan 3 5
3

+
+ + = +∫

x
x x dx c

8. 5 7+

∫
x

e dx  Q®}÷OKÇO_).

ª+ �̂Î# :      5 7

5

+
=∫ ∫

x t dt
e dx e

1

5
= +

t
e c

5 71

5

+
= +

x
e c

9.
1

1+∫ dx
x

 Q®}÷OKÇO_).

ª+ �̂Î# : ( )
1

log 1
1

= + +
+∫ dx x c

x

( 5 7

  5

          )
5

+ =

⇒ =

=

∵ x t

dx dt

dt
dx
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II. ‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (2 =¶~¡°ø�°)

1.
1−
∫

x
dx

x
 Q®}÷OKÇO_).

ª+ �̂Î# :       
1 1

 
−

= −∫ ∫ ∫
x

dx dx x dx

x x

1 1

2 2

−

= −∫ ∫x dx x dx

1 1
1 1

2 2

1 1
1 1

2 2

−
+ +

= − +
−

+ +

x x
c

1 3

2 2

1 3

2 2

= − +
x x

c

3

2
2

2
3

= − +x x c

2.
2 2

1 1

1 1

 
− 

 + − 
∫ dx

x x

 Q®}÷OKÇO_).

ª+ �̂Î# : 2 22 2

1 1 1 1

1 11 1

 
− = − 

 + +− − 
∫ ∫ ∫dx dx dx

x xx x

 1 1
tan sin

− −
= − +x x c

3.
1

1 cos2+∫
dx

x
 Q®}÷OKÇO_).

ª+ �̂Î# : 2

1 1

1 cos2 2 cos
=

+
∫ ∫dx dx

x x

2

2

cos2 2cos 1

1 cos2 2cos

 = −
 
 + = 

∵ x x

x x
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21
sec  

2
= ∫ x dx ( )2sec  tan=∫∵ x dx x

1
tan

2
= +x c

4.
1

1 cos2−
∫ dx

x
 Q®}÷OKÇO_).

ª+ �̂Î# : 2

1 1

1 cos2 2sin
=

−
∫ ∫dx dx

x x
( )2cos2 1 2sin= −∵ x x

21 1
cosec  cot

2 2

−
= = +∫ x dx x c ( )2cosec  cot= −∫∵ x dx x

5. 1 cos2  +∫ x dx  Q®}÷OKÇO_).

ª+ �̂Î# : 21 cos2  2cos  + =∫ ∫x dx x dx

  2. cos  = ∫ x dx

  2 sin= +x c

6. 2tan  ∫ x dx  Q®}÷OKÇO_).

ª+ �̂Î# :     ( )2 2tan  sec 1= −∫ ∫x dx x dx

2sec  = −∫ ∫x dx dx

tan= − +x x c

7.
4

2
1+
∫

x
dx

x

ª+ �̂Î# :     
4 4

2 2

1 1

1 1

− +
=

+ +
∫ ∫

x x
dx dx

x x

( )

( ) ( )

2
4 2 2

2 2

1 1

            1 1

 
− = − 

 
 = + −
 

∵ x x

x x

( )( )2 2

2 2

1 1 1

1 1

+ −
= +

+ +
∫ ∫

x x

dx dx

x x
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( )2

2

1
1

1
= − +

+
∫ ∫x dx dx

x

3
1tan

3

−
= − + +

x
x x c

8. 2cos  ∫ x dx  Q®}÷OKÇO_).

ª+ �̂Î# :    2 1 cos2
cos  

2

+
=∫ ∫

x
x dx dx

1 1
1 cos2  

2 2
= +∫ ∫dx x dx

1 1 sin 2
.

2 2 2
= + +

x
x c

sin 2

2 4
= + +

x x
c

9. 2 2
sec  cosec  ∫ x x dx  Q®}÷OKÇO_).

ª+ �̂Î# :   ( )( )2 2 2 2sec  cosec  1 tan 1 cot= + +∫ ∫x x dx x x dx

( )2 2 2 21 tan cot tan cot= + + +∫ x x x x dx

( )2 21 tan cot 1= + + +∫ x x dx

( )2 2sec cosec= +∫ x x dx

tan cot= − +x x c

10. sin 3 sin 2  ∫ x x dx  Q®}÷OKÇO_).

ª+ �̂Î# :       ( ) ( )
1

sin 3 sin 2  cos 3 2 cos 3 2
2

 = − − + ∫ ∫x x dx x x x x dx

( ) ( )2sin A sin B cos A B cos A B = − − + ∵

2 2

2 2

sec 1 tan

cosec 1 cot

 = +
 
 = + 

∵ x x

x x
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( )
1

cos cos5
2

= −∫ x x dx

1 sin 5
sin

2 5

 
= − + 

 

x
x c

11.
2

3

1

3 3

+

+ +
∫

x
dx

x x
 Q®}÷OKÇO_).

ª+ �̂Î# : 3 3 3+ + =x x t  ⇒ ( )2
3 3+ =x dx dt

( )2 1
3

+ =
dt

x dx

2

3

1 1 1
log

3 33 3

+
∴ = × = +

+ +
∫ ∫

x dt
dx t c

tx x

 ( )31
log 3 3

3
= + + +x x c

12.
( )

1

5 +
∫ dx

x x

 Q®}÷OKÇO_).

ª+ �̂Î# :
1 1

5 2
2

+ = ⇒ = ⇒ =x t dx dt dx dt

x x

( )
1 1 1

.2 2
5

∴ = =
+

∫ ∫ ∫dx dt dt
t tx x

  ( )2 log 2 log 5= + = + +t c x c

13.
−

−

+

−
∫

x x

x x

e e
dx

e e
 Q®}÷OKÇO_).

ª+ �̂Î# : ( )− −
− = ⇒ + =

x x x x
e e t e e dx dt
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1
log

−

−

+
∴ = = +

−
∫ ∫

x x

x x

e e
dx dt t c

te e

( )log −
= − +

x x
e e c

14.
2

2

1

1

−

+
∫

x

x

e
dx

e
 Q®}÷OKÇO_).

ª+ �̂Î# :
( )
( )

2
2

2 2

11

1 1

−
−

−−

−− −
= =

+ ++

x x
x x x

x x xx x

e e
e e e

e e ee e

( )− −
+ = ⇒ − =

x x x x
e e t e e dx dt

2

2

1

1

−

−

 − −
∴ =   + + 
∫ ∫

x x x

x x x

e e e
dx dx

e e e

1
log= = +∫ dt t c

t

( )log −
= + +

x x
e e c

15. sec  ∫ x dx  Q®}÷OKÇO_).

ª+ �̂Î# :      
( )sec sec tan

sec  
sec tan

+
=

+∫ ∫
x x x

x dx dx
x x

2sec sec  tan
.

sec tan

+
=

+∫
x x x

dx
x x

( )2sec tan sec tan sec+ = ⇒ + =x x t x x x dx dt

1
sec  ∴ =∫ ∫x dx dt

t

  log= +t c
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  ( )log sec tan= + +x x c

16.
1 tan

1 tan

−

+∫
x

dx
x

 Q®}÷OKÇO_).

ª+ �̂Î# :
1 tan cos sin

1 tan cos sin

− −
=

+ +∫ ∫
x x x

dx dx
x x x

cos sin+ =x x t  J#°Hùx# ( )sin cos− + =x x dx dt

   
1 tan 1

1 tan

−
∴ =

+∫ ∫
x

dx dt
x t

log | |= +t c

log cos sin= + +x x c

17. 2 1+
∫

x

x

e
dx

e
 Q®}÷OKÇO_).

ª+ �̂Î# :    2 2

1

1 1
=

+ +
∫ ∫

x

x

e
dx dt

e t
( =

x
e t  J#°Hùx# . )=

x
e dx dt

1
tan

−
= +t c

1
tan

−
= +

x
e c

18. 2
16 9−

∫
dx

x
 Q®}÷OKÇO_).

ª+ �̂Î# : 2 2
2

1

16 9 4
3

3

=

−  
− 

 

∫ ∫
dx

dx

x
x

11
.sin

43

3

−

 
 

= + 
 
 

x
c
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11 3
.sin

3 4

−  
= + 

 

x
c

19.
4

1+
∫

x
dx

x

 Q®}÷OKÇO_).

ª+ �̂Î# :     4 2

1
.

21 1
=

+ +
∫ ∫

x dt
dx

x t
( 2 2  = ⇒ =∵ x t x dx dt

2

1 1

2 1
=

+
∫ dt

t 2
=

dt
xdx )

11
tan

2

−
= +t c

  ( )1 2

4

1
tan

21

−
∴ = +

+
∫

x
dx x c

x

20.
1 log+ 
 
 

∫
x x x

e dx
x

 Q®}÷OKÇO_).

ª+ �̂Î# :    
1 log 1

log
+   

= +   
   

∫ ∫
x xx x

e dx e x dx
x x

( )log log
 

= + 
 

∫
x d

e x x dx
dx

[ ]( ) '( ) ( ) + = +
 ∫∵

x x
e f x f x dx e f x c

log= +
x

e x c

21. [ ]sec 1 tan+∫
x

e x x dx  Q®}÷OKÇO_).

ª+ �̂Î# : [ ] [ ]sec 1 tan sec sec tan+ = +∫ ∫
x x

e x x dx e x x x dx

( )sec sec
 

= + 
 

∫
x d

e x x dx
dx

sec= +
x

e x c
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III. n~¡É ‹¬=¶ �̂¥# ã„¬‰×ß�° (5 =¶~¡°ø�°)

1. ( )tan cot+∫ x x dx  Q®}÷OKÇO_).

ª+ �̂Î# : ( )
sin cos

tan cot
cos sin

 
+ = +  

 
∫ ∫

x x
x x dx dx

x x

sin cos

cos sin

+
= ∫

x x
dx

x x

( )sin cos cos sin− = ⇒ + =x x t x x dx dt

( )
2 2 2 2 2sin cos sin cos 2sin cos− = ⇒ + − =x x t x x x x t

2
1 2sin cos− =x x t

2 2
1 2sin cos− = =t x x t

2
1

sin cos
2

−
⇒ =

t
x x

    
2

sin cos 1

sin cos 1

2

+
∴ =

−
∫ ∫

x x
dx dt

x x t

2

1
2

1

=

−
∫ dt

t

12 sin | |−
= +t c

( )tan cot+∫ x x dx 12 sin sin cos−
= − +x x c

2. 2
3 2− −

∫
dx

x x
 Q®}÷OKÇO_).

ª+ �̂Î# :     ( )2 2
3 2 3 2− − = − +x x x x

( )2
3 2. .1 1 1= − + + −x x
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( )
2

4 1= − +x

( )
22

2 1= − +x

( )
2 22

1

3 2 2 1

=

− − − +
∫ ∫

dx
dx

x x x

1 1
sin

2

− + 
= + 

 

x
c

1

2 2

1
sin −

  
=    − 

∫∵
x

dx
a

a x

3.
2

1

2 −
∫ dx

ax x

 ª+k�OKÇO_).

ª+ �̂Î# :
( )2 2

1 1

2 2

=

− − −
∫ ∫dx dx

ax x x ax

( )2 2 2

1

2

=

− − −
∫ dx

a a x ax

( )
22

1
=

− −
∫ dx

a x a

1
sin

− − 
= + 

 

x a
c

a

1

2 2

1
sin

−
 

= 
 

− 
∫∵

x
dx

a
a x

4.
2

1

8 3+ −
∫ dx

x x

 Q®}÷OKÇO_).

ª+ �̂Î# :     ( )2 28 3 8 3+ − = − −x x x x

2 3 9 9
8 2. .

2 4 4

 
= − − + − 

 
x x
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2
3 9

8
2 4

 
= − − + 

 
x

2
41 3

4 2

 
= − − 

 
x

2 2
41 3

2 2

   
= − −       

x

2 2 2

1 1

8 3 41 3

2 2

∴ =

+ −    
− −       

∫ ∫dx dx

x x

x

1

3

2
sin

41

2

−

  
−  

  = +
 
  

x

c

1 2 3
sin

41

− − 
= + 

 

x
c

5.
2

1

1

+

+
∫

x
dx

x

 Q®}÷OKÇO_).

ª+ �̂Î# :   2 2 2

1 1

1 1 1

+
= +

+ + +
∫ ∫ ∫

x x
dx dx dx

x x x

( )21
. log 1

2
= + + + +∫

dt
x x c

t
( 2

1 2  + = ⇒ =∵ x t x dx dt

)
2

=
dt

xdx

( )
1

22
1

log 1
2

−

= + + + +∫
dt

t x x c
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( )
1

1
2

21
. log 1

12
1

2

−
+

= + + + +
−

+

t
x x c

( )
1

2
21

. log 1
12

2

= + + + +
t

x x c

( )2 2

2

1
1 log 1

1

+
∴ = + + + + +

+
∫

x
dx x x x c

x

6. sin  ∫ x x dx  Q®}÷OKÇO_).

ª+ �̂Î# :     ( )sin  sin  . sin  
 

= − + 
 

∫ ∫ ∫ ∫
d

x x dx x x dx x x dx dx c
dx

( )cos cos  = − − − +∫x x x dx c

cos cos  = − + +∫x x x dx c

  sin  cos sin∴ = − + +∫ x x dx x x x c

7. log
∴∫ n

x
dx

x

 Q®}÷OKÇO_).

ª+ �̂Î# :      ( )
log

log −
=∫ ∫

n

n

x
dx x x dx

x

( )log . log
− − 

= −  
 

∫ ∫ ∫
n nd

x x dx x x dx dx
dx

1 11
log . .

1 1

− + − +

= −
− + − +∫

n n
x x

x dx
n x n

1
1

.log .
1 1

−
− 

= −  
− − 

∫
n

nx
x x dx

n n
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( )

1 11
. log .

1 1 1

− − + 
= − + 

− − − + 

n n
x x

x c
n n n

   
( )

1 1

2

log
. log

1 1

− −

∴ = − +
− −

∫
n n

n

x x x
dx x c

nx n

8. ( )
2

log∫ x x dx  Q®}÷OKÇO_).

ª+ �̂Î# : ( ) ( )
2 2

log log .  =∫ ∫x x dx x x dx

( ) ( )
2 2

log .  log
 

= − + 
 

∫ ∫ ∫
d

x x dx x xdx dx c
dx

( )
2 2

2 1
log . 2 log .

2 2
= − × +∫

x x
x x dx c

x

( )
2

2
log log  

2
= − +∫

x
x x x dx c

( ) ( )
2

2
log log .  log  

2

 
= − − + 

 
∫ ∫ ∫

x d
x x x dx x x dx dx c

dx

( ) ( )
2 2 2

2 1
log log .

2 2 2
= − +∫

x x x
x x dx c

x

( )
2 2

2 1
log log  

2 2 2
= − − +∫

x x
x x x dx c

( ) ( )
2 2 2

2 2
log log log

2 2 4
∴ = − − +∫

x x x
x x dx x x c

9. 3sec  ∫ x dx  Q®}÷OKÇO_).

ª+ �̂Î# : 3 2I sec  sec .sec  = =∫ ∫x dx x x dx

( )2 2I sec . sec  sec sec  
 

= −  
 

∫ ∫ ∫
d

x x dx x x dx dx
dx

  sec . tan sec tan . tan  = − ∫x x x x x dx
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  2sec .tan sec tan  = − ∫x x x x dx

  ( )2sec . tan sec sec 1  = − −∫x x x x dx

  3sec . tan sec  sec  = − +∫ ∫x x x dx x dx

I sec tan I log | sec tan |= − + + +x x x x c

I + I = 2 I = sec tan log | sec tan |∴ + + +x x x x c

[ ]
1

 I = sec tan log | sec tan |
2

∴ + + +x x x x c

10. sin 2  ∫
x

e x dx  Q®}÷OKÇO_).

ª+ �̂Î# : I = sin 2  ∫
x

e x dx ( ). sin 2  . sin 2  = − +∫ ∫ ∫
x x

e x dx e x dx dx c

   
cos2 cos2

I = . .
2 2

− −   
− +   

   
∫

x xx x
e e dx c

cos2 1
cos2  

2 2
= − + +∫

x

xe x
e x dx c

( )
cos2 1

. cos2  . cos2  
2 2

 = − + − +
 ∫ ∫ ∫

x

x xe x
e x dx e x dx dx c

cos2 1 sin 2 .sin 2
.

2 2 2 2

 
= − + − + 

  
∫

x x

xe x x e x
e dx c

cos2 1 sin 2 1
.I

2 2 2 2

 
= − + − + 

  

x x
e x e x

c

    I  
cos2 sin 2 1

I
2 2 4

= − + − +

x x
e x e x

c

1 cos2 sin 2
I + I

4 2 2

−
= + +

x x
e x e x

c
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5I cos2 sin 2

4 2 2
= − + +

x x
e x e x

c

      
4 cos2 sin 2

I
5 2 2

 −
∴ = + + 

  

x x
e x e x

c

   
2

cos2 sin 2
5
 = − + +
 

x x
e x e x c

     [ ]
2

I = sin 2 cos2
5

∴ − +

x
e

x x c

11. 21 2+ −∫ x x dx  Q®}÷OKÇO_).

ª+ �̂Î# : 2 21
1 2 2

2 2
+ − = + −∫ ∫

x
x x x dx

21 1 1
2  

2 2 16 16

 
= − − + + 

 
∫

x
x dx

2 2
3 1

2
4 4

   
= − −   

   
∫ x dx

2 2
1

1 1

3 1 94 42. sin
32 4 4 16 2

4

−

   
− −      

= − − + +      
×      

   

x x

x c

2
2 2 2 2 1sin

2 2

−
  

− = − +     
∫∵

x a x
a x dx a x

a

2
14 1 9 1 9 4 1

2 sin
8 16 4 32 3

−
 

− −    = − − + +       
 

x x
x c

2 14 1 1 9 4 1
2 1 2 sin

8 32 32

− − − 
= × + − + +  

  

x x
x x c
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2 14 1 9 2 4 1
1 2 sin

8 32 3

−− − 
= + − + + 

 

x x
x x c

12.
3 3

2 2

sin cos

sin cos

x x

x x

+
 #° x  Î̂$‘+“¼ ‹¬=¶H›�#O KÍ†Ç°O_).

ª+ �̂Î# :     
3 3

2 2 2 2

sin cos sin cos

sin cos cos sin

x x x x
dx dx

x x x x

+  
= + 

 
∫ ∫

( )sec tan cosec  cotx x x x dx= +∫

sec cosec Cx x= − +

13.
2

2cos

1 cos2

x

x−
 #° x  Î̂$‘+“¼ ‹¬=¶H›�#O KÍ†Ç°O_).

ª+ �̂Î# :
2 2

2

2

2cos 2 cos
cot  

1 cos2 2sin

x x
dx dx x dx

x x

= =
−

∫ ∫ ∫

( )2cosec 1x dx= −∫

cot Cx x= − − +

14.
2

sec

tan

x
dx

x
∫  Q®}÷OKÇO_).

ª+ �̂Î# :    
2

sec 1

tan

x
dx dt

x t

=∫ ∫

1/2
t dt
−

= ∫

1

2

C 2 C
1

2

t
t= + = +

2 tan Cx= +

2

tan

sec  

x t

x dx dt

= 
  ⇒ = 

∵
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15. 225 9x dx−∫  Q®}÷OKÇO_).

ª+ �̂Î# :
2

2 21 5
25 9  

3 3
x dx x dx

 
− = − 

 
∫ ∫

2 2
2

1

5 5

31 3
. sin C

53 2 2

3

x x
x−

     −        
= + + 

 
 

2
11 3 25 9 25 3

. sin C
3 2 18 5

x x x−× −  
= + + 

 

2
125 9 25 3

sin C
2 18 5

x x x−−  
= + + 

 

16.
2

2 2

x
dx

x a−
∫  Q®}÷OKÇO_).

ª+ �̂Î# :
2 2 2 2

2 2 2 2

x x a a
dx dx

x a x a

− +
=

− −
∫ ∫

2

2 2

1
1dx a dx

x a

= +
−

∫ ∫

2 1
. log C
2

x a
x a

a x a

−
= + +

+

log C
2

a x a
x

x a

−
= + +

+

17.
cos sin

1 sin 2

x x
dx

x

−

+∫  Q®}÷OKÇO_).

ª+ �̂Î# :
( )

2

cos sin cos sin

1 sin 2 sin cos

x x x x
dx dx

x x x

− −
=

+ +
∫ ∫

( )( )22 21 sin 2 sin cos 2sin cos sin cosx x x x x x x+ = + + = +∵
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2

1
dt

t

= ∫         ( )

sin cos

cos sin

x x t

x x dx dt

+ = 
 
⇒ − = 

∵

1
C

t
= − +

( )

1
C

sin cosx x
= − +

+

18. 1

2

1
cos

1

x
e x dx

x

−
 

− 
 − 

∫  Q®}÷OKÇO_).

ª+ �̂Î# :    ( )1 1 1

2

1
cos cos cos

1

x x d
e x dx e x x dx

dx
x

− − −
   

− = +   
  − 

∫ ∫

1
cos

x
e x c

−
= +    ( )( ) '( ) ( )x x

e f x f x dx e f x + =
 ∫∵

19. (1 ) log( )
x x

e x xe dx+∫  Q®}÷OKÇO_).

ª+ �̂Î# : (1 ) log( )
x x

e x xe dx+∫

( )log . log .1t dt t dt= =∫ ∫

1
log 1 . 1t dt dt dt

t

 
= −  

 
∫ ∫ ∫

( )
1

log .  t t t dt
t

= − ∫

log 1 log Ct t dt t t t= − = − +∫

( )log 1 Cx x
xe xe = − +

 

20. . log  x x dx∫  Q®}÷OKÇO_).

ª+ �̂Î# :
1

. log  log . .x x dx x xdx xdx dx
x

 
= −  

 
∫ ∫ ∫ ∫

( )
( )1

 =
 
 + =
 
 

+ = 

∵
x

x x

x

xe t

xe e dx dt

e x dx dt
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3 3

2 21
log . .

3 3

2 2

x x
x dx

x

 
 

= − 
 
 

∫

( )
3 1

2 2
2 2

log
3 3

x x x dx= − ∫

3
3

2
2

2 2
log . C

33 3

2

x
x x

 
 = − +
 
 

3 3

2 2
2 4

log C
3 9

x x x

 
 = − +
 
 

21.
2

sec

tan

x
dx

a b x+∫  Q®}÷OKÇO_).

ª+ �̂Î# :
2

sec 1

tan
=

+∫ ∫
x dt

dx
a b x t b

1
log Ct

b
= +

( )
1

log tan C= + +a b x
b

IV. "Œ¼‹¬~¡¶„¬ ‹¬=¶ �̂¥# ã„¬‰×ß�° (8 =¶~¡°ø�°)

1. 2
3 2 2− −∫ x x dx  Q®}÷OKÇO_).

ª+ �̂Î# :   ( )2 23
3 2 2 2

2

 
− − = − + 

 
x x x x

23 1 1 1
2 2. .

2 2 4 4

  
= − + + −  

  
x x

2

2

tan

sec  

sec  

 
+ = 

 
= 

 
= 

 

∵a b x t

b x dx dt

dt
x dx

b
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2
3 1 1

2
2 2 4

  
= − + +  

   

x

2
7 1

2
4 2

  
= − +  

   

x

2 2
7 1

2
2 2

     = − +        

x

  

2 2
2 7 1

3 2 2 2  
2 2

     ∴ − − = − +        
∫ ∫x x dx x dx

2 2
7 1

2
2 2

   
= − +       

∫ x dx

               

2 22

1

1 7 1 7 1
2 2 2 2 22 sin

2 2 7

2

−

 
        + − +        +            = + +

  
    

 

x x
x

c

2
12 1 3 2 2 7 2 1

2 . sin
4 82 7

−
  + − − +  = + +  
     

x x x x
c

( ) 2 12 1 7 2 1
3 2 2 sin

4 4 2 7

−+  +
= − − + + 

 

x x
x x c

2.
2

 
16−

∫
x

dx

x

 Q®}÷OKÇO_).

ª+ �̂Î# : ( )( )
= = +

+ − + −−
2

A B

4 4 4 416

x x

x x x xx
...(1)
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∴ ( ) ( )= − + +A 4 B 4x x x

= 4x  J~ò# = × + ×4 A 0 B 8

=8B 4

 = =
4 1

B
8 2

= −4x  J~ò# -4 ( )= − − + ×A 4 4 B 0

− = −4 8A

 
−

∴ = =
−

4 1
A

8 2

= =
1 1

A ,  B
2 2

 q�°=�#° (1)…Õ ã„¬uöHÆ„²OKÇQê

( )( ) ( ) ( )
= +

+ − + −

1 1

4 4 2 4 2 4

x

x x x x

∴ = +
+ −−

∫ ∫ ∫2

1 1 1 1

2 4 2 416

x
dx dx dx

x xx

( ) ( )= + + − +
1 1

log 4 log 4
2 2

x x c

( ) ( ) = + + − + 
1

log 4 log 4
2

x x c

3.
( ) ( )

+ +

− +
∫

2

2

2 1

1 2

x x
dx

x x

 Q®}÷OKÇO_).

ª+ �̂Î# :
( ) ( ) ( )

+ +
= + +

− +− + −

2

2 2

2 1 A B C

1 21 2 1

x x

x xx x x
...(1)

( ) ( )

( )( ) ( ) ( )

( ) ( )

− + + + + −+ +
=

− + − +

22

2 2

A 1 2 B 2 C 12 1

1 2 1 2

x x x xx x

x x x x

( )( ) ( ) ( )∴ + + = − + + + + −
222 1 A 1 2 B 2 C 1x x x x x x
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=1x  J~ò#, ( )+ + = × + + + ×
22.1 1 1 A 0 B 1 2 C 0

= ⇒ =
4

4 3B B
3

= −2x  J~ò#

( ) ( ) ( )− + − + = × + × + − −
2 2

2 2 2 1 A 0 B 0 C 2 1

− = ×8 1 C 9

 =7 9C

=
7

C
9

2
x  Q®°}Hê�#° ‡é�óQê,

+ =A C 2

+ = ⇒ = − =
7 7 11

A 2 A 2
9 9 9

∴ (1) #°O_7

       
( ) ( ) ( ) ( ) ( )

2

2 2

2 1 11 4 7

9 1 9 21 2 3 1

x x

x xx x x

+ +
= + +

− +− + −

   
( ) ( ) ( )

2

2 2

2 1 11 1 4 1 7 1

9 1 3 9 21 2 1

x x
dx dx dx dx

x xx x x

+ +
= + +

− +− + −
∫ ∫ ∫ ∫

( )
( )

( )
11 4 1 7

log 1 log 2 C
9 3 1 9

x x
x

= − − × + + +
−

4. ( )

1 cos

cos 1 cos

x
dx

x x

−

+
∫

ª+ �̂Î# : ( )

1 cos A B

cos 1 cos cos 1 cos

x

x x x x

−
= +

+ +

( )1 cos A 1 cos B cosx x x− = + +

Q®°}Hê�#° ‡é�óQê
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A 1,   A + B = 1= −

    1 B 1+ = −

     B 2= −

( )

1 cos 1 2

cos 1 cos cos 1 cos

x

x x x x

−
∴ = −

+ +

( )

1 cos 1 1
2

cos 1 cos cos 1 cos

x
dx dx dx

x x x x

−
= −

+ +
∫ ∫ ∫

2

1
sec  2

2 cos / 2
x dx dx

x

= −∫ ∫

2log sec tan sec
2

x
x x dx= + − ∫

tan
2

log sec tan C
1

2

x

x x

 
 
 

= + − +

log sec tan 2 tan C
2

x
x x

 
= + − + 

 

5.
3

3

tan tan

1 tan
d

θ + θ
θ

+ θ
∫  Q®}÷OKÇO_).

ª+ �̂Î# :
( )2

3 2

3 3 3

tan 1 tantan tan tan sec
I

1 tan 1 tan 1 tan
d d

θ + θθ + θ θ θ
= = θ = θ

+ θ + θ + θ
∫ ∫ ∫

tan tθ =  J~ò# 2
sec  d dtθ θ =

( )( )3 2

  
I

1 1 1

t dt t dt

t t t t

∴ = =
+ + − +

∫ ∫

( )( ) 22

A B C

1 11 1

t t

t t tt t t

+
= +

+ − ++ − +
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J~ò Í̀ ( ) ( )( )2A 1 B C 1t t t t t= − + + + +

t  †³òH›ø Q®°}Hê�#° ‡éeÀ‹ë,

A + B = 0,  –A + B + C = 1,   A + C = 0

1 1 1
A ,  B ,  C

3 3 3
⇒ = − = =

2

1 1 1 1
I

3 1 3 1

t
dt dt

t t t

+
∴ = +

+ − +
∫ ∫

2

1 1 1 2 2

3 1 6 1

t
dt dt

t t t

+
= +

+ − +
∫ ∫

( )
2

2 1 31 1 1

3 1 6 1

− +
= +

+ − +
∫ ∫

t
dt dt

t t t

2 22

1 1 1 2 1 1 1

3 1 6 21 1 3

2 2

t
dt dt dt

t t t

t

−
= + +

+ − +   
− +        

∫ ∫ ∫

2 1

1

1 1 1 2 2log 1 log 1 . tan
3 2 2 3 3

2

t

t t t
−

 
− 

 = + + − + +
 
 
 

2 11 1 1 2 1
log 1 log 1 tan C

3 2 3 3

t
t t t

− − 
= + + − + + + 

 

3
2 1

3

tan tan 1 1 1 2 tan 1
log 1 tan log tan tan 1 tan C

3 2 3 31 tan

−θ + θ θ − 
∴ = + θ + θ − θ + + + 

+ θ  
∫



xtó Ç̀ ‹¬=¶H›#O

578 Q®}÷̀ ÇO H›Þ‰×ó<£ ƒì¼OH±

27

xtó Ç̀ ‹¬=¶H›#O
„¬î~¡Þ ‡	~”Œ¼O‰×=ò #O Î̂° ã„¬̀ Ç¼=H›�[O JO>è XH› ã„¬"Í°†Ç°O †³òH›ø ‹¬=¶H›�#O Q®°iOz KÇióOz†Çò<ŒßO.

‹¬=¶H›�#O J<Í „¬̂ ÎO †³òH›ø J~¡Ö=ò „¦¬e`Œ� ä›5_7H› …è̂ ¥ "³ò Ç̀ë=ò KÍ†Çò@.

WH›ø_È Q®}÷̀ Ç ‰§ã‹¬ë=ò…Õx D qƒFìQêxß ZO Î̂°ä›½ KÇ̂ Î"Œe J<Í ã„¬‰×ß L Î̂~ò‹¬°ëOk.  "³á‰§…ì¼� "³ò Ç̀ëO

`Œ�¶ä›½ J=kF †³òH›ø ‹¬=¶H›�#O H›#°Qù#°@ä›½ Wk L„¬H›iOKÇ°#°.  J Í̂ q F̂ÎOQê ª	OY¼H› ‰§ã‹¬ë=ò, ƒFºuH›

‰§ã‹¬ë=ò, r= ‰§ã‹¬ë=ò, "Œ}÷[¼ ‰§ã‹¬ë=ò "³ò Î̂�Q®° J<ÍH› ‰§ã‹¬ë=ò� J#°=~¡ë#=ò� †Ç°O Î̂° L Ç̀æ#ß=°†Í°¼ qq F̂Î

‹¬=°‹¬¼� „¬i‘	ø~ŒxH÷ D ‰§ã‹¬ë=ò ZO Ç̀Qê<Ë L„¬H›i‹¬°ëOk.

D ‡	~”Œ¼O‰×O#O Î̂° xtó Ç̀ ‹¬=¶H›�#O, ö~MìQ®}÷̀ Ç P F̂¥~¡OQê, x~¡ÞzOz q‰×nH›iª	ëO.  J Í̂ q F̂ÎOQê "Œ\÷

†³òH›ø  F̂Î~Œà�##°‹¬iOz, =°i†Çò "Œ\÷x L„¬†³¶yOz xtó Ç̀ ‹¬=¶H›�#O ^¥Þ~Œ "³á‰§…ì¼�#° Q®}÷OKÇ=KÇ°ó.

�HÆê¼�° :

D ‡	~”Œ¼O‰×=ò KÇkq# ̀ Ç~¡°"Œ Ç̀, ̀ ³�°‹¬°HËQ®ey# q+¬†Ç¶�°.

1. ö~v†Ç°OQê xtó Ç̀ ‹¬g°H›�#O J#Qê "³á‰§…ì¼�° "³ò Ç̀ëO `Œ�°ä›½ J=kFQê x~¡Þzª	ëO.

2. ‹¬g°H›�# ã‡	 Š̂Îq°H› ‹²̂ ¥œO`Œxß q=iOKÇ=KÇ°ó.

xtó Ç̀ ‹¬=¶H›�# F̂Î~Œà�#° Q®}÷OKÇ_¨xH÷ D ãH÷Ok "Œ\÷x L„¬†³¶yOz ã"Œ†Ç°O_7.

)i ( ) ( )= −∫ ∫
b a

a b
f x dx f x dx

)ii ( ) ( ) ( )
c b c

a a b
f x dx f x dx f x dx= +∫ ∫ ∫

)iii ( ) ( ) ( )= +∫ ∫ ∫
2

0 0 0

a a a
f x dx f x dx f x dx

)iv ( ) ( )
b b

a a
f x dx f a b x dx= + −∫ ∫
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)v ( ) ( )
2

0 0

a a
f x dx f a x dx= −∫ ∫

)vi ( ) ( ) ( ) ( )= − =∫ ∫
2

0 0
2 ,  if 2

a a
f x dx f x a x f x

( ) ( )0, 2if f a x f x= − = −

)vii ( ) ( )
−

=∫ ∫
2

0
2 ,

a a

a
f x dx f x dx x  †³òH›ø ‹¬i ã„¬"Í°†Ç°O f  J~ò Í̀

0 0, f= ƒè‹² ã„¬"Í°†Ç°=°~ò Í̀.

„¬i| Î̂œ ã„¬̂ Í‰×O (ƒFìQ®O) †³òH›ø "³á‰§�¼O H›#°HËø=_¨xH÷ xtó Ç̀ ‹¬=¶H›�<Œxß L„¬†³¶yOKÇO_7.

=òMì¼O‰§�°:

1. [ ],a b …Õ f Jqzól#ßO =°i†Çò F x f H÷ ã„¬̀ Ç¼=H›�[O LO\ìO. J„¬ôæ_È°

( ) ( ) ( )
b

a
f x dx F b F a= −∫

2. [ ],a b …Õ f , g �° Jqzól<Œß�°  =°i†Çò C ‹²Ö~¡ ‹¬OY¼ J„¬ôæ_È°

)i ( ) ( )
b b

a a
cf x dx C f x dx=∫ ∫

)ii ( ) ( ) ( ) ( ) ± = ± ∫ ∫ ∫
b b b

a a a
f x g x dx f x dx g x dx

3. =ãH›O ( ) ,=y f x x  JH›ÆO, ,x a x b= = �`Ë „¬i| Î̂œ"³°Ø# ã„¬̂ Í‰×O "³á‰§�¼O

( )
b b

a a
f x dx or ydx∫ ∫

I. Ju‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (1 =¶~¡°ø)

1.  
1

1

xe dx
−∫  Q®}÷OKÇO_7.

ª	 F̂Î#:
211 1 1

1 1

1 1x x e
e dx e e e e

e e

−

− −

−
= = − = − =∫
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2. 2
0

cos x dx

π

∫  Q®}÷OKÇO_7.

ª	 F̂Î#: 2 2
00

cos sin sin sin 0 1 0 1
2

x dx x

π
π π

= = − = − =∫

3.
1

20

1

1
dx

x+
∫ Q®}÷OKÇO_7.

ª	 F̂Î#:
11 1 1 1

20 0

1
tan 1 0

1
dx x Tan Tan

x

− − −
= = −

+
∫

0
4 4

π π
= − =

II. ‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (2 =¶~¡°ø�°)

1. ( )2
0

sin cosx x dx

π

+∫  Q®}÷OKÇO_7.

ª	 F̂Î#: ( )2 2 2
0 0 0

sin cos sin cosx x dx xdx xdx

π π π

+ = +∫ ∫ ∫

2 2
0 0

cos sinx x
π π

= − +

cos cos0 sin sin0
2 2

π π   
= − − + −   

   

( ) ( )0 1 1 0= − − + −

1 1 2= + =

2. ( )
5

0
1x dx+∫ Q®}÷OKÇO_7.

ª	 F̂Î#: ( )

5
2

5 5

00
0

1
2

x
x dx x+ = +∫
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( ) ( )21
5 0 5 0

2
= − + −

25 35
5

2 2
= + =

3. y x=  =ãH›O`Ë#°, xÐ JH›ÆO, 0, 2x x= =  ö~Y�`Ë#° „¬i| Î̂œ"³°Ø# ã„¬̂ Í‰×O "³á‰§�¼O H›#°HËøO_7.

ª	 F̂Î#: Î̂̀ Çë =ãH›O`Ë#°  xÐ JH›ÆO, 0, 2x x= = ö~Y�`Ë#° „¬i| Î̂œ"³°Ø# ã„¬̂ Í‰×O "³á‰§�¼O 2

0
xdx= ∫

2
2

0
2

x
=

2 0 2= − =  KÇ.†Çü.

4. 2xy e=  =ãH›O`Ë#¶, xÐ JH›ÆO, 0, , 0x x a a= = >  ö~Y�`Ë#° „¬i| Î̂œ"³°Ø# ã„¬̂ Í‰×=ò "³á‰§�¼O H›#°HËøO_7.

ª	 F̂Î#: Hê=�‹²# ã„¬̂ Í‰× "³á‰§�¼O 2

0

a xe dx= ∫

2

0
2

a
xe

=

   − −
= =   
   
   

2 0 2 1

2 2

a ae e e

5. 22
0

cos xdx

π

∫  #° Q®}÷OKÇO_7.

ª	 F̂Î# : 22 2
0 0

1 cos2
cos

2

x
xdx dx

π π
+ 

=  
 

∫ ∫

2 2
0 0

1
1 cos2

2
dx xdx

π π 
 = +
  
 
∫ ∫
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2

0

1 sin 2

2 2

x
x

π

 
= + 

 

( )
1 1

0 sin sin
2 2 2

o
π 

= − + π − 
 

1

2 2 4

π π 
= = 

 

22
0

cos
4

xdx

π
π

∴ =∫

6. 2 2 2

0
a x dx−∫  Q®}÷OKÇO_7.

ª	 F̂Î#:

2
2 2 22 2 2 1

0
sin

2 2

x a x a x
a x dx

a

−−
− = +∫

2 2
1 10 sin 1 0 sin 0

2 2

a a− −
= + − −

2

0
2 2

a π
= × −

2

4

aπ
=

III. n~¡É ‹¬=¶ �̂¥# ã„¬‰×ß�° (5 =¶~¡°ø�°)

1. 3

3
1x dx

−
+∫  Q®}÷OKÇO_7.

ª	 F̂Î#:
1 1

1
1 1

+ ≥ −
+ = 

− − < −

x if x
x

x if x

3 1 3

3 3 1
1 1 1x dx x dx x dx

−

− − −
∴ + = + + +∫ ∫ ∫
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( ) ( )
1 3

3 1
1 1x dx x dx

−

− −
= − − + +∫ ∫

1 3
2 2

3 1
2 2

x x
x x

−

− −

− −
= − + −

1 9 9 1
1 3 3 1

2 2 2 2
= − + + − + + − +

10=

2.
2

21

x
a

a

xe
dx

x− +
∫  Q®}÷OKÇO_7.

ª	 F̂Î#: ( ) =
+

2

21

xxe
f x

x

( ) ( )
−

− = = −
+

2

21

xxe
f x f x

x

( ) ,f x x†³òH›ø ƒè‹² ã„¬"Í°†Ç°=ò.

2

2
0

1

xa

a

xe
dx

x−
∴ =

+
∫

3. 2
20

sin

1

x
dx

cox x

π

+
∫

ª	 F̂Î#: cos x t= J#°Hùx# sin xdx dt− = sin xdx dt⇒ = −

0x =  J~ò Í̀ cos 0 1t = =

=°i†Çò 
2

x
π

=  J~ò Í̀ cos 0
2

t
π

= =

( )
02

2 20 1

sin 1

1 1

x
dx dt

cox x t

π

∴ = × −
+ +

∫ ∫
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0

21

1

1
dt

t
= −

+
∫

0
1

1
Tan t−

= −

− −
= − −

1 1
0 1Tan Tan

0
4 4

π π 
= − − = 

 

2
20

sin

41

x
dx

cox x

π
π

∴ =
+

∫

4. 2, , , 0xy c x a x b a b= = = > >  X −JH›ÆO x~¡¶„¬Hê�`Ë#° „¬i| Î̂œ"³°Ø# ã„¬̂ Í‰×=ò "³á‰§�¼O H›#°HËøO_7.

ª	 F̂Î#: Î̂̀ Çë =ãH›=ò 
2

2 ; , ,
c

xy c y x a x b a b
x

= ⇒ = = = >

Hê=�‹²# "³á‰§�¼O = ∫
a

b
ydx ( )a b>∵

2
a

b

c
dx

x
= ∫

2 1a

b
c dx

x
= ∫

2 log
a

b
c x=

2 log logc a b= −

2 log
a

c
b

 
=  

 

5. "³ò Î̂\÷ ‡	 Î̂O…Õ X −JH›ÆO, 2 2 2x y a+ = =$`Œë�`Ë P =$ Ç̀ë"³°Ø# ã„¬̂ Í‰×O "³á‰§�¼O H›#°HËøO_7.

ª	 F̂Î#: ̂ Î̀ Çë =ãH›O 2 2 2x y a+ =  XH› =$`Œëxß ‹¬¶z‹¬°ëOk. ̂ ¥x öHOã Î̂O, "Œ¼ª	~ŒÖ�° =~¡‹¬°Qê  (0,0) =°i†Çò

' 'a
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Hê=�‹²# "³á‰§�¼O
0

a
ydx= ∫

2 2

0

a
a x dx= −∫ (∵ "³ò Î̂\÷ ‡	 Î̂O…Õ y F̂Î<Œ Ç̀àH›O)

2 2 2
1

0

sin
2 2

a

x a x a x

a

−−
= +

− −
= + − −

2 2
1 1

10 sin 0 sin 0
2 2

a a 1 1sin 1 ,sin 0 0
2

− −π 
= = 

 
∵

2 2

.
2 2 4

a aπ π
= =  KÇ.†Çü.

6. x y= =ãH›O`Ë#¶ Y −JH›ÆO 0, 3y y= = ö~Y�`Ë#° „¬i| Î̂œ"³°Ø# ã„¬̂ Í‰×=ò "³á‰§�¼O H›#°HËøO_7.

ª	 F̂Î#: Î̂̀ Çë =ãH›=ò x y= ,

P =ãH›O,  Y −JH›ÆO 0, 3y y= = ‹¬~¡̂ ×ö~Y�`Ë „¬i| Î̂œ"³°Ø# "³á‰§�¼O.

3

0
xdy= ∫

3

0
ydy= ∫

3
2

0
2

y
=

9 9
0

2 2
= − =  KÇ.†Çü.

7. 2x y=  =ãH›O`Ë#¶ Y −JH›ÆO 0, 2y y= =  ö~Y�`Ë#° „¬i| Î̂œ"³°Ø# ã„¬̂ Í‰×O "³á‰§�¼O H›#°HËøO_7.

ª	 F̂Î#: =ãH›O ‹¬g°H›~¡}O 2x y= .

P =ãH›O, Y −JH›ÆO, 0, 2y y= =  ö~Y� =° F̂Î¼ „¬i| Î̂œ"³°Ø# "³á‰§�¼O 2

0
xdy= ∫

2 2

0
y dy= ∫
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2
3

0
3

y
=

8 8
0

3 3
= − =  KÇ.†Çü.

8. 2 2 2x y a+ = J#°=$ Ç̀ëO`Ë#°, "³ò Î̂\÷ ‡	 Î̂O…Õ Y −JH›ÆO`Ë#° „¬i| Î̂œ"³°Ø# ã„¬̂ Í‰×O "³á‰§�¼O H›#°HËøO_7.

ª	 F̂Î#: Î̂̀ Çë =ãH›O 2 2 2x y a+ =    =$`Œëxß ‹¬¶z‹¬°ëOk. ^¥x öHOã Î̂O (0,0) =°i†Çò "Œ¼ª	~¡ÖO ' 'a

∴ Hê=�‹²# "³á‰§�¼O
0

a
xdy= ∫

2 2

0

a
a y dy= −∫

("³ò Î̂\÷ ‡	 Î̂O…Õ x  F̂Î<Œ Ç̀àH›O)

2 2 2
1

0

sin
2 2

a

y a y a y

a

−
 

−   = +    
 

2 2
1 10 sin 1 0 sin 0

2 2

a a− −
= + − −

2

4

aπ
= KÇ.†Çü.

9.
1 1

0
sin xdx−

∫ Q®}÷OKÇO_7.

ª	 F̂Î#: ( )
1 11 1

0 0
sin sin .1xdx x dx− −

=∫ ∫

( )
1

1 1

0

sin . 1 sin . 1
d

x dx x dx dx
dx

− − 
= −  

 
∫ ∫ ∫

1

1

2
0

1
sin

1
x x xdx

x

−
= − ×

−
∫
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1
1

0

1
sin

2

dt
x x

t

−
= − ×

−∫ 21 x t− = J#°Hùx# 2xdx dt− = .. 
2

dt
xdx

−
=

1
1

1 2

0

1
sin

2
x x t

−

−
= + ∫

−
= +

1
1

2
1

0

1
sin .

12

2

t
x x

( )
1

1 2 1 12

0

sin 1 sin 1 sin 0 0 1 1
2

x x x

1

− − − π
= + − = − + − = −

10. ( )4
0

log 1 Tanx dx

π

+∫  Q®}÷OKÇO_7.

ª	 F̂Î#: ( )4
0

log 1I Tanx dx

π

= +∫

4
0

log 1
4

Tan x dx

π
 π 

= + −  
  

∫

4
0

1
log 1

1

Tanx
dx

Tanx

π
− 

= + 
+ 

∫

4
0

2
log

1
dx

Tanx

π
 

=  
+ 

∫

( )

π π

= − +∫ ∫4 4
0 0

log 2 log 1dx Tanx dx

4
0

log 2 1I dx I

π

= −∫

4
0

2 log 2 log 2 0
4

I x
π

π 
= = − 
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log 2
8

I
π

∴ =

11. 20

sin

1 cos

x x
dx

x

π

+
∫  Q®}÷OKÇO_7.

ª	 F̂Î#: 20

sin

1 cos

x x
I dx

x

π
=

+
∫

( ) ( )

( )20

sin

1 cos

x x
dx

x

π π − π −
=

+ π −
∫

( )
20

sin

1 cos

x x
dx

x

π π −
=

+
∫ ( ) ( )( )sin sin , cos cosx x x xπ − = π − = −∵

2 20 0

sin sin

1 cos 1 cos

x x x
dx dx

x x

π ππ
= −

+ +
∫ ∫

20

sin

1 cos

x
I dx I

x

π
= π −

+
∫

( )
1

21

1
2

1
I dt

t

−
= π −

+
∫ cos sinx t xdx dt= ⇒ − =

0 cos0 1x t= ⇒ = =

cos 1x t= π ⇒ = π = −

1

21

1

2 1
I dt

t

−−π
∴ =

+
∫

1
1

12
Tan t

−
−−π

=

( )( )1 11 1
2
Tan Tan− −−π

= − −

22

2 4 4 2 4 4

−π π π π π π 
= − − = × = 

 

2

0

sin

41 cosx
x x

dx
π π

∴ =
+

∫
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IV. "Œ¼‹¬~¡¶„¬ ‹¬=¶ �̂¥# ã„¬‰×ß�° (8 =¶~¡°ø�°)

1. n~¡É=$ Ç̀ëO 
2 2

2 2
1

x y

a b
+ = †³òH›ø "³ò Ç̀ëO (‹¬O„¬î~¡â) ã„¬̂ Í‰×O "³á‰§…ì¼xß H›#°HËøO_7.

ª	 F̂Î#: n~¡É=$ Ç̀ëO ‹¬g°H›~¡}O 
2 2

2 2
1

x y

a b
+ =

n~¡É=$ Ç̀ëO ï~O_È° JHÆê�ä›½ ªÏ+¬“=OQê LOk.

∴ "³ò Î̂\÷ ‡	 Î̂O…Õx "³á‰§…ì¼xß 4 ï~@°ÁQê Ì„Oz Í̀ n~¡É=$ Ç̀ëO "³ò Ç̀ëO ã„¬̂ Í‰×O "³á‰§�¼O =‹¬°ëOk.

∴n~¡É=$ Ç̀ëO "³ò Ç̀ëO ã„¬̂ Í‰× "³á‰§�¼O

4 OAB= × "³áII

"³ò Î̂\÷ ‡	 Î̂O…Õ

2 2

2 2
1

y x

b a
= −

OAB  "³á‰§�¼O…Õ, x  ‚¬ì Î̂°í 0 #°O\÷ a  ä›½,

OAB∴ "³áII
0

a
ydx= ∫

2 2

0

ab
a x dx

a
= −∫

−
 

−   = +    
 

2 2 2
1

0

sin
2 2

a

b x a x a x

a a

2 2
1 10 sin 1 0 sin 0

2 2

b a a

a

− −
 

= + − − 
  

2

2 2

b a

a

π
= × ×

1 1sin 1 , sin 0 0
2

− −π 
= = 

 
∵

4

abπ
=
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∴ n~¡É =$ Ç̀ëO "³ò Ç̀ëO "³á‰§�¼O

4
4

abπ
= ×

ab= π  KÇ.†Çü.

2. 2 , 6y x y x= = +  =ãHê�`Ë P =$ Ç̀ë"³°Ø# ã„¬̂ Í‰×O "³á‰§�¼O H›#°HËøO_7.

ª	 F̂Î#: 6y x= +  ‹¬~¡̂ ×ö~Mì ‹¬g°H›~¡}O 2y x=  „¬~Œ=�†Ç¶xß Y −JH›ÆO =°i†Çò =ü� aO Î̂°=ô = Î̂í

ªÏ+¬»=OQê L#ßk. =°i†Çò X −JH›ÆO`Ë 450 HË}O KÍ‹¬¶ë ,x yJHÆê�`Ë =~¡°‹¬Qê Ð6 =°i†Çò 6� =° F̂Î¼
JO Ç̀~¡ YO_ÈO KÍ‹¬°ë#ßk.

kQ®°= ‚¬ì Î̂°í 2y x=  =°i†Çò ZQ®°= ‚¬ì Î̂°í 6y x= + � � =° F̂Î¼ P ã„¬̂ Í‰×=ò L#ßk.

,A B  � = Î̂í ï~O_È° =ãHê�° YO_7OKÇ°HùO\ì~ò. P ï~O_È° ‹¬g°H›~¡}ì�° ª	kFOKÇQê
2 26 6 0x x x x= + ⇒ − − =

( ) ( )3 2 0x x⇒ − + =

3, 2x⇒ = −

3x =  J~ò# y a=  =°i†Çò

2x = − J~ò Í̀ 4y =

∴ Hê=�‹²# "³á‰§�¼O ( )
3 2

2
6x x dx

−
 = + −
 ∫

3
2 3

2

6
2 3

x x
x

−

 
= + − 
  

9 8
18 9 2 12

2 3

   
= + − − − +   
   

27 22

2 3

− 
= −  

 

81 44 125

6 6

+
= =  KÇ.†Çü.

3. 2 4y x= =°i†Çò y x=  =ãHê�`Ë „¬i| Î̂œ"³°Ø# "³á‰§�¼O H›#°HËøO_7.

ª	 F̂Î#: 2 4y x= „¬~Œ=�†Ç° ‹¬g°H›~¡}O =ü�aO Î̂°=ô = Î̂í X −  JH›ÆO = Î̂í ªÏ+¬“=OQê L#ßk.
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‹¬~¡̂ ×ö~Mì ‹¬g°H›~¡}O y x=  =ü� aO Î̂°=ô Q®°O_¨ ‡é Ç̀¶, X −JH›ÆO`Ë 450 HË}O KÍ‹¬°ë#ßk.

„¬\O…Õ y x=  kQ®°= ‚¬ì Î̂°í#°, 2 4y x=  ZQ®°= ‚¬ì Î̂°í#° ‹¬¶z‹¬°ë#ßk.

D ï~O_È° =ãHê�° O  =°i†Çò A  = Î̂í YO_7OKÇ°HùO@°<Œß~ò. D ï~O_È° ‹¬g°H›~¡}ì�° ª	kFOKÇQê

2

0
4

y
y− =

( )4 0y y − =

0,4y =

0y =  J~ò# 0x =

=°i†Çò 4y = J~ò# 4x =

( ) ( ) ( )
1

24 , . 0, 4f x x g x x a b= = = =

∴Hê=�‹²# "³á‰§�¼O 
1

4
2

0
2x x dx

 
 = −
 
 

∫

4
3

22

0

2.
3 2

2

x x
= −

( )
3

224 1
4 0 4 0

3 2

 
 = − − −
 
 

4
8 8

3
= × −

8

3
=  KÇ.†Çü.

4. 2 4x ay=  =°i†Çò 2 4y ax= ï~O_È° „¬~Œ=�†Ç¶� =° F̂Î¼ L=°à_7 ã„¬̂ Í‰×O "³á‰§�¼O H›#°HËøO_7.

ª	 F̂Î#: 2 4y ax=  =°i†Çò 2 4x ay=  �° „¬~Œ=�†Ç° ‹¬g°H›~¡}ì�°. Jq X −JH›ÆO, Y −JHÆê� = Î̂í

ªÏ+¬»=OQê L<Œß~ò. P ï~O_È° „¬~Œ=�†Ç¶� j~ŒÂ�° =ü� aO Î̂°=ô = Î̂í LO\ì~ò.

kQ®°= ‚¬ì Î̂°í 2 4x ay= ,
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ZQ®°= ‚¬ì Î̂°í 2 4y ax= �°Qê Q®e¾# ã„¬̂ Í‰§xß „¬@O…Õ KÇ¶_ÈQ®�O.

P ï~O_È° =ãHê�° ,O A  J#° ï~O_È° aO Î̂°=ô� = Î̂í YO_7OKÇ°HùO\ì~ò.

D ï~O_È° ‹¬g°H›~¡<Œ�#° ª	kFOKÇQê

2

2
4

16

x
ax

a
=

( )3 364 0x x a⇒ − =

0,4x a⇒ =

0 0x y= ⇒ =

4 4x a y a= ⇒ =

aO Î̂°=ô�° ( )0,0  =°i†Çò ( )4 ,4a a

( ) ( )
2

4 , , 0, 4
4

x
f x ax g x a b a

a
= = = =

 Hê=�‹²# "³á‰§�¼O 
24

0
4

4

a x
ax dx

a

 
= − 

 
 

∫

4
3

32

0

1
2 . .

3 4 3

2

a

x x
a

a
= −

4
3

32

0

4 1

3 12

a

a
x x

a
= −

2 232 16

3 3

a a
= −

=
216

3
a  KÇ.†Çü.

---
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28

J=H›�# ‹¬g°H›~¡}ì�°
J=H›�#O, ‹¬=¶H ›�#O ƒ�ì= ##° ƒìQ®° Qê KÇkq# ‹²Öu…Õ, "Œ\÷ J#°=~¡ë<Œ�#° Uq �̂ÎOQê L„¬†³¶yOKÇ= …ÿ#<Í

ã „¬‰ ×ß  = ° # ä ›½  Z Î̂° ~¡= ô Ç̀° Ok.

JO Ç̀iH›ÆO (PHê‰×O)… Õ ~ŒïH \̃#° H›H›Æ¼…ÕH÷ ã„¬"Í‰×Ì„@° “@ä›½  ‹¬O| Ok�Oz#  ªGOöHuH› „¬i*ìý#=ò#ä ›½, Yzó Ç̀"³°Ø#
H ›H ›Æ¼… Õ „¬† Ç° xOK Ç°  "ÍQ®= ò,  ã „¬"Í‰ ×Ì „@ ° “ H Ë } = ò,

Ja �| �= ò … ìO\÷ "Œ\÷H ÷ D ƒ�ì"Œ�°  "Œ‹¬ë= OQê =° # ä ›½  ‹¬‚ ¬ð† Ç° „¬_ È° Ç̀° Ok.

J O ` Í Q ê H ›  ƒ � º u H ›  ‰ § G = ò ,  r = ‰ § G = ò # ä › ½  ‹ ¬ O | O k � O z #  H ù x ß  ‹ ¬ = ° ‹ ¬ ¼ � ° ,  J O ^ Î ° … Õ  = K Ç ° ó
(= ô ¼ Ç̀æ <Œß �° )J= H ›�<Œ�°  D ‡ G~”Œ¼O‰ ×O… Õ = ªGë~ò.

Ç̀̀ Ç̀ O| O �̂Î"³° Ø# k 24.9
ds

t
dt

= .  WO Î̂° … Õ s Î̂¶~¡= ò# ° ,  t  H ê�= ò# °  ̀ ³e† Ç° K Í† Çò# ° .  H ê= ô #  
ds

dt
 X H ›

t H ê�O… Õ "ÍQ®= ò# °  ( Î̂¶~¡= ò… Õ = ¶~¡° æ ö~@ ° ) ‹¬¶zOK Ç° # ° .

J= H ›�* ì�°  „¬̂ ¥�° Qê H ›ey#  ‹¬g ° H ›~¡} = ò�# ° ,  „¬̂ Î= ò�# ° ,  J= H ›�#  ‹¬g ° H ›~¡} = ò�x „²�° ªGëO.  D
‡ G~”Œ¼O‰ ×= ò # O Î̂°  J@ ° = O\÷ ‹¬g ° H ›~¡} ì�ä ›½  ‹¬O| Ok�Oz#  „¦¬e`Œ�° ,  L„¬† ³¶yOK Ç°  q �̂¥<Œ�°  <Í~¡° ó ä ›½ O^¥O.

�HÆê¼�° :

D ‡ G~”Œ¼O‰ ×= ò K Çkq #  ̀ Ç~¡° "Œ Ç̀,  ̀ ³�° ‹¬° H Ë Q®ey# q +¬† Ç¶�° .

1. J= H ›�#  ‹¬g ° H ›~¡}  x~¡ÞK Ç# O,  ^¥x „¬i= ¶} O = °i† Çò Ç̀~ ¡Q®u.

2. J= H ›�#  ‹¬g ° H ›~¡} ì� „¬i= ¶} O = ° i† Çò Ç̀~¡Q®ux H ›# ° Qù # = ò.

3. J= H›�#  ‹¬g °H›~¡}ì� ''ªG �̂¥~¡} ªG �̂Î#Ñ Ñ =° i†Çò ''ã „¬̀ Í¼H› ªG �̂Î#Ñ Ñ�° L^¥‚¬ì~¡}� ̂ ¥Þ~Œ q=iOKÇ° @.

4. ã H ÷Ok ~¡¶„¬O… Õ L# ß  J= H ›�#  ‹¬g ° H ›~¡} ì�# °  q ‰×̂ Î„¬~¡K ÇO_ o.

)i ( )
dy

f x
dx

= )ii ( ) ( )
dy

f x g y
dx

= )iii
( )

( )

f xdy

dx d x
=

)iv ( ) ( )
dy

P x y Q x
dx

+ = )v ( )
2

2

d y
f x

dx
=
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=òMì¼O‰§�°

1. X H › J‹¬Þ Ç̀Oã Ç̀ K Ç�~Œt,  X H ›\÷ … è̂ ¥ JO Ç̀H ›O>è Zä ›½ ø =  ‹¬Þ Ç̀Oã Ç̀ K Ç�~Œ‰ ×Ã� Î̂$‘ G“¼ H ›ey#  ^¥x
J= H ›�* ì�`Ë  U~¡æ _ o#  ‹¬g ° H ›~¡} ìxß  J= H ›�#  ‹¬g °H ›~¡} O JO\ìO.

2. X H › J= H ›�#  ‹¬g ° H ›~¡} O… Õx J Ç̀¼k�H › „¬i= ¶} O L# ß  J= H ›�[ „¬i= ¶} ì<Íß  J= H ›�#  ‹¬g ° H ›~¡}
„¬i= ¶} O JO\ìO.

3. | ‚¬• „¬k ‹¬g ° H ›~¡} O… Õ Q®i+¬“ „¬~¡= ¶} ° = ô  J= H ›�[„¬ô  Q®i+¬“ „¦¬¶`Œxß  P J= H ›�#  ‹¬g ° H ›~¡} „¬ô
Ç̀~¡Q®u JO\ìO.

4. J= H ›�#  ‹¬g ° H ›~¡}  ªG �̂Î# … Õ † Ç¶ �̂Î$zó H › ‹²Ö~¡ ‹¬OY¼ J= H ›�#  ‹¬g ° H ›~¡}  „¬i= ¶} ìxH ÷ ‹¬= ¶# "³° Ø#
P ªG �̂Î# # °  ªG �̂¥~¡}  ªG �̂Î#  JO\ìO.

5. ªG �̂¥~¡}  ªG �̂Î# … Õ † Ç¶ Î̂$zó zH › ‹²Ö~¡‹¬OY¼�ä ›½  ã „¬̀ Í¼H › q �° = �°  ã „¬uöH Æ„²OK Ç_ ÈO = �Á = K Íó  ªG �̂Î# # °
ã „¬̀ Í¼H › ªG �̂Î#  JO\ìO.

6. ( )
dy

f x
dx

= ~¡¶„¬O… Õ LO_ Í J= H ›�#  ‹¬g ° H ›~¡} ìxß  ï~O_ È°  "³á„¬ô … ì ‹¬= ¶H ›�# O K ÍÀ ‹ë ̂ ¥x ªG �̂Î# # °

~Œ|@ “= K Ç° ó .

7. ‹¬= ¶*ìf†Ç°  J= H›�# ‹¬g ° H›~¡} O ªGk�OKÇ_ ¨xH ÷ y vx= … è̂ ¥ x vy= x ã „¬uöH Æ„²Oz,  KÇ�~Œ‰×Ã�# °
q ƒ�’lOz,  ‹¬= ¶H ›�# O K ÍÀ ‹ë ^¥x ªG �̂Î#  = ‹¬° ëOk.

8. ã „¬̂ ŠÎ= °  „¬i= ¶} ì UH ›* ìf† Ç°  ‹¬g ° H ›~¡} O 
dy

Py Q
dx

+ =  ~¡¶„¬O… Õ LO>è ^¥x ªG �̂Î# .

( )pdx pdx
ye Qe dx c∫ ∫= +∫ ,  WK Çó @  C  X H › † Ç¶ Î̂$zó zH › ‹²Ö~¡ ‹¬OY¼.

9. ( )
2

2

d y
f x

dx
=  ~¡¶„¬O… Õ LO_ Í 2=  „¬i= ¶}O Q®� J= H ›�#  ‹¬g ° H ›~¡} ìxß  ª Gk�OK Œ�O>è,  P

‹¬g ° H›~¡} ìxß  2 ªG~¡°Á ‹¬= ¶H ›�# O K Í†Ç¶e = °i† Çò ̂ ¥x ª G �̂¥~¡}  ªG �̂Î#… ÕH÷ ï~O_È°  † Ç¶ Î̂$zó zH › ‹²Ö~¡
‹¬OY¼�° LO\ì~ò.
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I. ‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (2 =¶~¡°ø�°)

1. ã H ÷Ok J= H ›�#  ‹¬g ° H ›~¡} O „¬i= ¶} O = ° i† Çò ̀ Ç~¡Q®u H ›# ° H Ë ø O_ o.

3
22 2

2
1 0

d y dy

dxdx

  
 + + = 
   

ªG �̂Î# : Wzó#  J= H›�#  ‹¬g ° H ›~¡} O

3
22 2

2
1 0

d y dy

dxdx

  
 + + = 
   

 … è̂ ¥

3
22 2

2
1

d y dy

dxdx

  
 = − +  
   

3
2 2

1
dy

dx

  
 +  
   

 „¬̂ ÎO a �<Œß OH › ‹¬¶zH ›# °  H ›ey L# ß k.

∴ a �<Œß OH › ‹¬¶zH ›# °  `ù �yOK Ç_ ¨ xH ÷ "³ò@ “"³ò Î̂\Qê W~¡° "³á„¬ô … ì = ~¡¾= ò K Í† Ç° Qê

32 22

2
1

d y dy

dxdx

    
 = +          

∴ J= H ›�#  ‹¬g ° H ›~¡} O „¬i= ¶} O = 2,  ̀ Ç~¡Q®u = 2

2.
2

2 1
dy dy

y x x
dx dx

 
= + +  

 
J= H ›�#  ‹¬g ° H ›~¡}  „¬i= ¶} O. ̀ Ç~¡Q®u H ›# ° H Ë ø O_ o.

ªG �̂Î# :
2

2 1
dy dy

y x x
dx dx

 
= + +  
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2

2 1
dy dy

y x x
dx dx

 
− = +  

 

W~¡° "³á„¬ô … ì = ~¡¾O K Í† Ç° Qê

2 2
22 1

dy dy
y x x

dx dx

     − = +        

∴ „¬i= ¶} O  = 1 ∴ Ç̀~¡Q®u = 2

3. J= H ›�#  ‹¬g ° H ›~¡} O 
1dy

y x
dydx

dx

= +
 
 
 

 „¬i= ¶} O,  ̀ Ç~¡Q®u H ›# ° H Ë ø O_ o.

ªG �̂Î# :
1dy

y x
dydx

dx

= +
 
 
 

2

1
dy

x
dx

y
dy

dx

 
+ 

 
=

2

1
dy dy
y x
dx dx

 
= + 

 

∴ „¬i= ¶} O = 1

∴ Ç̀~¡Q®u = 2.

4. ( )21
dy

x x
dx

+ = ªGk�OK ÇO_o.

ªG �̂Î# : ( )21
dy

x x
dx

+ =

21

dy x

dx x
=

+
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21

x
dy dx

x
=

+

‹¬= ° H ›�#O K Í† Ç° Qê

21

x
dy dx

x
=

+
∫ ∫

21 , 2 ,
2

dt
x t xdx dt xdx

 
+ = = = 

 
∵

1
.

2

dt

t
= ∫

1
log

2
y t C= +

( )21
log 1

2
y x C∴ = + +

5. 2.x y ydy
e e x

dx

− −
= +  ªGk�OK ÇO_ o.

ªG �̂Î# : 2.x y ydy
e e x

dx

− −
= +

2.x y ye e e x− −
= +

( )2y xdy
e e x

dx

−
= +

( )2x

y

dy
e x dx

e−
= +

2y xe dy e dx x dx= +

‹¬= ° H ›�#O K Í† Ç° Qê

2y xe dy e dx x dx= +∫ ∫ ∫

3

3

y x x
e e C∴ = + +
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6.
2 42

2
2

0
d y dy

x
dxdx

   
+ =       

 J= H ›�#  ‹¬g ° H ›~¡}  „¬i= ¶} O,  ̀ Ç~¡Q®u H ›# ° H Ë ø O_ o.

ªG �̂Î# :
2 42

2
2

0
d y dy

x
dxdx

   
+ =       

„¬i= ¶} O = 2,   Ç̀~¡Q®u = 2

7.

3
2 22

2
1

dy d y
a

dx dx

   + =    

ªG �̂Î# :

3
2 22

2
1

dy d y
a

dx dx

   + =    

W~¡° "³á„¬ô � = ~¡¾O K Í† Ç° Qê

3 22 2

2
1

dy d y
a

dx dx

     + =          

3 22 2
2

2
1

dy d y
a

dx dx

     + =          

„¬i= ¶} O = 2,   Ç̀~¡Q®u = 2

8.
2

1
dy dy

y x a
dx dx

 
= + +  

 
J= H ›�#  ‹¬g ° H ›~¡}  „¬i= ¶} O,  ̀ Ç~¡Q®u H ›# ° H Ë ø O_ o.

ªG �̂Î# :
2

1
dy dy

y x a
dx dx

 
= + +  

 

2

1
dy dy

y x a
dx dx

 
− = +  
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W~¡° "³á„¬ô � = ~¡¾O K Í† Ç° Qê

2 2
2 1

dy dy
y x a

dx dx

     − = +        

 „¬i= ¶} O = 1,   Ç̀~¡Q®u = 2

9. 2y ax bx c= + + …Õ , ,a b c�# ° ̀ ù�y‹¬°ë Hê=�‹²# J=H›�# ‹¬g °H›~¡}ìxß H›# °HËø O_o. ̂ ¥x „¬i= ¶}ìxß

Ç̀~¡Q®ux H ›# ° HË øO_o.

ªG �̂Î# : 2y ax bx c= + +  J= H ›�O K Í† Ç° Qê , ,a b c�°  †Ç¶ Î̂$zó zH › ‹²Ö~¡ ~Œ‰ ×Ã�°

2
dy

ax b
dx

∴ = +

uiy J= H ›�# O K Í† Ç° Qê

2

2
2

d y
a

dx
=

= ° m ¤  J= H ›�# O K Í† Ç° Qê

3

3
0

d y

dx
=

Wk H ê= �‹²#  J= H ›�#  ‹¬g ° H ›~¡} O

nx „¬i= ¶} O = 3,   Ç̀~¡Q®u = 1

II. n~¡É ‹¬=¶ �̂¥# ã„¬‰×ß�° (5 =¶~¡°ø�°)

1. ( )cosy a x b= + J# °  = ã H ê� ä ›½ @ ° OƒìxH ÷ J# ° Q®° } OQê J= H ›�#  ‹¬g ° H ›~¡} ìxß  ~Œ| @ “O_ o.

ªG �̂Î# : ( )cosy a x b= + ... (1)

ï~O_ È°  "³á„¬ô … ì J= H ›�# O K Í† Ç° Qê

( )sin
dy

a x b
dx

= − + ... (2)

= ° m ¤  J= H ›�# O K ÍÀ ‹ë
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( )
2

cos
d y

a x b
dx2

= − + ... (3)

(1),  (3) � # ° O_ o

2d y
y

dx2
= −  … è̂ ¥

2

0
d y

y
dx2

+ =  = ° # ä ›½  H ê= �‹²#  J= H ›�#  ‹¬g° H ›~¡} O.

2. a  X H › † Ç¶ Î̂$zó zH › ‹²Ö~¡ ‹¬OY¼ J~ò Í̀ 2 2 22y ay x a− + = ä ›½  J# ° Q®° } OQê = K Íó  J= H ›�#  ‹¬g ° H ›~¡} O

H›#°HËøO_o.

ªG �̂Î# : 2 2 22y ay x a− + = ... (1)

a  † Ç¶ Î̂$zó zH › ‹²Ö~¡ ‹¬OY¼ J= H ›�# O K Í† Ç° Qê

2 2 2 0
dy dy
y a x
dx dx

− + =

( ) 0
dy

y a x
dx

− + =

x
y a

dy

dx

−
− =

x
a y

dy

dx

∴ = +
 
 
 

dy
y x
dx

a
dy

dx

 
+ 

 
=

 
 
 

a  q �° = # °   (1)… Õ ã „¬uöH Æ„²OK ÇQê,
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2

2 22

dy dy
y x y x
dx dxy y x
dy dy

dx dx

   
+ +   

− + =   
      
   

2
2 22 2 2

2

22 2
dy dydy dy dy y x xyy y xy x
dx dxdx dx dx

dy dy
dx dx

 
+ +− − +  

 
=

 
 
 

2
2 2 2 22 2
dy dy dy dy dy

y xy x y x xy
dx dx dx dx dx

   
− − + = + +  
   

( )
2

2 2 22 4 0
dy dy

x y xy x
dx dx

 
− − − = 

 
.

3. ,A B�°  †Ç¶ Î̂$zó zH› ‹²Ö~¡‹¬OY¼�°  J~ò Í̀ 2 3x xy Ae Be−
= + ä›½ J#°Q®°} OQê L# ß J= H›�# ‹¬g° H›~¡}ìxß

H›#°HËøO_o.

ªG �̂Î# : 2 3x xy Ae Be−
= + - --  (1)

,A B�°  † Ç¶ Î̂$zó zH › ‹²Ö~¡ ‹¬OY¼�°  J= H ›�# O KÍ† Ç° Qê,

2 32 3x xdy
Ae Be

dx

−
= − ... (2)

= ° m ¤  J= H ›�# O K Í† Ç° Qê,

2
2 3

2
4 9x xd y
Ae Be

dx

−
= +  .. (3)

(1),  (2),  (3) ‹¬g ° H ›~¡} ì�# °  ªGk�OK ÇQê
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2

2

1 1

2 3 0

4 9

y

dy

dx

d y

dx

−

−
− =

−

( )
2 2

2 2
1 3 9 1 2 4 18 12 0

d y dy d y dy
y

dx dxdx dx

   
+ − − + − + =   

   
   

2

2
5 5 30 0
d y dy

y
dxdx

+ − =

2

2
6 0

d y dy
y

dxdx
∴ + − = ,  H ê= �‹²#  J= H ›�#  ‹¬g ° H ›~¡} O.

4. ( )2 2 2 0x y dx xydy+ − =

ªG �̂Î# ( )2 2 2 0x y dx xydy+ − =

( )2 2 2x y dx xydy+ =

2 2

2

dy x y

dx xy

+
∴ =

Wk X H › ‹¬= ° „¦¬¶ Ç̀ ‹¬= ¶‹¬= ò

y vx∴ =  J#° Hùx#

.
dy dv

v x
dx dx

= +

2 2 2

22

dv x v x
v x

dx x v

+
+ =

21

2

dv v
v x

dx v

+
+ =
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21

2

dv v
x v
dx v

+
= −

21

2

dv v
x
dx v

−
=

2

2

1

v dx
dv

xv
=

−

‹¬= ° H ›�#O K Í† Ç° Qê

2

2

1

v dx
dv

xv
=→

−
∫ ∫

( )2log 1 log logv x c− − = +

( )2log log 1 log 0x v c+ − + =

( )( )2log 1 0x v c− =

2
0

2
1

y
x C e

x

 
− = 

 
 

( )2 2

1
x y

C
x

−
=

( )2 2x y c x∴ − =

5. ( )2 2 2 2 0
dy

x yx y xy
dx

− + + = # °  ªGk�OK ÇO_ o.

ªG �̂Î# : ( )2 2 2 2 0
dy

x yx y xy
dx

− + + =

( )2 2 21 0
dy

x y y xy
dx

− + + =
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( ) ( )2 21 1 0
dy

x y y x
dx

− + + =

2 2

1 1
0

y x
dy dx

y x

   − +
+ =       

2 2

1 1 1 1
0dy dx

y xy x

   
− − + =       

‹¬= ° H ê�# O K Í† Ç° Qê

2 2

1 1 1 1
0dy dx

y xy x

   
− + − =       

∫ ∫

1 1
log logy x c

y x
− − − + =

1 1
log

x
c

y x y

 
∴ = + + 

 
,  H ê= �‹²#  ªG �̂¥~¡}  ‹¬g ° H ›~¡} O.

6. xdy y
e

dx x

−
+ = # °  ªGk�OK ÇO_ o.

ªG �̂Î# : xdy y
e

dx x

−
+ = ... (1)

.
dy

P y Q
dx

⇒ + =

WKÇó@
1

, xP Q e
x

−
= =

( )∫∴ = = = = >∫
1/ logI.F. 0

pdx x xe e dx e x x

(1) H ÷ W~¡° "³á„¬ô … ì ‹¬g ° H ›~¡} ìxß  I.F. `Ë  Q®° } ÷À ‹ë

9 xdy
x y xe
dx

−
+ =

( ) xd yx xe−
=
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‹¬= ° H ›�#O K Í† Ç° Qê

( ) xd yx xe dx c−
= +∫ ∫

( ). . 1.x xxy x e dx e dx dx− −
= −∫ ∫ ∫

x xxe e dx c− −
= − + +∫

− −
∴ = − − +

x xxy xe e c  … è̂ ¥

( )1 xx c
y e

x x

−+
= − +

7. 2sin cos 2sin cos
dy

x y x x x
dx

+ = # °  ªGk�OK ÇO_o.

ªG �̂Î# : Î̂̀ Çë J= H ›�#  ‹¬g ° H ›~¡} O

2sin cos 2sin cos
dy

x y x x x
dx

+ =

cot 2sin cos
dy

y x x x
dx

+ = ... (1)

dy
Py Q

dx
⇒ + =

= =cot , 2sin cosP x Q x x

∫ ∫∴ = = = =
cot log sinI.F. sin

pdx xdx xe e e x

(1) x W~¡° "³á„¬ô … ì IF `Ë  Q®° } ÷À ‹ë

2sin cot 2sin cos
dy

x y x x x
dx

 
+ = 

 

2sin cos 2sin cos
dy

x y x x x
dx

+ =

( ) 2cos 2sin cos
d

y x x x
dx

=
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W~¡° "³á„¬ô … ì ‹¬= ° H ê�# O K ÍÀ ‹ë

( ) 2sin 2sin cos
d

y x x xdx c
dx

= +∫ ∫

∴ = +

32sin
sin

3

x
y x c

Wk Î̂̀ Çë ‹¬g ° H ›~¡} ìxH ÷ ªG �̂Î# .

8. ( )2 11
dx

y Tan y x
dy

−
+ = − # °  ªGk�OK ÇO_ o.

ªG �̂Î# : ( )2 11 −
+ = −

dx
y Tan y x

dy

−

= −
+ +

1

2 21 1

dx Tan y x

dy y y

1

2 21 1

dx x Tan y

dy y y

−

∴ + =
+ +

... (1)

dx
Px Q

dy
⇒ + = .

−
+

∫∫∴ = = =
12

1

1I.F.
dy

pdy Tan yye e e

(1)x W~¡°"³á„¬ô … ì 1Tan yIF e
−

= `Ë  Q®° } ÷À ‹ë

1 1 1
1

2 2
.

1 1

Tan y Tan y Tan ydx x Tan y
e e e

dy y y

− − −
−

+ =
+ +

( )
1 1

1

2
.

1

Tan y Tan yd an y
xe e

dy y

− −
−

Τ
=

+

W~¡° "³á„¬ô … ì ‹¬= ° H ›�# O K Í† Ç° Qê

−

= +∫
1

. .Tan y te x e tdt c
1

2
,

1
t Tan y dt dy

y

−
 1

= =  + 
∵
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1

.Tan y t te x te e dt c
−

= − +∫

t tte e c= − +

( )1te t c= − +

( )
1 1 1 1Tan y Tan ye x e Tan y c

− −
−

= − +

… è ^ ¥ 11 1 Tan yx Tan y c e
−

−
= − +

9. ( )2 11
dy

x y Tan x
dx

−
+ + =  # °  ªGk�OK ÇO_ o.

ªG �̂Î# : ( )2 11
dy

x y Tan x
dx

−
+ + =

1

2 2

1

1 1

dy Tan x
y

dx x x

−

+ =
+ +

... (1)

dy
Py Q

dx
⇒ + =

1

2 2

1
,

1 1

Tan x
P Q

x x

−

= =
+ +

12

1

1
dxpdx Tan xxIF e e e

−

+
∫∫= = =

(1)x  1Tan xIF e
−

= `Ë  Q®° } ÷OK ÇQê

1 1 1
1

2 2
.

1 1

Tan x Tan x Tan xdy y Tan x
e e e

dx x x

− − −
−

+ =
+ +

( )
− −

−

=
+

1 1
1

.
21

Tan x Tan x Tan x
d ye e

x

W~¡° "³á„¬ô … ì ‹¬= ¶H ›�# O K Í† Ç° Qê

( )
−

−
−

= +
+

∫ ∫
1

1
1 tan

2

tan
tan

1

x x
d y x e dx c

x
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−

= +∫
1

.Tan x tye e tdt c
1

2

1
,

1
t Tan x dt dx

x

− 
= = 

+ 
∵

( )
1

. 1.Tan x t tye t e dt e dt dt c
−

= − +∫ ∫ ∫

. t tt e e dt c= − +∫

. t tt e e c= − +

( )1te t c= − +

( )
1 1 1 1Tan x Tan xye e Tan x c

− −
−

= − +

… è ^ ¥ 11 1 Tan xy Tan x Ce
−

− −
= − +

10. ( )
2

2
1 cos2 1 cos2

d y
x x
dx

− = +  J= H ›�#  ‹¬g ° H ›~¡} ìxß ªGk�OK ÇO_ o.

ªG �̂Î# : ( )
2

2
1 cos2 1 cos2

d y
x x
dx

− = +

2

2

1 cos2

1 cos2

d y x

xdx

+
=

−

2

2

2cos

2sin

x

x
=

2
2

2
cot

d y
x

dx
= ... (1)

(1)x W~¡° "³á„¬ô � ‹¬= ° H ê�# O K Í† Ç° Qê

2
1cot

dy
xdx C

dx
= +∫

( )2
1cos 1ec x dx C= − +∫
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1cot
dy

x x C
dx

= − − + ... (2)

(2)# °  W~¡° "³á„¬ô … ì ‹¬= ° H ›�# O K Í† Ç° Qê

( )1 2coty x x c dx c= − − + +∫

1 2cot 1xdx xdx c dx c= − − + +∫ ∫ ∫

2

1 2logsin
2

x
y x c x c∴ = − − + +

H ê= �‹²#  ªG �̂¥~¡}  ªG �̂Î# .

11.
3

2
3

xd y
x e

dx
= +  J= H ›�#  ‹¬g ° H ›~¡} ìxß  ªGk�OKÇO_ o.

ªG �̂Î# :
3

2
3

xd y
x e

dx
= + ... (1)

(1)x W~¡° "³á„¬ô � ‹¬= ¶H ›�# O K Í† Ç° Qê

( )= + +∫
2

2
12

xd y
x e dx c

dx

= + +

2 3

12 3

xd y x
e c

dx
... (2)

(2)x W~¡° "³á„¬ô � ‹¬= ° H ê�# O K Í† Ç° Qê

3

1 2
3

xdy x
e c dx c

dx

 
= + + + 

 
 
∫

4

1 2
12

xdy x
e c x c

dx
= + + + .. (3)

(3) x W~¡° "³á„¬ô … ì ‹¬= ° H ê�# O K Í† Ç° Qê

 
= + + + + 

 
 
∫

4

1 2 3
12

xx
y e c x c dx c
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25
1

2 3
60 2

x c xx
y e c x c= + + + +

H ê= �‹²#  ªG �̂¥~¡}  ªG �̂Î# .

12. 1y Tan x−
=  J~ò Í̀ ( )

2
2

2
1 2 0

d y dy
x x

dxdx
+ + =  Jx x~¡¶„²OK ÇO_ o.

ªG �̂Î# : 1y Tan x−
=

x  Î̂$ì‘ G“¼ J= H ›�# O K ÍÀ ‹ë

2

1

1

dy

dx x
=

+

( )21 0
dy

x
dx

+ =

W~¡° "³á„¬ô … ì J= H ›�#O K ÍÀ ‹ë

( )
2

2
2

1 2 0
d y dy

x x
dxdx

+ + =

13. ( )2 11 4 3cot
dy

x x x
dx

−
+ − = # °  ªGk�OK ÇO_ o.

ªG �̂Î# : ( )2 11 4 3cot
dy

x x x
dx

−
+ − =

1

2

3cot 4

1

dy x x

dx x

−
+

=
+

1

2 2

3cot 4

1 1

x x
dy dx

x x

− 
= + 
 + + 

W~¡° "³á„¬ô � ‹¬= ° H ê�# O K Í† Ç° Qê,

1

2 2

cot 4
3

1 1

x x
dy dx dx

x x

−

= +
+ +

∫ ∫ ∫

( )= θ × − θ + φ
φ

∫ ∫
2

3 .y d d

− −
θ = ⇒ θ = φ = + ⇒ φ = 

+ 
∵

1 2
2

1
cot , 1 2

1
x d dx x d xdx

x
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θ
= − + φ +

2

3 2log
2

c

( ) ( )
2

1 23
cot 2 log 1

2
y x x c−−

∴ == + + +

14. ( ) ( ) ( )21 1 1y xydy x y dx+ = − −

ªG �̂Î# :
( ) 21 1

1

y ydy x
dx

y x

 + −
=  
 −  

2 1

1 1

y y
dy x dx

y y x

   
+ = −   

− −    

( ) 21 1 1 1 1

1 1

y y
dy x dx

y y x

 − − − −  
− + = −   

− −    

1 1 1
1 1

1 1
y dy x dx

y y x

   
− + + − = − +  

− −   

2 1
2

1
y dy x dx

y x

  − 
+ − = +  

−   

W~¡° "³á„¬ô … ì ‹¬= ° H ê�# O K Í† Ç° Qê,

2 1
2

1
y dy x dx c

y x

  − 
+ − = + +   

−   
∫ ∫

( )2 22log 1
2 log

2 1 2

yy x
y x c

−
+ − = − + +

−

( )
2 2

2 2log 1 log
2 2

y x
y y x c+ − − = − + +

( )
2 2

log 2 log 1 2
2 2

x y
x y y c∴ + − = − − +

15. 2x y ydy
e x e

dx

− −
= +  ªGk�OK ÇO_ o.
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ªG �̂Î# : 2x y ydy
e x e

dx

− −
= +

( )2y xe e x−
= +

( )2x

y

dy
e x dx

e−
= +

( )2y xe dy e x dx= +

W~¡° "³á„¬ô � ‹¬= ° H ê�# O K Í† Ç° Qê,

( )2y xe dy e x dx= +∫ ∫

3

3

y x x
e e c∴ = + +

16.
cos sin

0
cos

dy x y

dx y
+ =  ªGk�OK ÇO_ o.

ªG �̂Î# :
cos sin

0
cos

dy x y

dx y
+ =

cos
cos 0

sin

y
dy xdx
y

+ =

cot cos 0ydy xdx+ =

W~¡° "³á„¬ô � ‹¬= ¶H ›�# O K Í† Ç° Qê,

cot cos 0ydy xdx+ =∫ ∫

log sin sin logy x c∴ + =

log sin log siny c x− = −

sin
log sin

y
c

c

 
= − 

 

sinsin xy
e

c

−
=

sinsin xy ce−
∴ =
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III. "Œ¼‹¬~¡¶„¬ ‹¬=¶ �̂¥# ã„¬‰×ß�° (8 =¶~¡°ø�°)

1. ( )
2

2 2
2

1 0
d y dy

x m y
dxdx

− − − = † ³òH ›ø  ªG �̂Î#   1sinm xy e
−

=  Jx Î̂$g H ›iOK ÇO_ o.

ªG �̂Î# : 1sinm xy e
−

=  J#° Hù #° =ò .. (1)

(1)x x  Î̂$‘ G“¼ J= H ›�# O K ÍÀ ‹ë

1sin

2 21 1

m xdy me my

dx x x

−

= =

− −

… è̂ ¥ 21
dy

x my
dx

− =

W~¡° "³á„¬ô … ì = ~¡¾O K ÍÀ ‹ë

( )
2

2 2 21
dy

x m y
dx

 
− = 

 

W~¡° "³á„¬ô … ì J= H ›�#O K ÍÀ ‹ë

( )
2 2

2 2

2
2 2 1 . 2

dy dy d y dy
x x m y
dx dx dxdx

 
− + − = 

 

( )
2

2 2
2

1
dy d y

x x m y
dx dx

− + − =

( )
2

2 2
2

1 0
d y dy

x x m y
dxdx

− − − =

( )
2

2 2
2

1 0
d y dy

x x m y
dxdx

∴ − − − =  † ³òH ›ø  ªG �̂Î# 1sinm xy e
−

=  J= ô Ç̀° Ok.

2. 1x =  J~ò# „¬ô æ _ È°  1, 1
dy

y
dx

= = −  J† Í° ¼ 
2

2
log

d y
x

dx
=  J<Í J= H ›�#  ‹¬g ° H ›~¡} ìxß  ªGk�OK ÇO_ o.

ªG �̂Î# : Î̂̀ Çë J= H ›�#  ‹¬g ° H ›~¡} O
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2

2
log

d y
x

dx
= .. (1)

W~¡° "³á„¬ô � ‹¬= ° H ›�# O K Í† Ç° Qê

( )log 1
dy

x dx
dx

= ∫

1
1

log . 1 .x dx xdx c
x

= − +∫ ∫

1log
dy

x x x c
dx

= − + .. (2)

W~¡° "³á„¬ô … ì uiy ‹¬= ° H ›�# O K Í† Ç° Qê

( )1 2logy x x x c dx c= − + +∫

2

1 2
1

log
2 2

x
x xdx xdx c x c= − − + +∫ ∫

2 2 2

1 2
1

log
2 2 2 2

x x x
x c x c− − + +

2
2

1 2
3

log
2 4

x
y x x c x c= − + + .. (3)

1, 1
dy

x
dx

= = − �# °  (2)… Õ ã „¬uöH Æ„²OK ÇQê 1 0c =

1 0, 1, 1c x y= = = �# °  (3)… Õ ã „¬uöH Æ„²OKÇQê 2
7

4
c =

2
23 7

log
2 4 4

x
y x x∴ = − +  ã „¬̀ Í¼H › ªG �̂Î# J= ô Ç̀° Ok.

---
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29

qƒ�’[# Hù
 Ç̀
°
=°#=ò WO Ç̀ä›½ =òO Î̂° öHOã Î̂ ª�Ö# Hù� Ç̀� Q®°iOz <Í~¡°óHùx †Çò<Œß=ò. öHOã Î̂ ª�Ö# Hù� Ç̀� †³òH›ø

‹¬¶ã`Œ� =�Á Wzó# Î̂̀ ŒëO‰×=ò XöH XH› q�°= …ìQê ‹¬¶zO„¬g�=ô Ç̀°Ok.

öHOã Î̂ ª�Ö# Hù� Ç̀�° W=Þ|_ÈÛ Î̂̀ ŒëO‰§xß ‹¬O„¬î~¡âOQê q=iª�ë†Ç¶?  …è̂ ¥?

Ì„á q+¬†Ç¶xß J~¡ÖO KÍ‹¬°HË=_¨xH÷ D H÷Ok L^¥‚¬ì~¡}#° „¬ije^¥œO.

L^¥ : ï~O_È° H›~ŒàQê~Œ�…Õx Hêiàä›½� "Í̀ Ç<Œ�° D H÷Ok q V̂ÎOQê L<Œß~ò.

H›~ŒàQê~¡=ò A : 35 45 50 65 70 90 100

H›~ŒàQê~¡=ò B : 60 65 65 65 65 65 70

Ì„á ï~O_È° Î̂̀ ŒëO‰§�#° „¬ijeOKÇQê ï~O_È° ãQ®¶„¬ô� =° V̂Î¼=¶�° (‹¬~Œ‹¬~¡°�°) ‹¬=¶#=ò,  Jk 65.

1. ãQ®¶„¬ô A …Õx q+¬†Ç¶�° =° V̂Î¼=¶xH÷ Î̂¶~¡OQê #°#ßq.

2. ãQ®¶„¬ô B …Õx q+¬†Ç¶�°  =° V̂Î¼=¶xH÷ ^¥^¥„¬ôQê ‹¬g°„¬O…Õ #°#ßq.

Hê=ô# Ì„á ï~O_È° ãQ®¶„¬ô� =° V̂Î¼=¶�° ‹¬=¶#OQê #°#ß#¶, P ï~O_È° ãQ®¶„¬ô� "Í̀ Ç<Œ�…Õ ƒè̂ VÎ=ò H›� Î̂°.

JO Î̂°=�Á, Ì„á ï~O_È° ãQ®¶„¬ô� =¼`Œ¼ª��° ̀ ù�yOKÇ°@ä›½ =°i†Çò =° V̂Î¼=¶xH÷ ̂ Î¶~¡OQê #°#ß q+¬†Ç¶�#°

„¬iQ®}#…ÕH÷ f‹¬°Hù#°@ä›½ WOHùH› Hù� Ç̀�° (‹¬¶ã`Œ�°) …è̂ ¥ „¬̂ Îœ̀ Ç°�° J=‹¬~¡=°=ô`Œ~ò.  g\÷<Í 'qƒV’[#

Hù� Ç̀�°Ñ JO\ì~¡°.

�HÆê¼�° :

D ‡�~”Œ¼O‰×=ò KÇkq# „²=°à@ hä›½ D ãH÷Ok q+¬†Ç¶�° J=Q®̀ Ç=°=ô`Œ~ò.

1. L^¥‚¬ð~¡}� ^¥Þ~Œ qƒV’[# J~¡Ö=ò#° q=iOKÇQ®�°Q®°`Œ=ô.

=¶_È¶¼…˜ Ð VI
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2. "Í~¡° "Í~¡° qƒV’[# Hù� Ç̀�#° x~¡ÞzOKÇQ®�°Q®°`Œ=ô. J"Í "Œ¼„²ë=° V̂Î¼=° qKÇ�#=ò, q‹¬ë$u =°i†Çò
ãH›=° qKÇ�#=ò�°.

3. =s¾H›iOKÇx =°i†Çò =s¾H›iOz# Î̂̀ ŒëO‰×=ò�ä›½ =° V̂Î¼=° qKÇ�#=ò�° H›#°QùO\ì=ô.

4. J Í̂q V̂ÎOQê q‹¬ë$u =°i†Çò ãH›=° qKÇ�<Œ� V̂Î~Œà�#° L Î̂‚¬ìiª�ë=ô.

=òMì¼O‰§�°

1. "Œ¼„²ë : Wzó# Î̂̀ ŒëO‰×=ò…Õ JuÌ„ Î̂í, Ju z#ß q�°=� ƒVè̂ Î=ò.

2. =° V̂Î¼=°=ò †³òH›ø =° V̂Î¼=° qKÇ�#=ò
( )

−

=
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=

∑
1

n

i
i

f xi x

MD
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,

1

n

i
i

N f

=

= ∑∵ , ( )
1

1 n

i i
i

x f x
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−

=

= ∑

3. q‹¬ë$u : 

−

=

 
−  

 
σ =

∑
2

2 1

n

i

xi x

n

 (=s¾H›iOKÇx Î̂̀ ŒëO‰×=ò#ä›½)

4. ãH›=° qKÇ�#=ò 
( )

2

2 1

n

i
i

x x

n

−

=

 
−  

 
σ = + σ = +

∑

5. =s¾H›iOz# Î̂̀ ŒëO‰×=ò#ä›½ q‹¬ë$u 2

2

1

n

i i
i

f x x

g
N

−

σ
=
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==

∑ , ix = Ç̀~¡Q®u =° V̂Î¼ q�°=.

J…ìöQ 2 2 2
σ = σux h  =°i†Çò 
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2

1
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=
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∑
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f u u
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i
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∑ ∑
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= ∑
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I. Ju‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (1 =¶~¡°ø)

1. 10 =°Ok q^¥¼iÖ#°� =†Ç°‹¬°x�° D H÷O Î̂ W=Þ|_y#q.

3 5 7 8 9 10 12 14 17 18  J~ò# "Œ¼„²ë ZO Ç̀?

ª� V̂Î# : "Œ¼„²ë = Q®i+¬“ ‹¬OY¼ Ð H›x+¬“ ‹¬OY¼

« 18 3 15− =

2. 9 =°Ok XII  Ç̀~¡Q®u q^¥¼~¡°Ö� |~¡°=ô�° (öHr�…Õ) D H÷O Î̂ W=Þ|_y#q.

45 49 55 52 40 62 47 61 58  J~ò# "Œ¼„²ë ZO Ç̀?

ª� V̂Î#: "Œ¼„²ë = Q®i+¬» ‹¬OY¼ Ð H›x+¬» ‹¬OY¼

« 62 40 22− =

II. n~¡É ‹¬=¶ �̂¥# ã„¬‰×ß�° (5 =¶~¡°ø�°)

1. D H÷Ok =s¾H›~¡} †³òH›ø =° V̂Î¼=°=ò #°O_y =° V̂Î¼=° qKÇ�#=ò#° H›#°Qù#=ò.

JO‰§� Ì‹áA�° ( ) : 4 6 8 10 12 14 18ix

‡Ï#: „¬ô#¼O ( ) : 2 5 5 3 2 1 4if

ª� V̂Î# : ( =° V̂Î¼=°=ò 10= )

ix if ix x
−

− ix x
−

− i if x x
− 

−  
 

4 2 -5.7 5.7 11.4

6 5 -3.7 3.7 14.8

8 5 -1.7 1.7 8.5

10 3 0.3 0.3 0.9

12 2 2.3 2.3 4.6

14 1 4.3 4.3 4.3

18 4 6.3 6.3 25.2

22 69.7
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=° V̂Î¼†Ç°=ò †³òH›ø =° V̂Î¼=° qKÇ�#=ò

69.7
3.319

22

i if x x

N

− 
− 

  
= =

∑

2. D H÷Ok =s¾H›~¡} †³òH›ø =° V̂Î¼=°=ò #°O_y =° V̂Î¼=° qKÇ�#=ò#° H›#°Qù#=ò?

=¶~¡°ø�° : 0 10 10 20 20 30 30 40 40 50− − − − −

q^¥¼~¡°Ö� ‹¬OY¼ :   5   8   15   16 6

(=° V̂Î¼=°=ò 27= )

ª� V̂Î#: =¶~¡°ø�° =° V̂Î¼=° if ix x
−

− ix x
−

−

−

−i if x x

qKÇ�#O
  ix

0Ð10 5 5 -22 22 110

10-20 15 8 -12 12 96

20-30 25 15 -2 2 30

30-40 35 16 8 8 128

40-50 45 6 15 15 108

50 472

=° V̂Î¼=°=ò †³òH›ø =° V̂Î¼=° qKÇ�#=ò 

− 
− 

  
= = =

∑
472

9.44
50

i if x x

N

3. D ãH÷O Î̂ W=Þ|_y# Î̂̀ ŒëO‰×=ò †³òH›ø =° V̂Î¼=°=ò #°O_y =° V̂Î¼=° qKÇ�#=ò#° H›#°Qù#=ò?

r Ç̀=ò (~¡¶II�…Õ) 20-30 30-40 40-50 50-60 60-70 70-80 80-90 90-100

L^Ë¼Q®°� ‹¬OY¼ : 4 6 8 12 7 6 4 3

(=° V̂Î¼=°=ò ~¡¶.57.2Qê W=Þ|_y#k).
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ª� V̂Î#: =¶~¡°ø�° =° V̂Î¼=° if ix x
−

− ix x
−

−
−

−i if x x

qKÇ�#O
  ix

20-30 25 4 -32.2 32.2 128.8

30-40 35 6 -22.2 22.2 133.2

40-50 45 8 -12.2 12.2 97.6

50-60 55 12 -2.2 2.2 26.4

60-70 65 7 7.8 7.8 54.6

70-80 75 6 17.8 17.8 106.8

80-90 85 4 27.5 27.8 111.2

90-100 95 3 37.8 37.8 113.4

50 772.0

∴ =¶ V̂Î¼=°=ò †³òH›ø =° V̂Î¼=° qKÇ�#=ò 772
15.44

50

i if x x

N

− 
− 

  
= = =

∑

4. 100 =°Ok q^¥¼~¡°Ö� |~¡°=ô� q=~Œ�° „¬\÷“H›…Õ W=Þ|_y#q? "Œx =° V̂Î¼=° qKÇ�#=ò H›#°Qù#=ò.

|~¡°=ô�° (H÷.ãQê.�…Õ): 50-55 55-60 60-65  65-70 70-75 75-80

q^¥¼~¡°Ö� ‹¬OY¼ :  5  13  35   25   17   5

ª� V̂Î#:   |~¡°=ô�°(H÷.ãQê……Õ) ix if ix x
−

− ix x
−

−
−

−i if x x

50-55 52.5 5 -12.5 12.5 62.5

55-60 57.8 13 -7.5 7.5 84.5

60-65 35 -2.5 2.5 2.5 87.5

65-70 67.5 2.5 2.5 2.5 62.5

70-75 72.5 17 7.5 7.5 127.5

75-80 77.5 5 12.5 12.5 62.5

390 100 487.0
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390
65

6 6

ix
x
−

= = =
∑

=° V̂Î¼=° qKÇ�#=ò 487
4.87

100

i if x x

N

− 
− 

  
= = =

∑

5. H÷O Î̂ W=Þ|_y# Î̂̀ ŒëO‰×„¬ô =° V̂Î¼=°=ò †³òH›ø =° V̂Î¼=° qKÇ�#=ò#° H›#°Qù#°=ò (=s¾H›iOKÇx).

45 55 63 76 67 84 75 48 62 65

(=° V̂Î¼=°=°�° 64Qê W=Þ|_y#k)

ª� V̂Î#: ix ix x
−

− ix x
−

−

45 -19 19

55 -9 9

63 -1 1

76 12 12

67 3 3

84 20 20

75 11 11

48 -16 16

62 -2 2

65 1 1

94

64; 10x n
−

= =

∴=° V̂Î¼=° qKÇ�#=ò 94
9.4

10

ix x

n

−

−

= = =

∑
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6. Ì‹H›Æ<£ A …Õx 10 =°Ok q^¥¼~¡°Ö�ä›½ WOwÁ+¬µ xH›+¬…Õ =zó# =¶~¡°ø�° D H÷O Î̂ W=Þ|_y#q. Jq

7 10 12 13 15 20 21 28 29 35

J~ò<Œ q‹¬ë$u =°i†Çò ãH›=°qKÇ�<Œ�#° H›#°Qù#=ò?

ª� V̂Î#: WH›ø_È 190
19

10 10

ix
x
−

= = =
∑

− 
−  

 
σ =

∑
2

2
ix x

n

ix ix x
−

−

2

ix x
− 

−  
 

7 -12 144

10 -9 81

12 -7 49

13 -6 36

15 -4 13

20 2 4

28 9 81

29 10 100

35 16 256

0 768

q‹¬ë$u 2 768
76.8

10
σ = =

=°i†Çò ãH›=°qKÇ�#O, 76.8 8.76σ = =  (‹¬°=¶~¡°Qê)

7. D ãH÷Ok Î̂̀ ŒëO‰×„¬ô q‹¬ë$u =°i†Çò ãH›=° qKÇ�<Œ�#° H›#°Qù#=ò?

4 6 8 10 12 14 16
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ª� V̂Î#: ix ix x
−

−

2

ix x
− 

−  
 

4 -6 36

6 -4 16

8 -2 4

10 0 0

12 2 4

14 4 16

16 6 36

0 112

70
10

7

ix
x

n

−

= = =
∑

q‹¬ë$u « 2 112
16

7
σ = =

ãH›=°qKÇ�# « 16 4σ = =

8. D H÷Ok Î̂̀ ŒëO‰×„¬ô q‹¬ë$u =°i†Çò ãH›=° qKÇ�<Œ�° H›#°Qù#=ò?

4 7 9 10 11 13 16

ª� V̂Î#: ix ix x
−

−

2

ix x
− 

−  
 

4 -6 36

7 -3 9

9 -1 1

10 0 0

11 1 1

13 3 9

16 6 36

0 92
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70
10

7

ix
x

n

−

= = =
∑

2

2 92
13.14

7

ix x

n

− 
−  

 
σ = = =

∑

13.14 3.62σ = =

9. D H÷Ok Î̂̀ ŒëO‰×„¬ô q‹¬ë$u =°i†Çò ãH›=°qKÇ�<Œ�#° H›#°Qù#=ò?

40 40 40 60 65 65 65 70 70 75 75 75

80 85 90 90 100

ª� V̂Î#: ix ix x
−

−

2

ix x
− 

−  
 

40 -30 900

40 -30 900

40 -30 900

60 -10 100

65 -5 25

65 -5 25

70 0 0

70 0 0

75 5 25

75 5 25

75 5 25

80 10 100

85 15 225

90 20 400

90 20 400

100 30 900

0 4850
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1120
70

16

ix
x

n

−

= = =
∑

2 4856
303.216

16
∴σ = =

303.216 17.6σ = =

10. XH› H›~ŒàQê~¡=ò…Õx 50 =°Ok Hêiàä›½� "Í̀ Ç<Œ�° D H÷Ok Î̂̀ ŒëO‰×=ò…Õ W=Þ|_y#q. "Œx =° V̂Î¼=°
qKÇ�#=ò#° H›#°Qù#°=ò?

"Í̀ Ç<Œ�° (~¡¶II�…Õ) 1200 1300 1400 1500 1600 1800

Hêiàä›½� ‹¬OY¼ : 4 7 15 12 7 5

ª� V̂Î#: ix if ix x
−

− ix x
−

− i if x x
−

−

1200 4 -233 233  932

1300 7 -133 133  931

1400 15 -33 33  495

1500 12 67 67  804

1600 7 167 167 1169

1800 5 367 367 1835

8800 50 6166

8800
1433.3 1433

6

ix
x

n

−

= = = =
∑

50N =

=° V̂Î¼=° qKÇ�#=ò 6166
123.32

50

i if x x

N

−

−

= = =

∑
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11. 10 =°Ok q^¥¼~¡°Ö�° …ÿH›ø� „¬sH›Æ…Õx =¶~¡°ø�° D H÷O Î̂ W=Þ|_y#q J~ò# "Œx q‹¬ë$u =°i†Çò ãH›=°
qKÇ�<Œ�#° H›#°Qù#=ò?

6 10 12 13 15 20 24 28 30 32

ª� V̂Î#: ix ix x
−

−

2

ix x
− 

−  
 

6 -13 169

10 -9 81

12 -7 49

13 -6 36

15 -4 16

20 1 1

24 5 25

28 9 81

30 11 121

32 13 169

190 748

190
19

10

ix
x

n

−

= = =
∑

q‹¬ë$u 

− 
−  

 
= σ = = =

∑
2

2 748
74.8

10

ix x

n

ãH›=° qKÇ�#=ò 74.8 8.6= σ = =
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III. "Œ¼‹¬~¡¶„¬ ‹¬=¶ �̂¥# ã„¬‰×ß�° (8 =¶~¡°ø�°)

1. XH› „¬i‰Õ V̂Î#…Õx #¶ Ç̀# =OQ®_È=òÌ„á [iy# „¬sH›Æ…Õ 50 „¬sHÆê öHÆã`Œ�…Õ QË V̂Î°=°�Ì„á x~¡Þ‚²ìOz#
J V̂Î¼†Ç°#O…Õ D H÷Ok „¦¬e`Œ�° #"³¶ Î̂° J~ò<Œ~ò.

XH› Ì‚ìHê“~¡°ä›½ =zó# kQ®°|_y öHÆã`Œ� ‹¬OY¼

31-35  2

36-40  3

41-45  8
46-50 12

51-55 16

56-60  5

61-65  2

66-70  2
Ì„á öHÆã`Œ�…Õx ‹¬~Œ‹¬iQê =zó# kQ®°|_y 50 H÷ÞO\ìˆ×Ã¤ J~ò# "Œx q‹¬ë$u =°i†Çò ãH›=°qKÇ�<Œ�#°
H›#°Qù#O_y.

ª� V̂Î#: Ì‚áìHê“~¡°ä›½  öHÆã`Œ� ‹¬OY¼ Ç̀~¡Q®u
ix x

−

−     
2

ix x
− 

−  
 

2

i if x x
− 

−  
 

‡ÚOk# kQ®°|_y =° V̂Î¼ q�°=

31-35  2   33 -17 289 578

36-40  3   38 -12 144 432

41-45  8   43  -7  49 392

46-50 12   48  -2   4  48

51-55 16   53   3   9 144

56-60  5   58   8  64 320

61-65  2   63  13  169 338

66-70 2   68  18  324 648

50       2900
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−

σ =

   −     
∴ == = =

∑
2

2

1 2900
58

50

n

i i
i

f x x

g
N

=°i†Çò 
2

58 7.61g g
σ σ

= + = + =

2. XH› „¬i‰Õ V̂Î#…Õ XH› ~ËQ®°� ‹¬=ü‚¬ð=òÌ„á XHê<ùH› B+¬̂ VÎ=ò †³òH›ø ã„¬ƒVì==ò, D H÷Ok q V̂Î"³°Ø#
„¦¬e`Œ�xzóOk.

L„¬‰×=°<Œ� ‰§ Ç̀=ò: 0-20 20-40 40-60 60-80 80-100

~ËQ®°� ‹¬OY¼ : 10 10 25 15 40

J~ò# q‹¬ë$u =°i†Çò ãH›=°qKÇ�<Œ�#° H›#°Qù#=ò?

ª� V̂Î#: „¬̂ Îœu „¬̂ Îœu „¬̂ Îœu „¬̂ Îœu →  1 1 1 1

L„¬‰×=°<Œ� ~ËQ®°� ‹¬OY¼ ix ix x
−

− ix x
−

− i if x x
− 

−  
 

‰§`Ç=ò if

0-20 10 10 -40 1600 16000

20-40 10 30 -20  400  4000

40-60 25 50   0   0    0

60-80 15 70  20  400  6000

80-100 40 90  40  1600  64000

100 250 90000

250
50, 100

5

ix
x N

n

−

= = = =
∑

2 90000
900

100

i if x x

N

− 
−  

 
σ = = =

∑

900 30σ = = .
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„¬̂ Îœu „¬̂ Îœu „¬̂ Îœu „¬̂ Îœu →  2 2 2 2

L„¬‰×=°<Œ� ~ËQ®°� ‹¬OY¼ ix i if x 2
ix

2
i if x

‰§`Ç=ò if

0-20 10 10 100 100 1000

20-40 10 30 300 900 9000

40-60 25 50 1250 2500 62500

60-80 15 70 1050 4900 73500

80-100 40 90 3600 8100 324000

100N = 6300 470000

( )
=

 Σ 
   −

  
∴σ == =

∑
2

2
2

2 1

6300
470000N 100

100

n
i i

i i
i

g

f x
f x

N

470000 396900 73100
731

100 100

−
= =

731 27∴σ = =

3. 30 =°Ok Hêiàä›½� ~ËA"Œi "Í̀ Ç<Œ�° D ãH÷O Î̂ W=Þ|_y#q.

~Ë["Œi "Í̀ Ç#O : 0-50 50-100   100-150       150-200     200-250 250-300

Hêiàä›½� ‹¬OY¼ : 3    4 5 7 8    3

J~ò# Ì„á Î̂̀ ŒëO‰×„¬ô q‹¬ë$u, ãH›=° qKÇ…<Œ�#° H›#°Qù#°=ò?
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ª� V̂Î#: „¬̂ Îœu Ð1„¬̂ Îœu Ð1„¬̂ Îœu Ð1„¬̂ Îœu Ð1

~ËA"Œi "Í̀ Ç#O Hêiàä›½� ‹¬OY¼ ix ix x
−

−      
2

ix x
− 

−  
 

     
2

i if x x
− 

−  
 

0-50 3 25 -125 15625 46875

50-100 4 75 -75 5625 22500

100-150 5 125 -25 625 3125

150-200 7 175  25 625 4375

200-250 8 225  75  75 45000

250-300 3 275 125 15625 46875

30 43750 168750

300
150, 30

6

ix
x N

n

−

= = = =
∑

q‹¬ë$u 

− 
−  

 
σ = = =

∑
2 168750

5625
30

i i

g

f x x

N

ãH›=°qKÇ�#O = σ = σ = =
2 5625 75g g

„¬̂ Îœu Ð 2„¬̂ Îœu Ð 2„¬̂ Îœu Ð 2„¬̂ Îœu Ð 2

~ËA"Œi       "Í̀ Ç#O Hêiàä›½� ‹¬OY¼ ix i if x 2
ix

2
i if x

0-50 3 25 75 625 1875

50-100 4 75 300 5625 22500

100-150 5 125 625 15625 78125

150-200 7 175 1225 30625 214375

200-250 8 225 825 50625 405000

250-300 3 275 825 75625 226875

  30N = 4850 948750
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( )
= =

 
−  

− 
 

σ = =

∑ ∑
2

22

1 12

4850
948750

30

30

n n

i i i i
i i

g

f x f x

N

−
σ = = =

2 948750 784083.3
5488.89 5489

30
g

σ = =5489 74.1g

4. XH› „¬i‰Õ V̂Î#…Õx #¶ Ç̀# =OQ®_È=òÌ„á [iy# „¬sH›Æ…Õ 50 „¬sHÆê öHÆã`Œ�…Õ QË V̂Î=ò�Ì„á x~¡Þ‚²ìOz#
J V̂Î¼†Ç°#O…Õ D H÷Ok „¦¬e`Œ�° #"³¶ Î̂° J~ò<Œ~ò.

XH› Ì‚ìHê“~¡°ä›½ =zó# kQ®°|_y     öHÆã`Œ� ‹¬OY¼

31 - 35 2

36 - 40 3

40 - 45 8

46 - 50 12

50 - 55 16

56 - 60 5

60 - 65 2

65 - 70 2

Ì„á öHÆã`Œ�…Õx ‹¬~Œ‹¬iQê =zó# kQ®°|_y 50 H÷ÞO\ìˆ×Ã¤ J~ò# "Œx q‹¬ë$u =°i†Çò ãH›=°qKÇ�<Œ#°
H›#°Qù#°=ò.
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ª� V̂Î#:

Ì‚áìHê“~¡°ä›½ ‡ÚOk# öHÆã`Œ�  =° V̂Î¼ i
i

x a
u

h

−
= i if u 2

iu  2
i if u

kQ®°|_y (H÷ÞO.�…Õ) ‹¬OY¼ q�°=

31 - 35 2 33 -3 -6 9 18

36 - 40 3 38 -2 -6 4 12

41 - 45 8 43 -1 -8 1 08

45 - 50 12 48 0 0 0 0

51 - 55 16 53 1 16 1 16

56 - 60 5 58 2 10 4 20

61 - 65 2 63 3 6 9 18

66 - 70 2 68 4 8 16 32

50 20 124

5, 48h a= =

( )

( )
( )=

=

 
 
  

− −
−

σ = = = =

∑
∑

2

22 1

2 1

20
124

124 8 5850

50 50 25

n

i in
i

i i
i

x

f y

f y
N

N

∴q‹¬ë$u = σ = σ = × =
2 2 2 58

25 58
25

x yh  (‹¬°=¶~¡°Qê)

ãH›=° qKÇ�#O = σ = + σ = =
2 58 7.61x x  (‹¬°=¶~¡°Qê)
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5. D ãH÷Ok qƒV’[#…Õ Wzó# 230 "Í̀ Ç<Œ� q‹¬ë$u, ãH›=° qKÇ�<Œ�ä›½ H›#°Qù#=ò?

"Í̀ Ç<Œ�°    =¼ä›½ë� ‹¬OY¼

70 Ð 80 12

80 Ð 90 18

90 Ð 100 35

100 Ð 110 42

110 Ð 120 50

120 Ð 130 45

130 Ð 140 20

140 Ð 150 08

ª� V̂Î#:

"Í̀ Ç<Œ�° (~¡¶II…Õ)  =¼ä›½ë� ‹¬OY¼ Ç̀~¡Q®u =° V̂Î¼ i
i

x a
u

h

−
= i if u 2

iu
2

i if u

    if    ix

70 - 80     12  75 -3 -36 9 108

80 - 90     18  85 -2 -36 4 72

90 - 100     35  95 -1 -01 1 35

100 - 110    42 105 0 0 0 0

110 - 120    50 115 1 50 1 50

120 - 130    45 125 2 90 4 180

130 - 140    20 135 3 60 9 180

140 - 150    08 145 4 32 16 128

   230 125 753

10, 105h a= =
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( )
2

2

2 2

i i
i i

f u
f u

Nh
N

 
 −
 

∴σ =  
 
 
 

∑
∑

( )
2

2

125
753

23010
230

 
 −
 =
 
 
  

2
753 125

100
230 230

  
 = −  
   

∴ q‹¬ë$u ( )2
100 3.27 0.29 298σ = − =

ãH›=° qKÇ#�O 2 298 17.3= σ = + σ = + =  (‹¬°=¶~¡°Qê).

6. XH› „¬@“}=ò…Õx XH› ‡�~”¡‰§�…Õ „¬xKÍ†ÇòKÇ°#ß L‡� V̂¥¼†Çò� =†Ç°‹¬°x� „¬\÷“H› D H÷O Î̂ W=Þ|_y#k.
=†Ç°‹¬°x(‹¬OII�…Õ): 20-25 25-30 30-35 35-40 40-45 45-50 50-55 55-60
L‡� V̂¥¼†Çò� ‹¬OY¼: 25 110 75 120 100 90 50 30
J~ò<Œ ªé‡�# qKÇ�# „¬̂ Îœu# q‹¬ë$u =°i†Çò ãH›=° qKÇ�<Œ�° H›#°Qù#=ò?

ª� V̂Î#:

=†Ç°‹¬°x L‡� V̂¥¼†Çò� ix iu i if u 2
iu

2
i if u

‹¬OY¼
20 - 25 25 22.5 -3 -75 9 225
25 -30 110 27.5 -2 -220 4 440
30 - 35 75 32.5 -1 -75 1 75
35 - 40 120 37.5 0 0 0 0
40 - 45 100 42.5 1 100 1 100
45 - 50 90 47.5 2 180 4 360
50 - 55 50 52.5 3 150 9 450
55 - 60 30 57.5 4 120 16 480

600 180 2130

5, 37.5h a= =



qƒ�’[# Hù
 Ç̀
°

634 Q®}÷̀ ÇO H›Þ‰×ó<£ ƒì¼OH±

( )
2

2

2 2

i i
i i

f u
f u

Nh
N

 
 −
 

∴σ =  
 
 
 

∑
∑

( )
2

2

180
2130

6005
600

 
 −
 =
 
  
 

( )2130 54 2016
25 86.5

600 24

−
= = =

∴q‹¬ë$u 2 86.5= σ =

ãH›=° qKÇ�#=ò 2 86.5 9.3= σ = + σ = =

7. D H÷Ok Î̂̀ ŒëO‰×=ò#ä›½ ªé‡�# qKÇ�# „¬̂ Îœu# q‹¬ë$u =°i†Çò ãH›=° qKÇ�<Œ�° Q®}÷OKÇ°=ò.

=†Ç°‹¬°x (‹¬OII�…Õ): 25-30 30-35 35-40 40-45 45-50 50-55

=¼ä›½ë� ‹¬OY¼ : 70 51 47 31 29 22

=†Ç°‹¬°x =¼ä›½ë� ‹¬OY¼ ix
i

i
x a

u
u

−
= i if u 2

iu
2

i if u

(‹¬OII�…Õ) if

25 - 30 70 27.5 -2 -140 4 280

30 - 35 51 32.5 -1 -51 1 51

35 - 40 47  a 0 0 0 0

40 - 45 31 42.5 1 31 1 31

45 - 50 29 47.5 2 58 4 116

50 - 55 22 52.5 3 66 9 198

250 -36 676



qƒ�’[# Hù
 Ç̀
°

Q®}÷̀ ÇO H›Þ‰×ó<£ ƒì¼OH± 635

5, 37.5h a= =

( )
2

2

2
−

σ =

∑
∑ i i

i i

u

f u
f u

N

N

( )
2

36
676

250

250

−
−

=

676 5.184 670.816
2.683

250 250

−
= = =

2 2 2. 67.075 67.08∴σ = σ = =x uh

∴ q‹¬ë$u σ = =
2

67.075 67.08x

ãH›=° qKÇ�#=ò +σ = σ = + =
2 67.075 8.19x x

---
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†Ç¶^Î$zó	H› ã„¬†³¶Qê�° =°i†Çò „¦¬°@#�°
³̂á#Ok# rq Ç̀=ò…Õ ãH÷ïH\ ̃=¶¼KŸ…Õ W~¡°=ô~¡° ª ~¡̂ !Î°#° \ì‹¹ "Íª ë~¡°.  \ì‹¹ "Í†Ç°_ÈO J<Ík KÇ~¡¼…Õ ƒç=°à,

ƒç~¡°‹¬° J<Ík ï~O_È° J=Hê‰§#°.  WH›ø_È <Œ}ÿ=ò x\ì~¡°Qê „¬_È_ÈO [~¡Q®̂ Î°.

=°~Ë L^¥‚¬ì~¡}Qê ‡ zH› "Í†Ç°_¨xß f‹¬°HùO^¥=ò WH›ø_È P~¡° J=Hê‰§#° =ô<Œß~ò.  Jq : 1, 2, 3,
4, 5 =°i†Çò 6 (WH›ø_È ã„¬u =òY=òÌ„á XHùøH›ø ‹¬OY¼ Q®# Î̂°.)

U ³̂á<Œ „¦¬e Ç̀=ò xKÇ°ó „¬xx ã„¬†³¶Q®=ò JO\ì=ò.  ª !̂¥~¡}OQê XH› ã„¬†³¶QêxH÷ qq !̂Î ~¡Hê#
„¦¬e Ç̀=ò#° ~Œ=_¨xH÷ J=Hê‰×=òOk.  ã„¬u „¦¬e Ç̀=ò ‹¬O|qOKÇ_¨xH÷ ‹¬=¶# J=Hê‰§#° Q®#=ô.  D ‡ ~”¡¼
ƒ!ìQ®=ò…Õ =°#=ò qq !̂Î ã„¬†³¶Qê#° "Œ\÷ „¦¬e`Œ# Q®°iOz q‰õÁ+²ª ë=ò.

�HÆê¼�° :

D ‡ ~”¡¼ ƒ!ìQ®=ò KÇkq# Ç̀~ŒÞ Ç̀ g°~¡°.

� †Ç¶ Î̂$zójH› ã„¬†³¶Q®=ò †³òH›ø J~ŒÖxß =°i†Çò L^¥‚¬ì~¡}#° W=ÞQ®#°Q®°`Œ~¡°.

� †Ç¶ Î̂$zójH› ã„¬†³¶Qê#…Õ J=Hê‰§# †³òH›ø ã‡ =òY¼ Ç̀#° q=iOKÇQ®#°Q®°`Œ~¡°.

� XH› ã„¬†³¶Q®O †³òH›ø ‰§O„¬ô…˜ P=~¡}#° x~¡ÞzOKÇQ®#°Q®°`Œ~¡°.

� Wzó# ã„¬†³¶Q®O †³òH›ø ‰§O„¬ô…˜ P=~¡}#° ~Œ†Ç°Q®#°Q®°`Œ~¡°.

� qq !̂Î ~¡Hê# „¦¬°@##° J#Qê „¬~¡‹¬æ~¡ q=iû̀ Ç „¦¬°@##°, ‹¬=°‹¬O|# „¦¬°@##°, „¬î~¡â„¦¬°@##°.

� ‹¬Þ Ç̀Oã Ç̀ =°i†Çò J‹¬Þ Ç̀Oã Ç̀ „¦¬°@# =° !̂Î¼ =¼`Œ¼ª xß Q®°iëOKÇQ®#°Q®°`Œ~¡°.

=òMì¼O‰§�° :

� U ³̂á<Œ „¦¬e Ç̀=ò xKÍó H›$ Ç̀=ò##° ã„¬†³¶Q®=ò JO\ì=ò.
� XöH q !̂Î"³°Ø# „¬i‹²Ö̀ Ç°#…Õ P ã„¬†³¶Qêxß Zxß ª ~¡Á~ò# KÍ†Ç°_¨xH÷ g#°O_t U „¦¬e Ç̀=ò =‹¬°ëO^Ë =òO Í̂

K³„¬æ…èx ³̂á LO_Í ã„¬†³¶Qêxß †Ç¶ Î̂$zójH› ã„¬†³¶Q®O JO\ì=ò.
� †Ç¶ Î̂$zójH› ã„¬†³¶Q®O †³òH›ø #„¦¬ò „¦¬°@## ‹¬q°ux ‰§O„¬ô…˜ P=~¡} JO\ì=ò.  ^¥x =ü#Hê##°

‰§O„¬ô…˜ aO Î̂°=ô#° JO\ì=ò.
� ‰§O„¬ô…˜ P=~¡}…Õx Hùxß #„¦¬ò „¦¬°@##° Wzó# x†Ç°=¶##° ̀ Ç$„²ë„¬iÀ‹ë ̂ ¥xx „¦¬°@# JO\ì=ò.   ï~O_È°

…è̂ ¥ JO Ç̀H›O>è Zä›½ø= „¦¬°@##…Õ U ³̂á# XH› „¦¬°@# q°Q®̀ Œ „¦¬°@## H›O>è Zä›½ø=Qê ‹¬Oƒ!’q‹¬°ëOk
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J#_¨xH÷ Hê~¡}O Uq°…èH› ‡é Í̀ J@°=O\÷ „¦¬°@###° ‹¬=°qƒ!’[# „¦¬°@##° JO\ì=ò.
� ï~O_È° …è̂ ¥ JO Ç̀H›O>è Zä›½ø= „¦¬°@##…Õ U ³̂á# XH› „¦¬°@# ‹¬Oƒ!’qOKÇ_ÈO q°Q®̀ Œ „¦¬°@## ‹¬Oƒ!’"Œxß

x~Ëk!OKÍ@@°Á LO>è J@°=O\÷ „¦¬°@##ä›½ „¬~¡‹¬æ~¡ q=iû̀ Ç „¦¬°@##° JO\ì=ò.
� XH› †Ç¶ Î̂$zójH› ã„¬†³¶Q®O…Õx ï~O_È° …è̂ ¥ JO Ç̀H›O>è Zä›½ø= „¦¬°@##…Õ P ã„¬†³¶Q® „¦¬e Ç̀O "Œ\÷…Õ XH›

^¥xïHá# K³O Í̂@@°Á LO>è J@°=O\÷ „¦¬°@###° „¬î~¡â„¦¬°@##° JO\ì=ò.
� „¦¬°@## ‹¬=ò^¥†Ç°O…Õ XH› „¦¬°@# ã„¬ƒ!ì==ò W Ç̀~¡ „¦¬°@##Ì„á …è#@“~ò Í̀ J…ìO\÷ „¦¬°@###° ‹¬Þ Ç̀Oã Ç̀

„¦¬°@##° JO\ì=ò.  …èxKË J‹¬Þ Ç̀Oã Ç̀ „¦¬°@##° JO\ì=ò.

I. Ju‹¬Þ�æ ‹¬=¶ ̂¥# ã„¬‰×ß�° (1 =¶~¡°ø)

1. XH› <Œ}ìxß =ü_È°ª(~¡°Á ZQ®°~¡"Í‹² ã„¬uª(i „¦¬e`Œxß ‰§O„¬ô…˜ P=~¡} ~Œ†Ç°O_<.

ª( =̂Î#:  S = {TTT, TTH, THT, HTT, HHT, HTH, THH, HHH}

‰§O„¬ô…˜ P=~¡}…Õx =ü#Hê# ‹¬OY¼ « 2 þ 2 þ 2 « 8

2. J~ò Î̂°Q®°~¡° P@Qêˆ×Ã¤ A, B, C, D =°i†Çò E #°O_< W Î̂í~¡° P@Qêˆ×¤#° =¶¼KŸ Hù~¡ä›½ Z#°ßä›½<Í
ã„¬†³¶Q®„¬ô ‰§O„¬ô…˜ P=~¡} ~Œ†Ç°O_<.

ª( =̂Î#:    S = {AB, AC, AD, AE, BC, BD, BE, CD, CE, DE}

  ∴n(S) = 10.

3. P~¡° q Ç̀ë<Œ�° "Í†Ç°O_< Zxß q Ç̀ë<Œ�° "³ò�ïH`Œë†³¶ ~Œ†Ç°O_<.

ª( =̂Î#:        S = {0, 1, 2, 3, 4, 5, 6}

 n(S) = 7

4. =ü_È° <Œ}ì�#° XöHª(i ZQ®°~¡"ÍÀ‹ ã„¬†³¶Q®O †³òH›ø ‰§O„¬ô…˜ P=~¡}#° ~Œ†Ç°O_<.

ƒç=°àÐH, ƒç~¡°‹¬°ÐT

ª( =̂Î#:   S = {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}

 n(S)  « 2 þ 2 þ 2 « 8

5. 6 Zã~¡ |O Ç̀°�°, 4 ̀ ³�Á |O Ç̀°�° =°i†Çò 5 he |O Ç̀°�° H›ey# Ì„>ÿ“…Õ #°O_< XH› |Oux †Ç¶ Î̂$zó	H›OQê
f†Ç°|_<#q. D ã„¬†³¶Q®„¬ô ‰§O„¬ô…˜ P=~¡}…Õ Zxß =ü�Hê�° LO\ì~ò?

ª( =̂Î#: =ü#Hê# ‹¬OY¼ « |O Ç̀°# ‹¬OY¼

« 6{4{5 « 15
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II. ‹¬Þ�æ ‹¬=¶ ̂¥# ã„¬‰×ß�° (2 =¶~¡°ø�°)

1. ‡(~”¡‰§� #°O_< XH› q^¥¼iÖx x‘(æH÷ÆH›OQê f‹¬°HË=_ÈO XH› †Ç¶ Î̂$zó	H› ã„¬†³¶Q®O Jx x~¡¶„²OKÇO_<.

ª( =̂Î#:Z) D ã„¬†³¶Qêxß Zxßª ~¡Á~ò<Œ KÍ†Ç°_¨xH÷ g#°Ok.

a) XH› q^¥¼iÖx f‹¬°ä›½<Í ã„¬†³¶Q®O…Õ U q^¥¼iÖïHá<Œ ‹¬=¶# J=Hê‰×O LOk. Hê=ô# „¦¬e Ç̀=ò =òO Í̂
K³„¬æ…èx ³̂á LO@°Ok. Hê=ô# Wk XH› †Ç¶ Î̂$zójH› ã„¬†³¶Q®O.

2. Q®}# „¬iH›~¡=ò g° Î̂ ï~O_È° ‹¬OY¼�#° ä›t_È_ÈO †Ç¶ Î̂$zó	H› ã„¬†³¶Q®O Hê Î̂°. x~¡¶„²OKÇO_<.

ª( =̂Î#: ï~O_È° ‹¬OY¼#° ä›�_È_ÈO Zxßª ~¡Á~ò<Œ KÍ†Ç°_¨xH÷ g#°#ß„¬æ\÷H© ^¥x „¦¬e Ç̀=ò T‚²ìOKÇ|_ÈQ®# Î̂°.
Hê=ô# Wk †Ç¶ Î̂$zójH› ã„¬†³¶Q®O Hê Î̂°.

3. XöHª(i ï~O_È° ‡(zH›�#° ^ùiÁOKÍ ã„¬†³¶Q®„¬ô ‰§O„¬ô…˜ P=~¡} ~Œ†Ç°O_<.

ª( =̂Î#: ‡ zH›#° ^ùiÁOz#„¬ô_È° =KÍó #„¦¬ò „¦¬°@##° 1, 2, 3, 4, 5, 6.

∴ ï~O_È° ‡ zH›##° ̂ ùiÁOKÍ ã„¬†³¶Q®„¬ô ‰§O„¬ô…˜ P=~¡} « {(1, 1), (1, 2), (1, 3), (1, 4), (1, 5), (1,6)

      (2, 1), (2, 2), (2, 3), (2, 4), (2, 5), (2, 6)

      (3, 1), (3, 2), (3, 3), (3, 4), (3, 5), (3, 6)

      (4, 1), (4, 2), (4, 3), (4, 4), (4, 5), (4, 6)

      (5, 1), (5, 2), (5, 3), (5, 4), (5, 5), (5, 6)

(6, 1), (6, 2), (6, 3), (6, 4), (6, 5), (6, 6)}

4. XH› <Œ}ìxß ï~O_È°ª(~¡°Á ZQ®°~¡"ÍÀ‹ ã„¬†³¶Q®O…Õ ‰§O„¬ô…˜ P=~¡}#° ~Œ†Ç°O_<.

ª( =̂Î#: H #° ƒç=°à`Ë  T x ƒç~¡°‹¬°`Ë ‹¬¶zª ë=ò.

S  =  {(H, H), (H, T), (T, H), (T, T)}
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5. =òQ®°¾~¡° „²�Á�°#ß "Í~¡° "Í~¡° ä›½@°Oƒì�#° f‹¬°HùO^¥=ò.  D ã„¬†³¶Q®=ò…Õ "³ò Î̂\÷, ï~O_È= =°i†Çò
=ü_È= a_ÈÛ� eOQ®̀ ŒÞxß ã„¬tßOKÍ ‰§O„¬ô…˜ P=~¡} ~Œ†Ç°O_<.

ª( =̂Î# :  JƒìÄ~òx H =°i†Çò  J=¶à~òx G J#°ä›½O>è D H÷Ok „¬@=ò xià^¥í=ò.

‰§O„¬ô…˜ P=~¡}

S  =  {BBB, BBG, BGB, BGG, GBG, GGB, GGG}

n(S) = 2 ×  2 ×  2 = 8

6. XH› <Œ}ìxß ï~O_È° ª(~¡°Á ZQ®°~¡"Í†Ç°O_< ï~O_È= ª(i ƒç=°à =zó#KË ‡(zH›#° ^ùiÁOKÇO_< …èxKË =°m¤
<Œ}ìxß ZQ®°~¡ "Í†Ç°O_<.

ª( =̂Î# : D ã„¬†³¶Qêxß =$H›Æ„¬@=ò ^¥Þ~Œ D H÷Ok q !̂ÎOQê KÇ¶„¬Qê

S = {HH1, HH2, HH3, HH4, HH5, HH6, HTH, HTT,

         TH1, TH2, TH3, TH4, TH5, TH6, TTH, TTT}

D ã„¬†³¶QêxH÷ 16 #„¦¬ò „¦¬°@##° L<Œß~ò.
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7. XöH ‹¬=°†Ç°O…Õ =ü_È° <Œ}ì�#° ZQ®°~¡"ÍÀ‹ ã„¬†³¶Qêxß E J#°HùO^¥=ò.  D H÷Ok x†Ç°=¶�#°
Ç̀$„²ë„¬iKÍ „¦¬°@#�#° =°i†Çò �„¦¬ò „¦¬°@#�#° ~Œ†Ç°O_<.

(i) ƒç~¡°‹¬°� H›O>è ƒç=°à�° Zä›½ø=Qê LO_È\ìxH÷

(ii) ï~O_È° ƒç=°à�° ~Œ=_¨xH÷

ª( =̂Î# :

∴ ‰§O„¬ô…˜ P=~¡} S

S = {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}

ƒç=°à#°, ƒç~¡°‹¬°# H›O>è Zä›½ø= LO_Í „¦¬°@##° E
1 
J#°HùO>è ï~O_È° ƒç=°à#° LO_Í „¦¬°@##° E

2

J#°HùO^¥=ò.

E
1  

= {W1, W2, W3, W5}

E
2  

= {W2, W3, W5}

8. XH› \© Ì„>ÿ“…Õ 4 H›„¬C�° =°i†Çò 4 ª(‹¬~Ÿ�° L<Œß~ò. H›„¬C�#° f‹¬°ïHo¤ ª(‹¬~Ÿ�Ì„á LOKÍ ã„¬†³¶Q®„¬ô
‰§O„¬ô…˜ P=~¡} ~Œ†Ç°O_<.

ª( =̂Î# : H›„¬C##° 1 2 3 4C ,C ,C ,C  Qê

ª ‹¬~Ÿ##° 1 2 3 4S ,S ,S ,S  Qê J#°ä›½O>è

‰§O„¬ô…˜ P=~¡} « {C1S1, C1S2, C1S3, C1S4, C2S1, C2S2, C2S3, C2S4, C3S1, C3S2,

      C3S3, C3S4, C4S1, C4S2, C4S3, C4S4 }
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9. <Œ�°Q®° <Œ}ì�#° ZQ®°~¡"ÍÀ‹ ã„¬†³¶Q®„¬ô ‰§O„¬ô…˜ P=~¡} ~Œ†Ç°O_<.

ª( =̂Î#: ƒç=°à#° H, ƒç~¡°‹¬°#° T J#°ä›½O>è <Œ#°Q®° <Œ}ì##° ZQ®°~¡"ÍÀ‹ ‰§O„¬ô…˜ P=~¡}…Õ 24 = 16

#„¦¬ò „¦¬°@##° LO\ì~ò. Jq :

S = {HHHH, HHHT, HHTH, HTHH, HHTT, HTHT, HTTH,

      HTTT, THHH, THHT, THTH, THTT, TTHH, TTHT TTTH, TTTT }

10. n <Œ}ì�#° ZQ®°~¡"ÍÀ‹ ã„¬†³¶Q®„¬ô ‰§O„¬ô…˜ P=~¡}…Õ Zxß aO Î̂°=ô�° LO\ì~ò?

ª( =̂Î#: XH› <Œ}ìxß ZQ®°~¡"Í‹²# ƒç=°à (H), ƒç~¡°‹¬°#° (T) ï~O_È° aO Î̂°=ô#° LO\ì~ò. n <Œ}ì##° ZQ®°~¡"ÍÀ‹
ã„¬†³¶Q®„¬ô ‰§O„¬ô…˜ P=~¡}…Õ

« 2 þ 2 þ 2 þ..... n ª ~¡°Á

« n2 aO Î̂°=ô#° LO\ì~ò.

11. XöHª(i ï~O_È° ‡(zH›�#° ^ùiÁOKÍ ã„¬†³¶Q®„¬ô ‰§O„¬ô…˜ P=~¡}…Õ Zxß ‰§O„¬ô…˜ aO Î̂°=ô�° LO\ì~ò?

ª( =̂Î#: XH› ‡ zH›#° ^ùiÁOz# 1, 2, 3, 4, 5, 6 #„¦¬ò „¦¬°@##° (J#Qê 6) LO\ì~ò.

∴ XöHª i ï~O_È° ‡ zH›##° ^ùiÁOz# ‰§O„¬ô…˜ aO Î̂°=ô#° « 6þ6 « 62 « 36.
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‹¬Oƒ�ì=¼ Ç̀
=°# x Ç̀¼rq Ç̀O…Õ Z Î̂°~ùø<Í Hùxß ̂ Î$yÞ+¬†Ç¶�#° HùxßO\÷x „¬ijeOKÇ°^¥O.  D ~ËA =~¡ÂO ~Œ=KÇ°ó#°.

…è̂ ¥ 'ƒ3ì~¡̀ Ç̂ Í‰×O ãH÷ïH\˜ =¶¼KŸ ïQ�°‡ÚO Î̂=KÇ°óÑ …è̂ ¥ XH› L^Ë¼QêxH÷ <Í#° ZO„²H› Hê=KÇ°ó "³ò Î̂�Q®°#q
Jxtó`Œ�°.  g\÷x =¶„¬#=ò KÍ†Ç°_ÈO Z…ì? D Jxtóux =¶„¬#=ò KÍ†Çò@ä›½ Q®}÷̀ Ç‰§GO…Õ XH› qƒ3ìQ®O
L#ßk.  ^¥x<Í ‹¬Oƒ3ì=¼`Œ"Œ Î̂O JO\ìO.  ‹¬Oƒ3ì=¼`Œ "Œ Î̂O.  Wzó# „¦¬°@# †³òH›ø ‹¬Oƒ3’"Œxß =¶„¬#=ò
KÍ†Çò@ä›½ ~¡¶‡ÚOkOKÇ|_\#k.  JO>è ‹¬Oƒ3ì=¼ Ç̀ JxtóuH÷ =¶„¬#O J#ß=¶@.  XH› <Œ}ìxß ZQ®°~¡"Í‹²#„¬ô_È°
ƒç=°à ‹¬Oƒ3’qOKÇ=KÇ°ó …è̂ ¥ ‹¬Oƒ3’qOKÇH›‡é=KÇ°ó.  J Í̂q 3̂Î=òQê XH› ‡bzH›#° ̂ ùiÁOz#„¬ô_È° 6Q®� =òY=ò Ì„áH÷
~Œ=KÇ°ó#° …è̂ ¥ ~ŒH›‡é=KÇ°ó#°.

D ‡b~”¡O…Õ =°#=ò ‹¬Oƒ3ì=¼ Ç̀ä›½ ‹¬O|Ok3Oz#  Hùxß =°¿eH› ƒ3ì=#�#° =°i†Çò ‹¬Oƒ3ì=¼`Œ ‹¬OH›�#
=°i†Çò �|œ ‹²̂ ¥œO`Œ�#° J#°=iëOKÇ°@ x Ç̀¼rq Ç̀O…Õ ̀ ³�°‹¬°ä›½O\ìO.

�HÆê¼�° :

D ‡b~”Œ¼O‰×=ò KÇkq# Ç̀~¡°"Œ Ç̀, g°~¡° D ãH÷Ok q+¬†Ç¶�ä›½ ‹¬O|Ok3Oz# J=Qê‚¬ì# ‡ÚO Î̂Q®�~¡°.

1. XH› „¦¬°@# ‹¬Oƒ3’qOKÇ°@ä›½ ‹¬Oƒ3ì=¼ Ç̀#° x~¡ÞzOKÇQ®�~¡°.

2. U „¦¬°@# ‹¬Oƒ3ì=¼ Ç̀†³Ø°##¶ 0 =°i†Çò 1 � =° 3̂Î¼ LO_È°#x L^¥‚¬ì~¡}� ^¥Þ~Œ ³̀�°‹¬°Hù#Q®�~¡°.

3. ‹¬Oƒ3ì=¼ Ç̀…Õ ‹¬=°‹¬¼�° ªbk3OKÇ°@ä›½ ã„¬ªbë~Œ�° =°i†Çò ‹¬O†³¶Qê�ä›½ ‹¬O|Ok3Oz# *ìý#=ò J=‹¬~¡=ò.

4. ‹¬Oƒ3ì=¼ Ç̀Ì„á ‹¬OH›�# ‹²̂ ¥œO Ç̀=ò#° x~¡ÞzOKÇ°@, |°°A=ô KÍ†Çò@ =°i†Çò qq 3̂Î x†Ç¶=°Hê�ä›½ ‹²̂ ¥œO Ç̀=ò
‡ÚO Í̂ ~¡¶‡b�#° Q®°iOz ̀ ³�°‹¬°Hù#Q®�~¡°.

5. „¬~¡‹¬æ~¡ q=iû̀ Ç „¦¬°@#�ä›½ ‹¬Oƒ3ì=¼`Œ ‹¬OH›�# ‹²̂ ¥œO Ç̀O#° ªb 3̂¥~¡}©H›iOKÇQ®�~¡°.

6. U"³á# ï~O_È° „¦¬°@#�ä›½, ‹¬Oƒ3ì=¼`Œ �|œ ‹²̂ ¥œO Ç̀=ò#° ã„¬=iOKÇ°@ Q®°iOz ̀ ³�°‹¬°ä›½O\ì~¡°.

7. ‹¬Þ Ç̀Oã Ç̀ „¦¬°@#�ä›½, ‹¬Oƒ3ì=¼`Œ �|œ ‹²̂ ¥œO Ç̀=ò#° ã„¬=iOKÇQ®�~¡°.

8. ‹¬Oƒ3ì=¼`Œ ‹¬OH›�# =°i†Çò �|œ ‹²̂ ¥œO Ç̀=ò�#°„¬†³¶yOz ‹¬=°‹¬¼�#° ªbk3OKÇQ®�~¡°.

9. XH› „¦¬°@# †³òH›ø x†Ç° Ç̀ ‹¬Oƒ3ì=¼ Ç̀#° x~¡ÞzOKÇQ®�~¡°.

10. x†Ç° Ç̀ ‹¬Oƒ3ì=¼ Ç̀#°„¬†³¶yOz ‹¬=°‹¬¼�#° ªbk3OKÇQ®�~¡°.
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=òMì¼O‰§�°

1. ‹¬Oƒ�ì=¼`Œ ‹¬OH›�# ‹²̂ ¥œO Ç̀O : ‰§O„¬ô…˜ P=~¡}O  S …Õ A  =°i†Çò B �° ï~O_È° „¦¬°@#�° J~ò Í̀

P(A …è̂ ¥ B) = P(A) + P(B) − P (A  =°i†Çò B )

2. „¬~¡‹¬æ~¡ q=iû̀ Ç „¦¬°@#�ä›½ ‹¬Oƒ�ì=¼`Œ ‹¬OH›�# ‹²̂ ¥œO Ç̀=ò : A  =°i†Çò B �° ï~O_È° „¬~¡‹¬æ~¡ q=iû̀ Ç

„¦¬°@#�° J~ò Í̀

P(A …è̂ ¥ B) = P(A ∪  B) = P(A) + P(B)

3. „¬~¡‹¬æ~¡ q=iû̀ Ç „¦¬°@#�° : ï~O_È° …è̂ ¥ JO Ç̀H›O>è Zä›½ø= „¦¬°@#�…Õ U „¦¬°@# ‹¬Oƒ3’="³°Ø<Œ, q°Q®̀ Œ

„¦¬°@#�…Õ =°~Ë ^¥x ‹¬Oƒ3’"Œxß x~Ëk3OKÍ@@°ÁQê LO>è, J@°=O\÷ „¦¬°@#� ‹¬q°ux „¬~¡‹¬æ~¡ q=iû̀ Ç

„¦¬°@#�° JO\ìO.

4. ‹¬Þ Ç̀Oã Ç̀ „¦¬°@#�° : ï~O_È° „¦¬°@#�° A, B �…Õ XH› „¦¬°@# ‹¬Oƒ3’qOKÇ_ÈO …è̂ ¥ ‹¬Oƒ3’qOKÇH›‡é_ÈO, ï~O_Ë

„¦¬°@# ‹¬Oƒ3’qOKÇ_ÈO …è̂ ¥ ‹¬Oƒ3’qOKÇH›‡é=_ÈOÌ„á ã„¬ƒ3ì="Í°q° …èH›‡é Í̀ A, B �#° ‹¬Þ Ç̀Oã Ç̀ „¦¬°@#�°

JO\ìO.

5. A =°i†Çò B �° ‹¬Þ Ç̀Oã Ç̀ „¦¬°@#�° J~ò Í̀ P(A ∩  B) = P(A) . P(B)

6. A =°i†Çò B ï~O_È° „¦¬°@#�ä›½ P(A ∩  B) = P(A) P(A/B),  P(A) > 0

…è^¥ P(A ∩  B) = P(A)  P(A/B), P(B) > 0

WH›ø_È P(B/A) J#Qê A [iy#„¬C_È° B x†Ç° Ç̀ ‹¬Oƒ3ì=¼ Ç̀,

P(A/B) J#Qê B [iy#„¬C_È° A x†Ç° Ç̀ ‹¬Oƒ3ì=¼ Ç̀ Jx J~¡ÖO

I. Ju‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (1 =¶~¡°ø)

1 ‡'zH›#° XH›ª'i ̂ ùiÁOKÇ_È"³°Ø#k J~ò Í̀ 5 =KÍó ‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#°=ò.

ª' �̂Î#: ‡bzH›#° ^ùiÁOz#„¬ô_È° 6 =òMì�`Ë U =òY"³°Ø# Ì„áH÷ ~Œ=KÇ°ó#°. g\÷…Õ XH›\÷ =¶ã Ç̀"Í° J#°ä›��
„¦¬°@#

( )
1

5
6

P =
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2. XH› <Œ}ìxß ZQ®°~¡"Í‹²#„¬ôæ_È° ƒç=°à ( )H ~Œ=_ÈO ‹¬Oƒ�ì=¼ Ç̀ ZO Ç̀?

ª' �̂Î#: XH› <Œ}ìxß ZQ®°~¡"Í‹²#„¬ôæ_È° ƒç=°à ( )H …è̂ ¥ ƒç~¡°‹¬° ( )T „¬_Í J=Hê‰×=ò#ßk. g\÷…Õ XH›\÷ =¶ã Ç̀"Í°

J#°ä›�� „¦¬°.„¦¬°

( )
1

2
P H∴ =

3. XH› ‡'zH›#° ̂ ùiÁOz#„¬ôæ_È°, ã„¬̂ �¥# ‹¬OY¼ ̂ ùiÁOKÇQ®� ‹¬Oƒ�ì=¼ Ç̀ ZO Ç̀?

ª' �̂Î#: XH› ‡bzH›#° ̂ ùiÁOz#„¬ô_È° 6 =òMì�…Õ U =òY"³°Ø# ̂ ù~¡Á=KÇ°ó#°. g\÷…Õ 2,3 =°i†Çò 5�° =¶ã Ç̀"Í°
‹¬„¦¬…ì�°.

P∴ („¬̂ 3¥# ‹¬OY¼) 
3 1

6 2
= =

4. XH› ‡'zH›#° XH›ª'i ̂ ùiÁOz#„¬ô_È°, 5 Q®� =òYO Ì„áH÷ =KÍó ‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#°=ò.

ª' �̂Î#: XH› ‡bzH›#° ̂ ùiÁOz#„¬ô_È° 6 =òMì�…Õ U =òY"³°Ø# ̂ ù~¡Á=KÇ°ó#°. g\÷…Õ 5 XH›ªbi =¶ã Ç̀"Í° =KÇ°ó#°.

( )
1

5
6

P∴ =

5. ï~O_È° <Œ}è�#° XH›ª'i ZQ®°"Í‹²#„¬ô_È°, H›h‹¬O XH› ƒç~¡°‹¬° =KÍó „¦¬°@# ‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#=ò.

ª' �̂Î#: ï~O_È° <Œ}è�#° ZQ®°~¡"Í‹²#„¬ô_È° �„¦¬ò „¦¬°@#�° 22 4= = . Jq , , , ...HH HT TH TT  H›h‹¬O XH›
ƒç~¡°‹¬°#°  =KÍó „¦¬°~”¡# ‹¬„¦¬…ì� ‹¬OY¼ 3=

3

4
P∴ =

II. ‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (2 =¶~¡°ø�°)

1. XH› ‹¬Oz…Õ 15 Zã~¡x |O Ç̀°�° =°i†Çò 10 #�Á |O Ç̀°�° Q®�=ô. †Ç¶ Î̂$zóWH›OQê XH› |Oux fÀ‹ë Jk
1) Zã~¡x |Ou, 2) #�Áx |Ou J†Í°¼ ‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#°=ò.

ª' �̂Î#: ‹¬Oz…Õ Q®� |O Ç̀°� ‹¬OY¼ 15 10 25= + =

"³ò Ç̀ëO �„¦¬ò „¦¬°@#� ‹¬OY¼ 125 25C =

1) Zã~¡x |O Ç̀°� ‹¬OY¼ 15=
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P∴ (Zã~¡x |Ou ) 
15 3

25 5
= =

2) #�Áx |O Ç̀°� ‹¬OY¼ 10=

P∴ ( #�Áx |Ou) 
10 2

25 5
= =

2. ï~O_È° ‡'zH›�#° XöHª'i ^ùiÁOz#„¬ô_È°  "Œ\÷ =òY�Ì„á Q®� JOïH� "³ò Ç̀ëO 1) 6, 2) 12 J†Í°¼
‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#=ò.

ª' �̂Î#: ï~O_È° ‡bzH›�#° ^ùiÁOz#„¬ô_È° "³ò Ç̀ëO �„¦¬° „¦¬°@#� ‹¬OY¼ 6 6 36= × = .

1) g\÷…Õ "³ò Ç̀ë=ò 6 J†Í°¼ „¦¬°@#�° ( ) ( ) ( ) ( ) ( )1,5 , 2,4 , 3,3 , 4,2 , 5,1

P∴ ( "³ò Ç̀ëO 6) 
5

36
=

2) "³ò Ç̀ë=ò 12 J†Í°¼ „¦¬°@# (6,6)

P∴ ( "³ò Ç̀ëO 12)
1

36
=

3. ï~O_È° ‡'zH›�#° XöHª'i ^ùiÁOz#„¬ô_È° "Œ\÷ =òMì�Ì„á =KÍó ‹¬OY¼� "³ò Ç̀ëO 3 …è̂ ¥ 4KÍ ƒ�ìyO„¬|_Í
‹¬OY¼ JQ®°@ä›½ ‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#°=ò.

ª' �̂Î#: ï~O_È° ‡bzH›�#° ̂ ùiÁOz#„¬ô_È° "³ò Ç̀ëO �„¦¬ò „¦¬°@#� ‹¬OY¼ 6 6 36= × =

g\÷…Õ "³ò Ç̀ëO 3 …è̂ ¥ 4 KÍ ƒ3ìyO„¬|_Í „¦¬°@#�°

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1,2 , 1,3 , 1,5 , 2,1 , 2,2 , 2,4 , 2,6 , 3,1 , 3,3 , 3,5 , 3,6 , 4,2 , 4,4 , 4,5=

( ) ( ) ( ) ( ) ( ) ( )5,1 , 5,3 , 5,4 , 6,2 , 6,3 , 6,6 20=

20 5

36 9
P∴ = =

4. ï~O_È° ‡'zH›�#° XöHª'i ^ùiÁOz#„¬ô_È° "Œ\÷ =òMì�Ì„á =KÍó ‹¬OY¼� "³ò Ç̀ëO 10 H›O>è Zä›½H›= J†Í°¼
‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#°=ò.

ª' �̂Î#: ï~O_È° ‡bzH›�#° ^ùiÁOz#„¬ô_È° �„¦¬ò „¦¬°@#�° 6 6 36= × =

"Œ\÷ =òMì�Ì„á 10 H›O>ÿ Zä›½ø= J†Í°¼ „¦¬°@#�° ( ) ( )5,6 , 6,5 2= =
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( )
2 1

P 10
36 18

∴ > = =

5. ƒìQê H›e„²# 52 p@Á À„H›=òH›ø� H›@“ #°Oz XH› =òH›ø#° fÀ‹ë Jk Zã~¡x =òH›ø J†Í°¼ ‹¬Oƒ�ì=¼ Ç̀#°
H›#°Qù#°=ò.

ª' �̂Î#: À„H› =òH›ø�° 52=

Zã~¡x =òH›ø�° 26=

P (Zã~¡x) 
26 1

52 2
= =

6. ƒìQê H›e„²# 52 p@Á À„H› =òH›ø� H›@“ #°Oz XH› =òH›ø#° fÀ‹ë Jk 1) WÀ‹æ@°, 2) ~ŒA, 3) WÀ‹æ@°…Õx
~ŒA J†Í°¼ ‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#=ò.

ª' �̂Î#: À„H›=òH›ø�° 52=

WÀ‹æ@°�° 13=

~ŒA 4=

WÀ‹æ@°…Õx ~ŒA 1=

∴ 1) WÀ‹æ@° J†Í°¼ ‹¬Oƒ3ì=¼ Ç̀ 
13 1

52 4
= =

2) ~ŒA J†Í°¼ ‹¬Oƒ3ì=¼ Ç̀ 
4 1

52 13
= =

3) WÀ‹æ@°…Õx ~ŒA J†Í°¼ ‹¬Oƒ3ì=¼ Ç̀ 
1

52
=

7. XH› [ Ç̀ ‡'zH›�#° ^ùiÁOz#„¬ô_È° "Œ\÷ =òMì�Ì„á Q®� ‹¬OY¼� "³ò Ç̀ëO 1) ã„¬̂ �¥# ‹¬OY¼, 2) ï~O_È°
‡'zH›� =òMì�Ì„á XöH ‹¬OY¼, 3) XH› ‡'zH› =òY=òÌ„á 2 †³òH›ø Q®°}÷[O =°~ùH› ‡'zH› =òY=òÌ„á 3
†³òH›ø Q®°}÷[O =KÍó ‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#°=ò.

ª' �̂Î#: XH› [ Ç̀ ‡bzH›�#° ^ùiÁOz#„¬ô_È° �„¦¬ò „¦¬°@#�° 6 6 36= × =

1) =òYOÌ„á Q®� ‹¬OY¼� "³ò Ç̀ëO ã„¬̂ 3¥# ‹¬OY¼�° J†Í°¼ „¦¬°@#�° ( ) ( ) ( ) ( )1,1 , 1,2 , 1,4 , 1,6

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )2,1 , 2,3 , 2,5 , 3,2 , 3,4 , 4,1 , 4,3 , 5,2 , 5,6 , 6,1 , 6,5 15=
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P∴ ( "³ò Ç̀ëO ã„¬̂ 3¥# ‹¬OY¼) 
15 5

36 12
= =

2) ï~O_È° ‡bzH›� =òMì�Ì„á XöH ‹¬OY¼ =KÍó „¦¬°@#�° ( ) ( ) ( ) ( ) ( ) ( )1,1 , 2,2 , 3,3 , 4,4 , 5,5 , 6,6 6=

P∴ (XöH ‹¬OY¼) 
6 1

36 6
= =

3) XH› ‡bzH› =òYOÌ„á 2 †³òH›ø Q®°}÷[O, ï~O_È= ‡bzH› =òYOÌ„á 3 †³òH›ø Q®°}÷[O =KÍó „¦¬°@#�°

( ) ( ) ( ) ( ) ( ) ( )2,3 , 2,6 , 4,3 , 4,6 , 6,3 , 6,6 6= =

6 1
P

36 6
∴ = =

8. \©=ò A  bQ®° =¶¼KŸ…Õ ïQ�=_¨xH÷ ‹¬O„¦¬°@# ã„¬uä›q�¼ Ç̀ 5 #°O_r 7 J~ò# bQ®° =¶¼KŸ…Õ \©=òA

ïQeKÍ ‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#°=ò.

ª' �̂Î#: "³ò Ç̀ëO J#°ä›�� ‹¬O„¦¬°@#�° …è̂ ¥ „¦¬°@#�° [~¡Q®_¨xH÷ g�°#ßq 12=

ã„¬uä›��¼ Ç̀ H›e¾#q 7=

ïQeKÍ ‹¬Oƒ3ì=¼ Ç̀ 
7

12
=

9. ƒìQê H›e„²# 52 =òH›ø�° Q®� p@Á À„H› H›@“ #°Oz ï~O_È° =òH›ø� uiy KÍö~ó q �̂Î=òQê f‹²<Œ~¡°. J~ò<Œ
P ï~O_È° =òH›ø�° #�Áxq …è̂ ¥ Zã~¡xq J†Í°¼ ‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#°=ò.

ª' �̂Î#: 52 =òH›ø�…Õ #�Áxq 26 =òH›ø�°, Zã~¡xq 26 =òH›ø�° LO_È°#°.

#�Áxq =KÍó ‹¬Oƒ3ì=¼ Ç̀ 
26

1
52

1

1

2

C

C
= =

…è̂ ¥ Zã~¡xq =KÍó ‹¬Oƒ3ì=¼ Ç̀ 
26

1
52

1

1

2

C

C
= =

10. ï~O_È° ‡'zH›�#° XöHª'i ̂ ùiÁOKŒ~¡°. "³ò Ç̀ëO 5 …è̂ ¥ 7 J†Í°¼ ‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#°=ò.

ª' �̂Î#: ‡bzH›�Ì„á ‹¬OY¼� "³ò Ç̀ëO 5 ~Œ=_¨xH÷ „¦¬°@# ( )1E J#°Hù#°=ò.

‹¬OY¼� "³ò Ç̀ëO 7 ~Œ=_¨xH÷ „¦¬°~”¡# ( )2E  J#°Hù#°=ò.
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( ) ( )1 2
4 6

; ;
36 36

P E P E∴ = =

5 …è̂ ¥ 7 ~Œ=_¨xH÷ ‹¬Oƒ3ì=¼ Ç̀ 
4 6 5

36 36 18
= + = .

11. ( ) 0.3P A =  =°i†Çò ( ) 0.4P B = , ,A B  �° ï~O_È° „¬~¡‹¬æ~¡ q=iû̀ Ç „¦¬°@#�° J~ò# P ( A …è̂ ¥B )
H›#°Qù#°=ò.

ª' �̂Î#: ,A B  �° „¬~¡‹¬æ~¡ q=iû̀ Ç „¦¬°@#�° Hê=ô#

( ) ( ) ( )P A B P A P B∪ = +

( ) 0.3 0.4P A B∪ = +

( ) 0.7P A B∪ = .

III. n~¡É ‹¬=¶ �̂¥# ã„¬‰×ß�° (5 =¶~¡°ø�°)

1. =ü_È° <Œ}ì�#° XöHª'i ZQ®°~¡"Í‹²#„¬ôæ_È° 1) ƒç=°à ~Œä›½O_¨, 2) H›h‹¬O XH› ƒç=°à =KÍó, 3) =ü_È°
ƒç=°à�° =KÍó ‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#°=ò.

ª' �̂Î#: =ü_È° <Œ}ì�#° ZQ®°~¡"Í‹²#„¬ô_È° �„¦¬ò „¦¬°@#�° 2 2 2 8= × × =

Jq.. , , , , , , , ...HHH HHT HTH THH TTH THT TTH TTT

1) ƒç=°à ~Œä›½O_¨ LO_Í „¦¬°@#�° 1=

∴ ƒç=°à ~Œä›½O_È LO_Í ‹¬Oƒ3ì=¼ Ç̀ 
1

8
=

2) H›h‹¬O XH› ƒç=°à =KÍó „¦¬°@#�° 7=

∴ ‹¬Oƒ3ì=¼ Ç̀ 
7

8
=

3) =ü_È° ƒç=°à�° =KÍó „¦¬°@#�° 1=

∴ ‹¬Oƒ3ì=¼ Ç̀ 
1

8
=
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2. XH› ‹¬Oz…Õ 3 Zã~¡x, 6 ̀ ³�Áx =°i†Çò 7 he~¡OQ®° |O Ç̀°�° H›�=ô. P ‹¬Oz #°Oz †Ç¶ �̂Î$zóH›OQê f‹²#
ï~O_È° |O Ç̀°�° ̀ ³�Áxq J†Í°¼ ‹¬Oƒ�ì=¼ Ç̀ H›#°Qù#°=ò.

ª' �̂Î#: "³ò Ç̀ëO |O Ç̀°� ‹¬OY¼ 3 6 7 16= + + =

16 |O Ç̀°� #°O_\ 2 ³̀�Á |O Ç̀°�#° fÀ‹ q 3̂¥<Œ� ‹¬OY¼ 16
2C=

"³ò Ç̀ëO �„¦¬ò „¦¬°@#� ‹¬OY¼ 16
2

16 15
120

1 2
C

×
= =

×

6 ³̀�Á |O Ç̀°� #°O_\ 2 ³̀�Á |O Ç̀°�#°  fÀ‹ q 3̂¥<Œ� ‹¬OY¼ 6
2

6 5
15

1 2
C

×
= =

×

∴ Hê=�‹²# ‹¬Oƒ3ì=¼ Ç̀ 
15 1

120 8
=

3. ƒìQê H›e„²# 52 =òH›ø�° Q®� p@Á À„H› H›@“ #°O_r 3 =òH›ø�#° †Ç¶ �̂Î$zóH›OQê f‹²<Œ~¡°. P =ü_È°
=òH›ø�° *ìH©�° J†Í°¼ ‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#°=ò.

ª' �̂Î#: À„H› =òH›ø�° 52=

52 À„H› =òH›ø�#°O_\ 3 =òH›ø�#° fÀ‹ q 3̂¥<Œ� ‹¬OY¼ 52
3C=

*ìH©�° 4=

4 *ìH©� #°O_\ 3 *ìH©�#° fÀ‹ q 3̂¥<Œ�° 4
3C=

∴ Hê=�‹²# ‹¬Oƒ3ì=¼ Ç̀ 
4

3
52

3

4 3 2 1

52 51 50 5525

C

C

× ×
= = =

× ×

4. XH› À„H› H›@“…Õ Q®� 52 Hê~¡°Û� #°O_r 6 Hê~¡°Û�#° †Ç¶ �̂Î$zóH›OQê f‹²<Œ~¡°. J~ò# P Hê~¡°Û�° 3 Zã~¡xq
=°i†Çò 3 #�Áxq J†Í°¼ ‹¬Oƒ�ì=¼ Ç̀ ZO Ç̀?

ª' �̂Î#: À„H› H›@“ #°O_\ 6 Hê~¡°Û�#° fÀ‹ q 3̂¥<Œ� ‹¬OY¼ 52
6C=

"³ò Ç̀ëO �„¦¬ò „¦¬°@#� ‹¬OY¼ 52
6C=

À„H› H›@“ #°O_\ 3 Zã~¡x Hê~¡°Û�#° 26
3C

q 3̂¥�°Qê =°i†Çò 3 #�Áx Hê~¡°Û�#° 26
3C
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q 3̂¥�°Qê ZO„²H› KÍ†Ç°=KÇ°ó#°.

∴ J#°ä›�� „¦¬°@#� ‹¬OY¼

∴ Hê=�‹²# ‹¬Oƒ3ì=¼ Ç̀ 
26 26

3 3
52

6

C C

C

×
=

26 25 24 26 25 24

1 2 3 1 2 3
52 51 50 49 48 47

1 2 3 4 5 6

× × × ×
×

× × × ×=
× × × × ×

× × × × ×

13000

39151
=

5. XH› ‹¬Oz…Õ 20 ³̀�Áx =°i†Çò 30 #�Áx |O Ç̀°�° H›�=ô. P ‹¬Oz #°O_r †Ç¶ �̂Î$zóWH›OQê f‹²# ï~O_È°
|O Ç̀°�°, 1) f‹²# |Ou uiy ‹¬Oz…Õ KÍö~ó q �̂ÎOQê, 2) f‹²# |Oux uiy ‹¬Oz…Õ KÍ~¡óx q �̂ÎOQê ̀ ³�Á
|O Ç̀°�° J†Í°¼ ‹¬Oƒ�ì=¼ Ç̀ H›#°Qù#°=ò.

ª' �̂Î#: 1) ‹¬Oz…Õ "³ò Ç̀ëO |O Ç̀°� ‹¬OY¼ 20 30 50= + =

"³ò Ç̀ëO ‹¬Oƒ3’"Œ� ‹¬OY¼ 50 50 2500× =

„¦¬°@#ä›½ J#°ä›�� ‹¬Oƒ3’"Œ� ‹¬OY¼ 20 20 400× =

ï~O_È° |O Ç̀°�° ̀ ³�Áxq J†Í°¼ ‹¬Oƒ3ì=¼ Ç̀ 
400 4

2500 25
= =

2) "³ò Ç̀ëO ‹¬Oƒ3’"Œ� ‹¬OY¼, 50 |O Ç̀°� #°Of  2 |O Ç̀°�#° Z#°ßä›½<Í q 3̂¥<Œ� ‹¬OY¼ä›½ ‹¬=¶#=ò.

∴ "³ò Ç̀ë=ò ‹¬Oƒ3’"Œ� ‹¬OY¼ 50
2C

2 ³̀�Áx |O Ç̀°�#° Z#°ßä›½<Í q 3̂¥<Œ� ‹¬OY¼ä›½ ‹¬=¶#=ò 20
2C

∴ f‹²# 2 |O Ç̀°�° ³̀�Áxq J†Í°¼ ‹¬Oƒ3ì=¼ Ç̀ 
20

2
50

2

20 19 38

50 49 245

C

C

×
= = =

×

6. =òQ®°¾~¡° „¬ô~¡°+¬µ�°, W Î̂í~¡° ã‹Ôë�° =°i†Çò 4Q®°~¡° „²�Á�° Q®� ‹¬=ü‚¬ì=ò #°O_r †Ç¶ �̂Î$zóH›OQê #�°Q®°ix
Z#°ßä›½<Œß~¡°. P #�°Q®°i…Õ ‹¬iQê¾ W Î̂í~¡° „²�Á�° LO_Í ‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#°=ò?

ª' �̂Î#: ‹¬=ü‚¬ì=ò…Õ Q®� "³ò Ç̀ëO =°#°+¬µ� ‹¬OY¼ 3 2 4 9= + + =
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9 =°Ok #°O_\ #�°Q®°ix Z#°ßä›½<Í q 3̂¥<Œ� ‹¬OY¼ 9 4C

"³ò Ç̀ëO �„¦¬ò „¦¬°@#� ‹¬OY¼ 9 4C

Z#°ßä›½#ß 4Q®°i…Õ W Î̂í~¡° „²�Á�° ̀ Ç„¬æä›½O_¨ LO_È=…ÿ#°.

#�°Q®°i „²�Á� #°O_\ W Î̂í~¡° „²�Á�#° 4
2C  q 3̂¥�°Qê Z#°ßHË=KÇ°ó#°.

q°ye# W Î̂íix =òQ®°¾~¡° „¬ô~¡°+¬µ�°, W Î̂í~¡° ã‹Ôë� #°O_\ Z#°ßHù#=…ÿ#°. J#Qê q°ye# W Î̂íix 5 =°Ok
#°O_\ ZO„²H› KÍ†Ç°=…ÿ#x J~¡ÖO.

q°ye# W Î̂íix 5
2C  q 3̂¥�°Qê ZO„²H› KÍ†Ç°=KÇ°ó#°.

∴"³ò Ç̀ëO J#°ä›�� „¦¬°@#� ‹¬OY¼ 4 5
2 2C C= ×

∴ Hê=�‹²# ‹¬Oƒ3ì=¼ Ç̀ 
4 5

2 2
9

4

C C

C

×
=

4 3 5 4
6 10 101 2 1 2

9 8 7 6 9 2 7 21

4 3 2 1

× ×
×

×× ×= = =
× × × × ×

× × ×

7. 1 #°O_r 25 =~¡ä›½ ‹¬OY¼�#° "Í‹²# 25 \÷ïH@Á #°Oz †Ç¶ �̂Î$zóWH›OQê XH› \÷ïHø@°“#° ZO„²H› KÍÀ‹ë P \÷ïH@°“Ì„á
Q®� ‹¬OY¼ 5 †³òH›ø Q®°}÷[O J†Í°¼ ‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#°=ò.

ª' �̂Î#: 25 \÷ïH@Á #°O_\ 1 \÷ïH@°“#° 25
1C  q 3̂¥�°Qê ZO„²H› KÍ†Ç°=KÇ°ó#°.

∴"³ò Ç̀ëO �„¦¬ò „¦¬°@#� ‹¬OY¼ 25
1C=

25 \÷ïH@Á…Õ 5 †³òH›ø Q®°}÷*ì�° ‹¬OY¼Qê Q®� \÷ïH@°Á 5, 10, 15, 20, 25

D S Î̂° \÷ïH@Á #°O_\ XH› \÷ïH@°“#° 5 1C  q 3̂¥�°Qê ZO„²H› KÍ†Ç°=KÇ°ó#°.

∴ J#°ä›�� „¦¬°@#�° 5
1C=

∴ Hê=�‹²# ‹¬Oƒ3ì=¼ Ç̀ 
5

1
25

1

5 1

25 5

C

C
= = =
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8. 6Q®°~¡° ƒì�°~¡°, 8 =°Ok ƒìeH›�° Q®� ‹¬=ü‚¬ì=ò #°O_r 5 Q®°~¡° P@Qêˆ×¤ \©"£°#° ZO„²H› KÍ‹²<Œ~¡°.
J~ò# P \©"£°…Õ 2 ƒì�°~¡° =°i†Çò 3Q®°~¡° ƒìeH›�° LO_Í ‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#°=ò.

ª' �̂Î#: ƒì�°~¡° 6=

 ƒìeH›�° 8=

"³ò Ç̀ëO P@Qêˆ×ÃÁ 6 8 14= + =

14 =°Ok #°O_\ 5 Q®°~¡° P@Qêˆ×¤ \©"£°#° ZO„²H› KÍÀ‹ q 3̂¥<Œ� ‹¬OY¼ 14
5C

6 Q®°~¡° ƒì�°~¡ #°O_\ 2 ƒì�°~¡#° Z#°ßä›½<Í q 3̂¥<Œ�° 6
2C  =°i†Çò 8 =°Ok ƒìeH›� #°O_\ 3Q®°~¡°

ƒìeH›�#° Z#°ßä›½<Í q 3̂¥<Œ�° 8 3C

 J#°ä›�� „¦¬°~”¡#� ‹¬OY¼ 6 8
2 3C C×

∴Hê=�‹²# ‹¬Oƒ3ì=¼ Ç̀ 
6 8

2 3
14

5

C C

C

×
=

6 5 8 7 6
601 2 1 2 3

14 13 12 11 10 143

1 2 3 4 5

× × ×
×

× × ×= =
× × × ×

× × × ×

9. ƒìQê H›e„²# 52 =òH›ø�° Q®� À„H› H›@“ #°O_r 3 Hê~¡°Û�#° †Ç¶ �̂Î$zóWH›OQê f‹²<Œ~¡°. P =ü_È° Hê~¡°Û�°
~ŒA, ~Œ}÷ =°i†Çò *ìH© J†Í°¼ ‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#°=ò.

ª' �̂Î#: 52 À„H› =òH›ø� #°O_\ 3 =òH›ø�#° 52
3C  q 3̂¥�°Qê Z#°ßHË=KÇ°ó#°.

"³ò Ç̀ëO �„¦¬ò „¦¬°@#� ‹¬OY¼ 52
3C=

À„H› H›@“…Õ 4 ~ŒA�°, 4 ~Œ}°�°, 4 *ìH©�° LO_È°#°.

4 ~ŒA� #°O_\ 1 ~ŒA#° 4 1C  q 3̂¥�°Qê,

4 ~Œ}°� #°O_\ 1 ~Œ}÷x 4
1C  q 3̂¥�°Qê =°i†Çò

4 *ìH©� #°O_\ XH› *ìH©x 4
1C  q 3̂¥�°Qê ZO„²H› KÍ†Ç°=KÇ°ó#°.

∴J#°ä›�� „¦¬°@#� ‹¬OY¼ 4 4 4
1 1 1C C C= × ×
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∴Hê=�‹²# ‹¬Oƒ3ì=¼ Ç̀ 
4 4 4

1 1 1
52

3

4 4 4 16

52 51 50 5514

1 2 3

C C C

C

× × × ×
= = =

× ×

× ×

10. ï~O_È° ‡'zH›�#° XöHª'i ̂ ùiÁOz# P ï~O_È° ‡'zH›�Ì„á =òMì� "³ò Ç̀ëO 9 …è̂ ¥ 11 J†Í°¼ ‹¬Oƒ�ì=¼ Ç̀#°
H›#°Qù#°=ò.

ª' �̂Î#: ‹¬OY¼� "³ò Ç̀ë=ò 9 =°i†Çò ‹¬OY¼� "³ò Ç̀ë=ò 11 J†Í°¼ „¦¬°@#�° „¬~¡‹¬æ~¡ q=iû̀ Ç „¦¬°@#�°.

P  (9 "³ò Ç̀ëO J†Í°¼) ( ) ( ) ( ) ( )
4

3,6 , 4,5 , 5,4 , 6,3
36

P  = = 

P  (11 "³ò Ç̀ëO J†Í°¼) « ( ) ( )( )
2

P 5,6 , 6,5
36

=

∴ P  ("³ò Ç̀ëO 9 …è̂ ¥ 11) 
4 2 6 1

36 36 36 6
= + = =

11. ï~O_È° ‡'zH›�#° XöHª'i ^ùiÁÀ‹ë "³ò Ç̀ë=ò 7 …è̂ ¥ 12 J†Í°¼ ‹¬Oƒ�ì=¼ Ç̀ä›½ H›#°Qù#°=ò.

ª' �̂Î#: ‹¬OY¼� "³ò Ç̀ëO 7 =°i†Çò ‹¬OY¼� "³ò Ç̀ëO 12 J†Í°¼ „¦¬°@#�° „¬~¡‹¬æ~¡ q=iû̀ Ç „¦¬°@#�°.

∴ P  (7 "³ò Ç̀ëO J†Í°¼) ( ) ( ) ( ) ( ) ( ) ( )
6 1

1,6 , 2,5 , 3,4 , 4,3 , 5,2 , 6,1
36 6

P  = = = 

P  (12 "³ò Ç̀ëO J†Í°¼) ( )
1

6,6
36

P  = = − 

P  ("³ò Ç̀ëO 7 …è̂ ¥ 12) 
1 1 6 1 7

6 36 36 36

+
= + = =

12. ƒìQê H›e„²# p@Á À„H› H›@“ #°O_r XH› Hê~¡°Û#° f‹²<Œ~¡°. f‹²# Hê~¡°Û ~Œ}÷ …è̂ ¥ P s”#° Hê~¡°Û J†Í°¼
‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#°=ò?

ª' �̂Î#: À„H› H›@“…Õx Hê~¡°Û�° 52=

~Œ}÷�° 4=

P s”#°�° 13=

f‹²# Hê~¡°Û ~Œ}÷ J†Í°¼ ‹¬Oƒ3ì=¼ Ç̀ ( )
4

52
P A =
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f‹²# Hê~¡°Û Ps”#°�° J†Í°¼ ‹¬Oƒ3ì=¼ Ç̀ ( )
13

52
P B =

q°ã‰×=° „¦¬°@# ( )A B∩ , XöH XH› ‰§O„²… ̃aO Î̂°=ô#° H›ey LO_È°#°. Jk Ps”#° ~Œ}÷ ( )
1

52
A B∩ =

∴f‹²# Hê~¡°Û ~Œ}÷ …è̂ ¥ P s”#° J†Í°¼ ‹¬Oƒ3ì=¼ Ç̀ 
13 4 1

52 52 52
= + −

16 4

52 13
= =

13. ï~O_È° ‡'zH›�#° XöHª'i ̂ ùiÁOKÍ †Ç¶ �̂Î$zóH› ã„¬†³¶Q®O…Õ

A  ï~O_È° ‡'zH›�Ì„á =òMì� ‹¬OY¼� "³ò Ç̀ëO 8

B : ï~O_È° ‡'zH›�Ì„á XöH ‹¬OY¼ ~Œ=_ÈO

,A B  �° ï~O_È° „¦¬°@#…ÿá# A  …è̂ ¥ B  ‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#°=ò.

ª' �̂Î#: ï~O_È° ‡bzH›�#° XöHªbi ^ùiÁOKÍ †Ç¶ 3̂Î$zóH› ã„¬†³¶Q®O…Õ ‰§O„¬ô…˜ P=~¡}…Õ Q®� ‰§O„²…˜ aO Î̂°=ô�
‹¬OY¼ 6 6 36= × =

A ä›½ J#°ä›�� „¦¬°@#�° ( ) ( ) ( ) ( ) ( ){ }2,6 , 3,5 , 4,4 , 5,3 , 6,2A =

Bä›½ J#°ä›�� „¦¬°@#�° ( ) ( ) ( ) ( ) ( ) ( ){ }1,1 , 2,2 , 3,3 , 4,4 , 5,4 , 6,6B =

( ){ }4,4A B∩ =

( ) ( ) ( )
5 6 1

, ,
36 36 36

P A P B P A B∴ = = ∩ =

A  …è̂ ¥ B‹¬Oƒ3ì=¼ Ç̀

( ) ( ) ( ) ( )P A B P A P B P A B∴ ∪ = + − ∩

5 6 1 10 5

36 36 36 36 18
= + − = =

14. <Œ�°Q®° x‘'æH÷ÆH› <Œ}è�#° ZQ®°~¡ "Í‹²#„¬ôæ_È°, H›h‹¬O XH› ƒç~¡°‹¬° =KÍó ‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#°=ò.

ª' �̂Î#: <Œ�°Q®° <Œ}è�#° ZQ®°~¡"Í‹²#„¬ô_È° ‰§O„¬ô…˜ P=~¡}…Õ 16 ‰§O„²…˜ aO Î̂°=ô�°O_È°#°.

P  (H›h‹¬O XH› ƒç~¡°‹¬°) P=  (1 …è̂ ¥ 2 …è̂ ¥ 4 ƒç~¡°‹¬°�°).
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1 P= −  (0 ƒç~¡°‹¬°)

( )1 P HHHH= −

4 ƒç=°à�° =KÍó „¦¬°@#ä›½ J#°ä›�� „¦¬°@# XH›\÷.

( )
1

16
P HHHH∴ =

∴ P  (H›h‹¬O XH› ƒç~¡°‹¬°) 
1 15

1
16 16

= − =

15. XH› ‹¬Oz…Õ 8 ³̀�Áx =°i†Çò 2 Pä›½ „¬KÇóx |O Ç̀°�° H›�=ô. †Ç¶ �̂Î$zóH›OQê 3 |O Ç̀°�#° f‹²<Œ~¡°. f‹²#
3 |O Ç̀°�…Õ H›h‹¬O XH› Pä›½„¬KÇó |Ou LO_Í ‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#°=ò.

ª' �̂Î#: ³̀�Áx |O Ç̀°�° 8=

Pä›½„¬KÇóx |O Ç̀°�° 2=

∴ ‹¬Oz…Õ Q®� "³ò Ç̀ëO |O Ç̀°� ‹¬OY¼ 8 2 10= + =

3 |O Ç̀°�#° fÀ‹ q 3̂¥<Œ� ‹¬OY¼ 10
3

10 9 8
120

1 2 3
C

× ×
= = =

× ×
 q 3̂¥�°.

H›h‹¬O XH› Pä›½„¬KÇó |Ou LO_Í „¦¬°@# AJ#°Hù#°=ò.

A  „¦¬°@#ä›½ J#°ä›�� „¦¬°@#� Q®°iOz =°#=ò KÇióOKÇ°ä›½O^¥O.

J#°ä›�� „¦¬°@#…Õ 1 Pä›½„¬KÇó |Ou …è̂ ¥ 2 Pä›½„¬KÇó |O Ç̀°�° LO_Í J=Hê‰×O L#ßk.

1 Pä›½„¬KÇó |Ou LO_Í „¦¬°@#�° J#Qê 1 Pä›½„¬KÇó |Ou =°i†Çò 2 ³̀�Áx |O Ç̀°�° Jx J~¡ÖO.

1 Pä›½„¬KÇó |Ou LO_Í „¦¬°@#ä›½ J#¶H›� „¦¬°@#�° 2 8
1 2C C= ×

8 7
2 56

2 1

×
= × =

×

J Í̂q 3̂ÎOQê 2 Pä›½„¬KÇó |O Ç̀°�° LO_Í „¦¬°@#ä›½ J#°ä›�� „¦¬°@#�° 2 8
2 1 1 8 8C C= × = × =

∴H›h‹¬O XH› Pä›½„¬KÇó |Ou LO_Í „¦¬°@#ä›½ ‹¬Oƒ3ì=¼ Ç̀..

P  (H›h‹¬O 1 Pä›½„¬KÇó |Ou) P=  (1 Pä›½„¬KÇó |Ou) P+  (2 Pä›½„¬KÇó |O Ç̀°�°)

56 8 64 8

120 120 120 15
= + = =
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16. XH› ‹¬Oz…Õ 5 he~¡OQ®° |O Ç̀°�° =°i†Çò 10 Zã~¡x |O Ç̀°�° H›�=ô. g\÷ #°O_r 2 |O Ç̀°�#° †Ç¶ �̂Î$zóWH›OQê
uiy KÍö~ó q �̂Î=òQê f‹²#KË P ï~O_È° |O Ç̀°�° he~¡OQ®°q …è̂ ¥ Zã~¡x |O Ç̀°�° J†Í°¼ ‹¬Oƒ�ì=¼ Ç̀#°
H›#°Qù#°=ò.

ª' �̂Î#: ï~O_È° |O Ç̀°�° he ~¡OQ®° |O Ç̀°�° J†Í°¼ „¦¬°@# A  ï~O_È° |O Ç̀°�° Zã~¡x |O Ç̀°�° J†Í°¼ „¦¬°@# B
J#°Hù#°=ò. ,A B�° „¬~¡‹¬æ~¡ q=iû̀ Ç „¦¬°@#�°.

∴ ã‡b Š̂Îq°H› ‹²̂ ¥œO Ç̀O #°O_\

A ä›½ J#°ä›�� „¦¬°@#� ‹¬OY¼ 5 5 25= × =

J Í̂ q 3̂Î=òQê Bä›½ J#°ä›�� „¦¬°@#� ‹¬OY¼ 10 10 100= × =

∴"³ò Ç̀ëO �„¦¬ò „¦¬°@#� ‹¬OY¼ 15 15 225= × =

( )
15 1

225 9
P A = =  =°i†Çò ( )

100 4

225 9
P B = =

A  =°i†Çò B  �° „¬~¡‹¬æ~¡ q=iû̀ Ç „¦¬°@#�° Hê=ô# ( ) ( ) ( )P A B P A P B∪ = +

1 4 5

9 9 9
= + =

17. XH› Ì„>ÿ“…Õx 12 |�°Ä�…Õ 5 „¬xKÍ†Ç°xq. Ì„>ÿ“…Õ #°Oz 3 |�°Ä�#° †Ç¶ �̂Î$zóWH›OQê f‹²#„¬ôæ_È°, "Œ\÷…Õ
H›h‹¬O 2 |�°Ä�° „¬xKÍ†Ç°xq LO>è ‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#°=ò.

ª' �̂Î#: Ì„>ÿ“…Õ L#ß 12 |�°Ä�…Õ 5 …Õ„¬O…Õ L#ßq. q°ye#  7 =°Ozq Ì„>ÿ“ #°O_\ †Ç¶ 3̂Î$zó�H›OQê 3
|�°Ä�#° Z#°ßä›½<Í q 3̂¥�°.

( ) 12
3n s C=

1E  J<Ík f‹²# 3 |�°Ä…Õ 2 |�°Ä�° …Õ„¬O Q®�q J<Í „¦¬°~”¡# ( ) 5 7
1 2 1n E C C= ×

( )
( )

( )
1

1 12
3

10 7 70

220

n E
P E

n s C

×
= = =

( )1
7

22
P E =

ï~O_È° …Õ„¬O LO_È_¨xH÷ 
7 7

2
22 11

= × =

H›h‹¬O 2…Õ„¬O LO_È_¨xH÷ ‹¬Oƒ3ì=¼ Ç̀ 
7 11 7 4

1
11 11 11

−
− = =
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18. ï~O_È° ‡'zH›�#° XöHª'i ̂ ùiÁOz<Œ~¡°.

Z) ï~O_È° ‡'zH›�Ì„á "Í~¡°, "Í~¡° ‹¬OY¼�°

a) ‹¬OY¼� "³ò Ç̀ëO H›h‹¬O 3 J†Í°¼ ‹¬Oƒ�ì=¼ Ç̀�#° H›#°Qù#°=ò

ª' �̂Î#: ï~O_È° ‡bzH›…Õx �„¦¬ò „¦¬°@#� ‹¬OY¼ 36=

( ) 36n s =

Z) ï~O_È° ‡bzH›�Ì„á "Í~¡° "Í~¡° ‹¬OY¼�° =KÍó „¦¬°@# ( )1 30E =

( )
( )

( )
1

1
30 5

36 6

n E
P E

n s
= = =

a) ‹¬OY¼� "³ò Ç̀ëO H›h‹¬O 3 J†Í°¼ ‹¬Oƒ3ì=¼ Ç̀

2E  J#°ä›½O>è

2E  J#°ä›�� „¦¬°@#�° ( )2 2n E =

( )
( )

( )
2

2
2

36

n E
P E

n s
= =

‹¬OY¼� "³ò Ç̀ëO H›h‹¬O 3 =KÍó „¦¬°@# 
1 2 36 2 34

1 36 36 36

−
= − = =

19. ãH÷Ok ‹¬O„¦¬°@#�ä›½ A  †³òH›ø ‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#°=ò.

Z) ‹¬O„¦¬°@<Œ#°ä›q�¼O 7 #°O_r 2

a) ‹¬O„¦¬°@# ã„¬uä›q�¼ Ç̀ 10 #°O_r 7

ª' �̂Î#:

Z) "³ò Ç̀ë=ò „¦¬°@#�° ( ) 9n s =

‹¬O„¦¬°@<Œ#°ä›��¼O 7 #°O_\ 2 ( )1 7n E =

( )
( )

( )
1

1
7

9

n E
P E

n s
= =

a) "³ò Ç̀ë=ò „¦¬°@#�° ( ) 17n s =
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‹¬O„¦¬°@# ã„¬uä›��¼ Ç̀ 10 #°O_\ 7 ( )2 7 7n E= = =

( )
( )

( )
2

2
07 7

17 17

n E
P E

n s
= = =

20. ï~O_È° ‡'zH›�#° ̂ ùiÁOz#„¬ô_È°

Z) ‹¬OY¼� "³ò Ç̀ëO 4 H›O>è Zä›½ø= 9 H›O>è ̀ Çä›½ø=.

a) ‹¬OY¼� "³ò Ç̀ëO 5 Hê Î̂°, 8 Hê Î̂° J†Í°¼ ‹¬Oƒ�ì=¼ Ç̀�#° H›#°Qù#°=ò.

ª' �̂Î#: ï~O_È° ‡bzH›�#° ^ùiÁOKÍ@„¬ô_È° U~¡æ_Í �„¦¬ò „¦¬°@# ‹¬OY¼ ( ) 36n s =

Z) ‹¬OY¼� "³ò Ç̀ëO 4 H›O>è Zä›½ø= 9 H›O>è ̀ Çä›½ø= =KÍó „¦¬°@# 1E  J#°ä›½O>è

1E #° J#°ä›��° „¦¬°@#�°.

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( )

1,4 1,5 1,6

2,3 2,4 2,5 2,6

3,2 3,3 3,4 3,5

4,1 4,2 4,3 4,4

5,1 5,2 5,3

6,1 6,2

 
 
 
 
 
 
 
 
 
 
 

( )1 20n E =

( )
( )

( )
1

1
20 5

36 9

n E
P E

n s
∴ = = =

a) ‹¬OY¼� "³ò Ç̀ëO 5 Hê Î̂°, 8 Hê Î̂° J†Í°¼ „¦¬°@# 2E  J#°ä›½O>è

2E  J#°ä›�� „¦¬°@#�° 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( )2

1,1 1,2 1,3 1,5 1,6

2,1 2,2 2,4 2,5

3,1 3,3 3,4 3,6
27

4,2 4,3 4,5 4,6

5,1 5,2 5,4 5,5 5,6

6,1 6,3 6,4 6,5 6,6

n E

 
 
 
 
 

= = 
 
 
 
 
 

( )
( )

( )
2

2
27 3

36 4

n E
P E

n s
∴ = = =
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21. XH› ‹¬Oz…Õ Q®� 5 ̀ ³�Áx =°i†Çò 10 Pä›½„¬KÇó |O Ç̀°� #°O_r †Ç¶ �̂Î$zóH›OQê ï~O_È° |O Ç̀°�#° f‹²<Œ~¡°.
J~ò Í̀ P ï~O_È° |O Ç̀°�…Õ H›h‹¬O XH› ̀ ³�Á|Ou LO_Í ‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#°=ò.

ª' �̂Î#: ‹¬Oz…Õ Q®� "³ò Ç̀ëO |O Ç̀°� ‹¬OY¼ 15=

2 |O Ç̀°�#° f‹² q 3̂¥<Œ� ‹¬OY¼ 15
2 105C= =

H›h‹¬O XH› ̀ ³�Á |Ou =KÍó „¦¬°@# A  J#°Hù#°=ò

A  „¦¬°@#ä›½ J#ä›�� „¦¬°@#�°

1 ³̀�Á |Ou …è̂ ¥ 1 Pä›½„¬KÇó |O Ç̀°�° LO_Í J=Hê‰×O

1 ³̀�Á |Ou ~Œ=_¨xH÷ J#°ä›�� „¦¬°@#�° 5 10
1 1 5 10 50C C= × = × =

2 ̀ ³�Á |O Ç̀°�° ~Œ=_¨xH÷ J#°ä›�� „¦¬°@#O 5 10
2 0 10C C= × =

H›h‹¬O XH› ³̀�Á |Ou LO_Í „¦¬°@#ä›½ ‹¬Oƒ3ì=¼ Ç̀.

P  (H›h‹¬O 1 ³̀�Áx |Ou) P=  (1 ³̀�Áx |Ou) P+ (2 ³̀�Áx |Ou)

50 10 60 4

105 105 105 7
= + = =

IV. "Œ¼‹¬~¡¶„¬ ‹¬=¶ �̂¥# ã„¬‰×ß�° (8 =¶~¡°ø�°)

1. XH› qƒ�ìQ®=ò…Õ Q®� ï~O_È° L^Ë¼Qê� Mìm�#° ƒ�ì~¡¼ ƒ�’~¡ë�° =°¿dH› „¬sH›Æä›½ ‚¬ð[ï~á<Œ~¡°. ƒ�’~¡ë ZO„²H› J†Í°¼
‹¬Oƒ�ì=¼ Ç̀ 1/7 =°i†Çò ƒ�ì~¡¼ ZO„²H› J†Í°¼ ‹¬Oƒ�ì=¼`Ç 1/5 J~ò<Œ..

Z) "Œi…Õ XH›~¡° ZO„²H› JQ®°@#°

a) W Î̂í~¡° ZO„²H› JQ®°@#°

‹²) Z=~¡¶ ZO„²H› Hêä›½O_Èä›½

_r) H›h‹¬O XH›~¡° ZO„²H› JQ®°@ä›½ ‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#°=ò.

ª' �̂Î#: ƒ3’~¡ë ZO„²H› JQ®°@ä›½ ‹¬Oƒ3ì=¼ Ç̀ ( )
1

7
P A =

ƒ3ì~¡¼ ZO„²H› JQ®°@ä›½ ‹¬Oƒ3ì=¼ Ç̀ ( )
1

5
P B =
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Z) ("Œi…Õ XH›~¡° ZO„²H› JQ®°@ä›½ ‹¬Oƒ3ì=¼ Ç̀ ) ( )PAP B P A P B
− −   

+      
   

1 6 1 10 2

7 5 7 5 35 7

4
= × + × = =

a) W Î̂í~¡° ZO„²H› JQ®°@ä›½ ‹¬Oƒ3ì=¼ Ç̀ ( ) ( )
1 1 1

2 5 35
P A P B = × =

‹²) Z=~¡° ZO„²H› Hêä›½O_¨ LO_È°@ä›½ ‹¬Oƒ3ì=¼ Ç̀ 6 4 24

7 5 35
P A P B

− −   
= = × =      

   

_\) H›h‹¬O XH›~¡° ZO„²H› JQ®°@ä›½ 1 P= −  (Z=i ZO„²H› Hêä›½O_È@ä›½ Q®� ‹¬Oƒ3ì=¼ Ç̀)

1 24 11

1 35 35
= − =

2. ª'OY¼H› ‰§ã‹¬ëO…Õ XH› ‹¬=°‹¬¼#° ª'k�OKÇ°@ä›½ =òQ®°¾~¡° q^¥¼~¡°Ö� ‹¬Oƒ�ì=¼ Ç̀�° =~¡°‹¬Qê 1 1
,

2 3
 =°i†Çò

1

4
P ‹¬=°‹¬¼ ª'k�OKÇ°@ä›½ ‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#°=ò.

ª' �̂Î#: 1 2 3
1 1 1

; ; ;
2 3 4

P P P= = = =

H›h‹¬O XH›ï~á<Œ ‹¬=°‹¬¼#° ªbk3À‹ë ‹¬=°‹¬¼ ªbk3O„¬|_È°#°.

Hê=ô# P  (H›h‹¬O XH›ï~á<Œ ‹¬=°‹¬¼#° ªbk3OKÇ°@)1 P−  ( Z=~¡¶ ‹¬=°‹¬¼ Ç̀ ªbk3OKÇä›½O_È°@)

∴ P  (Z=~¡¶ ‹¬=°‹¬¼#° ªbk3OKÇä›½O_È°@) ( ) ( ) ( )1 2 31 1 1P P P= − − −

1 1 1
1 1 1

2 3 4

   
= − − −   
   

1 2 3 1
, ,

2 3 4 4
=

∴ P  (H›h‹¬O XH›ï~á# ‹¬=°‹¬¼#° ªbk3OKÇ°@) 
1 3

1
4 4

− =

∴‹¬=°‹¬¼#° ªbk3OKÍ ‹¬Oƒ3ì=¼ Ç̀ 
3

4
=
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3. XH› ‹¬=°‹¬¼#° =òQ®°¾~¡° q^¥¼~¡°Ö�° , ,A B C  WKŒó~¡° ^¥xß "Œ~¡° ª'k�OKÍ ‹¬Oƒ�ì=¼ Ç̀�° =~¡°‹¬Qê 1 2
,

3 7

=°i†Çò 
3

8
 "Œi…Õ XH›~¡° ‹¬=°‹¬¼#° ª'k�OKÍ ‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#°=ò.

ª' �̂Î#: ( )
1

3
P A =

( )
2

7
P B =

( )
3

8
P C =

, ,A B C�° ‹¬Þ Ç̀Oã`Œ�°

( , , )P Exactly one of A B COccurs P A B C
− − 

= ∩ ∩  
 

P A B C P A B C
− − − −   

+ ∩ ∩ + ∩ ∩      
   

( ) ( ) ( ) ( ) ( ) ( ) ( )2 2 2 3P A P B P C P A B P B C P A C P A B C+ + − ∩ − ∩ − ∩ + ∩ ∩

( ) ( ) ( ) [ ]
1 2 3

2 3
3 7 8

 = + + − ∩ + ∩ + ∩ + ∩ ∩ P A B P B C P A C P A B C

( ) ( ) ( ) ( ) ( ) ( )
1 2 3

2 . . .
3 7 8

P A P B P B P C P A P C = + + − + +  ( ) ( ) ( )3 P A P B P C +  

1 2 3 1 2 2 3 1 3 1 2 3
2 . . . 3

3 7 8 3 7 7 8 3 8 3 7 8

   
= + + − + + + × ×   

   

56 48 63 2 3 1 3
2

168 21 28 8 28

+ +  
= − + + + 

 

167 16 18 21 3
2

168 168 28

+ + 
= − + 

 

167 110 3

168 168 28
= − +
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167 110 18 75 25

168 168 56

− +
= = =

4. ƒìQê H›e„²# 52 =òH›ø�° Q®� p@Á À„H› H›@“ #°O_r XH› Hê~¡°Û#° f‹²<Œ~¡° J~ò# D H÷Ok „¦¬°@#�…Õ Uq
‹¬Þ Ç̀Oã`Œ�°?

1. Z) A : f‹²# Hê~¡°Û Zã~¡xk JQ®°@.

a) B : f‹²# Hê~¡°Û ~Œ}÷ JQ®°@.

2. ‹²) A : f‹²# Hê~¡°Û Ps#° JQ®°@

_r) B : f‹²# Hê~¡°Û P‹¹ Hê~¡°Û JQ®°@.

ª' �̂Î#: À„H› =òH›ø� H›@“…Õ Zã~¡xq 26 Hê~¡°Û�° LO_È°#°.

( )
26 1

52 2
P A = =

p@Á À„H› H›@“…Õ "³ò Ç̀ëO 4 ~Œ}°�°  LO\ì~ò.

( )
4 1

52 13
P B = =

A B∩ =  Zã~¡xq…Õ ~Œ}°�° 
1

26
=

( ) ( ) ( ).P A B P A P B∴ ∩ =

1 1 1
.

2 13 26
= =

( ) ( ) ( )P A B P A P B∴ ∩ =

Hê|\÷“ „¦¬°@#�° ‹¬Þ Ç̀Oã Ç̀ „¦¬°@#�°.

2. p@Á À„H› H›@“…Õ "³ò Ç̀ëO 13 Ps”#°�° LO\ì~ò.

( )
13 1

52 4
P A = =

À„H› =òH›ø H›@“…Õ 4P‹¹ Hê~¡°Û�° LO\ì~ò.

( )
4 1

52 13
P B = =
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A B∩ = P s”<£…Õ XH› P‹¬° 
1

52
=

( ) ( ) ( ).P A B P A P B∴ ∩ =

1 1 1
.

4 3 52
= =

Hê=ô# ‹¬Þ Ç̀Oã`Œ�°.

5. ƒìQê H›e„²# 52 =òH›ø�° Q®� p@Á À„H› H›@“ #°O_r (f‹²# Hê~¡°Û#° uiy H›@“…Õ "Í†Ç°ä›½O_¨) †Ç¶ �̂Î$zóWH›OQê
ï~O_È° =òH›ø�#° fÀ‹ë, "³ò Î̂\÷ f‹²# Hê~¡°Û Zã~¡xk, ï~O_È=ª'i f‹²# Hê~¡°Û =�Áxk J†Í°¼ ‹¬Oƒ�ì=¼ Ç̀#°
H›#°Qù#°=ò.

ª' �̂Î#: ƒìQê H›eæ# p@Á À„H› H›@“…Õ 26 #�Áx Hê~¡°Û�°, 26 Zã~¡x Hê~¡°Û�° LO\ì~ò.

"³ò Î̂\÷ªbi f‹²# =òH›ø Zã~¡xk J†Í°¼ „¦¬°@# A  =°i†Çò ï~O_È=ªbi f‹²# =òH›ø #�Áxk J†Í°¼ „¦¬°@#

B  J#°Hù#°=ò.

( ) ( ) .
B

P A B P A P
A

 
∩ =  

 

( )
26 1

52 2
P A = =

( )
26 26

51 51
P B = =

( )
1 26 13

2 51 51
P A B∩ = × =

6. 52 =òH›ø�° Q®� p@Á À„# H›@“ #°O_r, f‹²# =òH›ø uiy H›@“…ÕH÷ KÍ~¡óx q �̂ÎOQê ï~O_È° Hê~¡°Û�° f‹²<Œ~¡°.
"³ò Î̂@ Hê~¡°Û _³á=°O_£ =°i†Çò ï~O_È= Hê~¡°Û Zã~¡xk J†Í°¼ ‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#°=ò.

ª' �̂Î#: 52 =¶~¡°ø�° Q®� p@Á À„H› H›@“…Õ 26 Zã~¡xq LO\ì~ò.

D 26 Zã~¡x =òH›ø�…Õ 13 Hê~¡°Û�° _³á=°O_£ =°i†Ç° 13 Hê~¡°Û�° Ps”#°Á.

"³ò Î̂\÷ªbi f‹²# Hê~¡°Û _³á=°O_£ J†Í°¼  „¦¬°@# A  J#°Hù#°=ò

( )
13 1

52 4
P A = =
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25

51

A
P
B

 
= 

 

( ) ( ) ,
A

P A B P A P
B

 
∴ ∩ =  

 

1 25 25
.

4 51 204
= =

7. ( ) ( ) ( )0.4, 0.2, 0.1P A P B P A B= = ∩ =  JQ®°#@°ÁQê A  =°i†Çò B�° ï~O_È° „¦¬°@#�° B

Wzó#„¬ô_È° A  ‹¬Oƒ�ì=¼ Ç̀ J#Qê B
P

A

 
 
 

 H›#°Qù#°=ò.

ª' �̂Î#: A  =°i†Çò B  ï~O_È° „¦¬°@#�ä›½

( ) ( ) .
B

P A B P A P
A

 
∩ =  

 

=°i†Çò ( ) ( ) .
A

P A B P B P
B

 
∩ =  

 

( )

( )

P A BB
P
A P A

∩ 
= 

 

0.1 1

0.4 4
= =

( )

( )

0.1

0.2

P A BA
P
B P B

∩ 
= = 

 

1

2

A
P
B

 
= 

 

8. 4 ³̀�Áx, 3 „¬‹¬°„¬ô „¬KÇóx, 1 Pä›½„¬KÇóx |O Ç̀°�° Q®� Ì„>ÿ“ #°O_r †Ç¶ �̂Î$zóWH›OQê ï~O_È° |O Ç̀°�#°
XHùøH›øª'i XH› |Ou Kù„¬ôæ# f†Ç°_È"³°Ø#k. f‹²# |Oux uiy Ì„>ÿ“…Õ KÍö~ó q �̂Î=òQê L#ßk. J~ò#
f‹²# |O Ç̀°�° XH›\÷ ³̀�Áxk =°~ùH›\÷ „¬‹¬°„¬ô „¬KÇóx |Ou J†Í°¼ ‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#°=ò.

ª' �̂Î#: Ì„>ÿ“…Õx |O Ç̀°� ‹¬OY¼ 4 3 1 8= + + =

( ) 8
1n s C=
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1E  J<Ík "³ò Î̂\÷ªbi f‹²# |Ou ³̀�Áxk J†Í°¼ „¦¬°@#

( ) 4
1 1n E C=

( )
( )

( )
1

1
4

8

n E
P E

n s
∴ = =

2E  J<Ík ï~O_Ëªbi f‹²# |Ou „¬‹¬°„¬ô „¬KÇóx |Ou J†Í°¼ ‹¬Oƒ3ì=¼ Ç̀ ( ) 3
2 1n E C=

3
1 1

7
2 1

3

7

E C
P
E C

 
∴ = = 

 

"³ò Î̂\÷ ³̀�Áxk ï~O_Ë\÷ „¬‹¬°„¬ô „¬KÇóxk J†Í°¼ ‹¬Oƒ3ì=¼ Ç̀

( ) ( ) 2
1 2 1

1

4 3 3
.

8 7 14

E
P E E P E P

E

 
∩ = = × = 

 

9. <Œ�°Q®° <Œ}è�#° XöHª'i ZQ®°"ÍÀ‹ë Z) ‹¬iQê¾ =ü_È° ƒç=°à�°, a) Q®i+¬“Qê =ü_È° ƒç=°à�° =KÍó
‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#°=ò.

ª' �̂Î#: <Œ�°Q®° <Œ}è�#° XöHªbi ZQ®°~¡ "ÍÀ‹ ã„¬†³¶Q®O…Õ U~¡æ_Í �„¦¬ò „¦¬°@#�° 42 16= =

( ) 16n s =

Z) ‹¬iQê¾ =ü_È° ƒç=°à�° „¬_Í „¦¬°@# 1E  J#°ä›½O>è

( ) 4
1 3n E C=

‹¬iQê¾ =ü_È° ƒç=°à�° „¬_Í ‹¬Oƒ3ì=¼ Ç̀

( )
( )

( )
1

1
1

16

n E
P E

n s
∴ = =

4 1

16 4
= =

a) XH›ø ƒç=°à ä›�_È ~Œä›½O_¨ LO_È_¨xH÷ 4
0C=

‹¬Oƒ3ì=¼ Ç̀ 
4

0 1

16 16

C
= =
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( )

n E

P E
n s

−

−

 
     

=  
 

Q®i+¬“OQê =ü_È° ƒç=°à�° =KÍó ‹¬Oƒ3ì=¼ Ç̀ 
1 16 1 15

1
16 16 16

−
= − = =

10. "³ò Î̂\÷ ï~O_È° =O Î̂� „¬î~¡â ‹¬OY¼� #°O_r †Ç¶ �̂Î$zóWH›OQê XH› ‹¬OY¼ Z#°HË|_³#°. Z#°ßHù#ß ‹¬OY¼ 6
…è̂ ¥ 8 KÍ ƒ�ìyO„¬|_Ík J†Í°¼ ‹¬Oƒ�ì=¼ Ç̀ H›#°Qù#°=ò.

ª' �̂Î#: "³ò Ç̀ëO �„¦¬ò „¦¬°@#�° ( ) 200n s =

6KÍ ƒ3ìyOKÇ|_Í ‹¬OY¼�° A  J#°ä›½O>è

( )

6,16,18,24,30,36,42,48,54,60,66,72,78,84,90

96,102,108,114,120,126,132,138,144,150,156,

162,168,174,180,186,192,198

n A

 
 

=  
 
 

( ) 33n A =

( )
( )

( )

33

200

n A
P A

n s
∴ = =

8 KÍ ƒ3ìyOKÇ|_Í ‹¬OY¼�#° B  J#°ä›½O>è

( )
8,16,24,32,40,48,56,64,72,80,88,96,104

112,120,128,136,144,152,160,168,176,184,192,200
n B

 
=  
 

( ) 25n B =

( )
( )

( )

25

100

n B
r B

n s
∴ = =

( ) 8n A B∩ =

( )
( )

( )

8

200

A B
P A B

n s

∩
∩ = =

∴6KÍ …è̂ ¥ 8 KÍ ƒ3ìyOKÍ ‹¬OY¼�° A B∪   J~ò Í̀
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( ) ( ) ( ) ( )P A B P A P B P A B∪ = + − ∩

33 25 8

200 200 200
= + −

33 25 8 50 1

200 200 4

+ −
= = =

11. XH› ‹¬Oz…Õ 1 #°O_r 13 #~¡ä›½ ‹¬OY¼�#° H›ey# 13 |O Ç̀°�° H›�=ô. †Ç¶ �̂Î$zóWH›OQê XH› |Oux ZO„²H›
KÍÀ‹ë P ‹¬OY¼ 2 …è̂ ¥ 3KÍ ƒ�ìyO„¬|_Í ‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#°=ò.

ª' �̂Î#: ‹¬Oz…Õ "³ò Ç̀ëO |O Ç̀°�° ( ) 13n s =

{ }1,2,3,4,5,6,7,8,9,10,11,12,13

2KÍ ƒ3ìyOKÇ|_Í ‹¬OY¼#°  AJ#°ä›½O>è..

( ) { }2,4,6,8,10,12 6n A = =

( )
( )

( )

6

13

n A
P A

n s
= =

3KÍ ƒ3ìyOKÇ|_Í ‹¬OY¼#° B  J#°ä›½O>è.

( ) { }3,6,9,12 4n B = =

( ) 4n B =

( )
( )

( )

4

13

n B
P B

n s
= =

2 =°i†Çò 3 KÍ ƒ3ìyOKÇ|_Í ‹¬OY¼�°

( ) { }6,12 2n A B∩ = =

( )
( )

( )

2

13

n A B
P A B

n s

∩
∴ ∩ = =

( ) ( ) ( ) ( )P A B P A P B P A B∴ ∪ = + − ∩

6 4 2 8

13 13 13 13
= + − =
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12. XH› Ì„>ÿ“…Õ 50 ƒÕ�°“�° =°i†Çò 150 #@°Á H›�=ô. "Œ\÷…Õ ‹¬Q®O ƒÕ�°“�° ‹¬Q®O #@°Á ( Ç̀°æ „¬\÷“#q.
†Ç¶ �̂Î$zóWH›OQê XH› =‹¬°ë=ô#° f‹²#„¬ô_È° Jq ã Ç̀°„¬ôæ „¬\÷“#q …è̂ ¥ ƒÕ�°“ J†Í°¼ ‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#°=ò.

ª' �̂Î#: A : =°Oz ƒÕ�°“�°, #@°Á

B : Ç̀°„¬ôæ „¬\÷“# ƒÕ�°“ J†Í°¼ „¦¬°@#

  =°Ozq Ç̀°„¬ôæ „¬\÷“#q "³ò Ç̀ëO

ƒÕ�°“�°    25     25  50

#@°Á    75     75 150

"³ò Ç̀ëO   100    100 200

†Ç¶ 3̂Î$zó�H›OQê  XH› =‹¬°ë=ô#° Z#°ßä›½O>è

( )
100 1

200 2
P A = =

( )
50 1

200 4
P B = =

( )
25 1

200 8
P A B∩ = =

( ) ( ) ( ) ( )P A B P A P B P A B∩ = + − ∩

1 1 1 4 2 1 5

2 4 8 8 8

+ −
= + − = =

Ç̀°„¬ôæ „¬\÷“# …è̂ ¥ ƒÕ�°“ J†Í°¼ ‹¬Oƒ3ì=¼ Ç̀ 
5

8
=

13. XH› ã‹Ôë Hù#ß XH› _È[#° ãQ®°_ÈÁ…Õ 2 ãQ®°_È°Á K³_r‡é~ò#q, P"³° L Î̂†Ç°O \÷„¦²<£ Ç̀†Ç¶sïHá <Œ�°Q®° ãQ®°_ÈÁ#°
†Ç¶ Î̂$zóWH›OQê f‹¬°ä›½O>è Jq..
Z) Jxß =°Oz ãQ®°_È°Á
a) H›h‹¬O XH› K³_r‡é~ò# ãQ®°_È°Û LO_Í q �̂ÎOQê ‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#°=ò.

ª'^�Î#: =°Oz K³_\#q "³ò Ç̀ëO
ãQ®°_È°Á 10 2 12

4 Ð 4
Ð 1 Ð

"³ò Ç̀ëO ãQ®°_È° ( ) 12n s =
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Z) Jxß =°Oz ãQ®°_È°Á A  J#°ä›½O>è

A  ä›½ J#°ä›�� „¦¬°@#�° ( ) 10
4n A C=

( )
( )

( )

10
4

12
4

n A C
P A

n s C
= =

10 9 8 7 8 7

12 11 10 9 12 11

× × × ×
= =

× × × ×

( )
14

33
P A =

a) H›h‹¬O XH› K³_\‡é~ò# ãQ®°_È°Û LO_Í q 3̂ÎOQê ‹¬Oƒ3ì=¼ Ç̀ ( )1 P A= −

1 14 19

1 33 33
= − =

14. XH› ‹¬Oz…Õ 7 ³̀�Áx, 5 #�Áx =°i†Çò 8 Zã~¡x |O Ç̀°�° L#ßq. f‹²# |Ou# uiy KÍö~ó q �̂ÎOQê
†Ç¶ �̂Î$zóWH›OQê f‹²# 4 |O Ç̀°�° #�Áxq J†Í°¼ ‹¬Oƒ�ì=¼ Ç̀#° H›#°Qù#°=ò.

ª' �̂Î#: "³ò Î̂\÷ªbi f‹²# |Ou #�Áxk J†Í°¼ „¦¬°@# A  ï~O_Ë ªbi f‹²# |Ou #�Áxk J†Í°¼ „¦¬°@# B ,
=ü_Ëªbi f‹²# |Ou #�Áxk J†Í°¼ „¦¬°@# C ,
<Œ�°QËªbi f‹²# |Ou #�Áxk J†Í°¼ „¦¬°@# D  J#°Hù#°=ò.

( )
5

1
20

1

5

20

C
P A

C
∴ = =

( )
4

1
19

1

4

19

C
P B

C
= =

( )
3

1
18

1

3

18

C
P C

C
= =

( )
2

1
17

1

2

17

C
P D

C
= =

( ) ( ) ( ) ( ) ( )P A B C D P A P B P C P D∩ ∩ ∩ =

5 4 3 2 1

20 19 18 17 969
= × × × =
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32A

‹¬k‰×�°
³̂á# Ok#  rq Ç̀= ò… Õ = ° # = ò Î̂¶~¡= ò,  "ÍQ®O L‘ éâã Q®̀ Ç,  „¦¬° # „¬i= ¶} O "³ò Î̂$Q®°  ƒ&ºuH › ~Œ‰ ×Ã$`Ë

‹¬O| O Î̂= ò H ›ey LO\ìO.  g \÷x q = iOK Ç_ ¨ xH ÷ = ~¡° ‹¬Qê k‰ × = ¶~¡° æ ,  k‰ × = ¶~¡° æ ö~@ °  (= _ B) ‰ ×s~¡„¬ô  L‘ éâã Q®̀ Ç
… èH › X H › ã „¬̀ Í¼H › ‹¬Ö$O † ³òH ›ø  L‘ éâã Q®̀ Ç Jk P= iOK Ç| _ B#  JO Ç̀~Œˆì$O ‹¬i‡ é= ô # ° .

ªQÖ# ã ƒ&’O‰ ×= ò,  "ÍQ®O,  ̀ ÇÞ~¡} O,  ã Î̂= ¼ "ÍQ®O "³ò Î̂$Q®°  H ›+¬“ªQ &̂Î¼"³° Ø#  ƒ&ºuH › ~Œ‰ ×Ã$`Ë  q ‰ õÁ+¬} O K Í‹² = ° # = ò
„¬i+¬ø iOK Ç=K Ç°ó .

nxH ÷ ‹¬O| Ok&Oz#  JO‰ §$# °  „¬ije^¥íO.

L^¥‚¬ì~¡} ä›½ P J<Í ‹²Ö~¡a O Î̂° =ô  #° O_ B 5H ÷.g° $ ‹¬= ° Î̂¶~¡O… Õ †Çò# ß <Œ$°Q®°  a O Î̂° =ô$#°  f‹¬°ä ›½ O^¥= ò.
P J<Í ̀ ù e a O Î̂° =ô #°Oz A, B, C …èH› D J<Í a O Î̂°=ôä›½ 5H÷.g°  ̂ Î¶~¡O ã „¬†Ç¶}O KÍªQë=ò.  H ê=ô # ̀ ù eaO Î̂° =ô
=° i† Çò ̂ Î¶~¡O Q®= °¼O K Í~¡_ÈO Hù~¡ä ›½ ‹¬i‡é=ô .  =° #=ò ̀ Ç° k a O Î̂°= ô ä›l_È ̀ ³e† Ç° *è†Ç¶e.  ̀ ùeaO Î̂° =ô #° Oz

Ç̀° k a O Î̂° = ô ä ›½  K Í~¡_ ÈO H ù ~¡ä ›½  k‰ × ä ›l_ ¨  J= ‹¬~¡O J x D ƒ&ì= = ò  ̀ ³e† Ç°  * è‹¬° ëOk.

= ° ~ù H › L^¥‚¬ì~¡} Qê H ›k… è | Oux f‹¬° H ù O^¥=ò. | Ou = ¶~¡° æ  (‹²Öu) U ‹¬= ° † Ç° O… Õ U q &̂ÎOQê
LO@ °O Î̂x ̀ ³$° ‹¬° H Ë= _ ÈO H ù~¡ä ›½  =ü… ì¼O‰ §$°  ̀ ³e†Ç¶e.

| Ou "³ò Î̂$°  A J<Í a O Î̂° =ô  = Î̂í LOk . | Ou 5 Ì‹g ° / Ì ‹ "ÍQ®O`Ë  ‹¬~¡̂ × ö~Y… Õ ã „¬† Ç¶x‹¬° ëO>ÿ 3 Ì ‹H ›# ° $
Ç̀~ŒÞ Ç̀ |Ou ‹²Öu k‰× …èä›½O_¨ H›#°Qù#Q®$=¶?  H›#°Qù#…è=ò Hêx |Ou A #°Oz 15c.m  ̂ Î¶~¡O ã„¬†Ç¶xOzO Î̂x

x~ŒÖiOK ÇQ®$= ò.   = ° i† Çò A  öH Oã Î̂= òQê 15c.m "Œ¼ªQ~¡Ö= ò`Ë  = $ Ç̀ëO g ° k U Í̂x a O Î̂° = ô ä ›½  K Í~¡° Ç̀° Ok.
J~ò<Œ | Ou A # °O_ B ̀ Ç¶~¡° æ  kä ›½ø Qê 5c.m/sec "ÍQ®O`Ë  H›ke Í̀ 3 Ì ‹H›# ° $ ̀ Ç~ŒÞ Ç̀ | Ou A ä ›½  ̀ Ç¶~¡° æ  kä ›½ ø  15

P„¬Â#…˜ =¶_È¶¼…˜Ð1
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c.m  ̂ Î¶~¡O… Õ † Çò# ß  P  J<Í a O Î̂° = ô ä ›½  K Í~¡° Ç̀° Ok.

3 Ì‹H ›# ° $ ̀ Ç~ŒÞ Ç̀ |Ou Q®=° # = ò (ªQÖ#ã ƒ&’O‰×= ò) ̀ ³e† Ç¶e JO>è | Ou"ÍQ®O (5c.m/sec) = ° i†Çò |Ou
k‰ × (A ä ›½  Ç̀¶~¡° æ Qê) ³̀e† Ç¶e.

D ‡ Q~”¡O… Õ „¬i= ¶} O = ¶ã Ç̀"Í°  H ›ey#  ~Œ‰ ×Ã$#°  Jk&‰ ×$°  JO\ì= ò.  J… ìöQ k‰ ×,  „¬i= ¶} O H ›ey#
~Œ‰ ×Ã$# °  ‹¬k‰ ×$°  JO\ì= ò.  ‹¬k‰ ×$# °  k‰ §ö~MìYO_ ¨ $° Qê = ° i† Çò "Œ\÷ ~Œ‰ ×Ã$# °  kä ›½ ø $# °  H ›# ° Qù # ° @ ä ›½
‹¬¶zªQë= ò. q q &̂Î ~¡H ê$ ‹¬k‰ ×$°  = ° i† Çò "Œ\÷ q q &̂Î ã „¬ã H ÷†Ç°  q ‰ õ‘ Q$°  ̀ ³$° ‹¬° ä ›½ O\ì= ò.  X H › aO Î̂° = ô  † ³òH ›ø
ªQÖ#  ‹¬k‰ × = ü$ a O Î̂° = ô  † ³òH ›ø  ã „¬uöH Æ„¬# Qê ³̀$° ‹¬° ëOk.  ‹¬k‰ × † ³òH ›ø  q ƒ&è̂ Î<Œ ƒ&ìQê$°  ï~O_ È°  … èH › = ü_ È°
H ù $ Ç̀$… Õ X H › ^¥xH ù H ›\÷ $O| OQê L# ß  ã „¬= ¶}  ‹¬k‰ ×$°  H ›# ° Qù O\ì= ò.  = ° # = ò (q ƒ&ìQ® ‹¬¶ã Ç̀O) H ›# ° Qù x
‹¬= ° ‹¬¼$ä ›½  J# Þ~òªQë= ò.  = ° # = ò ï~O_ È°  ‹¬k‰ ×$ † ³òH ›ø  Q®° } <Œxß  = ° i† Çò Jk‰ ×,  ‹¬k‰ ×$ † ³òH ›ø  Q®° } <Œxß
x~¡ÞzªQë= ò.

�HÆê¼�° :

‡ Q~”¡= ò# °  K Çkq #  ̀ Ç~¡° "Œ Ç̀ g ° ~¡°

� k‰ × † ³òH ›ø  ã ‡ Q= òY¼ Ç̀# °  ̀ ³$° ‹¬° ä ›½ O\ì~¡° .

� Jk‰ × = ° i† Çò ‹¬k‰ ×$# °  x~¡ÞzOK ÇQ®$~¡° .

� Jk‰ × = ° i† Çò ‹¬k‰ ×$ = ° &̂Î¼Q®$ ƒ&è̂ ¥xß  Q®° iëªQë~¡°.

� ‹¬k‰ ×$# °  k‰ § ö~Mì YO_ È= òQê ‹¬¶zOK ÇQ®$~¡° .

� ‹¬k‰ ×$ „¬i= ¶} = ò = ° i† Çò k‰ ×# °  J# ° Qù # Q®$~¡° .

� q q &̂Î ~¡H ê$ ‹¬k‰ ×$ = s¾H ›~¡}  Ð  ‰ ×́ # ¼ = ° i† Çò †Çüx\˜ ‹¬k‰ ×.

� ï~O_ È°  ‹¬k‰ ×$ ‹¬= ¶# Ç̀Þ= ò# °  x~¡ÞzOK ÇQ®$~¡° .

� X H › a O Î̂° = ô  † ³òH ›ø  ªQÖxH › ‹¬k‰ ×# °  x~¡ÞzOK ÇQ®$~¡°.
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� ‹¬k‰ ×$ = ° &̂Î¼ ‹¬OH ›$# = ò,  = ¼= H ›$# = ò K Í† Ç° Q®$~¡° .

� Jk‰ ×̀ Ë  ‹¬k‰ ×# °  Q®° } H ê~¡= ò K Í† Ç° Q®$~¡° .

� ‹¬k‰ ×$ = ° &̂Î¼ q q &̂Î ã „¬ã H ÷† Ç° $# °  ³̀e† Ç° „¬~¡z "Œ\÷x L„¬† ³¶yªQë~¡° .

� ã u„¬i= ¶}  P= ~¡}  Q®¶ió  ‹¬Oã Q®‚¬ìOQê ³̀$° ‹¬° ä ›½ O\ì~¡° .

� ‹¬k‰ ×$# °  ï~O_ È°  … è̂ ¥ = ü_ È°  „¬~¡‹¬æ ~¡ $OƒìH Æê$`Ë  f~ŒàxªQë~¡° .

� q ƒ&’[#  ‹¬¶ã Ç̀= ò# °  ~Œ| @ ° “@  = ° i† Çò L„¬† ³¶yOK Ç° @  K ÍªQë~¡° .

� ï~O_ È°  ‹¬k‰ ×$ a O Î̂°  $| œO = ° i† Çò = ã [ $ƒ&ìœxß  x~¡ÞzªQë ~¡° .

=òMì¼O‰§�°

� Jk‰×�° =°i†Çò ‹¬k‰×�° :

öH = $O „¬i= ¶} O Q®$ ~Œ‰ ×Ã$# °  Jk‰ ×$°  JO\ì~¡° . g \÷x "Œ‹¬ë=  ‹¬OY¼$`Ë  ‹¬¶zªQë~¡° .

L^¥: „¦¬° # „¬i= ¶} O,  H ê$= ò,  L‘ éâã Q®̀ Ç.

„¬i= ¶} O = ° i† Çò k‰ ×Q®$ ~Œ‰ ×Ã$# °  ‹¬k‰ ×$°  JO\ì~¡° .

L^¥ : "ÍQ®O,  Î̂¶~¡= ò,  Ç̀Þ~¡} = ò.

� ‹¬k‰× „¬i=¶}=ò / =¶„¬=ò :

A  # ° O_ B B  "³á„¬ô  L# ß  k‰ ×… Õx AB  ö~Mì YO_ ¨ xß  AB
→

`Ë  ‹¬¶zªQë~¡° . nxx k‰ × H ›ey#  ‹¬k‰ ×

= ¶„¬= ò … è̂ ¥ „¬i= ¶} = ò JO\ì~¡° . nxx AB
→

`Ë  ‹¬¶zªQë~¡° .

� ï~O_ È°  ‹¬k‰ ×$ † ³òH ›ø  „¬i= ¶} = ò ‹¬= ¶# OQê LO@ ¶, a
→

 ‹¬k‰ ×ä ›½  = ¼uö~H › k‰ ×… Õ LO_ Í ‹¬k‰ ×# °

a
→

−  K Í ‹¬¶zªQë~¡° .

� ‹¬° <Œß  „¬i= ¶} = ò Q®$ ‹¬k‰ ×# °  ‰ ×́ # ¼ ‹¬k‰ × … è̂ ¥ ‹¬° <Œß  ‹¬k‰ × JO\ì~¡° . nxx 0
→

K Í ‹¬¶zªQë~¡° .

� A
→

 = ° i† Çò B
→

 J# °  ï~O_ È°  ‹¬k‰ ×$°  X öH  „¬i= ¶} = ò,  k‰ ×$# °  H ›ey† ÇòO>è P ‹¬k‰ ×$# °  ‹¬= ¶#
‹¬k‰ ×$°  JO\ì~¡° .

� X öH  k‰ × H ›ey#  ‹¬k‰ ×$# °  UH ›̂ Î‰ × … è̂ ¥ ‹¬~¡¶„¬ ‹¬k‰ ×$°  JO\ì~¡° . ‹¬~¡¶„¬ ‹¬k‰ ×$… Õ „¬i= ¶} = ò
‹¬= ¶# O H ê# = ‹¬~¡= ò … è̂ Î° .

� U ³̂á#  ‹¬k‰ ×ä ›½  „¬i= ¶} = ò ‹¬= ¶# OQê LO@ ¶ =¼uö~H › k‰ ×# °  H ›ey† ÇòO>è ^¥xx | ° ° }  ‹¬k‰ ×

JO\ì~¡° . AB BA
→ →

= −
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� ï~O_ È°  … è̂ ¥ JO Ç̀H ›O>è Z ä ›½ ø =  ‹¬k‰ ×$ä ›½  X öH  `ù e a O Î̂° = ô  H ›ey† ÇòO>è P ‹¬k‰ ×$# °  ‹¬‚¬ð~¡Oƒ&’

‹¬k‰ ×$°  JO\ì~¡° . L^¥ , ,AB AC AD
→ → →

 ‹¬k‰×$ä ›½  X öH  `ù e a O Î̂° = ô  A  H ›$ Î̂° .

� X öH  k‰ ×… Õ L# ß  ‹¬k‰ ×$# °  Qêx … è̂ ¥ = ¼uö~H › k‰ ×… Õ L# ß  ‹¬k‰ ×$# °  Qêx … è̂ ¥ ‹¬= ¶O Ç̀~¡OQê  L# ß
‹¬k‰ ×$# °  ‹¬ö~v† Ç°  ‹¬k‰ ×$°  JO\ì~¡° .

� ï~O_ È°  … è̂ ¥ JO Ç̀H ›O>è Z ä ›½ ø =  ‹¬k‰ ×$°  ‹¬= ¶O Ç̀~¡OQê L O@ ¶ X öH  Ç̀$OÌ „á L# ß K Ë  P ‹¬k‰ ×$# °
‹¬̀ Çb† Ç°  ‹¬k‰ ×$°  JO\ì~¡° . ‹¬̀ Çb† Ç°  ‹¬k‰ ×$°  H êx ‹¬k‰ ×$# °  J Ç̀s† Ç°  ‹¬k‰ ×$°  JO\ì~¡° .

� ‹¬k‰×� ‹¬OH›�# ãuƒ�’°[ x†Ç°=°=ò :

OAB  ã uƒ&’° [= ò… Õ OB OA AB
→ → →

= +

 c a b
→ → →

= +

� ï~O_È° H›O>è Zä›½ø= ‹¬k‰×� ‹¬OH›�#=ò :

a b c d OA AB BC CD
→ → → → → → → →

+ + + = + + +

OB AB BC CD
→ → → → 

= + + +  
 

OB BC CD
→ → →

= + +

OC CD
→ →

= +

OD
→

=

OD a b c d
→ → → → →

∴ = + + +

� ‹¬k‰×� ‹¬OH›�#=ò…Õ ‹¬=¶O Ç̀~¡ KÇ̀ Ç°~¡°Ä/[ <Œ¼†Ç°=ò :

OABC  ‹¬= ¶O Ç̀~¡ K Ç̀ Ç° ~¡° Ä �[= ò… Õ

OA AB OB
→ → →

+ =

a b OB
→ → →

+ = ... (1)

OC CB OB
→ → →

+ =

b a OB
→ → →

+ = ... (2)
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(1),  (2)$ # ° O_ B a b b a
→ → → →

+ = +

� ï~O_È° ‹¬k‰×� =° �̂Î¼ =¼=H›�#=ò :

Wzó #  ï~O_ È°  ‹¬k‰ ×$°  a
→

 = ° i† Çò b
→

$ = ° &̂Î¼ = ¼= H ›$# = ò# °  a b
→ →

− `Ë  ‹¬¶zªQë~¡° . J# Qê a
→

= ° i† Çò | ° ° }  ‹¬k‰ × b
→

$ "³ò Ç̀ë= ° x J~¡Ö= ò. a b a b
→ → → → 

− = + −  
 

� ª6Ö# ‹¬k‰× : 0 X H › ‹²Ö~¡ a O Î̂° = ô  J# ° ä ›½ O^¥=ò. Z ³̂á<Œ a O Î̂° = ô  P H ÷ ‹¬k‰ × OP
→

x 0 ̂ Î$‘ Q“¼ P

ªQÖ#  ‹¬k‰ × JO\ì~¡° . OP
→

x r
→

`Ë  Qêx ( )P r `Ë  Qêx ‹¬¶zªQë~¡° .

„¬@ O… Õ K ÇO„²#  q &̂Î= òQê ,OA AB
→ →

$°  ï~O_ È°  ªQÖ# ‹¬k‰ ×$°. J~ò Í̀ ã uƒ&’° [ x†Ç° = ° = ò ã „¬H ê~¡= ò

OA AB OB
→ → →

+ =

AB OB OA
→ → →

= −

AB B
→

=
 † ³òH ›ø  ‹¬k‰ × A  † ³òH ›ø  ªQÖ#  ‹¬k‰ ×.

� ‹¬k‰§ Q®°}# x†Ç°=¶�° :

,a b
→ →  $°  ‹¬k‰ ×$°  = ° i† Çò ,x y $°  Jk‰ ×$°  J~ò Í̀

1) ( )x y a xy a
→ → 

=  
 

2) ( )x a y a x y a
→ → →

+ = +

3) x a x b x a b
→ → → → 

+ = +  
 

4) 0. 0 0a x
→ →

+ =

� Jk‰×̀ Ë ‹¬k‰× Q®°}Hê~¡=ò :

‰ ×́ <Í¼ Ç̀~¡ ‹¬k‰ × a
→

# °  Jk‰ × 0x ≠ `Ë  Q®° } ÷OK ÇQê = K Íó  ‹¬k‰ × „¬i= ¶} = ò ( )x ä ›½  ‹¬= ¶# = ò.

0x >  J~ò#  ^¥x k‰ × a
→

 k‰ ×… Õ LO_ È°# ° .
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0x <  J~ò#  ^¥x k‰ × a
→

 k‰ ×ä ›½  = ¼uö~H › k‰ ×… Õ LO_ È° # ° .

1) . 0 0x
→

=

2) 0. 0a
→

=

� a x b
→ →

=  ( x  Jk‰ ×) J~ò Í̀ P ï~O_ È°  ‹¬k‰ ×$# °  ‹¬ö~v† Ç°  ‹¬k‰ ×$°  JO\ì~¡° .

� a
→

 = ° i† Çò b
→

 ‹¬ö~v† Ç°  ‹¬k‰ ×$°  H ê= _ ¨ xH ÷ P= ‰ ×¼H ›,  „¬~Œ¼„¬ëH › x† Ç° = ° = ò 0x a y b
→ →

+ =

(WH ›ø _ B ,x y $° Jk‰ ×̂ ×Ã)

� a
→

 =° i† Çò b
→

$° ‹¬ö~v† Ç¶$°  H êx ‹¬k‰×$° J~ò Í̀ 0x =  =° i† Çò 0y =  J~ò#„¬ôæ _È°  = ¶ã Ç̀"Í°

0x a y b
→ →

+ =  JQ®° # ° .

� qƒ�’[# ‹¬¶ã Ç̀=ò : = ¶$ a O Î̂° = ô  0 Î̂$‘ Q“¼ ,A B  a O Î̂° = ô $ ªQÖ#  ‹¬k‰ ×$°  = ~¡° ‹¬Qê ,a b
→ →

J# °ä›½ O^¥O.

OA a
→ →

=  = ° i† Çò OB b
→ →

=  J† Í° ¼@ @ ° ÁQê ,A B  ö~Mì YO_ ¨ xß

P q ƒ&’lOK Í x+¬æ uë  :m n J~ò Í̀

(JO Ç̀~¡OQê) mb na
OP

m n

→ →
→ +

=
+

( ƒì‚¬ì¼OQê) mb na
OP

m n

→ →
→ −

=
−

� =° �̂Î¼ aO Î̂° ª6Ö# ‹¬k‰× : AB  ö~Mì YO_ ¨ xH ÷ P  = ° &̂Î¼ a O Î̂° = ô  J~ò# „¬ô æ _ È°  P  ªQÖ#  ‹¬k‰ ×

2

a b
OP

→ →
→ +

=

� ãu �̂¥H›~¡} aO Î̂°=ô : U ³̂á<Œ ö~Mì YO_ ¨ xß 1:2 … è̂ ¥ 2:1 x+¬æ uë… Õ q ƒ&’lOK Í a O Î̂° = ô # ° ã u &̂¥H›~¡}
a O Î̂° =ô  JO\ì~¡° .

� ï~O_È° ‹¬k‰×� Jk‰§ �|œ=ò :

a
→

 = ° i† Çò b
−

$°  ï~O_ È°  ‹¬k‰ ×$ä ›½ O^¥O. g \÷ = ° &̂Î¼ H Ë } O θ  J~ò Í̀ Jk‰ § $| œ= ò# °  ,a b
− −

`Ë
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‹¬¶zª Që= ò.

. cos
− − − −

= θa b a b

,a b
− −  Jk‰ × H ê= ô #  ,a b

− −

 = ° i† Çò cosθ $°  ä›l_ ¨  Jk‰ ×$° .

� Jk‰ § $ƒìœxß  a O Î̂°  $| œ= ° x ä ›l_ ¨  JO\ì~¡° .

Q®=°xH›�° :

1) .a b
− −

$°  ‹¬* ìf† Ç°  ‹¬k‰ ×$°  J~ò Í̀ .a b a b ab
− − − −

= =

2) .a b
− −

$°  q * ìf† Ç°  ‹¬k‰ ×$°  J~ò Í̀ . cosa b ab ab
− −

= π = −

3) .a b
− −

$ = ° &̂Î¼H Ë } O θ  J~ò Í̀ .
cos

a b

a b

− −

− −
θ =

4) . .a b b a
− − − −

=

. .a b c a b a c
− − − − − − − 

+ = +  
 

5) .n a b na b a nb
− − − − − −     

= =          
     

 WH ›ø _ È n  "Œ‹¬ë=  ‹¬OY¼.

6) . . . 1i i j j K K
− − − − − −

= = =  = ° i† Çò . . . 0i j j K K i
− − − − − −

= = =  WH ›ø _ È , ,i j K
− − −

$°  $O|  † Çüx\˜

‹¬ k‰ ×$ ° .

� ï~O_È° ‹¬k‰×� ‹¬k‰§ �|œ=ò : a
−

  =° i† Çò b
−

 $°  ï~O_ È°  ‹¬k‰ ×$# °ä ›½ O^¥=ò. ,a b
− −

$ =° &̂Î¼HË } = ò

θ  . Wk 0 < θ < π  JO Ç̀~¡O… Õ = òO Î̂° Ok. ‹¬k‰ § $ƒìœ# ß  sina b a b n
− − − − −

× = θ `Ë  ‹¬¶zªQë~¡° .

nxx = ã [ $| œ= ò Jxä ›l_ ¨  JO\ì~¡° .
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 WH ›ø _ È n
−

† Çüx\˜ ‹¬k‰ ×.

WH ›ø _ È , ,a b n
− − −

 ä ›½ _ BK ÇK Íu „¬̂ Îœu… Õx ‹¬k‰ § ã Ç̀† Ç° OQê ~¡¶‡ ÚO Í̂@ @ ° Á Qê# ° ,  ,a b
− −

 ï~O_ BO\÷H ÷

$O| OQê n
−  X H › † Çüx\˜ ‹¬k‰ × LO@ ° Ok.

Q®=°xH›�° :

1) a b b a
− − − −

× = − ×

2) 0a a
− −

× =

3) 0i i j j K
− − − − −

× = × = × =

4) , ,i j K j K i K i j
− − − − − − − −

× = × = × =  = ° i† Çò

5) 0a b
− −

× =  J~ò#  0a
−

=  … è̂ ¥ 0b
−

=  … è̂ ¥ ||
− −

a b

6) a b c a b a c
− − − − − − −     

× + = × + ×          
     

a b c a c b c
− − − − − − −     

+ × = × + ×          
     

7) sin

a b

a b

− −

− −

×

θ =

I. Ju‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (1 =¶~¡°ø)

1. ABCD  ‹¬=¶O Ç̀~¡ KÇ̀ Ç°~¡°Ä�[=ò…Õ H›~¡â=ò$ YO_È# aO Î̂°=ô 0 J~ò Í̀ OA OB OC OD
→ → → →

+ + +  H›#°Qù#°=ò.

ªQ &̂Î# : ABCD  ‹¬= ¶O Ç̀~¡ K Ç̀ Ç° ~¡° Ä �[= ò… Õ ,AC BD
→ →

 H ›~Œâ$ = ° &̂Î¼ a O Î̂° = ô  0.

OD OB
→ →

= −  = ° i† Çò OC OA
→ →

= −
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OA OB OC OD OA OB OA OB
→ → → → → → → →

+ + + = + − − O
→

=

2. = ü$ a O Î̂° = ô  Î̂$‘ Q“¼ A = ° i† Çò B  J<Í a O Î̂° = ô$ ªQÖ#  ‹¬k‰ ×$°  = ~¡° ‹¬Qê a
→

 = ° i† Çò b
→  J~ò Í̀

AB
→

 ‹¬k‰ ×= ò H ›# ° H Ë ø O_ B.

ªQ &̂Î# : = ü$ a O Î̂° = ô  O  Î̂$‘ Q“¼ ,A B  a O Î̂° = ô $ ªQÖ#  ‹¬k‰ ×$° .

OA a
→ →

=  = ° i† Çò OB b
→ →

=

AB OB OA b a
→ → → → →

= − = −

3. , ,A B C  =° i† Çò D  a O Î̂° =ô $ ªQÖ#  ‹¬k‰ ×$°  = ~¡° ‹¬Qê 2 ,3 ,4 3a b a b
→ → → →

+  =° i† Çò 2a b
→ →

+  J~ò Í̀ DB
→

= ° i† Çò AC
→

 ‹¬k‰ ×$# °  H ›# ° H Ë ø O_ B.

ªQ &̂Î# : = ü$ a O Î̂° = ô  0 Î̂$‘ Q“¼ , ,A B C  = ° i† Çò D  a O Î̂° = ô $ ªQÖ#  ‹¬k‰ ×$°  = ~¡° ‹¬Qê

2 , 2 , 4 3 . 2OA a OB b OC a b OD a b
→ → → → → → → → → →

= = = + = +

3 2DB OB OD b a b b a
→ → → → → → → →

= − = − − = −

4 3 2 2 3AC OC OA a b a a b
→ → → → → → → →

= − = + − = +

4. 5 6 ,7 8a b a b
→ → → →

+ −  = ° i† Çò 3 20a b
→ →

+  J<Í ªQÖ#  ‹¬k‰ ×$°  ‹¬ö~d† Ç¶$°  Jx K Ç¶„²OK ÇO_ B.

= ü$ a O Î̂° = ô  0 Î̂$‘ Q“¼ , ,A B C$ ªQÖ#  ‹¬k‰ ×$°  = ~¡° ‹¬Qê

ªQ &̂Î# : 5 6 , 7 8 , 3 20OA a b OB a b OC a b
→ → → → → → → → →

= + = − = +

7 8 5 6 2 14AB OB OA a b a b a b
→ → → → → → → → →

= − = − − − = −

3 20 5 6 2 14 2 14AC OC OA a b a b a b a b
→ → → → → → → → → → → 

= − = + − − = − + = − −  
 

∴ = −
���� ����

AC AB

||AC AB
→ →

∴ ,  ,AB AC
→ →

$°  ‹¬ö~d† Ç¶$° .

, ,A B C∴ $°  ‹¬ö~d† Ç¶$° .
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5. , ,a b c
→ → →

$°  ‹¬̀ Çf† Ç¶$°  JQ®° @ ä ›½  x† Ç° = ° = ò ã "Œ†Ç° O_ B.

ªQ &̂Î# : → → →

= +c x a y b

6. ï~O_ È°  $O| °  ‹¬k‰ ×$ä › 3, 4 JO‰ §$°  Q®$ r
→

 ‹¬k‰×# °  ã "Œ† Ç° O_ B.

ªQ &̂Î# : r x i b j
→ → →

= +

7. 1 4 4 ,r i j K
→ ∧ ∧ ∧

= + − 2 2 2 3r i j K
→ ∧ ∧ ∧

= − + +  = ° i† Çò 3 3r i j K
→ ∧ ∧ ∧

= + −  J~ò Í̀ 
1 2 3 7r r r

→ → →

+ + =  Jx

K Ç¶„¬O_ B.

ªQ &̂Î# :
1 2 3 4 4 2 2 3 3r r r i j K i j K i j K

→ → → ∧ ∧ ∧ ∧ ∧ ∧ ∧ ∧ ∧

+ + = + − − + + + + −

3 6 2
→ ∧ ∧

= + −i j K

( )
22 2

1 2 3 3 6 2 9 36 4 49 7r r r
→ → →

+ + = + + − = + + = =

8. 2 4 5a i j K
→ ∧ ∧ ∧

= + −  = ° i† Çò 2 3b i j K
→ ∧ ∧ ∧

= + +  ‹¬k‰ ×$ † ³òH ›ø  „¦¬e Ç̀ ‹¬k‰ ×ä ›½  ‹¬= ¶O Ç̀~¡OQê L# ß

† Çüx\̃ ‹¬k‰×# °  ä ›#° H Ëø O_B.

ªQ &̂Î# : 2 4 5 2 3a b i j K i j K
→ → ∧ ∧ ∧ ∧ ∧ ∧

+ = + − + + +

3 6 2i j K
∧ ∧ ∧

= + −

( )
22 23 6 2 9 36 4 7a b

→ →

+ = + + − = + + =

„¦¬o Ç̀ ‹¬k‰ ×ä ›½  ‹¬= ¶O Ç̀~¡OQê L# ß  † Çüx\˜ ‹¬k‰ × 
3 6 2

7

a b i j K

a b

→ → ∧ ∧ ∧

→ →

+ + −
= =

+

9. a i j K
→ ∧ ∧ ∧

= − −  = ° i † Çò  b i j K
→ ∧ ∧ ∧

= + +  J~ ò # „ ¬ ô _ È ° ‹ ¬k ‰ × 3 2a b
→ →

−  k‰ × … Õ  † Çü x \˜  ‹¬ k ‰ ×# °

H›#° Qù #° =ò.
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3 2 3 2a b i j K i j K
→ → ∧ ∧ ∧ ∧ ∧ ∧   

− = − − − + +      
   

3 3 3 2 2 2i j K i j K
∧ ∧ ∧ ∧ ∧ ∧

= − − − − −

5 5i j K
∧ ∧ ∧

= − −

( ) ( )
2 223 2 1 5 5 51a b

→ →

− = + − + − =

3 2a b
→ →

−  k‰ ×… Õ † Çüx\˜ ‹¬k‰ × 
3 2

3 2

a b

a b

→ →

→ →

−
=

−

5 5

51

i j K
∧ ∧ ∧

− −
=

10. A = ° i† Çò B  a O Î̂° = ô $ ªQÖ#  ‹¬k‰ ×$°  a
−

  = ° i† Çò b
−

$°  J~ò Í̀ ABx C  q ƒ&’lOK Í x+¬æ uë

1) 
1 1

;
2 3

2) 2 : 3− J~ò Í̀C † ³òH ›ø  ªQÖ#  ‹¬k‰ ×# °  H ›# ° Qù # ° = ò.

ªQ &̂Î# : 1) ,OA a OB b
→ − → −

= =  = ° i† Çò 1 1
: :

2 3
=m n

1 1
2 32 3

1 1 5

2 3

b ba
mb na a b

OC
m n

− −
− − − −

→ +
+ +

= = =
+

+

2) ,OA a OB b
→ − → −

= =  = ° i† Çò : 2 : 3= −m n

2 3 2 3
3 2

2 3 1

mb na b a b a
OC a b

m n

− − − − − −
→ − −+ − −

∴ = = = = −
+ − −
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11. ,P P Q q
− −   

      
   

$ä ›½  3:4 x+¬æ uë… Õ JO Ç̀~¡OQê qƒ&’lOK Í aO Î̂° = ô # °  H›# ° H Ë ø O_ B.

ªQ &̂Î# : ,OP P OQ q
− − − −

= = = ° i† Çò : 3 : 4=m n

R ªQÖ#  ‹¬k‰ × 3 4 4 3

3 4 7

mq n p q p p q
r

m n

− − − − − −
− + + +

= = =
+ +

12. 3 2 6a i j K
− ∧ ∧ ∧

= + − = ° i† Çò 4 3b i j K
∧ ∧ ∧

= − + J~ò Í̀ .
− −

a b H ›# ° Qù x ^¥x ^¥Þ~Œ ,a b
− − $ = ° &̂Î¼H Ë } O

H›#° Qù #° =ò.

ªQ &̂Î# : , 3 2 6 4 3a b i j K i j K
− − − − − ∧ − −   

= + − − +      
   

( ) ( ) ( )3 4 . 2 3 . 6 1 .i i j j K K
− − − − − −     

= × + × − + − ×          
     

12 6 6= − −
. . . 1i i j j K K

− − − − − − 
= = =  

 
∵

0=

9 4 36 49 7a
−

= + + = =

16 9 1 26b
−

= + + =

. 0
cos

7 26

a b

a b

− −

− −
∴ θ = =

cos 0∴ θ =

cos cos
2

π
∴ θ =

2

π
∴θ =
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13. 2 3a i j K
− − − −

= + −  = ° i† Çò 3 2b i j K
− − − −

= − + J~ò Í̀ .a b
− −

 H ›# ° Qù x ^¥x ^¥Þ~Œ .a b
− −

$ = ° &̂Î¼H Ë } O

H›#° Qù #° =ò.

ªQ &̂Î# : . 2 3 3 2a b i j K i j K
− − − − − − − −   

= + − − +      
   

( ) ( ) ( )2 3 1 2 3 1 .i i j j K K
− − − − − −     

= × − + × − − + − ×          
     

6 2 3 1= − − =

4 1 9 14a
−

= + + =

9 4 1 14b
−

= + + =

. 1 1
cos

1414. 14
.

a b

a b

− −

− −
θ = = =

1 1
cos

14
−  

θ =  
 

14. 6 3 2a i j K
− − − −

= − + − J~ò Í̀a
−  k‰ ×… Õ † Çüx\˜ ‹¬k‰ ×#°  H ›# ° H Ë ø O_ B.

ªQ &̂Î# : 6 3 2a i j K
− − − −

= − + −

36 9 4 49 7a
−

= + + = =

a
− k‰ ×… Õ † Çüx\˜ ‹¬k‰ × 

6 3 2

7

a i j K

a

→ − − −

−

− + −
=

15. 3 2 , 2 4i j K i j K
− − − − − −

− + − + +  J<Í ‹¬k‰×$ „¦¬e Ç̀ ‹¬k‰×ä›½ ‹¬= ¶O Ç̀~¡OQê L#ß †Çüx\̃ ‹¬k‰ ×# ° H›# °H Ëø O_ B.

ªQ &̂Î# : 3 2a i j K
− − − −

= − +
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2 4b i j K
− − − −

= − + +

5 6a b i j
− − − −

+ = −

25 36 61a b
− −

+ = + =

‹¬= ¶O Ç̀~¡OQê L# ß  † Çüx\˜ ‹¬k‰ × 
5 6

61

a b i j

a b

− − − −

− −

+ −
=

+

III. n~¡É ‹¬=¶ �̂¥# ã„¬‰×ß�° (5 =¶~¡°ø�°)

1. ABC  ã uƒ&’° [= ò… Õ = ° &̂Î¼Q®̀ Çö~Y$°  YO_ È#  a O Î̂° = ô  O . J~ò Í̀ ,OA OB
→ →

 = ° i† Çò OC
→

 ‹¬k‰ ×$
‹¬OH ›$# = ò ̀ ³$„¬O_ B.

ªQ &̂Î# : ABC  ãuƒ&’°[=ò…Õ , ,AB BC CA$ =° &̂Î¼ aO Î̂°=ô$° =~¡°‹¬Qê , ,D E F $° J#°Hù#°=ò. , ,CD AE BF

= ° &̂Î¼Q®̀ Ç ö~Y$°  O  J# ° a O Î̂° = ô  = Î̂í YO_ BªQë~ò.

J„¬ô æ_ È° : 2 :1OC OD =

AB= ° &̂Î¼ a O Î̂°  D  ªQÖ# ã ƒ&’O‰ × 
2

a b
− −

+

O  ªQÖ#  ã ƒ&’O‰ × 1
2

2 1 3

a b
C

a b c

− −

− − −+
+ ×

+ +
= =

+

= ü$a O Î̂° = ô  G  Î̂$‘ Q“¼ 
3

a b c
GO

− − −
− + +

=  = ° i† Çò GA a
− −

=

3 2

3 3 3

a b c a a b c a b c
OA GA GO a

− − − − − − − − − −
− − − − + + − − − − −

= = − = − = =

2

3 3

− − − − − −
− − − − + + − −

= − = − ==
a b c b a c

OB GB GO b
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2

3 3

a b c c a b
OC GC GO c

− − − − − −
− − − − + + − −

= − = − ==

2 2 2

3

a b c b a c c a b
OA OB OC

− − − − − − − − −
− − − − − + − − + − −

+ + =

2 2 2 2 2 2

3

a a b b c c
− − − − − −

− + − + −
=

0
0

3
= =

2. 3 7 4 ,3 2a b c a b c
− − − − − −

− − − +  = ° i† Çò 2a b c
− − −

+ +  ‹¬k‰ ×$°  ‹¬̀ Çf† Ç¶$°  Jx K Ç¶‡ Qe. WH ›ø _ È , ,a b c
− − − $°

J Ç̀b† Ç°  ‹¬k‰ ×$° .

ªQ &̂Î# : Wzó #  ‹¬k‰ ×$°  ‹¬̀ Çb† Ç¶$°  J~ò# ( ), , 0α β γ =

3 7 4

3 2 1 0

1 1 2

abc
− − −

− − 
  

− =       
. 0abc

− − − 
≠ 

  
∵

( ) ( ) ( )3 4 1 7 6 1 4 3 2 0− − + − − + =

( ) ( ) ( )3 5 7 5 4 5 0− + − =

15 35 20 0− − − =

35 35 0− =

0 0=

∴Wzó #  ‹¬k‰ ×$°  ‹¬̀ Çb† Ç¶$° .

3. C = ° i† Çò D$ ªQÖ#  ‹¬k‰ ×$°  c
−

 = ° i† Çò d
−

 J~ò#  CDx q ƒ&’lOK Ç°  ã un&H ›~¡}  a O Î̂° = ô $°  P
= ° i† Çò Q  J~ò Í̀ ã u &̂¥H ›~¡}  a O Î̂° = ô $ ªQÖ#  ‹¬k‰×$°  H ›# ° Qù # ° = ò.

ªQ &̂Î# : 1) ,OC c OD d
− − − −

= =  = ° i† Çò : 1 2m n = =

P∴  ªQÖ#  ‹¬k‰ × 2 2

1 2 3

md nc d c c d

m n

− − − − − −

+ + +
= = =

+ +
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2) ;OC c OD d
− − − −

= =  = ° i† Çò : 2 : 1m n =

Q∴ ªQÖ#  ‹¬k‰ × 2

3

m nc c d

m n

− − − −

α+ +
= =

+

4. 3 2 3a i j K
− − − −

= + −  = ° i† Çò 2 3 4b i j K
− − − −

= + +  J~ò Í̀ a b
− −

× x H ›# ° H Ë ø O_ B. ̂ ¥x ̂ ¥Þ~Œ ,a b
− −

$ = ° &̂Î¼

HË }O H›# °HË øO_ B.

ªQ &̂Î# : 3 2 3

2 3 4

i j K

a b

− − −

− −

 
 
 × = −
 
 
  

( ) ( ) ( )8 9 12 6 9 4i j K
− − −

= + − + + −

17 18 5i j K
− − −

= − +

284 324 25 638a b
− −

× = + + =

9 4 9 22a
−

= + + =

4 9 16 29b
−

= + + =

638 638
sin 1

22 29 638
.

a b

a b

− −

− −

 
×  

 
∴ θ = = = =

sin sin
2

π
∴ θ =

2

π
∴θ =



‹¬k‰×�°

686 Q®}÷̀ ÇO H›Þ‰×ó<£ ƒì¼OH±

5. 2 3a i j K
− − − −

= + −  =° i† Çò 3 2b i j K
− − − −

= − +  J~ò Í̀ a b
− −

× # ° H ›# ° HË ø x ̂ ¥x ̂ ¥Þ~Œ ,a b
− −

$ = ° &̂Î¼ H Ë} O

H›#°HËøO_B.

ªQ &̂Î# : 2 1 3

3 2 1

i j K

a b

− − −

− −

× = −

−

( ) ( ) ( )1 6 2 9 4 3i j K
− − −

= − − + + − −

5 11 7i j K
− − −

= − − −

25 121 49 195a b
− −

× = + + =

4 1 9 14a
−

= + + =

9 4 1 14b
−

= + + =

195
sin

14 14
.

a b

a b

− −

− −

×

θ = =

195
sin

14
θ ==

195

14

 
θ =   

 

6. ,a b
− −

 ‹¬ö~v† Ç¶$°  H êx ‹¬k‰ ×$° . ( )2 x a b
− −

− +  = ° i† Çò ( )3ya x b
− −

+ − $°  ‹¬= ¶<Œ$°  J~ò Í̀ x= ° i† Çò
y  J<Í ‹¬OY¼$°  H ›# ° H Ë ø O_ B.
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( ) ( )2 3x a b ya x b
− − − −

− + = + −

2 2− = ⇒ + =x y x y → (1)

1 3 1 3 4x x= − ⇒ = + =

(1)⇒ 2x y+ =

4 2y+ =

2 4y = −

2y = −

4x =  = ° i† Çò 2y = −

7. 2 3a i j y K
− − − −

= + +  J<Í ‹¬k‰ × 6 2b x i j K
− − − −

= + − `Ë  ‹¬ö~d† Ç° O J~ò Í̀ ,x y $ q $° = $°  H ›# ° H Ë ø O_ B.

a
−

 = ° i† Çò b
−

$ „¬i= ¶} ìxß  H ›# ° H Ë ø O_ B.

ªQ &̂Î# : ,a b
− −

$°  ‹¬ö~v† Ç¶$°  J~ò Í̀ , ,i j K
− − −

$ Q®° } H ê$° .

6 2

2 3

x

y

−
= =

2
4

2 1

x
x= ⇒ =

2 2
2 1

2

− −
= ⇒ = = −y

y

2 3 4 9 1 14a i j K a
− − − −

= + − ⇒ = + + =

4 6 2 16 36 4 56b i j K b
− − − − −

= + − ⇒ = + + = .
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IV. "Œ¼‹¬~¡¶„¬ ‹¬=¶ �̂¥# ã„¬‰×ß�° (8 =¶~¡°ø�°)

1. ‹¬k‰ ×$# ° „¬† ³¶yOz ã uƒ&’° [ = ° &̂Î¼Q®̀ Ç ö~Y$°  J# ° +¬H êë$x K Ç¶„¬O_ B.

ªQ &̂Î# : O  = ü$ a O Î̂° = ô  ̂ Î$‘ Q“¼ ã uƒ&’° [ j~ŒÂ $°  , ,A B C  $ ªQÖ#  ‹¬k‰ ×$°  = ~¡° Qê , ,OA a OB b OC c
− − − − − −

= = =

J#°Hù #°=ò.

BC  = ° &̂Î¼ a O Î̂° = ô  D  ªQÖ#  ‹¬k‰ × 
2

b c
OD

− −
− +

=

AD  = ° &̂Î¼Q®̀ Ç ö~Y# °  G  a O Î̂° = ô  2:1 x+¬æ uë… Õ JO Ç̀~¡OQê q ƒ&’l‹¬° ëOk.

G∴  ªQÖ#  ‹¬k‰ × 

2
2

2 1 3

b c
a

a b c
OG

− −
−

− − −
→

 
+ 

+ 
 

+ + 
= =

+

AC  = ° &̂Î¼ a O Î̂° = ô  E  ªQÖ#  ‹¬k‰ × 
2

− −
→

 
+ 

=  
 
 

a c
OE

BE  = ° &̂Î¼Q®̀ Ç ö~Y# °  G  a O Î̂° = ô  2:1 x+¬æ uë… Õ JO Ç̀~¡OQê q ƒ&’l‹¬° ëOk.

G∴  ªQÖ#  ‹¬k‰ × 

2
2

2 1 3

a c
b

a b c
OG

− −
−

− − −
→

 
+ 

+ 
 

+ + 
= =

+
.

AB= ° &̂Î¼ a O Î̂° = ô  F  ªQÖ#  ‹¬k‰ × 
2

− −
→

 
+ 

=  
 
 

a b
OF

CF = ° &̂Î¼Q®̀ Ç ö~Y# °G  a O Î̂° = ô  2:1 x+¬æ uë… Õ JO Ç̀~¡OQê q ƒ&’l‹¬° ëOk.

G∴ ---

2
2

2 1 3

− −
−

− − −
→

 
+ 

+ 
 

+ + 
= =

+

a b
c

a b c
OG

∴ã uƒ&’° [ = ° &̂Î¼Q®̀ Ç ö~Y$°  J# ° +¬H êë$° .

A

B D C

F E

G
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2. XH› ãuƒ&’°[=ò…Õ Z"³á# ï~O_È° ƒ&’°*ì$ =° &̂Î¼ aO Î̂°=ô$#° H›eÀ„ ö~Mì YO_È=ò =ü_È= ƒ&’°*ìxH÷ ‹¬=¶O Ç̀~¡=ò
Jx K Ç¶„² P ƒ&’° [O… Õ Jk ‹¬Q®= ° x K Ç¶„¬O_ B.

ªQ &̂Î# : O  = ü$a O Î̂° = ô  Î̂$‘ Q“¼ ã fƒ&’° [ j~ŒÂ $°  , ,A B C$ ªQÖ#  ‹¬k‰ ×$°  = ~¡° ‹¬Qê

. ,OA a OB b OC c
− − − − − −

= = =  J#° Hù #° =ò

,AB AC
− −

$ = ° &̂Î¼ a O Î̂° = ô $°  ,D E $ ªQÖ#  ‹¬k‰ ×$°  = ~¡° ‹¬Qê

1

2 2 2

a c a b
DE OE OD c b

− − − −
− − − − − + +

= − = − = −  
 

= − = −BC OC OB c b

1

2
DE BC
− −

∴ =

BC
−

∴  = ° i† Çò DE
−

$°  ‹¬= ¶O Ç̀~Œ$°  = ° i† Çò DE
−

, BC
−

… Õ ‹¬Q®= òO@ ° Ok.

A

B C

D E
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33A

ãu„¬i=¶} *ì¼q°u „¬iKÇ†Ç°=ò
U ³̂á<Œ Ç̀
O…Õ XH› aO Î̂°=ô f‹¬°ä›½O>è, P aO Î̂°=ôä›½ J#°~¡¶„¬OQê ^¥x x~¡¶„¬Hê
° J#|_Í ï~O_È°

‹¬OY¼
#° H›#°Qù<Í g
°Ok.  q„¬~¡¼†Ç°OQê (x, y) J<Í ãH›=°†ÇòQêàxH÷ J#°Q®°}OQê Ç̀
=ò g° Î̂ (x, y)

x~¡¶„¬Hê
° Q®
 aO Î̂°=ô xö~ít Ç̀=°=ô Ç̀°Ok.

=°# Q®k…Õ XH› |Oux x
°=ôQê *ì~¡q_È°^¥í=ò.

P |Ou <Í
#° `ŒH÷# aO^Î°=ô †³òH›ø ªFÖ#=ò

x~ŒÖiOKÇ°@ä›½ „¬î~¡Þ=ò f‹¬°ä›½#ß JHÆê…ÿá# Q®k ‡Ú_È=ô

"³_È
°æ
° KŒ
=ô.  Q®k ‡Ú_È=ô, "³_È
°æ P^T¥~¡OQê

x~ŒÖi Ç̀=ò.  Hêx <Í
#° `ŒH÷# |Ou T~¡ÖÞ=òQê Ì„áH÷

…è‹¬°ëOk.  P ‹¬=°†Ç°O…Õ |Ou †³òH›ø ªFÖ#=ò U

‹¬=°†Ç°O…Õ<³á<Œ |Ou †³òH›ø ªFÖ#=ò HùXä›½, |Ou ZO Ç̀

Z Ç̀°ëä›½ …èz#k J<Ík ä›[_¨ Hê"Œe.

=°#=ò *ì~¡q_^z# |Ou <Í
#° ̀ ŒH÷# aO Î̂°=ô

(5, 4) J#°ä›½O^¥=ò.  Ì„áH÷ …èz# |Ou 2.5 Ì‹O.g°

Z Ç̀°ë…Õ =ô#ß„¬C_È° ̂ ¥x ªFÖ<Œxß (5, 4, 2.5) J<Í =ü_È°

‹¬OY¼
 KÍ̀ Ç  ‹¬¶zªFë=ò.

H›#°H›, JO Ç̀~Œ ×̂O…Õ XH› aO Î̂°=ô xö~ítOKÇ°@ä›½ =ü_È° ‹¬OY¼
° J=‹¬~¡=ò.

D ‡F~”¡O…Õ q„¬ô
OQê KÇióOKÇ° JO‰§
° :Ð

x~¡¶„¬H› =¼=‹¬Ö, JO Ç̀~Œ ×̂O…Õ aO Î̂°=ô x~¡¶„¬Hê
°, JO Ç̀~Œ ×̂O…Õ ï~O_È° aO Î̂°=ô
 =° T̂Î¼ Î̂¶~¡=ò, ï~O_È°
aO Î̂°=ô
° H›e„²# ö~MìYO_¨xß JO Ç̀~¡OQê …èH› ƒì‚¬ì¼OQê XH› ̂ Î̀ Çë x+¬æuë…Õ qƒT’lOKÍ aO Î̂°=ô x~¡¶„¬Hê
°, XH›
aO Î̂°=ô Ð ‹¬~¡̂ ×ö~Y
 qöHÆ„¬=ò.
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�HÆê¼�° :

‡F~”¡O KÇkq# ̀ Ç~¡°"Œ Ç̀ g°~¡°

Ð =ü_È° ‹¬OY¼
 KÍ̀ Ç JO Ç̀~Œˆ×O…Õ aO Î̂°=ô#° Q®°iëªFë~¡°.

Ð JO Ç̀~Œˆ×O…Õ ï~O_È° aO Î̂°=ô
 =° T̂Î¼ ̂ Î¶~¡=ò#° H›#°Qù#°@.

Ð ï~O_È° aO Î̂°=ô
#° H›e„²# ö~Mì YO_¨xß JO Ç̀~¡OQê …èH› ƒì‚¬ì¼OQê ̂ Î̀ Çë x+¬æuë…Õ qƒT’lOKÍ aO Î̂°=ô
x~¡¶„¬Hê
#° H›#°Qù#°@.

Ð JO Ç̀~Œˆ×O…Õ ‹¬~¡̂ ×ö~Y kH± Ð HùÌ‹á#°
#° x~¡ÞzªFë~¡°.

Ð XH› ‹¬~¡̂ ×ö~Mì YO_¨xß "Í~ùH› ‹¬~¡̂ ×ö~Y g° Î̂ xöHÆ„²OKÇ°@.

Ð JO Ç̀~Œ ×̂O…Õ ï~O_È° ‹¬~¡̂ ×ö~Y
° 
O|OQê …èH› ‹¬=¶O Ç̀~¡OQê LO_ÍO Î̂°ä›½ x†Ç°=¶
#° H›#°Qù#°=ò.

=òMì¼O‰§�°

1) ãu „¬i=¶} *º¼q°u…Õ x~¡¶„¬H› ̀ Ç…ì
 KÍ̀ Ç JO Ç̀~Œˆ×=ò Zxq°k J+¬“Hê
°Qê qƒT’lOKÇ|_È° Ç̀°Ok.

Jq. 1 1 1 1 1 1 1 1 1 1 1
, , , , , , ,oxyz ox yz oxy z oxyz oxy z ox y z ox yz ox y z

2) "³ò Î̂\÷ J+¬“H›=ò…Õ P  U ³̂á<Œ XH› aO Î̂°=ô J~ò Í̀, ã„¬u J+¬“H›=ò…Õ#° P H÷ J#°Q®°}OQê XH›
aO Î̂°=ô =ôO@°Ok. "Œ\÷ x~¡¶„¬Hê
° P x ~¡¶„¬Hê
`Ë ªFOY¼H›OQê ‹¬=¶#O.

( ), ,P a b c  J~ò Í̀ q°ye# aO Î̂°=ô
° =~¡°‹¬Qê

( ) ( ) ( ) ( ) ( ), , , , , , , , , , , , , ,a b c a b c a b c a b c a b c− − − − − − − −

3) xoy  Ç̀
O…Õx aO Î̂°=ô ( ), , ;a b o yoz  Ç̀
O…Õ aO Î̂°=ô ( ), ,o b c  =°i†Çò zox  Ç̀
O…Õ

aO Î̂°=ô ( ), ,a b o

4) , ,x y z  JHÆê
 g° Î̂ aO Î̂°=ô
° =~¡°‹¬Qê ( ), ,a o o , ( ), ,o b o , ( ), ,o o c

5) ( ) ( )1 1 1 2 2 2, , ; , ,P x y z Q x y z  ï~O_È° aO Î̂°=ô
 =° T̂Î¼ Î̂¶~¡=ò.

( ) ( ) ( )
2 2 2

2 1 2 1 2 1PQ x x y y z z= − + − + −

6) ( ) ( )0 0,0,0 ; , ,P x y z  aO Î̂°=ô
 Î̂¶~¡=ò 2 2 2OP x y z= + +

7) ( ) ( )1 1 1 2 2 2, , ; , ,P x y z Q x y z  aO Î̂°=ô
#° H›eÀ„_ ̂PQ  ö~Mì YO_¨xß ( ), ,R x y z  aO Î̂°=ô
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:l m  x+¬æuë…Õ JO Ç̀~¡OQê qƒT’lOKÍ_ ̂aO Î̂°=ô x~¡¶„¬Hê
°

2 1 2 1 2 1, ,
lx mx ly my lz mz

l m l m l m

+ + + 
 

+ + + 

8) ( ), ,P x y z  =°i†Çò ( )2 2 2, ,Q x y z  aO Î̂°=ô
#° H›eÌ„_ ̂ PQ  ö~Mì YO_¨xß ( ), ,R x y z

aO^Î °= ô :l m  x+ ¬æu ë…Õ ƒì‚ ¬ì ¼OQê qƒ T ’lOK ³_ ^  aO^Î °= ô x~ ¡¶„¬Hê
° .

2 1 2 1 2 1, ,
lx mx ly my lz mz

l m l m l m

− − − 
 

− − − 

9) ( )1 1 1P x y z  =°i†Çò ( )2 2 2P x y z  aO Î̂°=ô
#° ³̀eÀ„_ ̂ö~Mì YO_È=ò †³òH›ø =° T̂Î¼ aO Î̂°=ô

x~¡¶„¬Hê
° 2 1 2 1 2 1, ,
2 2 2

x x y y z z+ + + 
 
 

10) XH› ‹¬~¡̂ ×ö~Y , ,x y z  JHÆê
 ̂ TÎ# k‰×
…Õ , ,α β γ HË}ì
° KÍÀ‹ë cos ,cos ,cosα β γ  
#° P ‹¬~¡̂ ×ö~Y
kH± Ð HùÌ‹á#°
x JO\ì~¡°.

JO>è cos ,cosl mα = β =  =°i†Çò cos nγ =

11) x  JH›Æ=ò kH± Ð HùÌ‹á#°
° 0
cos90 1,0,0=

y  JH›Æ=ò kH± Ð HùÌ‹á#°
° 0
cos90 0,1,0=

z  JH›Æ=ò kH± Ð HùÌ‹á#°
° 0
cos90 0,0,1=

12) , ,l m n  kH± HùÌ‹á#°Á J~ò Í̀ 2 2 2 1l m n+ + =  =°i†Çò 2 2 2
cos cos cos 1α + β + γ =

13) , ,a b c  J<Í =ü_È° ‹¬OY¼
° , ,l m n
ä›½ J#°‡F Ç̀=ò…Õ =ôO>è , ,a b c  
#° kH± ‹¬OY¼
° Jx
JO\ì~¡°.

14) kH± Ð HùÌ‹á#°
ä›½ =°i†Çò kH± Ð ‹¬OY¼ =° T̂Î¼ ‹¬O|O T̂Î=ò.

2 2 2

2 2 2 2 2 2

1l m n l m n

a b c a b c a b c

+ +
= = = ± = ±

+ + + +

2 2 2 2 2 2 2 2 2
; ;

l a b c
m m

a a b c a b c a b c

∴ ± = ± = ±

+ + + + + +

15) ( )1 1 1, ,P x y z  =°i†Çò ( )2 2 2, ,P x y z  aO Î̂°=ô
#° H›eÀ„k ö~Mì YO_È„¬ô xöHÆ„¬=ò
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( ) ( ) ( )2 1 2 1 2 1l x x m y y n z z− + − + −

16) ( )1 1 1, ,P x y z  =°i†Çò ( )2 2 2, ,Q x y z  aO Î̂°=ô
#° H›eÀ„ ‹¬~¡̂ ×ö~Y †³òH›ø kH± ‹¬OY¼
°

( )2 1 2 1 2 1, ,x x y y z z− − −

17) ( )1 1 1, ,P x y z   =°i†Çò ( )2 2 2, ,Q x y z aO Î̂°=ô
#° H›eÀ„ ‹¬~¡̂ × ö~Y †³òH›ø kH± Ð HùÌ‹á#°Á

( ) 2 1 2 1 2 1, , , ,
x x y y z z

l m n
PQ PQ PQ

− − − 
=  
 

WH›ø_È ( ) ( ) ( )
2 2 2

2 1 2 1 2 1PQ x x y y z z= − + − + −

18) ( )1 1 1, ,l m n  =°i†Çò ( )2 2 2, ,l m n  kH± HùÌ‹á#°Á Q®
 ï~O_È° ‹¬~¡̂ × ö~Y
 =° T̂Î¼ HË}O θ  J~ò Í̀

1 2 1 2 1 2cos l l m m n nθ = + +

Z) ï~O_È° ‹¬~¡̂ × ö~Y
° 
O|OQê LO_È°@ä›½ x†Ç°=°=ò 1 2 1 2 1 2 0l l m m n n+ + =

a) ï~O_È° ‹¬~¡̂ × ö~Y
° ‹¬=¶O Ç̀~¡OQê LO_È°@ä›½ x†Ç°=°=ò 1 1 1

2 2 2

l m n

l m n
= =

19) ( )1 1 1, ,a b c  =°i†Çò ( )2 2 2, ,a b c 
° kH± ‹¬OY¼
° Q®
 ï~O_È° ‹¬~¡̂ × ö~Y
 =° T̂Î¼HË}=ò θ  J~ò Í̀

1 2 1 2 1 2

2 2 2 2 2 2
1 1 1 2 2 2

cos
a a b b c c

a b c a b c

+ +
θ = ±

+ + + +

Z) ï~O_È° ‹¬~¡̂ × ö~Y
° 
O|OQê LO_È°@ä›½ x†Ç°=°=ò 1 2 1 2 1 2 0a a b b c c+ + =

a) ï~O_È° ‹¬~¡̂ × ö~Y
° ‹¬=¶O Ç̀~¡OQê LO_È°@ä›½ x†Ç°=°=ò 1 1 1

2 2 2

a b c

a b c
= =

I. Ju‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (1 =¶~¡°ø)

1. ( )4,2,5−  aO Î̂°=ô 1ox yz  J+¬“H›=ò…Õ LO@°Ok

2. ( )4,3, 6− aO Î̂°=ô 1oxyz J+¬“H›=ò…Õ LO@°Ok

3. ( )2, 1, 3− − − aO Î̂°=ô 1 1 1ox y z  J+¬“H›=ò…Õ LO@°Ok
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II. ‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (2 =¶~¡°ø�°)

4. ( ) ( )3,1, 2 , 3, 1,2− − − − aO Î̂°=ô
 =° T̂Î¼ ̂ Î¶~¡=ò H›#°Qù#°=ò.

ªF T̂Î#: ( ) ( ) ( )
2 2 2

2 1 2 1 2 1PQ x x y y z z= − + − + −

( ) ( ) ( )
2 2 2

3 3 1 1 2 2= − + + − − + +

( ) ( ) ( )
2 2 2

0 2 4= + − +

0 4 16= + +

20=

2 5=

5. ( ) ( )0,0,0 ; 1,1,1− aO Î̂°=ô
 =° T̂Î¼ ̂ Î¶~¡=ò H›#°Qù#°=ò.

ªF T̂Î#: ( ) ( ) ( )
2 2 2

1 1 1 1 1 1 3OP = − + + = + + =

6. ( ) ( )5, 1,7 , ,5,1a− aO Î̂°=ô
 =° T̂Î¼ Î̂¶~¡=ò9 †Çüx@°Á J~ò Í̀ a  q
°=#° H›#°Qù#°=ò

ªF T̂Î#: ( ) ( ) ( )
2 2 2

2 1 2 1 2 1PQ x x y y z z= − + − + −

( ) ( ) ( )
2 2 2

9 5 5 1 1 7a= − + + + −

( ) ( )
2 22

9 10 25 6 6a a= − + + + −

W~¡°"³á„¬ô…ì =~¡¾O KÍ†Ç°Qê

2
81 10 25 36 36a a= − + + +

2
10 97 81 0a a− + − =

2
10 16 0a a− + =

2
2 8 16 0a a a− − + =

( ) ( )2 8 2 0a a a− − − =
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( ) ( )2 8 0a a− − =

2 0a − =  …è̂ ¥ 8 0a − =

2a =  …è̂ ¥ 8a =

7. ( ) ( ) ( )3,2,4 , 1,5,9 , 1,8,14− −  aO Î̂°=ô
° ‹¬ö~v†Ç¶
° JxKÇ¶„¬ô=ò.

ªF T̂Î#: ( ) ( ) ( )3,2,4 ; 1,5,9 ; 1,8,14A B C= − = − =  J#°ä›½O>è

( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2 2 2

1 3 5 2 9 4 2 3 5 4 9 25 38AB = − + + − + − = + + = + + =

( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2 2 2

1 3 8 2 14 4 4 6 10AC = + + − + − = + +

16 36 100 16 36 100 152= + + = + + =

4 38 2 38= × =

( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2 2 2

1 1 8 5 14 9 2 3 5 4 9 25 38BC = + + − + − = + + = + + =

38 38AB BC+ = +

2 38 AC= =

, ,A B C∴ 
° ‹¬ö~d†Ç¶
°.

8. ( ) ( )2, 5,3 ; 3,5, 2− − −  aO Î̂°=ô
° H›e„²# ö~Mì YO_¨eß JO Ç̀~¡OQê 1:4 x+¬æuë…Õ qƒT’lOKÍ aO Î̂°=ô

x~¡¶„¬Hê
° ³̀
°„¬ô=ò.

ªF T̂Î#: ( ) ( ) ( ) ( )1 1 1 2 2 2, , 2, 5,3 ; , , 3,5, 2x y z x y z= − = − −

: 1 : 4l m =  J#°ä›½O^¥O.

JO Ç̀~¡OQê qƒT’lOKÍ aO Î̂°=ô x~¡¶„¬Hê
° =
2 1 2 1 2 1, ,

lx mx ly my lz mz

l m l m l m

+ + + 
 

+ + + 

1 3 4 2 1 4 5 1 2 4 3
, ,

1 4 1 4 1 4

× − + × × + × − × − + × 
=  

+ + + 

3 8 5 20 2 12
, ,

5 5 5

− + − − + 
=  
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5 15 10
, ,

5 5 5

− 
=  
 

( )1, 3,2= −

9. ( ) ( )2, 3,1 , 3,4, 5− −  aO Î̂°=ô
° H›e„²# ö~Mì YO_¨xß ƒì‚¬ì¼OQê 3:2 x+¬æuë…Õ qƒT’lOKÍ aO Î̂°=ô

x~¡¶„¬Hê
° H›#°Qù#°=ò.

ªF T̂Î#: ( ) ( ) ( ) ( )1 1 1 2 2 2, , 2, 3,1 ; , , 3,4, 5x y z x y z= − = −

: 3 : 2l m =  J#°Hù#°=ò.

ƒì‚¬ì¼OQê qƒT’lOKÍ aO Î̂°=ô x~¡¶„¬Hê
° =
2 1 2 1 2 1, ,

lx mx ly my lz mz

l m l m l m

+ + + 
 

+ + + 

3 3 2 2 3 4 2 3 3 5 2 1
, ,

3 2 3 2 3 2

× − × × − × − × − − × 
=  

− − − 

9 4 12 6 15 2
, ,

1 1 1

− + − − 
=  
 

( )5,18, 17= −

10. ( ) ( )2, 4,3 , 4,5, 6− − − aO Î̂°=ô
° H›e„²<Œ ö~Mì YO_È=ò =° T̂Î¼ aO Î̂°=ô x~¡¶„¬Hê
° ã"Œ†Ç°O_.̂

ªF T̂Î#: ( ) ( ) ( ) ( )1 1 1 2 2 2, , 2, 4,3 ; , , 4,5, 6x y z x y z= − = − −

=° T̂Î¼ aO Î̂°=ô x~¡¶„¬Hê
° =
2 1 2 1 2 1, ,

2 2 2

x x y y z z+ + + 
 
 

2 4 4 5 3 6
, ,

2 2 2

− − + − 
=  
 

2 1 3
, ,

2 2 2

− − 
=  
 

1 3
1, ,

2 2

− 
= − 
 

11. ( ) ( )2, 3,5 , 7,1,3− aO Î̂°=ô
° H›e„²<Œ ö~Mì YO_¨xß(1) xy − Ç̀…ìxß, 2) yz − Ç̀…ìxß, 3) zx − Ç̀…ìxß
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( ) ( ) ( ) ( )1 1 1 2 2 2, , 2, 3,5 ; , , 7,1,3x y z x y z= − =

ªF T̂Î#:1) xy − Ç̀…ìxß qƒT’lOKÍ x+¬æuë = 1 2: 5 : 3z z− = −

2) yz − Ç̀…ìxß qƒT’lOKÍ x+¬æuë = 1 2: 2 : 7x x− = −

3) zx − Ç̀…ìxß qƒT’lOKÍ x+¬æuë = ( )
2

1 2: 3 : 1 3 : 1y y= − = − − =

12. 3,-1,2 kH± ‹¬OY¼
° Q®
 ‹¬~¡̂ ×ö~Y kH± Ð HùÌ‹á#°
° H›#°Qù#°=ò.

ªF T̂Î#: 3, 1, 2a b c= = − =

( ) ( ) ( )
2 2 22 2 2

3 1 2 9 1 4 16a b c+ + = + − + = + + =

∴kH± Ð HùÌ‹á#°
°
2 2 2 2 2 2 2 2 2

, ,
a b c

a b c a b c a b c

 
 ± ± ±
 

+ + + + + + 

3 1 2
, ,

14 14 14

− 
= ± ± ± 
 

3 1 2
, ,

14 14 14

− 
= ±  

 

13. ( )3,5,6−  aO Î̂°=ô †³òH›ø qöHÆ‡F
#° Z) x~¡¶„¬H› Ç̀…ì
 g° Î̂, a) x~¡¶„¬Hê
 g° Î̂ H›#°HËøO_.̂

ªF T̂Î#:Z) , ,yz zx xy  Ç̀…ì
 g° Î̂ ( )3,5,6−  aO Î̂°=ô qöHÆ‡F
° ( ) ( ) ( )0,5,6 ; 3,0,6 , 3,5,0− −

a) , ,x y z  JHÆê
 g° Î̂ qöHÆ‡F
° ( ) ( ) ( )3,0,0 , 0,5,0 , 0,0,6−

14. ( ) ( )5, 3,8 , 6, 1,6− −  aO Î̂°=ô
° H›e„²# ‹¬~¡̂ ×ö~Y kH± Ð HùÌ‹á#°
° H›#°Qù#°=ò.

ªF T̂Î#: ( ) ( ) ( ) ( )1 1 1 2 2 2, , 5, 3,8 ; , , 6, 1,6x y z x y z= − = −

kH± ‹¬OY¼
° = ( )2 1 2 1 2 1; ;x x y y z z− − −

( )6 5, 1 3,6 8= − − + −

( )1,2, 2= −

( ) ( ) ( )
2 2 2

1 2 2 1 4 4 9 3PQ = + + − = + + = = ±
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∴kH± HùÌ‹á#°
° ( ) 2 1 2 1 2 1, , , ,
x x y y z z

l m n
PQ PQ PQ

− − − 
=  
 

1 2 2
, ,

3 3 3

− 
= ±  

 

15. ( ) ( )2,1,3 , 1,0, 4−  aO Î̂°=ô
° H›e„²# ö~Mì YO_È„¬ô qöHÆ„¬=ò ( ) ( )2, 1,4 , 0,1,5− aO Î̂°=ô
° H›e„²#
‹¬~¡̂ ×ö~Y g° Î̂ H›#°Qù#°=ò.

ªF T̂Î#: ( ) ( ) ( ) ( )1 1 1 2 2 2, , 2, 1,4 ; , , 0,1,5x y z x y z= − =

kH± Ð ‹¬OY¼
° ( ) ( )2 1 2 1 2 1, 0 2,1 1,5 4x x y y z z− − − − = − + −

( )2,2,1= −

( ) ( ) ( )
2 2 2

2 1 2 1 2 1PQ x x y y z z= − + − + −

( ) ( ) ( )
2 2 2

2 2 1= − + +

4 4 1 9 3= + + = =

kH± Ð HùÌ‹á#°
°
2 2 1

, ,
3 3 3

− 
=  
 

Hê=
‹²# qöHÆ„¬=ò ( ) ( ) ( )2 1 2 1 2 1l x x m y y x z z= − + − + −

( ) ( ) ( )
2 2 1

1 2 0 1 4 3
3 3 3

−
= − + − + − −

( ) ( ) ( )
2 2 1

1 1 7
3 3 3

−
= − + − + −

2 2 7
, ,

3 3 3

− −
=

7

3

−
=

qöHÆ„¬=ò Z
Á„¬ôæ HÒ T̂Î<Œ Ç̀àH›O. Hê=ô# Hê=
‹²#q qöHÆ„¬=ò 
7

3
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16. ( ) ( )1,1,2 , 3 1, 3 1,4− − − kH± Ð ‹¬OY¼
° Q®
 ‹¬~¡̂ × ö~Y
 =° T̂Î¼HË}=ò H›#°Qù#°=ò.

ªF T̂Î#:
1 2 1 2 1 2

2 2 2 2 2 2
1 1 1 2 2 2

cos
a a b b c c

a b c a b c

+ +
θ =

+ + + +

( ) ( )

( ) ( ) ( ) ( ) ( ) ( )
22 2 2 2 2

1 3 1 1 3 1 2 4

1 1 2 3 1 3 1 4

− + − − + ×
=

+ + − + − − +

3 1 3 1 8

1 1 4 3 1 2 3 3 1 3 16

− − − +
=

+ + + − + + + +

6

6 24
=

6

6 6 4
=

×

6

6 2
=

×

1
cos cos

2 3

π
θ = =

3

π
θ =

17.
2 2 1 2 2 1

, , ; , ,
3 3 3 3 3 3

− − −   
   
   

nH± Ð HùÌ‹á#°
° Q®
 ‹¬~¡̂ × ö~v†Ç° ‹¬=¶O Ç̀~Œ
x KÇ¶„¬O_.̂

ªF T̂Î#: Wzó# ‹¬~¡̂ × ö~Y
° ‹¬=¶O Ç̀~Œ
° J~ò Í̀ 1 1 1

2 2 2

l m n

l m n
= −

2 2 1

3 3 3
2 2 1

3 3 3

−

⇒ = =
− −
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1 1 1= − = − = −

∴ Wzó# kH± Ð HùÌ‹á#°Á Q®
 ‹¬~¡̂ × ö~v†Ç° ‹¬=¶O Ç̀~Œ
°.

18.
3 4 0 4 3 0

, , ; , ,
5 5 5 5 5 5

−   
   
   

 kH± Ð HùÌ‹á#°
° Q®
 ‹¬~¡̂ × ö~v†Ç° 
O|OQê LO\ì†Ç°x KÇ¶„¬O_.̂

ªF T̂Î#: 
O|OQê LO_È°@ä›½ x†Ç°=°=ò 1 2 1 2 1 2 0l l m m n n+ + =

3 4 4 3 0

5 5 5 5 5 5

− 0           
+ +           

           

12 12 0

25 25 25

−
= + +

12 12 0

25

− + +
=

0
0

25
= =

∴‹¬~¡̂ ×ö~Y
° 
O|OQê LO\ì~ò.

III. n~¡É ‹¬=¶ �̂¥# ã„¬‰×ß�° (5 =¶~¡°ø�°)

1. ( ) ( ) ( ), , . , , , , ,a b c b c a c a b aO Î̂°=ô
`Ë U~¡æ_È° ãuƒT’°[=°=ò ‹¬=°ƒì‚¬• ãuƒT’°[=ò JxKÇ¶„¬ô=ò.

ªF T̂Î#: ( ) ( ) ( ), , , , , , , ,A a b c B b c a C c a b= = =  J#°ä›½O>è

( ) ( ) ( )
2 2 2

2 1 2 1 2 1AB x x y y z z= − + − + −

( ) ( ) ( )
2 2 2

b a c b a c= − + − + −

2 2 2 2 2 2
2 2 2a b ab b c cb a c ca= + − + + − + + −

2 2 22 2 2 2 2 2a b c ab bc ca= + + − − −

( ) ( ) ( )
2 2 2

BC c b a c b a= − + − + −

2 2 2 2 2 2
2 2 2c b bc a c ca b a ab= + − + + − + + −

2 2 2
2 2 2 2 2 2a b c ab bc ca= + + − − −
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( ) ( ) ( )
2 2 2

CA a c b a c b= − + − − −

2 2 2 2 2 22 2 2a c ca b a ab c b bc= + − + + − + + −

2 2 22 2 2 2 2 2CA a b c ab bc ca== + + − − −

AB AC CA∴ = =  Hê=ô# Wzó# aO Î̂°=ô
`Ë ‹¬=°ƒì‚¬• ãuƒT’°[=ò U~¡æ_È°`Ç°Ok.

2. ( ) ( ) ( )1,0, 4 , 0,1, 6 , 1.2. 5− − − − aO Î̂°=ô
`Ë 
O|HË} ãuƒT’°[=ò U~¡æ_È° Ç̀°O Î̂x KÇ¶„¬O_^.

ªF T̂Î#: ( ) ( ) ( )1,0, 4 , 0,1, 6 , 1.2. 5A B C= − − = − = − J#°ä›½O^¥O.

( ) ( ) ( )
2 2 22

2 1 2 1 2 1AB x x y y z z= − + − + −

( ) ( ) ( )
2 2 2

0 1 1 0 6 4= + + − + − +

( ) ( ) ( )
2 2 2

1 1 2= + + −

1 1 4 6= + + =

( ) ( ) ( )
2 2 22

1 0 2 1 5 6BC = − + − + − +

( ) ( ) ( )
2 2 2

1 1 1= + +

1 1 1 3= + + =

( ) ( ) ( )
2 2 22

1 1 2 0 5 4AC = + + − + − +

( ) ( ) ( )
2 2 2

2 2 1= + + −

4 4 1 9= + + =

2 2 2
6 3 9AB BC AC+ = + = =

ABC∴∆  
O|HË} ãuƒT’°[=ò

∴ Î̂̀ Çë aO Î̂°=ô
`Ë 
O|HË} ãuƒT’°[=ò U~¡æ_È° Ç̀°Ok

3. ( ) ( ) ( )0,7,10 , 1,6,6 , 4,9,6− − aO Î̂°=ô
° ‹¬=°kÞƒì‚¬ìg 
O|HË} ãuƒT’°[ j~ŒÂ
x KÇ¶„¬ô=ò.

ªF T̂Î#: ( ) ( ) ( )0,7,10 , 1,6,6 , 4,9,6A B C= = − = − J#°ä›½O^¥O.
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( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2 2 22

1 0 6 7 6 10 1 1 4 1 1 16 18AB = − − + − + − = − + − + − = + + =

( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2 2 22

4 1 9 6 6 6 3 3 0 9 9 0 18BC = − + + − + − = − + + = + + =

( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2 2 22

4 0 9 7 6 10 4 2 4 16 4 16 36AC = − + + − + − = − + + − = + + =

2 2
18 18AB BC AB BC= ⇒ = ⇒ =

2 2 2
18 18 36AB BC AC+ = + = =

ABC∴∆  ‹¬=°kÞƒì‚¬• 
O|HË} ãuƒT’°[=ò

∴ Î̂̀ Çë aO Î̂°=ô
`Ë ‹¬=°kÞƒì‚¬• 
O|HË} ãuƒT’°[=ò U~¡æ_È° Ç̀°Ok.

4. ( ) ( ) ( ) ( )3, 1,2 , 5, 2, 3 , 2,4,1 , 4,5,6− − − − −  aO^Î°=ô
`Ë ‹¬=¶O`Ç~¡ KÇ`Ç°~¡°Ä�[=ò U~¡æ_È° Ç̀°O Î̂x

KÇ¶„¬ô=ò.

ªF T̂Î#: ( ) ( ) ( ) ( )3, 1,2 , 5, 2, 3 , 2,4,1 , 4,5,6A B C D= − = − − = − = − J#°ä›½O^¥O.

( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2 2 2

5 3 2 1 3 2 2 1 5 4 1 25 30AB = − + − + + − − = + − + − = + + =

( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2 2 2

2 5 4 2 1 3 7 6 4 49 36 16 101BC = − − + + + + = + + = + + =

( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2 2 2

4 2 5 4 6 1 2 1 5 4 1 25 30CD = − + + − + − = − + + = + + =

( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2 2 2

3 4 1 5 2 6 7 6 4 49 36 16 101DA = + + − − + − = + − + = + + =

AC  =° T̂Î¼ aO Î̂°=ô 
3 2 1 4 2 1

, ,
2 2 2

− − + + 
=  
 

1 3 3
, ,

2 2 2

 
=  
 

BD  =° T̂Î¼ aO Î̂°=ô 
5 4 2 5 3 6

, ,
2 2 2

− − + − + 
=  
 

1 3 3
, ,

2 2 2

 
=  
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30, 101AB CD BC DA= = = =

AC  =° T̂Î¼ aO Î̂°=ô BD  =° T̂Î¼ aO Î̂°=ô 
1 3 3

, ,
2 2 2

 
=  
 

ABCD∴  ‹¬=¶O Ç̀~¡ KÇ̀ Ç°~¡°Ä�[=ò.

∴ Î̂̀ Çë aO Î̂°=ô
`Ë ‹¬=¶O Ç̀~¡ KÇ̀ Ç°~¡°Ä�[=ò U~¡æ_È° Ç̀°Ok.

5. ( ) ( ) ( ) ( )2,2,2 , 4,8,2 , 2,10,10 , 4,4,10− −  aO Î̂°=ô
`Ë KÇ̀ Ç°~¡ã‹¬=ò U~¡æ_È° Ç̀°O Î̂x KÇ¶„¬O_.̂

ªF T̂Î#: ( ) ( ) ( ) ( )2,2,2 , 4,8,2 , 2,10,10 , 4,4,10A B C D= = − = − =  J#°ä›½O^¥O.

( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2 2 2

4 2 8 2 2 2 6 6 0 36 36 0 72AB = − − + − + − = − + = + + =

( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2 2 2

2 4 10 8 10 2 2 2 8 4 4 64 72BC = − + + − + − = + = + + =

( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2 2 2

4 2 4 10 10 10 6 6 0 36 36 0 72CD = + + − + − = + − = + + =

( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2 2 2

4 2 4 2 10 2 2 2 8 4 4 64 72DA = − + − + − = + = + + =

( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2 2 2

2 2 10 2 10 2 4 8 8 16 64 64 144AC = − − + − + − = − + = + + =

( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2 2 2

4 4 4 8 10 2 8 4 8 64 16 64 144BD = + + − + − = + − = + + =

72AB BC CD DA= = = =

144AC BD= =

ABCD∴ XH› KÇ̀ Ç°~¡ã‹¬=ò

∴ Î̂̀ Çë aO Î̂°=ô
`Ë KÇ̀ Ç°~¡ã‹¬=ò U~¡æ_È° Ç̀°Ok.

6. ( ) ( ) ( ) ( )7,6,3 , 4,10,1 , 2,6,2 , 1,2,4A B C D−  aO Î̂°=ô
ä›½ n~¡É KÇ̀ Ç°~¡ã‹¬ j~ŒÂ
x KÇ¶„¬ô=ò.

ªF T̂Î#: ( ) ( ) ( ) ( )7,6,3 , 4,10,1 , 2,6,2 , 1,2,4A B C D= = = − = J#°ä›½O^¥O.

( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2 2 2

4 7 10 6 1 3 3 4 2 9 16 4 29AB = − + − + − = − + + − = + + =
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( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2 2 2

2 4 6 10 2 1 6 4 1 36 16 1 53BC = − − + − + − = − + − + = + + =

( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2 2 2

1 2 2 6 4 2 3 4 2 9 16 4 29CD = + + − + − = + − + = + + =

( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2 2 2

7 1 6 2 3 4 6 4 1 36 16 1 53DA = − + − + − = + + − = + + =

( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2 2 2

7 2 6 6 3 2 9 0 1 81 0 1 82AC = + + − + − = + + = + + =

( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2 2 2

4 1 10 2 1 4 3 8 3 9 64 9 82BD = − + − + − = + + − = + + =

29AB CD= =

53BC DA= =

82AC BD= =

Z Î̂°\÷ ƒT’°*ì
° ‹¬=¶#=ò =°i†Çò H›~¡â=ò
° ä›[_¨ ‹¬=¶#=ò

ABCDXH› n~¡É KÇ̀ Ç°~¡ã‹¬=ò

∴ Î̂̀ Çë aO Î̂°=ô
`Ë n~¡É KÇ̀ Ç°~¡ã‹¬=ò U~¡æ_È° Ç̀°Ok.

7. ( ) ( ) ( )3,2, 4 , 5,4, 6 , 9,8, 10P Q R− − − aO Î̂°=ô
° ‹¬ö~v†Ç°=°x KÇ¶„¬O_.̂ QaO Î̂°=ô PR #° U

x+¬æuë…Õ qƒT’l‹¬°ëO^Ë ³̀
°„¬ô=ò.

ªF T̂Î#: ( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2 2 2

5 3 4 2 6 4 2 2 2 4 4 4 12PQ = − + − + − + = + + − = + + =

( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2 2 2

9 5 8 4 10 6 4 4 4 16 16 16 48 4 3QR= − + − + − + = + + − = + + = =

( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2 2 2

9 3 8 2 10 4 6 6 6 36 36 36PR = − + − + − + = + + − = + +

108 6 6 3 6 3= × × =

2 3 4 3 6 3PQ QR PR+ = + = =

: 2 3 : 4 3 1 : 2PQ QR = =

QaO Î̂°=ô PR #°1 : 2  x+¬æuë…Õ qƒT’l‹¬°ëOk.
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8. ( ) ( ) ( )3,2,0 , 5,3,2 , 9,6, 3A B C − − 
° XH› ãuƒT’°[ j~ŒÂ
°. BAC  HË} ‹¬=°kÞ YO_È# ö~Y ,AD BCx

D  = Î̂íOYO KÍ‹¬°ëOk. Dx~¡¶„¬Hê
° H›#°Qù#°=ò.

ªF T̂Î#: ( ) ( ) ( )
2 2 2

5 3 3 2 2 0AB = − + − + −

( ) ( ) ( )
2 2 2

2 1 2= + +

4 1 4 9= + + =

3=

( ) ( ) ( )
2 2 2

9 3 6 2 3 0AC = − − + − + − −

( ) ( ) ( )
2 2 2

12 4 3= − + + −

144 16 0 169= + + =

13=  DaO Î̂°=ôBCx :AB AC x+¬æuë…Õ qƒT’l‹¬°ëOk.

3 :13AB AC= =

D  x~¡¶„¬Hê
° 
2 4 2 1 2 1, ,

lx mx ly my lz mz

l m l m l m

+ + + 
=  

+ + + 

3 9 13 5 3 6 13 3 3 3 13 2
, ,

3 13 3 13 3 13

× − + × × + × × − + × 
=  

+ + + 

27 65 18 39 9 26
, ,

16 16 16

− + + − + 
=  
 

38 57 17
, ,

16 16 16

 
=  
 

9. ‹¬=¶O Ç̀~¡ KÇ̀ Ç°~¡°Ä[=ò ABCD  †³òH›ø =ü_È° j~ŒÂ
° ( ) ( ) ( )3, 4,7 , 5,3, 2 , 1,2, 3A B C− = − − J~ò Í̀

D H›#°Qù#°=ò.

ªF T̂Î#: ( ) ( ) ( )3, 4,7 , 5,3, 2 , 1,2, 3A B C= − = − = −  =°i†Çò ( ), ,D x y z= J#°ä›½O^¥O.

ABCD‹¬=¶O Ç̀~¡ KÇ̀ Ç°~¡°Ä�[=ò Hê=ô#

(

A(3,2,0)

B(5,3,2) C(–9,6,–3)D
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=~¡Ö=ò AC =° T̂Î¼ aO Î̂°=ô =  Hê¼}=òBD =° T̂Î¼ aO Î̂°=ô

1 2 1 2 1 2, ,
2 2 2

x x y y z z+ + + 
 
 

3 1 4 2 7 3 5 3 2
, , , ,

2 2 2 2 2 2

x y z+ − + − + + − +   
= =   
   

2 4 5 3 2
, , , ,

2 2 2 2 2 2

x y z4 − + + − +   
= =   
   

( )
5 3 2

2, 1,2 , ,
2 2 2

x y z+ + − + 
= − =  

 

5
2 5 4 4 5 1

2

x
x x

+
= ⇒ + = ⇒ = − = −

3
1 3 2 2 3 5

2

y
y y

+
= − ⇒ + = − ⇒ = − − = −

2
2 2 4 4 2 6

2

z
z z

− +
= ⇒ − + = ⇒ = + =

D∴  x~¡¶„¬Hê
° ( )1, 5,6= − − .
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34A

Ç̀�=ò
=°# WO\÷…Õx XH› _¨ƒì Q®kx „¬iH÷OKÇO_�.  ̂ ¥xH÷ <Œ!°Q®° QË_È!°, <Í! ƒ&ìQ®=ò, Ì„áH›„¬C L<Œß~ò.  <Í!,

Ì„áH›„¬C!° ï~O_È¶, ƒì‚¬ì¼OQê q‹¬ëiOz# ‹¬=¶O Ç̀~¡ Ç̀…ì!°.  <Œ!°Q®° QË_È!…Õ Z Î̂°ï~ Î̂°~¡°Qê #°#ßq ï~O_Í‹²
‹¬=¶O Ç̀~¡ Ç̀…ì!°.  W>èÁ >è|°…˜ Ì„á ƒ&ìQ®=ò Q®k Ç̀!°„¬ô!° =ò#ßQ®°#q Ç̀…ìxH÷ L^¥‚¬ì~¡}!°.

Ç̀!=ò g° Î̂ ï~O_È° aO Î̂°=ô!° f‹¬°Hùx "Œ\÷x XH› ‹¬~¡̂ ×ö~YKÍ H›e„² ‡Ú_�y^¥í=ò.  W~¡°"³á„¬ô…ì ZO Ç̀̂ Î¶~¡=ò
‡Ú_�yOz<Œ P‹¬~¡̂ × ö~Y g° Î̂ Jxß aO Î̂°=ô!° JO>è P ‹¬~¡̂ ×ö~Y "³ò Ç̀ë=ò P ̀ Ç!=ò g° Î̂ LO@°Ok.  Wk ̀ Ç…ìxH÷
=¶ã Ç̀"Í° „¬iq° Ç̀"³°Ø# &̂Î~¡à=ò.  JO Î̂°=!Á nxx Ç̀…ìxH÷ x~¡ÞKÇ#=òQê f‹¬°HùO\ì=ò.

„¬@=ò 34.1…Õxk XH› n~¡É KÇ̀ Ç°~¡ãª_Hê~¡„¬ô
Ì„>ÿ“.  Wk P~¡°=òMì!°, Zxq°k j~ŒÂ!°, „¬<³ßO_È°
JOK³!° H›ey L#ßk.

Z Î̂°ï~ Î̂°~¡°Qê #°#ß [O@ ‹¬=¶O Ç̀~¡ ̀ Ç…ì!°

(i) ABCD; FGHE

(ii) AFED; BGHC

(iii) ABGF; DCHE

‹¬=¶O Ç̀~¡ JOKÇ°!°

(i) AB, DC, EH, FG

(ii) AD, BC, GH, FE

(iii) AF, BG, CH, DE

Ì„á# K³„¬æ|_�# =üMì!hß ̀ Ç!O…Õx ƒ&ìQê…è.  Jq =ü_È° Z Î̂°ï~ Î̂°~¡°Qê#°#ß ‹¬=¶O Ç̀~¡ ̀ Ç…ì! [O@!°.

D ‡_~”¡O…Õ, =ü_È° aO Î̂°=ô! Q®°O_¨‡é†Í° ̀ Ç!=ò ‹¬g°H›~¡}=ò, ̀ Ç…ìxH÷ JO Ç̀~¡YO_È, Ja&!O|~¡¶‡_!°,
x, y, z !…Õ ï~O_È= Ç̀~¡Q®u ‹¬=°„¦¬¶ Ç̀ ‹¬g°H›~¡}=ò, ï~O_È° `Ç…ì! =° &̂Î¼ HË}ìxß ‹¬=°kÞYO_È# KÍÀ‹ Ç̀!
‹¬g°H›~¡}=ò, JO Ç̀~Œˆ×O…Õ ãuƒ&’°[ "³á‰§!¼=ò, <Í~¡°óHùO^¥=ò.
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�HÆê¼�° :

D ‡_~”¡¼„¬~”¡#O =!# g°~¡° <Í~¡°óHù<Í q+¬†Ç¶!°

� Ç̀…ìxß Q®°iëOKÇ°@.

� Ç̀!=ò ª_ &̂¥~¡} ‹¬g°H›~¡}„¬ô x~ŒÖ~¡}.

� XH› Î̂̀ Çë aO Î̂°=ô Q®°O_¨‡é†Í° Ç̀!=ò ª_ &̂¥~¡} ‹¬g°H›~¡}=ò

� =ü_È° aO Î̂°=ô! Q®°O_¨ ‡é=ô Ç̀!=ò ‹¬g°H›~¡}=ò

� Ç̀…ìxH÷ JO Ç̀~¡YO_È, Ja&!O| ~¡¶‡_!…Õ ‹¬g°H›~¡}ì!°.

� ï~O_È° ̀ Ç…ì! =° &̂Î¼HË}=ò

� ï~O_È° ̀ Ç…ì! =° &̂Î¼HË}ìxß ‹¬=°kÞYO_È# KÍÀ‹ ̀ Ç!=ò ‹¬g°H›~¡}=ò

� =ü_È° KÇ!~Œ‰×Ã!…Õ ï~O_È= ̀ Ç~¡Q®u ‹¬=°„¦¬¶ Ç̀ ‹¬g°H›~¡}O ï~O_È° ̀ Ç…ì!#° ‹¬¶z‹¬°ëO Î̂x x~¡°„²OKÇ°@.

=òMì¼O‰§�°

1. L„¬i Ç̀!=ò g° Î̂ Q®! ï~O_È° aO Î̂°=ô!KÍ U~¡æ_È° ‹¬~¡ˆ×ö~Y "³ò Ç̀ë=ò P L„¬i Ç̀!=ò g° Î̂ LO>è, P
L„¬i Ç̀…ìxH÷ '' Ç̀!=òÑÑ Jx À„~¡°.

2. Ç̀…ìxH÷ ª_ &̂¥~¡} ‹¬g°H›~¡}=ò 0ax by cz d+ + + =

3. =ü_È° ‹¬Þ Ç̀Oã Ç̀ ‹²Ö~¡ ‹¬OY¼!° Q®! ̀ Ç!O ‹¬g°H›~¡}O 1Ax By Cz+ + =

4. ( )1 1 1, ,x y z  aO Î̂°=ô Q®°O_¨ ‡é†Í° U ³̂á<Œ Ç̀!O ‹¬g°H›~¡}O.

( ) ( ) ( )1 1 1 0a x x b y y c z z− + − + − =

5. XH› ̂ Î̀ Çë aO Î̂°=ô Q®°O_¨ J#O Ç̀"³°Ø# ̀ Ç…ì!° ‡é`Œ~ò.

6. ( ) ( ) ( )1 1 1 2 2 2 3 3 3, , , , , , , ,x y z x y z x y z  J<Í =ü_È° aO Î̂°=ô! Q®°O_¨ ‡é†Í°  ̀ Ç!O ‹¬g°H›~¡}O.

1 1 1

2 1 2 1 2 1

3 1 3 1 3 1

0

x x y y z z

x x y y z z

x x y y z z

− − −

− − − =

− − −

7. JO Ç̀~¡ YO_È ~¡¶„¬O…Õ ̀ Ç!O ‹¬g°H›~¡}O 1
x y z

a b c
+ + =

8. Ç̀!O †³òH›ø Ja&!O|~¡¶„¬=ò ;lx my nz P+ + =  WKÇó@ , ,l m n!° ̀ Ç!O !OƒìxH÷ kH±ÐHù<³á#°!°
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=°i†Çò P  J<Ík =ü! aO Î̂°=ô #°Oz Ç̀…ìxH÷ !O| Î̂¶~¡=ò.

9. 1 1 1 1 0a x b y c z d+ + + =  =°i†Çò 2 2 2 2 0a x b y c z d+ + + =  ̀ Ç…ì! =° &̂Î¼HË}=ò θ  J~ò#

1 2 1 2 1 2

2 2 2 2 2 2
1 1 1 2 2 2

cos
a a b b c c

a b c a b c

+ +
θ =

+ + + +

Z) Ç̀…ì!° !O|OQê LO_ÍO Î̂°ä›½ x†Ç°=°=ò 1 2 1 2 1 2 0a a b b c c+ + =

a) ̀ Ç…ì!° ‹¬=¶O Ç̀~¡OQê LO_ÍO Î̂°ä›½ x†Ç°=°=ò 1 1 1

2 2 2

a b c

a b c
= =

10. ( )1 1 1x y z  aO Î̂°=ô #°Oz cos cos cosx y z Pα + β + γ =

Ç̀…ìxH÷ Q®! !O| Î̂¶~¡=ò 1 1 1cos cos cosx y z Pα + β + γ −

11. ( )1 1 1, ,x y z  aO Î̂°=ô #°Oz 0ax by cz d+ + + =  ̀ Ç…ìxH÷ !O| ̂ Î¶~¡=ò 
1 1 1

2 2

ax by cz d

a b c2

+ + +

+ +

12. 1 1 1 0a x b y c z d+ + + =  =°i†Çò 2 2 2 0a x b y c z d+ + + =  ̀ Ç…ì! =° &̂Î¼HË}ìxß ‹¬=°kÞYO_È#

KÍÀ‹ Ç̀…ì! ‹¬g°H›~¡}ì!°. 
1 1 1 1 2 2 2 2

2 2 2 2
1 1 1 2 2 2

a x b y c z d a x b y c z d

a b c a b c2 2

+ + + + + +
= ±

+ + + +

13. 2 2 2
1 2 2 2 0a x by cz hxy fyz gzx+ + + + + =  J<Í ï~O_È= ̀ Ç~¡Q®u ‹¬=°„¦¬¶ Ç̀ ‹¬g°H›~¡}O ï~O_È°

Ç̀…ì!#° ‹¬¶zOKÇ°@ä›½ P=‰×¼H› Î̂~Œ¼„¬ë x†Ç°=°=ò 2 2 22 0abc fgh af bg ch+ − − − =

Z) D ‹¬g°H›~¡}O ‹¬¶zOKÇ° ï~O_È° ̀ Ç…ì! =° &̂Î¼HË}O θ  J~ò Í̀

2 2 22 f g h ab bc ca
Tan

a b c

+ + − − −
θ =

+ +

14. ( ) ( ) ( )1 1 1 2 2 2 3 3 3, , , , , , , ,x y z x y z x y z  aO Î̂°=ô!`Ë U~¡æ_Í ãuƒ&’°[ "³á‰§!¼=ò g° Î̂ =~¡â=ò.

( ) ( ) ( )

2 2 2
1 1 1 1 1 1

2 2 22
2 2 2 2 2 2

3 3 3 3 3 3

1 1 1
1

1 1 1
4

1 1 1

x y y z z x

xy yz zx x y y z z x

x y y z z x

 
  

∆ = ∆ + ∆ + ∆ = + + 
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I. Ju‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (1 =¶~¡°ø)

1. ( )5, 7,3−  aO Î̂°=ô Q®°O_¨ ‡é†Í° U ³̂á<Œ Ç̀!=ò ‹¬g°H›~¡}O ~Œ†Ç°O_�.

ª_ &̂Î#: Wzó# aO Î̂°=ô ( ) ( )1 1 1, , 5, 7,3x y z = −

Hê=!‹²# ̀ Ç!O ‹¬g°H›~¡}O ( ) ( ) ( )1 1 1 0a x x b y y c z z− + − + − =

D ‹¬¶ã`Œxß |\÷“ ( ) ( ) ( )5 7 3 0a x b y c z− + + + − =

( )5 7 3 0ax by cz a b c⇒ + + + − + − =

2. x~¡¶„¬HêHÆê! g° Î̂ =~¡°‹¬Qê 2,3,4 JO Ç̀~¡ YO_¨!° KÍÀ‹ ̀ Ç!O ‹¬g°H›~¡}O H›#°Qù#°=ò.

ª_ &̂Î#: Wzó# q!°=!° 2, 3, 4a b c= = =

Ç̀!O JO Ç̀~¡ YO_È ‹¬g°H›~¡}=ò 1
x y z

a b c
+ + =

Hê=!‹²# ̀ Ç!O ‹¬g°H›~¡}O 1
2 3 4

x y z
+ + =

3. 2 3 4 24x y z+ + =  Ç̀!O JHÆê! g° Î̂ U~¡æ~¡KÍ JO Ç̀~¡ YO_¨!° ³̀!°„¬ô=ò.

ª_ &̂Î#: Ç̀!O ‹¬g°H›~¡}O 2 3 4 24x y z+ + =

W~¡°"³á„¬ô! 24KÍ ƒ&ìyOKÇQê 1
12 8 6

x y z
+ + =

JHÆê! g° Î̂ JO Ç̀~¡ YO_¨!° =~¡°‹¬Qê 12,8,6

4. 4 12 6 28 0x y z+ − − =  Ç̀!O ‹¬g°H›~¡}ìxß Ja&!=ò ~¡¶„¬O…ÕH÷ =¶~¡°ó=ò.

ª_ &̂Î#: Ç̀!O ‹¬g°H›~¡}O 4 12 6 28x y z+ − =

( ) ( ) ( )
2 2 2

4 12 6 16 144 36 196 14+ + − = + + = =

KÍ̀ Ç ƒ&ìyÀ‹ë 
4 12 6 28

14 14 14 14

x y z
+ − =

2 6 3
2

7 7 7

x y z
⇒ + − =  W Í̂ Ja&!O| ~¡¶„¬=ò.
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5. x~¡¶„¬}HÆê!#° XH› ̀ Ç!O , ,A B C  aO Î̂°=ô! = Î̂í YO_�OªéëOk. ABC  ãuƒ&’°[ öHOã Î̂ ƒ&ì‹¬=ò ( )3,4, 6−

J~ò# ̀ Ç!O ‹¬g°H›~¡}O?

ª_ &̂Î#: Wzó# aO Î̂°=ô ( ) ( ), , 3,4,6a b c =

Hê=!‹²# Ç̀!O ‹¬g°H›~¡}=ò 3
x y z

a b c
+ + =

3
3 4 6

x y z
⇒ + + =

−

4 3 2
3

12

x y z+ −
⇒ =

4 3 2 36x y z⇒ + − =

6. 3 4 5 9,2 6 6 7x y z x y z+ − = + + =  Ç̀…ì!° !O|OQê L<Œß†Ç°x KÇ¶„¬ô=ò.

ª_ &̂Î#: Wzó# ̀ Ç…ì! #°O_� 1 1 13, 4, 5a b c= = = −

2 2 22, 6, 6a b c= = =

1 2 1 2 1 2 6 24 30 0a a b b c c∴ + + = + − =

∴Wzó# Ç̀…ì!° „¬~¡‹¬æ~¡ !Oƒì!°.

7. ( )3,4, 5−  aO Î̂°=ô #°O_� 2 3 3 27 0x y z− + + =  ̀ Ç…ìxH÷ Q®! ̂ Î¶~¡"³°O Ç̀?

ª_ &̂Î#: Wzó# aO Î̂°=ô ( ) ( )1 1 1, , 3,4, 5x y z = −

Î̂̀ Çë ‹¬g°H›~¡}O 0 2 3 3 27ax by cz d x y z+ + + = = − + +

Hê=!‹²# Î̂¶~¡=ò 
1 1 1

2 2 2

ax by cz d

a b c

+ + +
=

+ +

( ) ( ) ( )2 3 3 4 3 5 27

4 9 9

− + − +
=

+ +

6 12 15 27

22

− − +
=

6

22
=  †Çüx@°Á
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8. 3 5 8 2 0,12 20 32 9 0x y z x y z− + − = − + + =  Ç̀…ì!° ‹¬=¶O Ç̀~Œ!x KÇ¶„¬ô=ò.

ª_ &̂Î#: Wzó# ̀ Ç…ì!#°O_� 1 1 13, 5, 8a b c= = − =

2 2 212, 20, 32a b c= = − =

1 1 1

2 2 2

3 5 8 1 1 1

12 20 32 4 4 4

a b c

a b c

−
∴ = = ⇒ = = ⇒ = =

−

Î̂̀ Çë Ç̀…ì!° ‹¬=¶O Ç̀~Œ!°.

9. 3 2 1 0, 5 2 0x y Kz x Ky z− + − = + + + =  Ç̀…ì!° !Oƒì!° J~ò Í̀ K  q!°= ZO Ç̀?

ª_ &̂Î#: Î̂̀ Çë Ç̀…ì! #°O_� 1 1 13, 2,a b c K= = − =

2 2 21, , 5a b K c= = =

Î̂̀ Çë Ç̀…ì!° !Oƒì!° J~ò<Œ 1 2 1 2 1 2 0a a b b c c+ + =

3 2 5 0K K⇒ − + =

3 3K⇒ = −

1K⇒ = −

10. ( )3,2, 5−  aO Î̂°=ô #°O_� 2 3 5 7x y z− − =  ̀ Ç…ìxH÷ Q®! ̂ Î¶~¡"³°O Ç̀?

ª_ &̂Î#: Î̂̀ Çë aO Î̂°=ô ( ) ( )1 1 1, , 3,2, 5x y z = −

Î̂̀ Çë ‹¬g°H›~¡}O 0 2 3 5 7ax by cz d x y z+ + + = = − − −

Hê=!‹²# Î̂¶~¡=ò 
1 1 1

2 2 2

ax by cz d

a b c

+ + +
=

+ +

( ) ( ) ( )2 3 3 2 5 5 7

4 9 25

− − − −
=

+ +

6 6 25 7

38

− + −
=

18

38
=  †Çüx@°Á
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11. ( )2,3 1−  aO Î̂°=ô Q®°O_¨ ‡é Ç̀¶ 2 3 6 7 0x y z+ + + =  ̀ Ç…ìxH÷ ‹¬=¶O Ç̀~¡OQê LO_Í ̀ Ç!O ‹¬g°H›~¡}=ò

H›#°Qù#°=ò.

ª_ &̂Î#: 0ax by cz d+ + + =  Ç̀…ìxH÷ ‹¬=¶O Ç̀~¡OQê ( )1 1 1, ,x y z  aO Î̂°=ô Q®°O_¨ ‡é=ô ̀ Ç!O ‹¬g°H›~¡}O

( )1 1 1 0ax by cz ax by cz+ + − + + =

Hê=!‹²# ̀ Ç!O ‹¬g°H›~¡}O ( ) ( ) ( )2 3 6 2 2 3 3 6 1 0x y z  + + − × + × + × − = 

( )2 3 6 4 9 6 0x y z⇒ + + − + − =

2 3 6 7 0x y z⇒ + + − =

III. n~¡É ‹¬=¶ �̂¥# ã„¬‰×ß�° (5 =¶~¡°ø�°)

1. ( ) ( )1,2, 3 , 4,2, 3− −  aO Î̂°=ô!#° H›eÀ„ ö~MìYO_¨xß JO Ç̀~¡OQê 1:2 x+¬æuë…Õ YO_�OKÍ aO Î̂°=ô Q®°O_¨

‡é†Í° Ç̀!O ‹¬g°H›~¡}ìxß ã"Œ†Ç°=ò.

ª_ &̂Î#:

: 1 : 2AP PB =

1

2

AP

PB
⇒ =  J#°ä›½O>è

( ) ( ) ( ) ( ) ( ) ( )1 4 2 1 1 2 2 2 1 3 2 3
, ,

1 2 1 2 1 3
P

 × + × × + × × − + × −
=   + + + 

( )2,2, 3= −

P∴  Q®°O_¨ ‡é†Í° Ç̀!O ‹¬g°H›~¡}=ò

( ) ( ) ( )2 2 3 0a x b y c z− + − + + =

( )2 2 3 0ax by cz a b c⇒ + + + − − + =

2. ( ) ( ) ( )2,2, 1 , 3,4,2 , 7,0,6−  aO Î̂°=ô! Q®°O_¨ ‡é†Í° ̀ Ç!O ‹¬g°H›~¡}ìxß H›#°Qù#°=ò.

ª_ &̂Î#:  =ü_È° aO Î̂°=ô! Q®°O_¨ ‡é=ô ̀ Ç!O ‹¬g°H›~¡}=ò

1 1 1

2 1 2 1 2 1

3 1 3 1 3 1

0

x x y y z z

x x y y z z

x x y y z z

− − −

− − − =

− − −
 ‹¬¶ã`Œxß L„¬†³¶yOz

� � �

A

(1, 2, –3)

P

1:2

B

(4, 2, –3)
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2 2 1

3 2 4 2 2 1 0

7 2 0 2 6 1

x y z− − +

⇒ − − + =

− − +

2 2 1

1 2 3 0

5 2 7

x y z− − +

⇒ =

−

( ) ( ) ( ) ( ) ( ) ( )2 14 6 2 7 15 1 2 10 0⇒ − + − − − + + − − =x y z

( ) ( ) ( )20 2 8 2 12 1 0x y z⇒ − + − − + =

( ) ( ) ( )5 2 2 2 3 1 0x y z⇒ − + − − + =

5 2 3 17 0x y z⇒ + − − =

3. =ü!aO Î̂°=ô #°O_� XH› ̀ Ç…ìxH÷ !O|‡_ Î̂=ò ( )1, 3,1− J~ò# ̀ Ç!O ‹¬g°H›~¡}ìxß H›#°Qù#°=ò?

ª_ &̂Î#: '0Ñ #°O_� ̀ Ç…ìxH÷ !O|‡_ Î̂=ò PJ#°ä›½O>è  P aO Î̂°=ô ( )1, 3,1−  P Q®°O_¨ U ³̂á<Œ ̀ Ç!=ò ‹¬g°H›~¡}O

( ) ( ) ( )1 3 1 0a x b y c z− + + + − =

OP H÷ kH± ‹¬OY¼!° 1 0, 3 0,1 0 1, 3,1− − − − = −

Ç̀…ìxH÷ OP  !O|=ò 1, 3, 1a b c∴ = = − =

∴ Ç̀!O ‹¬g°H›~¡}O ( ) ( ) ( )1 1 3 3 1 1 0x y z− − + + − =

3 1 9 1 0x y z⇒ − + − − − =

3 11 0x y z⇒ − + − = .

4. 2 6, 2 3x y z x y z− + = + + =  Ç̀…ì! =° &̂Î¼HË}O H›#°Qù#°=ò.

ª_ &̂Î#: Î̂̀ Çë Ç̀…ì! #°O_� 1 2 12, 1, 1a b c= = − =

2 2 21, 1, 2a b c= = =

ï~O_È° Ç̀…ì! =° &̂Î¼ HË}O θ  J~ò#

1 2 1 2 1 2

2 2 2 2 2 2
1 1 1 2 2 2

2 1 2
cos

4 1 1 1 1 4

a a b b c c

a b c a b c

+ + − +
θ = =

+ + + ++ + + +
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3 3 1

6 26 6
= = =

0cos60=

060∴θ = .

5. ( ) ( )1,1,1 . 1, 1,1− −  aO Î̂°=ô! Q®°O_¨ ‡é Ç̀¶ 2 2 5x y z+ + = Ç̀!O !O|OQê LO_Í ̀ Ç!O ‹¬g°H›~¡}O

H›#°Qù#°=ò.

ª_ &̂Î#: ( )1,1,1−  aO Î̂°=ô Q®°O_¨ U ³̂á<Œ Ç̀!O

( ) ( ) ( )1 1 1 0a x b y c z+ + − + − = ... (1)

 Wk ( )1, 1,1−  aO Î̂°=ô Q®°O_¨ ‡é Ç̀°Ok.

( ) ( ) ( )1 1 1 1 1 1 0a b c∴ + + − − + − =

2 2 0a b⇒ − =

0a b⇒ − = ... (2)

2 2 5x y z+ + =  Ç̀…ìxH÷  (1) !O|=ò

2 2 0a b c∴ + + = ... (3)

(2), (3)! #°O_� J_È°Û Q®°}Hê~¡ ‹¬¶ã Ç̀=ò#°„¬†³¶yOz

1 0 1 1

2 2 1 2

a b c

− −

2 0 0 2 2 1

a b c
⇒ = =

− − − +

2 2 3

a b c
⇒ = =

− −

(1…Õ , ,a b c  q!°=!° ã„¬uöHÆ„²OKÇQê

∴Hê=!‹²# ‹¬g°H›~¡}O ( ) ( ) ( )2 1 2 1 3 1 0x y z− + − − + − =

2 2 3 2 2 3 0x y z⇒ − − + − + − =

2 2 3 3 0x y z⇒ + − + =
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6. ( )2, 1,5−  aO Î̂°=ô Q®°O_¨ ‡é Ç̀¶ 2 1x y z+ − =  =°i†Çò 3 4 5x y z− + =  ̀ Ç…ì!ä›½ !O|OQê LO_Í

Ç̀!O ‹¬g°H›~¡}O H›#°Qù#°=ò.

ª_ &̂Î#: ( )2, 1,5− aO Î̂°=ô Q®°O_¨ U ³̂á<Œ Ç̀!O

( ) ( ) ( )2 1 5 0a x b y c z− + + + − = ... (1)

 Wk 2 1x y z+ − =  =°i†Çò 3 4 5x y z− + =  Ç̀…ì!ä›½ !O|O

( ) ( ) ( )1 2 1 0 2 0a b c a b c∴ + + − = ⇒ + − = ... (2)

 =°i†Çò ( ) ( ) ( )3 4 1 0 3 4 0a b c a b c+ − + = ⇒ − + = ... (3)

(2), (3) ! #°O_� J_ÈÛQ®°}Hê~¡ ‹¬¶ã Ç̀=ò#° L„¬†³¶yOz

2 1 1 2

4 1 3 4

a b c

−

− −

2 4 3 1 4 6

a b c
⇒ = =

− − − − −

2 4 10

a b c
⇒ = =

− − −

1 2 5

a b c
⇒ = =

(1)…Õ , ,a b c  q!°= ã„¬uöHÆ„²OKÇQê

( ) ( ) ( )1 2 2 1 5 5 0x y z− + + + − =

2 2 5 25 0x y z z⇒ − + + + − =

2 5 25 0x y z⇒ + + − =

7. =ü! aO Î̂°=ô Q®°O_¨ ‡é Ç̀¶ 2 2 0,2 2 0x y z x y z+ + = + − =  Ç̀…ì!ä›½ !O|OQê LO_Í Ç̀!O
‹¬g°H›~¡}O H›#°Qù#°=ò.

ª_ &̂Î#:  =ü! aO Î̂°=ô ( )0,0,0 Q®°O_¨ U ³̂á# Ç̀!O ‹¬g°H›~¡}=ò

0ax by cz+ + = ... (1)

Wk 2 2 0x y z+ + =  =°i†Çò 2 2 0x y z+ − =  Ç̀…ì!ä›½ !O|O
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( ) ( ) ( )1 2 2 0 2 2 0a b c a b c∴ + + = ⇒ + + = ... (2)

( ) ( ) ( )2 1 2 0 2 2 0a b c a b c∴ + + − = ⇒ + − = ... (3)

(2), (3) ! #°O_� J_ÈÛQ®°}Hê~¡ ‹¬¶ã Ç̀=ò#°„¬†³¶yOz

2 2 1 2

1 2 2 1

a b c

−

4 2 4 2 1 4

a b c
⇒ = =

− − + −

6 6 3 2 2 1

a b c a b c
⇒ = = ⇒ = =

− − −

(1)…Õ , ,a b c  q!°=!° ã„¬uöHÆ„²OKÇQê

2 2 0x y z− + =

8. 3 7 0x y z+ − − =  =°i†Çò 6 2 2 11 0x y z+ − + =  Ç̀…ì! =° &̂Î¼ Î̂¶~¡=ò ZO Ç̀?

ª_ &̂Î#: Î̂̀ Çë Ç̀…ì!°

3 7 0x y z+ − − = ... (1)

6 2 2 11 0x y z+ − + = ...(2)

 WKÇó@ 1 1 1

2 2 2

3 1 1

6 2 2

a b c

a b c

−
= = ⇒ = =

−

∴ Ç̀…ì!°  (1), (2) !° ‹¬=¶O Ç̀~Œ!°

∴ Ç̀!O (1)Ì„á# U ³̂á<Œ aO Î̂°=ô  (0,7,0)

∴ ï~O_È° Ç̀…ì! =° &̂Î¼ Î̂¶~¡=ò ( )0,7,0=  #°O_� (2) Ç̀…ìxH÷ !O| Î̂¶~¡O

( ) ( ) ( )

( )
22 2

6 0 2 7 2 0 11

6 2 2

+ − +
=

+ + −

24 11 25

36 4 4 44

+
= =

+ +

25

2 11
=  †Çüx@°Á
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9. 2 2 4,2 3 6 2 0x y z x y z+ − = − + + =  Ç̀…ì! =° &̂Î¼ HË}ìxß ‹¬=°nÞYO_È# KÍÀ‹ Ç̀…ì! ‹¬g°H›~¡}ì!°
H›#°Qù#°=ò.

ª_ &̂Î#: Î̂̀ Çë Ç̀…ì!° 2 2 4 0x y z+ − − =  =°i†Çò 2 3 6 2 0x y z− + + =

∴ Hê=!‹²# Ç̀…ì! ‹¬g°H›~¡}ì!° 
1 1 1 1 2 2 2 2

2 2 2 2 2 2
1 1 1 2 2 2

a x b y c z d a x b y c z d

a b c a b c

+ + + + + +
= ±

+ + + +

( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2 2 2

2 2 4 2 3 6 2

2 1 2 2 3 6

x y z x y z+ − − − + +
⇒ = ±

+ + − + − +

2 2 4 3 6 2

4 1 4 4 9 36

x y z x y z+ − − − + +
⇒ = ±

+ + + +

2 2 4 2 3 6 2

3 7

x y z x y z+ − − − + +
⇒ = ±

( ) ( )7 2 2 4 3 2 3 6 2x y z x y z⇒ + − − = ± − + +

( )14 7 14 28 6 9 18 16x y z x y z⇒ + − − = ± − + +

8 16 32 34 0 4 8 16 17 0x y z x y z⇒ + − − = ⇒ + − − =

=°i†Çò 20 2 4 22 0 10 2 11 0x y z x y z− + − = ⇒ − + − =

10. 2 2 22 6 12 18 2 0x ay z yz zx xy− − + + + =  ‹¬g°H›~¡}O ï~O_È° Ç̀…ì!#° ‹¬¶z‹¬°ëO Î̂x KÇ¶„² "Œ\÷

=° &̂Î¼ HË}ìxß H›#°Qù#°=ò.

ª_ &̂Î#: ̂ Î̀ Çë ‹¬g°H›~¡}O #°O_� 2 2 2 2 2 2 0ax by cz hxy fyz gzx+ + + + + = `Ë

‡é!óQê 
1

2, 6, 12, 9, 1,
2

a b c f g h= = − = − = = =

2 2 22abc fgh af bg ch∴ + − − −

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
2

2 21 1
2 6 12 2 9 1 2 9 6 1 12

2 2

   
= − − + − − − − −   

   

( ) ( )
1

144 9 2 81 6 1 12
4

 
= + − + +  
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144 9 162 6 3 162 162= + − + + = −

0=

∴ ̂ Î̀ Çë ‹¬g°H›~¡}O =ü! aO Î̂°=ô #°O_� ‡é†Í° ï~O_È° ̀ Ç…ì!#° ‹¬¶z‹¬°ëOk. ï~O_È° ̀ Ç…ì! =° &̂Î¼
HË}=ò ' 'θ  J~ò#

2 2 22 f g h ab bc ca
Tan

a b c

+ + − − −
θ =

+ +

2 81 1 4 12 72 24

2 6 12

+ + + − +
=

− −

2 1
46

6 4
= +

−

184 1 185

16 16

− + −
== =

1 185

16
Tan−  −

∴θ =   
 

11. ( ) ( ) ( )2, 5,3 , 1, 7,4 , 2, 3,5− − −  aO Î̂°=ô!`Ë U~¡æ_Í ãuƒ&’°[ "³á‰§!¼O H›#°Qù#°=ò?

ª_ &̂Î#: ̂ Î̀ Çë aO Î̂°=ô!° ( ) ( )1 1 1, , 2, 5,3x y z = −

( ) ( )2 2 2, , 1, 7,4x y z = −

( ) ( )3 3 3, , 2, 3,5x y z = −

2 5 1
1

1 7 1
2

2 3 1

xy

−

∴∆ = −

−
 « 

1

2
 ( ) ( ) ( )2 7 3 1 5 3 2 5 7 = − + − − + + − + 

   [ ]
1

8 2 4
2

= − + +

   1= −
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5 3 1

7 4 1

3 5 1

yz

−

∴∆ = −

−
( ) ( ) ( )

1
5 4 5 7 3 5 3 3 4

2
 = − − + − − − 

[ ]
1

5 14 3
2

= − +

3= −

3 2 1

4 1 1

5 2 1

zx∴∆ = ( ) ( ) ( )
1

3 1 2 4 2 2 5 2 1
2
 = − − − + − 

[ ]
1

3 0 5
2

= − + +

1=

2 2 2 2xy yz zx∴ ∆ = ∆ + ∆ + ∆

( ) ( ) ( )
2 2 2

1 3 1= − + − +

1 9 1 11= + + =

11∆ = KÇ. †Çüx@°Á

IV. "Œ¼‹¬~¡¶„¬ ‹¬=¶ �̂¥# ã„¬‰×ß�° (8 =¶~¡°ø�°)

1. ( ) ( ) ( ) ( )1,4, 3 , 3,2, 5 . 3,8, 5 , 3,2,1− − − − − −  aO Î̂°=ô!° ‹¬̀ Çb†Ç¶!x KÇ¶„¬ô=ò. P aO Î̂°=ô!° Q®!

Ç̀!O ‹¬g°H›~¡}O H›#°Qù#°=ò.

ª_ &̂Î#: ̂ Î̀ Çë aO Î̂°=ô!° ( ) ( )1 1 1, , 1,4, 3x y z = − −

( ) ( )2 2 2, , 3,2, 5x y z = −

( ) ( )3 2 2, , 3,8, 5x y z = − −

( ) ( )4 4 4, , 3,2,1x y z = −

=ü_È° aO Î̂°=ô! Q®°O_¨ ‡é†Í° ̀ Ç!O ‹¬g°H›~¡}=ò



Ç̀�=ò

Q®}÷̀ ÇO H›Þ‰×ó<£ ƒì¼OH± 721

1 1 1

2 1 2 1 2 1

3 1 3 1 3 1

0

x x y y z z

x x y y z z

x x y y z z

− − −

− − − =

− − −

1 4 3

3 1 2 4 5 3 0

3 1 8 4 5 3

x y z+ − +

⇒ + − − + =

− + − − +

1 4 3

4 2 2 0

2 4 2

x y z+ − +

⇒ − − =

− −

( ) ( ) ( ) ( ) ( ) ( )1 4 8 4 8 4 3 16 4 0x y z⇒ + + − − − − + + − =

( ) ( ) ( )12 1 12 4 12 3 0x y z⇒ + + − + + =

1 4 3 0x y z⇒ + + − + + =

0x y z⇒ + + =

D ‹¬g°H›~¡}O…Õ ( ) ( )4 4 4, , 3,2,1x y z = −

ã„¬uöHÆ„²OKÇQê,

3 2 1 0− + + =

  0 0⇒ =

∴ Î̂̀ Çë aO Î̂°=ô! ‹¬̀ Çf†Ç¶!° =°i†Çò D aO Î̂°=ô! Q®! Ç̀!O ‹¬g°H›~¡}=ò 0x y z+ + =

2. 2 2 26 12 4 13 14 0x y z xy yz zx− + + + − =  ï~O_È° ̀ Ç…ì!#° ‹¬¶z‹¬°ëO Î̂x KÇ¶„², P ̀ Ç!O ‹¬g°H›~¡}ì!°,

"Œ\÷ =° &̂Î¼HË}O H›#°Qù#°=ò.

ª_ &̂Î#: Î̂̀ Çë ‹¬g°H›~¡}O

 2 2 26 12 4 13 14 0x y z xy yz zx− + + + − = ... ( )A

( )A …Õ 0z =   ã„¬uöHÆ„²OKÇQê

2 2 2 26 12 6 9 8 12x y xy x xy xy y− + = + − −

( ) ( )3 2 3 4 2 3x x y y x y= + − + '
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( ) ( )3 4 2 3x y x y= − + ... (1)

( )A …Õ 0y =  ã„¬uöHÆ„²OKÇQê

2 2 2 26 4 14 6 12 2 4x z zx x xz xz z+ − = − − +

( ) ( )6 2 2 2x x z z x z= − − −

( ) ( )6 2 2x z x z= − −

( ) ( )3 2 4x z x z= − − ... (2)

( )A …Õ 0x =  ã„¬uöHÆ„²OKÇQê

2 2 2 212 4 13 12 16 3 4y z yz y yz yz z− + + = − + − +

( ) ( )4 3 4 3 4y y z z y z= − − − −

( ) ( )3 4 4y z y z= − − −

( ) ( )3 4 4y z y z= − − + ...(3)

(1), (2), (3)!#° ãHË_�H›iÀ‹ë ( )A H÷ Hê~¡}ìOHê!°

( )3 4x y z− −  =°i†Çò ( )2 3 4x y z+ −

2 2 26 12 4 13 14x y z xy yz zx∴ − + + + −

( ) ( )3 4 2 3 4x y z x y z= − − + −

∴ Ç̀!O ‹¬g°H›~¡}ì!° 3 4 0,2 3 4 0x y z x y z− − = + − =

∴ ï~O_È° ̀ Ç…ì! =° &̂Î¼ HË}O θ  J~ò#

2 2 2
169 1

2 49 48 24 72
2 4 4

6 12 4

f g h bc ca ab
Tan

a b c

+ + + − +
+ + − − −

θ = =
+ + − +

170
2 145

170 580 750 5 304

2 2 2 2

+
+

= = = =
− − − −

1 5 30

2
Tan−  −

∴θ =   
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‹¬~¡̂ × ö~Y

‹¬~¡ ×̂ö~Y
„¬@=ò…Õ #°#ßk P~¡° =òY=ò�° Q®� XH› n~¡ÉKÇ̀ Ç°~¡ãª�Hê~¡„¬ô Ì„>ÿ“.

D P~¡° =òY=ò�° P~¡° ̀ Ç�=ò�…Õx ƒ)ìQ®=ò…è.  nx…Õ ABCD, EFGH �° ‹¬=¶O Ç̀~¡ ̀ Ç…ì�°.  W>èÁ
ADGH, BCFE �° ‹¬=¶O Ç̀~¡ ̀ Ç…ì�°.   ABEH, CFGD �° ä›2_È ‹¬=¶O Ç̀~Œ…è.  ABCD, CFGD ̀ Ç…ì�° CD

‹¬~¡̂ ×ö~Y g° Î̂ YO_<OKÇ°ä›½O@°<Œß~ò.  W>èÁ „¬H›ø„¬H›ø# Q®�
ã„¬u ï~O_È° ̀ Ç…ì�° XH› ‹¬~¡̂ ×ö~Y g° Î̂ YO_<OKÇ°ä›½O\ì~ò.
WOHê AB, AH J<Í ï~O_È° JOKÇ°�° j~¡Â=ò A = Î̂í
YO_<OKÇ°ä›½O@°<Œß~ò.  W>èÁ ã„¬u „¬H›ø „¬H›ø# Q®� ï~O_È°
JOKÇ°�`Ë XH› j~¡Â"Í°~¡æ_È° Ç̀°Ok.

Ç̀…ì�° YO_<OKÇ°ä›½O>è JOKÇ°�° (‹¬~¡̂ × ö~Y�°),
JOKÇ°�° YO_<OKÇ°ä›½O>è j~ŒÂ�° (aO Î̂°=ô�°) U~¡æ_È̀ Œ~ò.

D ‡�~”¡O…Õ, JO Ç̀~Œˆ×=ò…Õx ‹¬~¡̂ ×ö~Yä›½ ªÏ+¬»= ~¡¶„¬O…Õ ‹¬g°H›~¡}ì�°, ‹¬~¡̂ ×ö~Y ª� )̂¥~¡} ‹¬g°H›~¡}ì�#°
ªÏ+¬»= ~¡¶„¬=ò…ÕxH÷ =¶~¡°ó@, XH› aO Î̂°=ô #°O_< XH› ‹¬~¡̂ ×ö~Yä›½ �O| Î̂¶~¡=ò, ‹¬~¡̂ ×ö~Yä›½ Ç̀…ìxH÷ =° )̂Î¼
HË}ìxß KÇ̂ Î°=ô`Œ=ò.  WOHê ï~O_È° ‹¬~¡̂ ×ö~Y� ‹¬̀ Çb†Ç° x†Ç°=¶xß ä›2_¨ x~ŒÖ~¡} KÍª�ë=ò.

�HÆê¼�° :

D ‡�~”Œxß KÇ̂ Î=_ÈO =�# g°~¡° D ãH÷Ok q+¬†Ç¶�° ³̀�°‹¬°ä›½O\ì~¡°.

� JO Ç̀~Œˆ×O…ÕQ®� ‹¬~¡̂ ×ö~Yä›½ ªÏ+¬»= ~¡¶„¬O…Õ ‹¬g°H›~¡}ì�°.

� ‹¬~¡̂ ×ö~Y ª� )̂¥~¡} ~¡¶‡�xß ªÏ+¬»= ~¡¶„¬O…ÕH÷ =¶~¡°ó@

� XH› aO Î̂°=ô #°O_< ‹¬~¡̂ ×ö~Yä›½ �O| Î̂¶~¡=ò H›#°Qù#°@

� XH› ‹¬~¡̂ ×ö~Y, XH› ̀ Ç�=ò =° )̂Î¼ HË}=ò H›#°Qù#°@

� ï~O_È° ‹¬~¡̂ ×ö~Y� ‹¬̀ Çf†Ç° x†Ç°=¶�°

=òMì¼O‰§�° :

1. ï~O_È° ‹¬=¶O Ç̀~¡ ̀ Ç…ì�° YO_<OKÇ°ä›½O>è ‹¬~¡̂ ×ö~Y U~¡æ_È° Ç̀°Ok.

35A
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‹¬~¡̂ × ö~Y

2. ( )1 1 1, ,x y z  aO Î̂°=ôQ®°O_¨ , ,l m n  kH±ÐHùÌ‹á<£�° Q®� ‹¬~¡̂ ×ö~Y ªÏ+¬»= ‹¬g°H›~¡}ì�°

1 1 1x x y y z z
r

l m n

− − −
= = =

WH›ø_È ' 'r  J<Ík ‹¬~¡̂ ×ö~Y g° Î̂ ‹²Ö~¡ aO Î̂°=ô ( )1 1 1, ,x y z  #°O_< U ³̂á<Œ aO Î̂°=ôä›½ Q®� Î̂¶~¡=ò.

3. ‹¬~¡̂ ×ö~Y ª� )̂¥~¡} (JªÏ+¬»=) ‹¬g°H›~¡}ì�° 1 1 1 1 0,a x b y c z d+ + + =  1 2 2 2 0a x b y c z d+ + + =

4. ( ) ( )1 1 1 2 2 2, , ,  , ,x y z x y z  aO Î̂°=ô� Q®°O_¨ ‡é†Í° ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}ì�° (ï~O_È° aO Î̂°=ô�

~¡¶„¬=ò)

− − −
= =

− − −

1 1 1

2 1 2 1 2 1

x x y y z z

x x y y z z

5. 1 1 1x x y y z z

l m n

− − −
= =  ‹¬~¡̂ ×ö~Yä›½ 0ax by cz d+ + + =  Ç̀…ìxH÷ =° )̂Î¼ HË}O ' 'θ  J~ò#

2 2 2 2 2 2
sin

al bm cn

l m n a b c

+ +
θ =

+ + + +

6. 1 1 1 2 2 2

1 1 1 2 2 2

;  
x x y y z z x x y y z z

l m n l m n

− − − − − −
= = = =  ‹¬~¡̂ ×ö~Y� ‹¬̀ Çb†Ç°`Œ x†Ç°=°=ò

2 1 2 1 2 1

1 1 1

2 2 2

0

x x y y z z

l m n

l m n

− − −

=

7. 1 1 1 2 2 2

1 1 2 2 2

;  
x x y y z z x x y y z z

l m n l m n

− − − − − −
= = = =  ‹¬~¡̂ ×ö~Y�° Q®� ̀ Ç�O ‹¬g°H›~¡}O

1 1 1

1 1 1

2 2 2

x x y y z z

l m n

l m n

− − −

 « 0

8. XH› ‹¬~¡̂ ×ö~Y 1 1 1 ,
x x y y z z

l m n

− − −
= =  ï~O_È= ‹¬~¡̂ ×ö~Y 1 1 1 1 0;a x b y c z d+ + + =
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‹¬~¡̂ × ö~Y

2 2 2 2 0a x b y c z d+ + + =  � ‹¬̀ Çb†Ç° x†Ç°=°=ò

1 1 1 1 1 1 1 2 1 2 1 2 1 2

1 1 1 2 2 2

a x b y c z d a x b y c z d

a l b m c n a l b m c n

+ + + + + +
=

+ + + +

9. JO Ç̀~Œˆ×O…Õx ï~O_È° YO_<OKÇ°HËx ‹¬~¡̂ ×ö~Y�° XH› ̀ Ç�O…Õ LO_È=ô. J\÷“ ‹¬~¡̂ ×ö~Y�ä›½ ''q+¬=°
‹¬~¡̂ ×ö~YÑÑJx À„~¡°.

10. ( )1 1 1, ,x y z  aO Î̂°=ô Q®°O_¨ ‡é Ç̀¶ , ,a b c  �° kH±Ð‹¬OY¼�°Qê Q®� ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}ì�°

1 1 1x x y y z z

a b c

− − −
= = .

11. ( )1 1 1, ,p x y z  aO Î̂°=ô #°O_<, AB  ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}ì�° 
x y z

l m n

− α − β − γ
= =  Ì„áH÷ PQ

�Oƒìxß wz# 2 2 2PQ AP AQ= − . WKÇó@ , ,l m n  �° kH±ÐHùÌ‹á#°�°

( ) ( ) ( )
2 2 22

1 1 1AP x y z= − α + −β + − γ  =°i†Çò

AQ AB=  ‹¬~¡̂ ×ö~Y g° Î̂ AP  qöHÆ„¬=ò

   ( ) ( ) ( )1 1 1=l x m y n z− α + −β + − γ

I. Ju‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (1 =¶~¡°ø)

1. (1,Ð2,3) aO Î̂°=ô Q®°O_¨ 3,Ð4,5 �° kH±Ð‹¬OY¼�°Qê Q®� ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}ì�° ªÏ+¬»= ~¡¶„¬O…Õ

~Œ†Ç°O_4.

ª5 6̂Î# : ( ) ( )1 1 1, , 1, 2,3x y z = −  =°i†Çò 3, 4, 5a b c= = − =

∴  ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}ì�° ªÏ+¬»= ~¡¶„¬O…Õ 
1 4 5

3 2 3

x y z− + −
= =

−
.

2. (3,Ð9,4), (Ð9, 5,Ð4) aO Î̂°=ô� Q®°O_¨ ‡é†Í° ‹¬~¡̂ ×ö~Mì ‹¬g°H›~¡}ì�° ªÏ+¬»= ~¡¶„¬O…Õ ~Œ†Ç°O_4.

ª5 6̂Î# : ( ) ( )A 3, 9, 4 ,  B 9,5, 4− − −  J#°Hù#°=ò.

AB  kH±‹¬OY¼�° « Ð9Ð3, 5{9, Ð4Ð4

  « Ð12, 14, Ð8
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‹¬~¡̂ × ö~Y

A  aO Î̂°=ô ‹¬g°H›~¡}ì�° 
3 9 4

12 14 8

x y z− + −
= =

− −

B  aO Î̂°=ô ‹¬g°H›~¡}ì�° 
9 5 4

12 14 8

x y z+ − +
= =

− −

3. (1,2,3) aO Î̂°=ô Q®°O_¨ ‡é Ç̀¶ (Ð4,7,2), (5Ð3,2) aO Î̂°=ô�° H›e„²# ‹¬~¡̂ ×ö~Yä›½ ‹¬=¶O Ç̀~¡OQê LO_Í
‹¬~¡̂ ×ö~Mì ‹¬g°H›~¡}ì�° ªÏ+¬»= ~¡¶„¬O…Õ ã"Œ†Çò=ò.

ª5 6̂Î# : ( ) ( ) ( )A 1,2,3 ,  B 4,7,2 ,  C 5, 3, 2− − −  J#°Hù#°=ò.

BC  kH±Ð‹¬OY¼�° « 5{4, Ð3Ð7, Ð2Ð2

   «  9  ,  Ð10,  Ð4

BC  H÷ ‹¬=¶O Ç̀~¡OQê A  Q®°O_¨ ‡é=ô ‹¬~¡̂ ×ö~Y� ‹¬g°H›~¡}ì�°

− − −
= =

− −

1 2 3

9 10 4

x y z

4.
4 2 3

1 4 1

x y z− + −
= =

−
 Ç̀�O, 3 4 5 5x y z− + =  Ç̀…ì� =° 6̂Î¼ HË}"³°O Ç̀?

ª5 6̂Î# : Î̂̀ ŒëO‰×O #°O_< 1, 4, 1, 3, 4, 5l m n a b c= = = − = = − =  Ç̀…ìxH÷ ‹¬~¡̂ ×ö~Yä›½ =° )̂Î¼ HË}O ' 'θ

J~ò#

2 2 2 2 2 2

3 16 5 18
sin

1 16 1 9 16 25 18 50

al bm cn

l m n a b c

+ + − − −
θ = = =

+ + + ++ + + +

18 9 3

50 25 5
= − = − = −

1 3
sin

5

− − 
∴θ =  

 

5. (1,2,3), (4,5,7) aO Î̂°=ô�#° H›eÀ„ ö~MìYO_È=ò (Ð4,3,Ð6), (2,9,2) aO Î̂°=ô�#° H›eÀ„ ö~Mì
YO_¨xH÷ ‹¬=¶O Ç̀~¡=°x KÇ¶„¬ô=ò.

ª5 6̂Î# : Î̂̀ Çë aO Î̂°=ô�° ( ) ( )A 1,2,3 ,  B 4,5, 7 , ( ) ( )C 4,3, 6 ,  D 2,9,2− −  J#°Hù#°=ò.
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‹¬~¡̂ × ö~Y

AB  kH±Ð‹¬OY¼�° « 4Ð1, 5Ð2, 7Ð3 « 3, 3, 4

CD  kH±Ð‹¬OY¼�° « 2{4, 9Ð3, 2{6 « 6, 6, 8 « 3, 3, 4

AB∴  ö~MìYO_È=ò CD  ö~MìYO_È=ò#ä›½ ‹¬=¶O Ç̀~¡=ò.

6.
1 2 3

;  4 3 1 0,  5 3 2 0
2 3 4

x y z
x y x z

− − −
= = − + = − + =  ‹¬~¡̂ ×ö~Y�° ‹¬̀ Çf†Ç¶�x KÇ¶„¬ô=ò.

ª5 6̂Î# : Î̂̀ Çë ‹¬~¡̂ ×ö~Y� #°O_< ( ) ( )1 1 1, , 1,2,3x y z =

, , 2,3, 4;  l m n = 1 1 1 14, 3, 0, 1a b c d= = − = =

2 2 2 25, 0, 3, 2a b c d= = = − =

W„¬C_È° 1 1 1 1 1 1 1

1 1 1

4 6 0 1 1
1

8 9 0 1

a x b y c z d

a l b m c n

+ + + − + + −
= = =

+ + − + −

2 1 2 1 2 1 2

2 2 2

5 0 9 2 2
1

10 0 12 2

a x b y c z d

a l b m c n

+ + + + − + −
= = =

+ + + − −

∴  ̂ Î̀ Çë ‹¬~¡̂ ×ö~Y�° ‹¬̀ Çf†Ç¶�°.

IV.  "Œ¼‹¬~¡¶„¬ ‹¬=¶ �̂¥# ã„¬‰×ß�°  ( 8 =¶~¡°ø�°)

1. 5 7,  2 5 3 1x y z x y z+ − = − + = −  ‹¬¶zOKÍ ‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}ì�° ªÏ+¬»= ~¡¶„¬O…ÕH÷ =¶ió ̂ ¥x

kH±ÐHùÌ‹á#°�° ̀ ³�æO_4.

ª5 6̂Î# : ö~Y g°k aO Î̂°=ô Hù~¡ä›½ 0z =  Qê f‹¬°ä›½O>è

5 7

2 5 1

x y

x y

+ =

− = −

ª�k)OKÇQê 2, 1x y= =

∴  ö~Y g° Î̂ XH› aO Î̂°=ô (2,1,0) ‹¬~¡̂ ×ö~Y kH±ÐHùÌ‹á#°�° , ,l m n  J#°HËO_<. D ‹¬~¡̂ ×ö~Y ï~O_È° ̀ Ç…ì�
�Oƒì�ä›½ �O|=ò

5 0l m n∴ + − =

  2 5 3 0l m n− + =
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‹¬~¡̂ × ö~Y

l      m       n

∴   5      –1     1       5

     –5       3      2     –5

15 5 2 3 5 10

l m n
⇒ = =

− − − − −

10 5 15 2 1 3

l m n l m n
⇒ = = ⇒ = =

− − − −

‹¬~¡̂ ×ö~Y ‹¬g°H›~¡}ì�° 
2 1 0

2 1 3

x y z− − −
= =

− −

ö~Y kH±Ð‹¬OY¼�° 2, Ð1, Ð3

2 2 2 4 1 9 14a b c∴ + + = + + =

∴  ‹¬~¡̂ ×ö~Y kH±ÐHùÌ‹á#°�° 
2 1 3

, ,
14 14 14

− −

2. (4,1,1) #°O_4 4,  2 4x y z x y z+ + = − − =  ‹¬~¡̂ ×ö~Y�ä›½ �O| Î̂¶~¡O H›#°HËøO_4.

ª5 6̂Î# : Î̂̀ ÇëaO Î̂°=ô ( ) ( )1 1 1, , 4,1,1x y z =

Î̀̂ Çë ‹¬~¡̂ ×ö~Y 4x y z+ + =

2 4x y z− − =  �…Õ 0z =  ã„¬uöHÆ„²OKÇQê

4x y+ =

2 4x y− =  �#° ª�k)OKÇQê 4,  0x y= =

∴  aO Î̂°=ô ( ) ( ), , 4,0,0α β γ =

Î̂̀ Çë ‹¬~¡̂ ×ö~Y kH±ÐHùÌ‹á#°�° , ,l m n  J#°ä›½O>è

0l m n+ + =

2 0l m n− − =  ª�k)OKÇQê

1 2 3

l m n
= =

−

∴  ‹¬~¡̂ ×ö~Y ªÏ+¬»= ~¡¶„¬O…Õ 
4 0 0

1 2 3

x y z− − −
= =

−

( ) ( ) ( )
2 2 22

1 1 1AP x y z∴ = − α + − β + − γ
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‹¬~¡̂ × ö~Y

( ) ( ) ( )
2 2 2

4 4 1 0 1 0= − + − + −

0 1 1= + +

2=

W„¬C_È° AB  H÷ , ,l m n  �° =~¡°‹¬Qê 
1 2 3

, ,
14 14 14

−

AQ AB∴ =  g° Î̂ AP  †³òH›ø qöHÆ„¬"Í°

( ) ( ) ( )1 1 1l x m y n z= − α + − β + − γ

( ) ( ) ( )
1 2 3

4 4 1 0 1 0
14 14 14

= − + − − −

2 3

14 14
= −

1

14

−
=

∴  �O| Î̂¶~¡O 2 2 2PQ AP AQ= −

2
1

2
14

− 
= −  

 

1
2

14
= −

28 1

14

−
=

27

14
=

 
27

PQ
14

∴ =
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‹¬~¡̂ × ö~Y

3.
1 3 2 7 7

;  
3 2 1 1 3 2

x y z x y z+ − + − +
= = = =

− −
 ‹¬~¡̂ ×ö~Y�° ‹¬̀ Çf†Ç¶�x KÇ¶„², P ‹¬~¡̂ ×ö~Y�° Q®�

Ç̀�O ‹¬g°H›~¡}O H›#°Qù#°=ò.

ª5 6̂Î# : Î̀̂ Çëö~Y� #°O_< aO Î̂°=ô�°, kH±ÐHùÌ‹á#°�°

( ) ( )1 1 1 1 1 1, , 1,3, 2 ;  , , 3,2,1x y z l m n= − − = −

( ) ( )2 2 2 2 2 2, , 0, 7, 7 ;  , , 1, 3,2x y z l m n= − = −

2 1 2 1 2 1

1 1 1

2 2 2

0 1 7 3 7 2

3 2 1

1 3 2

x x y y z z

l m n

x m n

− − − + − − +

∴ = −

−

1 4 5

3 2 1

1 3 2

−

= −

−
( ) ( ) ( )1 4 3 4 6 1 5 9 2= + − − − − −

7 28 35= − −

0=

∴  ̂ Î̀ Çë ‹¬~¡̂ ×ö~Y�° ‹¬̀ Çb†Ç¶�°.

Î̂̀ Çë ‹¬~¡̂ ×ö~Y�° Q®� ̀ Ç�O ‹¬g°H›~¡}=ò

1 1 1

1 1 1

2 2 2

0

x x y y z z

l m n

l m n

− − −

=

       

1 3 2

3 2 1 0

1 3 2

x y z+ − +

⇒ − =

−

( )( ) ( ) ( ) ( )( )1 4 3 3 6 1 2 9 2 0x y z⇒ + + − − − − + + − =

7 7 7 21 7 14 0x y z⇒ + + − + + =

7 7 7 0x y z⇒ + + =

0x y z⇒ + + =
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QË ×̂=ò

QËˆ×=ò
x Ç̀¼ rq Ç̀=ò…Õ =°#=ò KÇ¶À‹ P@ =‹¬°ë=ô…ÿá# Jxß ~¡Hê� |O Ç̀°�° =ü_È= „¬i=¶}„¬ô QËˆ× PH›$ Ç̀°…è.

„¬H›ø „¬@=ò…Õ #°#ßk OAPB J~¡Ö=$ Ç̀ë=ò. nxx

AB "Œ¼‹¬=ò g° Î̂ ãƒ;’=°}=ò KÍÀ‹ë, O öHOã Î̂=ò, r

"Œ¼ªA~¡Ö=ò Q®� QËˆ×"Í°~¡æ_È° Ç̀°Ok.

JO`Ç~Œˆ×=ò…Õ, XH›‹² Ö~ ¡ aO^Î°=ô #°Oz,

‹²Ö~¡̂ Î¶~¡=ò…Õ LO@¶ ‹¬OKÇiOKÍ aO Î̂° „¬̂ ŠÎ=ò QË ×̂=°x

‹²Ö~¡ aO Î̂°=ô#° QË ×̂öHOã Î̂=°x, ‹²Ö~¡ ̂ Î¶~ŒxH÷ QË ×̂"Œ¼ªA~¡Ö=°x

À„~¡°Á.

=$ Ç̀ë=ò kÞ„¬i=¶}=°x, QËˆ×=ò ãu„¬i=¶}=°x ãQ®‚²ìOKÇO_P.  D ‡A~”¡=ò…Õ =°#=ò.

1. QËˆìxH÷ öHOã Î̂, "Œ¼ªA~¡Ö~¡¶„¬=ò

2. <Œ�°Q®° J Ç̀b†Ç° aO Î̂°=ô� Q®°O_¨ QËˆ×‹¬g°H›~¡}ì�°

3. QËˆìxH÷ "Œ¼ªA~¡Ö ~¡¶„¬=ò

4. Ç̀�O KÍ̀ Ç QËˆ×K;Í̂ ÎH›=ò

5. Î̂̀ Çë =$ Ç̀ëO Q®°O_¨ ‡é†Í° QËˆ×‹¬g°H›~¡}=ò <Í~¡°óHùO\ì=ò.

�HÆê¼�° :

D ‡A~”¡¼„¬~”¡#O =�# g°~¡° <Í~¡°óHù<Í q+¬†Ç¶�°

Ð QËˆ× öHOã Î̂O, "Œ¼ªA~ŒÖ�#°„¬†³¶yOz QËˆ× ‹¬g°H›~¡}=ò#° H›#°Qù#°@.

Ð QËˆìxH÷ ªA ;̂¥~¡} ‹¬g°H›~¡}=ò#° ~Œ|@°“@.

Ð <Œ�°Q®° J Ç̀b†Ç° aO Î̂°=ô� Q®°O_¨ ‡é†Í° QËˆ× ‹¬g°H›~¡}=ò#° ~Œ|@°“@.

Ð "Œ¼ªAãQê�#°„¬†³¶yOz QËˆ× ‹¬g°H›~¡}=ò#° H›#°Qù#°@.

Ð Ç̀�KÍóĝ ÎH›"³°Ø# =$uë ‹¬g°H›~¡}ì�#° ~Œ|@°“@.

36A



732 Q®}÷̀ ÇO ‹¬“_™ "³°\©i†Ç°…̃

QË ×̂=ò

Ð Î̂̀ Çë =$ Ç̀ëO Q®°O_¨‡é†Í° QËˆ× ‹¬g°H›~¡}=ò#° H›#°Qù#°@.

=òMì¼O‰§�°

Ð JO Ç̀~Œˆ×=ò…Õ XH› ‹²Ö~¡ aO Î̂°=ô #°Oz, ‹²Ö~¡ Î̂¶~¡=ò…Õ KÇeOKÍ aO Î̂° „¬̂ ŠÎ=ò#° QËˆ×=°x, ‹²Ö~¡
aO Î̂°=ô#° QËˆ× öHOã Î̂=°x, ‹²Ö~¡ ̂ Î¶~Œxß QËˆ× "Œ¼ªA~¡Ö=°x JO\ì~¡°.

Ð QËˆ× öHOã Î̂O ( )1 1 1, ,c x y z , QËˆ× "Œ¼ªA~¡Ö=ò r  J~ò Í̀ QËˆ× ‹¬g°H›~¡}=ò

( ) ( ) ( )
2 2 2 2

1 1 1x x y y z z r− + − + − =

Ð QËˆ× öHOã Î̂=ò =ü� aO Î̂°=ôQê LO@¶, QËˆ× "Œ¼ªA~¡Ö=ò r  J~ò Í̀ QËˆ× ‹¬g°H›~¡}=ò

2 2 2 2x y z r+ + =

Ð ã‡A=¶}÷H› ~¡¶„¬=ò…Õ QËˆ× ‹¬g°H›~¡}=ò 2 2 2 2 2 2 0x y z gx fy hz c+ + + + + + =

Ð QËˆ× öHOã Î̂=ò ( ), ,g f h− − −  =°i†Çò QË ×̂ "Œ¼ªA~¡Ö=ò 2 2 2g f h c+ + −

Ð QËˆ× "Œ¼ªA~¡Ö=ò 0r =  J~ò Í̀, P QËˆìxß aO Î̂°QËˆ×=°O\ì~¡°.

Ð XöH öHOã^¥xß H›ey, qa;#ß "Œ¼ªA~ŒÖ�°Qê Q®� QËˆì�#° ‹¬öHOã Î̂ QËˆì�x JO\ì~¡°.

Ð r  "Œ¼ªA~¡Ö=òQê Q®� XH› QËˆ× öHOã Î̂=ò 0  J~ò Í̀

1OP r<  J~ò Í̀ 1P  QËˆìxH÷ JO Ç̀~¡ aO Î̂°=ô.

2OP r=  J~ò Í̀ 2P  QËˆ×O g° Î̂ aO Î̂°=ô.

3OP r>  J~ò Í̀ 3P  QËˆ×O ƒì‚¬ì¼ aO Î̂°=ô.

Ð <Œ�°Q®° J Ç̀b†Ç° aO Î̂°=ô� Q®°O_¨ ‡é†Í° QËˆì ªA ;̂¥~¡} ‹¬g°H›~¡}=ò

2 2 2
2 2 2 0x y z gx fy hz+ + + + + = , ( ) ( ) ( ) ( )1 1 1 2 2 2 3 3 3 4 4 4, , , , , , , , , , ,x y z x y z x y z x y z

<Œ�°Q®° J Ç̀b†Ç° aO Î̂°=ô� Q®°O_¨ ‡é Ç̀°Ok. Hê|\÷“ <Œ�°Q®° aO Î̂°=ô�# ã„¬uöHÆ„²À‹ë <Œ�°Q®°
‹¬g°H›~¡}ì�° =ªAë~ò. P <Œ�°Q®° ‹¬g°H›~¡}ì�° ªAk;À‹ë "Œ\÷ #°O_P , ,g f h  =°i†Çò c  =ªAë~ò.
"Œ\÷x ªA ;̂¥~¡} ‹¬g°H›~¡}O…Õ ã„¬uöHÆ„²À‹ë Hê=�‹²# QËˆ× ‹¬g°H›~¡}=ò =‹¬°ëOk.

( ) ( )1 1 1 2 2 2, , , , ,A x y z B x y z  �° "Œ¼ªAãQê�°Qê Q®� QËˆ× ‹¬g°H›~¡}=ò

( ) ( ) ( ) ( ) ( ) ( )1 2 1 2 1 2 0x x x x y y y y z z z z− − + − − + − − =
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QË ×̂=ò

Ð XH› Ç̀�=ò KÍ̀ Ç QËˆìxß K;ÍkÀ‹ë K;Í̂ ÎH›=ò =$ Ç̀ë=ò J=ô Ç̀°Ok.

Ð QËˆ× öHOã Î̂=ò#°Oz Ç̀…ìxH÷ �Oƒìxß wÀ‹ë, �O| ‡A Î̂=ò =$ Ç̀ë öHOã Î̂=ò J=ô Ç̀°Ok.

Ð QËˆ× öHOã Î̂O Q®°O_¨‡é†Í° Ç̀�=ò =�Á U~¡æ_È° =$`ŒëxH÷ Q®°~¡° =$ Ç̀ë=°x À„~¡°.

Ð Q®°~¡°=$ Ç̀ë "Œ¼ªA~¡Ö=ò, QËˆ× "Œ¼ªA~ŒÖxH÷ ‹¬=¶#=ò.

I. Ju‹¬Þ�æ ‹¬=¶ �̂¥# ã„¬‰×ß�° (1 =¶~¡°ø)

1. =ü� aO Î̂°=ô öHOã Î̂=ò, 5 †Çüx@°Á "Œ¼ªA~¡Ö=ò Q®� QËˆ× ‹¬g°H›~¡}=ò H›#°Qù#°=ò.

ªA ;̂Î#: ( ) ( )0 0,0,0 , , , , 5P x y z OP= =

2 2OP r OP r= ⇒ =

( ) ( ) ( )
2 2 2 2

0 0 0 5x y z− + − + − =

Hê=�‹²# QËˆ× ‹¬g°H›~¡}O 2 2 2 25 0x y z+ + − =

2. 2 2 2
3 3 3 3 6 9 17 0x y z x y z+ + − + − − =  ‹¬g°H›~¡}=òKÍ ‹¬¶zOz# QË ×̂ öHOã̂ Î=ò =°i†Çò "Œ¼ªA~ŒÖ�°

³̀�æO_P.

ªA ;̂Î#: QËˆ× ‹¬g°H›~¡}=ò 2 2 2
3 3 3 3 6 9 17 0x y z x y z+ + − + − − =

W~¡°"³á„¬ô…ì 3KÍ ƒ;ìyOKÇQê

2 2 2 17
2 3 0

3
x y z x y z+ + − + − − =

=$ Ç̀ë öHOã Î̂=ò ( )
1 3 17

, , ,1, ,
2 2 3

g f h c
− 

− − − = = 
 

QËˆ× "Œ¼ªA~¡Ö=ò 2 2 2g f h c= + + −

1 9 17
1

4 4 3
= + + +

3 12 27 68 110

12 12

+ + +
= =

55

6
=
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QË ×̂=ò

3. =ü� aO Î̂°=ô Q®°O_¨ ‡é Ç̀¶ (3,Ð3,Ð1) öHOã Î̂OQê Q®� QËˆ× ‹¬g°H›~¡}=ò H›#°Qù#°=ò.

ªA ;̂Î#: ( ) ( )0 0,0,0 ; 3, 3, 1C= = − −

"Œ¼ªA~¡ÖO ( ) ( ) ( ) ( )
2 2 2

3 0 3 0 1 0OC r= = − + − − + − −

( ) ( ) ( )
2 2 2

3 3 1= + − + −

9 9 1= + +

19=

QËˆ× ‹¬g°H›~¡}=ò ( ) ( ) ( ) ( )
22 2 2

3 3 1 19x y z− + + + + =

2 2 26 9 6 9 22 1 19x x y y z− + + + + + + + =

2 2 2 6 6 2 0x y z x y z+ + − + + =

4. ( )3, 3, 1− −  aO Î̂°=ô#° öHOã Î̂OQê H›ey ( )5, 2,1−  aO Î̂°=ô Q®°O_¨‡é†Í° QËˆ× ‹¬g°H›~¡}=ò H›#°Qù#°=ò.

ªA ;̂Î#: QËˆ× "Œ¼ªA~¡Ö=ò ( ) ( ) ( )
2 2 2

5 3 2 3 1 1= − + − + + +

( ) ( ) ( )
2 2 2

2 1 2= + +

9=  « 3

QËˆ× ‹¬g°H›~¡}=ò ( ) ( ) ( ) ( )
2 2 2 2

3 3 1 3x y z− + + + + =

2 2 2
6 9 6 9 2 1 9x x y y z z− + + + + + + + =

2 2 2
6 6 2 10 0x y z x y z+ + − + + + =

5. 2 2 2
6 8 2 1 0x y z x y z+ + − + − + =  QËˆ×O Î̂$‘A“¼ ( )2, 3,4−  aO^Î°=ô JO`Ç~¡OQê, ƒì‚¬ì¼OQê

g° Î̂#°#ß"Ë ̀ ³�æO_P.

ªA ;̂Î#: QËˆ× öHOã Î̂O ( )3, 4,1 , 1c c− =

QË ×̂ "Œ¼ªA~¡ÖO 2 2 2
9 16 1 1g f h c+ + − = + + −
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QË ×̂=ò

25 5= =

Wzó# aO Î̂°=ô ( )2, 3,4P = −

( ) ( ) ( )
2 2 2

3 2 4 3 1 4CP = − + − + + −

1 1 9 11= + + =

11 5CP r< ⇒ <

∴Wzó# aO Î̂°=ô QËˆ×O JO Ç̀~¡O…Õ LO@°Ok.

6. ( ) ( )2, 3,4 , 5,6,7− −  aO Î̂°=ô�° "Œ¼ªAãQê�°Qê Q®� QËˆ×=ò ‹¬g°H›~¡}=ò ³̀�æO_P.

( ) ( )1 1 1 2 2 2, , , , ,x y z x y z  aO Î̂°=ô�° "Œ¼ªAãQê�°Qê Q®� QËˆ× ‹¬g°H›~¡}O.

( ) ( ) ( ) ( ) ( ) ( )1 2 1 2 1 2 0x x x x y y y y z z z z− − + − − + − − =

( ) ( ) ( ) ( ) ( ) ( )2 5 3 6 4 7 0x x y y z z− + + + − + − + =

2 2 2
3 10 3 18 3 28 0x x y y z z+ − + − − + + − =

2 2 2
3 3 3 56 0x y z x y z+ + + − + − =

7. 2 2 2
2 4 6 7 0x y z x y z+ + − + − − =  QËˆìxH÷ XH› "Œ¼ªAãQ®=ò ( )1,2,4−  J~ò Í̀ ï~O_È= PãQêxß

H›#°Qù#°=ò.

ªA ;̂Î#: QËˆ× öHOã Î̂O ( )1, 2,4= −

XH› "Œ¼ªAãQ®=ò ( )1,2,4= − ï~O_È= JãQ®O ( ), ,x y z=  J#°Hù#°=ò.

QËˆ× öHOã Î̂O 1 2 1 2 1 2, ,
2 2 2

x x y y z z+ + + 
=  
 

( )
1 2 4

1, 2,3 , ,
2 2 2

x y z− + + + 
− =  

 

( ) ( )2, 4,6 1 ,2 ,4x y z− = − + + +

1 2 2 1 3x x− + = ⇒ = + =

2 4 4 2 6y y+ = − ⇒ = − − = −
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QË ×̂=ò

4 6 6 4 2z z+ = ⇒ = − =

ï~O_È= JãQ®=ò ( )3, 6,2= −

8. ( )2 2 2
2 4 6 5 0x y z x y z+ + − + − =  QËˆ×, öHOã Î̂ "Œ¼ªA~¡Ö=ò�° H›#°Qù#°=ò.

ªA ;̂Î#: ( )2 2 2
2 4 6 5 0x y z x y z+ + − + − =

 W~¡°"³á„¬ô…ì 2KÍ ƒ;ìyOKÇQê

2 2 2 5
2 3 0

2
x y z x y z+ + − + − =

QËˆ× öHOã Î̂O ( )
3 5

, , 1, ,
2 4

g f h
− 

− − − =  
 

0c =

QËˆ× "Œ¼ªA~¡Ö=ò 2 2 2g f h c+ + −

9 25
1

4 16
= + +

16 36 25

16

+ +
=

77

4
= †Çüx@°Á

9. 2 2 2
2 4 6 11 0x y z x y z+ + − − − − =  QËˆ×O`Ë ‹¬öHOã^ÎH›"³°Ø 10 †Çüx@°Á "Œ¼ªA~¡Ö=òQ®� QËˆ×

‹¬g°H›~¡}=ò ³̀�°„¬ô=ò.

QËˆ× öHOã Î̂O ( ) ( ), , 1,2,3g f h− − − =

"Œ¼ªA~¡Ö=ò 10=

QËˆ× ‹¬g°H›~¡}=ò ( ) ( ) ( )
2 2 2 2

1 2 3 10x y z− + − + − =

2 2 22 1 4 4 6 9 100x x y y z z− + + − + + − + =

Hê=�‹²# QËˆ× ‹¬g°H›~¡}O 2 2 2 2 4 6 86 0x y z x y z+ + − − − − =
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QË ×̂=ò

10. ( ) ( ) ( ) ( ) ( ) ( )1 2 3 5 7 3 0x x y y z z+ + + − − + − + =  QËˆ× öHOã Î̂ "Œ¼ªA~ŒÖ�° ³̀�æO_P.

ªA ;̂Î#: QËˆ× "Œ¼ªAãQê�° ( )1,3,7= −  =°i†Çò ( )2,5, 3− −

QËˆ× öHOã Î̂O 1 2 1 2 1 2, ,
2 2 2

x x y y z z+ + + 
=  
 

1 2 3 5 7 3 3 8 4
, , , ,

2 2 2 2 2 2

− − + − −   
= =   
   

QËˆ× "Œ¼ªA~¡Ö=ò ( ) ( ) ( )
2 2 2

2 1 2 1 2 1

1

2
x x y y z z= − + − + − ( ) ( ) ( )

2 2 21
2 1 5 3 3 7

2
= − + + − + − −

( ) ( ) ( )
2 2 21

1 2 10
2

= − + + −

1
1 4 100

2
= + +

105

2
=

IV.  "Œ¼‹¬~¡¶„¬ ‹¬=¶ �̂¥# ã„¬‰×ß�°  ( 8 =¶~¡°ø�°)

1. ( ) ( ) ( ) ( )0,0,0 , ,0,0, , 0, ,0 , 0,0,a b c  <Œ�°Q®° J Ç̀b†Ç° aO Î̂°=ô� Q®°O_¨ ‡é†Í° QËˆ× ‹¬g°H›~¡}=ò

H›#°HËøO_P. QËˆ× öHOã Î̂ "Œ¼ªA~ŒÖ�° ä›z_¨ ̀ ³�æO_P.

2 2 2
2 2 2 0x y z gx fy hz d+ + + + + + = ...(1)

QËˆ× ‹¬g°H›~¡}=ò ( )0,0,0  aO Î̂°=ô ^¥Þ~Œ ‹¬g°H›~¡}O (1) ‡é Ç̀°Ok.

0d = ...(2)

( ),0,0a  aO Î̂°=ô ^¥Þ~Œ ‹¬g°H›~¡}=ò (1) ‡é Ç̀°Ok.

2
2 0a ga d+ + =

20 2 0d a ag= ⇒ + =

( )2 0a a g+ = , 0a ≠

2 0g a+ =
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QË ×̂=ò

2g a= −
2

a
g

−
=

( )0, ,0b  aO Î̂°=ô ^¥Þ~Œ (1) ‡é Ç̀°Ok.

2
2 0b fb d+ + =

20 2 0d b fb= ⇒ + =

2 0b f+ =

2f b= −
2

b
f

−
= =

( )0,0,C  aO Î̂°=ô ^¥Þ~Œ (1) ‡é Ç̀°Ok.

2
2 0c hc d+ + =

2
0 2 0d c hc= ⇒ + =

2 0c h+ =

2h c= −
2

c
h

−
= =

, , , 0
2 2 2

a b c
g f h d

− −
= = = =  (1)…Õ ã„¬uöHÆ„²OKÇQê

2 2 2
2 2 2 0

2 2

a b c
x y z x y x

b

− − −     
+ + + + + +     

     

Hê=�‹²# QËˆ× ‹¬g°H›~¡}=ò 2 2 2
0x y z ax by cz+ + − − − =

QËˆ× öHOã Î̂O , ,
2 2 2

a b c 
 
 

, "Œ¼ªA~¡ÖO 
2 2 2

2

a b c+ +
=

2. ( ) ( ) ( ) ( )1, 1, 1 , 3,3,1 , 2,0,5 , 1,4,4− − − −  aO Î̂°=ô� Q®°O_¨ ‡é†Í° QËˆ× ‹¬g°H›~¡}=ò H›#°Qù#°=ò.

QËˆ× ‹¬g°H›~¡}=ò 2 2 2 2 2 2 0x y z gx fy hz c+ + + + + + = ... (1)

aO Î̂°=ô ( )1, 1, 1− −  ^¥Þ~Œ (1) ‡é Ç̀°Ok.

1 1 1 2 2 2 0g f hc+ + + − − =
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QË ×̂=ò

2 2 2 3g f h c− − + = − ... (2)

aO Î̂°=ô ( )3,3,1 ^¥Þ~Œ (1) ‡é Ç̀°Ok

9 9 1 6 6 2 0g f h c+ + + + + + =

6 6 2 19g f h c+ + + = − ... (3)

( )2,0,5−  aO Î̂°=ô Q®°O_¨ (1) ‡é Ç̀°Ok.

4 0 25 2 0 10 0g h c+ + − + + + =

2 10 29g h c− + + = − ... (4)

( )1,4,4− aO Î̂°=ô Q®°O_¨ (1) ‡é Ç̀°Ok.

1 16 16 2 8 8 0g f h c+ + − + + + =

2 8 8 33g f h c− + + + = − ... (5)

(2) - (3) 4 8 4 16g f h⇒ − − − =

2 4g f h+ + = − ... (6)

(2) - (4) 4 2 12 26g f h⇒ − − =

2 6 13g f h− − = ... (7)

(2) - (5) 4 10 10 30g f h⇒ − − =

2 5 5 15g f h− − = ... (8)

(6) =°i†Çò  (7) ‹¬g°H›~¡}ì�#° ªAk;OKÇQê

(6) ×  (2) 2 4 2 8g f c⇒ + + = −

(7) ×  (1) 2 6 13g f h⇒ − − =

     5 8 21f h+ = − ... (9)

    5 8 21 0f h+ + =

(6) =°i†Çò 8 ‹¬g°H›~¡}ì�#° ªAk;À‹ë

–   +    +        –
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QË ×̂=ò

(6) ×  2 2 4 2 8g f h⇒ + + = −

(8) ×  2 2 5 5 15g f h⇒ − − =

9 7 23f h+ = −

9 7 23 0f h+ + = ... (10)

(9), (10) J_È°Û Q®°}Hê~¡ „¬̂ Îœu…Õ ªAk;À‹ë

1

5 8 21 5

9 7 23 9

f h f

1

184 147 189 115 35 72

f h
= =

− − −

1

37 74 35
= =

−

f h

1

1 2 1
= =

−

f h

1, 2f h= = −

1, 2f h= = −  �#° (6)…Õ ã„¬uöHÆ„²OKÇQê

2 2 4 4g g+ − = − ⇒ = −

4, 1, 2g f h= − = = −  �#° (2)…Õ ã„¬uöHÆ„²OKÇQê

( ) ( ) ( )4 2 1 2 2 3z c− − − − + = −

8 2 4 3c− − + + = −

6 3c− + = −

3 6 3c = − + =

4, 1, 2, 3g f h c= − = = − =  (1)…Õ ã„¬uöHÆ„²OKÇQê

Hê=�‹²# QËˆ×‹¬g°H›~¡}=ò

2 2 2 8 2 4 3 0x y z x y z+ + − + − + =

–   +    +        –
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QË ×̂=ò

3. 2 2 2
2 4 11 0, 2 2 15x y z y z x y z+ + − − − = + + =  ‹¬g°H›~¡}ì�KÍ ‹¬¶zOz# =$ Ç̀ë öHOã Î̂, "Œ¼ªA~ŒÖ�°

H›#°HËøO_P.

QËˆ× ‹¬g°H›~¡}=ò 2 2 2
2 4 11 0x y z y z+ + − − − =

 QËˆ× öHOã Î̂O ( )0,1,2 , 11c = −

QËˆ× "Œ¼ªA~¡Ö=ò 0 1 4 11 16 4= + + + = =

( )0,1,2OC =  #°O_P 2 2 15 0x y z+ + − =  Ç̀…ìxH÷ �O| Î̂¶~¡=ò

0 2 1 2 2 15

1 4 4

+ × + × −
=

+ +

2 4 15 9
3

39

+ −
= = =

2 2 2
3CP r= −

2
16 9 7CP = − =

7CP =

=$ Ç̀ë "Œ¼ªA~¡Ö=ò 7=

Ç̀…ìxH÷ OC  �O|=ò

OCH÷ kH± ‹¬OY¼�° ( )1,2,2  Wq Ç̀�=ò ‹¬g°H›~¡}O…Õ

, ,x y z� Q®°}Hê�°

QËˆ× öHOã Î̂=ò ( )0 0,1,2=

OC
− H÷ ‹¬g°H›~¡}ì�° 1

0 1 2

1 2 2

x y z
r

− − −
= = =  J#°ä›½O^¥O.

( ) ( )1 1 1, , , 2 1,2 2C x y z r r r= + + x Ç̀…O ‹¬g°H›~¡}O…Õ ã„¬uöHÆ„²À‹ë

( ) ( )1 12 2 1 2 2 2r r r+ + + + «15

1 1 14 2 4 4 15r r r+ + + + =

19 15 6r = −
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QË ×̂=ò

9 9 1r = =

QËˆ× öHOã Î̂=ò ( )1,3,4

4. 2 2 2
7 2 2 0;2 3 4 8 0x y z y z x y z+ + + − + = + + − =  =$ Ç̀ë=ò Q®°~¡° =$ Ç̀ë=òQê Q®� QË ×̂ ‹¬g°H›~¡}=ò

³̀�æO_P.

ªA ;̂Î#: Î̂̀ Çë =$ Ç̀ë=ò Q®°O_¨ ‡é†Í° U ³̂á<Œ QËˆ× ‹¬g°H›~¡}=ò, 0S L+ λ =

( ) ( )2 2 2
7 2 2 2 3 4 8 0x y z y z x y z+ + + − + + λ + + − =

( ) ( ) ( )2 2 2
2 7 3 2 4 2 8 0x y z x y z+ + + λ + + λ + − + λ + − λ = ... (1)

nx öHOã Î̂=ò 
( )7 3

, ,1 2
2

P
 − + λ

= −λ − λ  
 

Q®°~¡° =$ Ç̀ë x†Ç°=°=ò P  aO Î̂°=ô 2 3 4 8 0x y z+ + − =  Ç̀�O g° Î̂ LO@°Ok.

21 9
2 4 8 8 0

2

+ λ 
− λ − + − λ − = 

 

4 21 9 8 16 16 0− λ − − λ + − λ − =

29 29 0− λ − =

1 0λ + =

1λ = − ... (1) …Õ ã„¬uöHÆ„²OKÇQê

2 2 2
7 2 2 2 3 4 8 0x y z y z x y z+ + + − + − − − + =

2 2 2
2 4 6 10 0x y z x y z+ + − + − + =

W Í̂ Hê=�‹²# QËˆ× ‹¬g°H›~¡}=ò.

5. ( ) ( ) ( )1,2,3 , 2, 3,5 , 0,7,4A B C− �° =ü_È° aO^Î°=ô�° P aO^Î°=ô. 2 2 2
147P A PB PC+ + =

x†Ç°=°O`Ë KÇeÀ‹ë P aO Î̂°„¬̂ ŠÎ ‹¬g°H›~¡}=ò H›#°HËøO_P.

ªA ;̂Î#: Wzó# aO Î̂°=ô ( ) ( ) ( )1,2,3 , 2, 3,5 , 0,7,4A B C= = − =

aO Î̂° „¬̂ ŠÎO…Õx XH› aO Î̂°=ô ( ), ,P x y z=  J#°ä›½O^¥O.
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QË ×̂=ò

( ) ( ) ( )
2 2 22

1 2 3PA x y z= − + − + −

« 2 2 2
2 1 4 4 4 6 9x x y z x− + + − + + − +

2 2 2
2 4 6 14x y z x y z= + + − − − +

( ) ( ) ( )
2 2 22

2 3 5PB x y z= − + + + −

2 2 24 4 6 9 10 25x x y y z z= − + + + + + − +

2 2 2 4 6 10 38x y z x y z= + + − + − +

( ) ( ) ( )
2 2 22

0 7 4PC x y z= − + − + −

2 2 214 49 8 16x y y z z= + − + + − +

2 2 2 14 8 65x y z y z= + + − − +

Wzó# x†Ç°=°O

2 2 2
147PA PB PC+ + =

2 2 2 2 2 2
2 4 6 14 4 67 10 38x y z x y z x y z x z+ + − − − + + + + − + − +

2 2 2
14 8 65 147x y z y z+ + + − − + =

2 2 2
3 3 3 6 12 24 117 147x y z x y z+ + − − − + − «0

2 2 2
3 3 3 6 12 24 30 0x y z x y z+ + − − − − =

2 2 2
2 4 8 10 0x y z x y z+ + − − − − =

W Í̂ Hê=�‹²# aO Î̂°„¬̂ ŠÎ ‹¬g°H›~¡}=ò.

6. ( ) ( ) ( ) ( )0,0,0 , 1,0,0 , 0,2,0 , 0,0,3 aO Î̂°=ô� Q®°O_¨ ‡é†Í° QËˆ× ‹¬g°H›~¡}=ò H›#°HËøO_P.

ªA ;̂Î#: QËˆ× ‹¬g°H›~¡}=ò 2 2 2 2 2 2 0x y z gx fy hz c+ + + + + + = ... (1) J#°HË#°=ò

( )0,0,0 aO Î̂°=ô ^¥Þ~Œ (1) ‡é Ç̀°Ok. 0c = ... (2)

( )1,0,0  aO Î̂°=ô ^¥Þ~Œ (1) ‡é Ç̀°Ok.
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QË ×̂=ò

1 2 0g c+ + =

1
0 1 2 10 0 2 1

2
c g g g

−
= ⇒ + + = ⇒ = ⇒ =

( )0,2,0 aO Î̂°=ô ^¥Þ~Œ (1) ‡é Ç̀°Ok.

4 4 0f c+ + =

0 4 4 0 1c f f= ⇒ + = ⇒ = −

( )0,0,3 aO Î̂°=ô ^¥Þ~Œ (1) ‡é Ç̀°Ok.

9 6 0h c+ + =

3
0 6 9 0

2
c h h

−
= ⇒ + = ⇒ =

1 3
, 1,

2 2
g f h

−
= − = − =  =°i†Çò 0c = �#° (1) ‹¬g°H›~¡}O…Õ ã„¬uöHÆ„²À‹ë

( )2 2 2 1 3
2 2 1 2 0 0

2 2
x y z x y z

− −   
+ + + + − + + =   

   

2 2 2
2 3 0x y z x y z+ + − − − =

W Í̂ Hê=�‹²# QËˆ× ‹¬g°H›~¡}=ò.

ÐÐÐ
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